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Abstract

Let U be a quasitriangular Hopf algebra. One may use the R-matrix of U in order to
construct scalar invariants of knots. Analogously, Reshetikhin wrote tangle invariants
which take their values in the center of U. Reshetikhin’s expressions thus define central
elements in U. We prove here an identity caracterizing some of these elements, when
U is a quantized enveloping algebra. As an application, we give a proof for a state-
ment of Faddeev, Reshetikhin and Takhtadzhyan concerning the center of a quantized
enveloping algebra.

Introduction

Let g be a finite dimensional simple Lie algebra, and U,g be the associated quantized en-
veloping algebra, at a generic value g of the parameter. There are at least three descriptions
of the center Z(U,g) of U,g. Rosso [15] defined a quantum analogue of the Harish-Chandra
map in order to get an isomorphism between Z(U,g) and the algebra of exponential invari-
ants. Joseph and Letzter [8] described all the finite dimensional submodules of the adjoint
module Uyg: the center appears here as the isotypical component of the trivial type. Fi-
nally, Drinfel’d [4] used the universal R-matrix of U,g in order to get a morphism from the
representation ring of g to Z(U,g). Each of these constructions has its own advantage, and
the links between them are known.

The construction of Drinfel’d uses only the universal R-matrix of U,g and the quantum
traces in Uyg-modules: it is thus valid for the so-called “ribbon Hopf algebras”. For these
algebras, Reshetikhin [12] explained how invariants of certain tangles give rise to central
elements. In this article, we give a formula connecting, in the case of U,g, some of these
elements to the previous descriptions.

Let us go back to general results about the center of U,g. Faddeev, Reshetikhin and
Takhtadzhyan [6] have exhibited a system of generators for Z(U,g), but did not publish the
proof of their theorem. Our result enables us to provide a proof for it, and even to give a
more precise statement.

We will spend the first six sections to recall known constructions and results. New results
appear in sections 2.4 and 3.
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1 Ribbons and central constructions

1.1 Ribbon Hopf algebras

Let U be a Hopf algebra over a field K. The coproduct of an element x € U will be written
using Sweedler’s notation: Ay(z) = > x(1) ® 2(2), the sum sign being generally omitted. We
shall denote by ey and Sy the augmentation and the antipode of U. The context will make
clear what Hopf algebra U is considered, so we will simply write A, € and S.

We suppose now that U is quasitriangular for an R-matrix Ris = > o, ® 3; € U U
(see [4] for the definition), and we put Ry = Y f;i®a; € U U, u =Y S(8;);. It is known
that (S®S)(Ri2) = Ria, that u is invertible in U, that (U — U,z +— uzu™!) is the square of
the antipode in U, and that A(u) = (Ra1Ri2) ' (u ® u).

A ribbon Hopf algebra (cf. [12]) is a quasitriangular Hopf algebra (U, R12) given with a
central element v € U such that v* = uS(u), v = S(v), and uv™! is group-like, so that:

A(U) = (R21R12)_1(U & ’U). (1)

When U is infinite dimensional and R;s is an infinite sum, all these constructions are
still valid in the framework of co-quasitriangular algebras (see [11, §10.2]). Let A be the
restricted (Hopf) dual of U: then R;2 may be viewed as a pairing A x A — K, and u and v
may be viewed as linear forms on A. The fact that R intertwines the coproduct with its
opposite is then written:

Vi, ge A, (fa) ®ga). Ri2) f)9¢2) = 90y .foy(fe) @ g(2), Ri2)-

It is not necessary for A to be the whole dual of U, but we will require that the canonical
duality (-,-) between U and A is non-degenerate. In the following, we will use this set-up
and these notations in order to deal with ribbon Hopf algebras.

1.2 Drinfel’d’s construction of central elements

Let (U, A, Ri2,v) be a ribbon Hopf algebra. We endow U with the structure of a right U-
module by the adjoint action: z -y = S(ya))zy). We endow A with the structure of a right
U-module by the coadjoint action: ¢ -y = ¢(yay—S(y2))) = (¥, 1)S(¢@3)))@2)- We define
the following pairing: (A x A — K, (¢,9) — (¢, ¥)) = (¢ ® ¢, Ry1 R12)), and we will write
{p, ) = (J(¥), ¢), for some map J: A — U.

The following assertion is (in spirit) contained in [13]:

Proposition 1 J is a morphism of right U-modules.



Proof Let ¢ € A and y € U. We have:

JW-y) = J({¥,y0—Sue))

(id @ ¥, (1 @ yay) R Ra2(1 ® S(y(2))))

= ({d® ¥, (S(ya)) @ 1)(Ye) @ Y@) R Ri2(1 ® S(y)))
(id ® ¥, (S(y)) ® 1) Rar Ria(y2) @ y3)) (1 ® S(y())))
(id ® v, (S(yy) ® 1) Rar Ria(y2) ® 1))

= S(yw) J(¥) ye)

= J() -y
O

Let Z(U) be the center of U: this is the set of invariant elements of the (adjoint) U-module
U. Images under J of invariant elements of the U-module A thus give elements of Z(U). One
can do better. A trace on U is a linear form ¢ € A such that Va,y € U, t(zy) = t(yx); this
can be written A(t) =11) @ te) = 1) @ta)-
Lemma Let t € A be a trace on U. Then (uv™', tn))te) is an invariant element of the
U-module A, and (wv™",tq1))J(t) is an element of U which commutes with any element of

A* D U.

Proof Consider first the element (uv™!,¢x))t(2) of A. The action of z € U on this element
is given by:

tlww™r—)-z = t

@
h

So it is an invariant element of the U-modul
Let now ¢ € A* and f € A. One has:

<UU_17t(1)><J(t(2))907 f) = <UU_1 la ><f(1) ®t(2)7Rle1z><s0,f(2)>

= (w ™ ta)) (fa) ® Ly, R ) (fo) @ ta), Raz) (e, fiaytS(tes))
= (™ ta) (fo) @ ta), Ra)(fis) ® tay, Riz) (e, t(s)f(2 S(t))
(uv™,t ><f(2) ® t3), Ra1) (f(3) Rm)( t2)S(t)))
(uv™,t W) {(fi2) ® L), R21R12><<,0,f(1)t S(t )))

= (w ™ o(f)— (t(3)))7 ) (fi2) ® t2), Ra1 Ri2)

= (o(f1yS*(—)S(t))uv ", ta ><f(2) ® t(2), Ro1 Ri2)

= (o, fyS*(t(1))S(t)) (wv™ 1)) (fi2) @ t(3), Rar Rua)
{0, fyS* (t2)S () (v ™ t5)) (fr2) @ tray, Ro1 Ria)

= (¢, foy) (uv™ ! 1)) (f2) ® t(2), Ror Rua)

= (™t (@I(te), f
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Thus (uo, t1))J(t2)e = (o™ ta))ed(te) in A* (for all ¢ € A*). O

An example of such a trace t is given by the trace Try : (U — K,z +— Tr(xy)) in a f.d.
U-module M. The corresponding element (uv™", (Try)(1))(Trm)(2) is named quantum trace
and will be denoted by Tr,\i. We put 2y = J(Trym). Let R(U) be the representation ring
of U. If M is a f.d. U-module, Try; and zy only depend of the class [M] of M in R(U).

Proposition 2 [4]: The map (R(U) — Z(U), [M] — 2u) is a well-defined ring morphism.

The map (R(U) — R(U), [M] — [M*]) is well-defined and involutive, because the element
u gives an U-isomorphism between a module M and its bidual M*™ (cf. [4, §2, remark 1]).
The map (Z(U) — Z(U),z + S(z)) is an involutive algebra morphism (at least when we
restrict it to the centralizer of A* in U), because S? is the inner automorphism of A* given
by u. We will show that zy= = S(zy).

We also recall that the number Try(uv™") = Tr,\(1) is called the quantum dimension of
M and is denoted by dim, M. We finally define the pairing (R(U) x R(U) — K, ([M], [N]) —
(IM], [N])1 = {(Trg,m, Trgn))). (This pairing gives the S-matrix considered for instance in |14,

§3.1].)
Proposition 3 1. For all U-module M, dim, M = dim, M*.

2. The pairing (—, —)1 on R(U) is symmetric.
3. For all M € R(U), S(z2m) = 2m+-

Proof 1. This statement appears in |14, §5.2], but the proof given there is slightly incor-
rect. The figure 1 presents a pictorial proof of this result. We give also an algebraic
proof:

dim,M = (Try,uv ')
= > (Try, S(Bp)agv™t)
= > (Try, axS(Bp)vh)
= > (Tra, S(S(Br)ev ™))
= (Try, S(uv™)) = (Tryp, uv™ ') = dim, M*.
We have used the fact that (S ® S)(R12) = Ri2 and the cyclicity of the trace.
2. Let M and N be two f.d. U-modules, and let Try;, Try be the traces. We have:

(M],[N])1 = (Try @ Try, (wo ™' @ wo ™) (Ryy Rya))
= > {Try @ Try, wv™ ! fia; @ wvtay3;)
= > {Try ® Try, S (B)uv oy ® S*(w)uv™3;)
= S (Try ® Try, Biuwv~tay @ cuv™5;)
= > {Try @ Try, w3 @ wo'Bjay)
= (Try ® Try, (wv™ ' @ wv™')(Ri2Ra1))
= (IN], [M])s.



3. Let M be a f.d. U-modules. We compute:

ar = (id® Ty, (1 @ uv™ ) (Ry Rio))

> (Trn o8, i3S (Br)arv™) By

> (Trn, aS(Bx) Bjaiv™") S™HB) S~ ()
= > (Tru, i S(Bk)B07") S™Hey B

> (Trm, anci 35S (Br)v™) S™H(Biaw

Z(TTM,%@' (Br)onv™) S~ (5 a;
STH((id @ Try, (Ro1 Riz) (1 @ wv™)))
= S7'(2m) = S(zm).
Here, we have used the Yang-Baxter identity, in the form: (S™'®id®id)(R,3 Ry Ry ) =
(S~ 1®1d®1d)(]%121]%23]%13) writing: Y oo ®@a;5;05(0k) 5 = Y. i @605, 35S (k).

08030
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1.3 Reshetikhin’s construction of central elements

We can reinterpret Reshetikhin’s scheme as a generalization of the preceding construction.
We still consider a ribbon Hopf algebra (U, A, Ri2,v).

We first recall that, given a coalgebra C and an algebra D, the vector space
Homg (C,D) is an algebra for the convolution product: if f,g € Homg(C,D), one puts
fxg:(C— D,z f(xa))g(zw)). In our case, since the coproduct A — A ® A and the
product U ® U — U are morphisms of U-modules, we can see that the space of morphisms
of U-modules is a subring of the convolution algebra Homg (A, U).

We consider the maps J*# = Jx---xJ (p times), for any non-negative integer p. It is easy
to verify that J*? is given by (A — U,¢ — (id ® ¢, (R21R12)?)). The map (A — U, ¢ —
(id®1), (Ra1 R12)™ 1)) is an inverse for J in Homg (A, U), therefore we may consider the maps
J*P for p € Z. These are morphisms of U-modules. If M is a f.d. U-module, we can thus
define the central elements zl(\f[’ = J*P(Tr,m); the Zl(\/}) are just our previous zy;.

Proposition 4 1. ZI(\/([)) = dim, M.

2. ZI(\/I_I) = S<Z1(\/P)-



3. For all M € R(U), S(zl(\ff)) = zl(\gl

Proof The proofs are analogous to those of the proposition 3. Let us show for instance the
third assertion. Let mo3 : U® U® U — U ® U be the multiplication of the two last factors.
Using the Yang—Baxter equations: R21R23R13 = R13R23R21 and R23R21R31 = R31R21R23,
we compute first:
(R21R12)p(1 &® Uﬂ)il) = Z R21<1 & OéaS(u)ﬁa)ng(RglRm)p_l(1 &® uv_l)

= g3 (Rz1 Ro3(S(u))2R13(Rs1 R13)p71(UU71)3)

= Ing (R13(R31313)1’71323321(S(U))z(uvfl)z)

= > (1® aqpS(u))Riz(Ra1 Ri2)P (B @ Bauv™).

Then for any f.d. U-module M:

Sy = §71(zP) = (S7'® Try, (R Riz)P(1 @ uv™))
= > (871 @ Tru, (1 ® aeauS(u)) Riz(Ro1 Riz)P~ (B @ Bauv™))
= > (S7' ® Tryp, Ria(Ro1 Ri2)P (B ® BaucgapS(u)v™r))
= >{ST' ® Tryp, Ria(Ro1 Ri2)P (B @ capS(u)v™t))
= (7' @ Try, (Ri2Rar)P(1 @ S(u)v ™))
= ({d® Trye-, (ST @ S™H((R12R91 )P (1 ® S(u)v ™))
= ({id® Try-, (1 @ uv™')(Ry Ri2)P)
_

= Zy~ -

We will study in more details these elements zg) in the case of a quantized enveloping

algebra. Let us just point out that Reshetikhin discovered them in a graphical way. In his
language, 21(\/? is the tangle invariant corresponding to the colored (ribbon) tangle pictured
in figure 2, and Trqu(zl(\; Y is (for any f.d. U-module N) the invariant of the (ribbon) tangle

shown in the figure 3.

Figure 2 Figure 3



2 The center of U.g

2.1 Joseph and Letzter’s construction

Let g be a finite-dimensional complex simple Lie algebra, h a Cartan subalgebra, Q C P C b*
the root and the weight lattices, W the Weyl group, (:|-) : P x P — Z a Z-valued W-
invariant non-degenerate bilinear form. We choose a set {a1, ... , ay} of simple roots and put

d; = % Let P, be the set of dominant weights, R, be the set of positive roots, p € P, |
be half the sum of the positive roots, wy be the longest element of W, and ¢ : W — {£1}
be the signature function.

Let ¢ be an indeterminate. U,g is defined to be the C(¢)-algebra generated by elements
Ky, (A € P), E; and F; (i € {1,...,¢}) with some well-known relations, among which:
K\E;, = (W EK,, K\F;, = ¢ ¥FK, EF; — F;E = 5]% U,g is a Hopf
algebra, the coproduct being given by A(K)) = K, ® Ky, A(E;) = E;® 1+ K,, ® E;,
A(F) =F,® K_,, +1® F;. Let Z(U,g) be the center of U,g.

Joseph and Letzter have studied the adjoint module U,g. We state a consequence of
their results for the right adjoint action introduced in section 1.2. The set of all ad-finite
elements in U,g is a subalgebra F(U,g) of U,g. There is a natural decomposition in blocks:
F(Uq8) = Diep. , (K21) - Ugg, and each block (K>») - Uyg contains a unique line defining the
trivial Uyg-module (see [8, § 4.13]). We denote by Z,, the corresponding central element

of U,g. Hence the center of U,g has the family (Zx;,)xep,, for C(g)-basis.

2.2 The Harish-Chandra map

Let Ut, U% and U~ be the subalgebras of U,g generated by the (E;)i<;<s, (Ky)aep and
(F3)1<i<e respectively. The multiplication induces an isomorphism of vector spaces U,g =~
Ut @U@ U~. Let ¥ : (Ug — UY) be the Harish-Chandra map given by (E K, F +—
qANP) e(E)e(F)Ky,y) in this triangular decomposition of U,g. There is a natural isomorphism
from the algebra of the weight group onto a subalgebra of U°, given by 7 : (C(q)[P] —
U% e* — Ks)); there is thus a natural action of W on (im 7). Rosso [15] (see also [16, §2.8])
has shown that ¥ defines an isomorphism from the center of U,g to the set of W-invariant
elements in (im7), and thus that 77! o U defines an isomorphism from Z(U,g) to the set of
exponential invariants (C(q)[P])".

We will consider only U,g-modules which are f.d. and of type 1 (following the terminology
of Chari and Pressley [2, p. 314]), that is, modules M such that M = @, p{z € M | Vi €
P, K,x= q*Mz}. The f.d. modules of type 1 are completely reducible and the simple ones
are classified by their highest weight A € P, .. These will be denoted by L()A). The dual
of L(A) will be identified with L(A*), where \* = —wg(A). The Grothendieck ring R of the
category of f.d. type 1 modules is naturally isomorphic to the representation ring of g, and
the formal character ch gives an isomorphism from R to the algebra of exponential invariants
Z[PV. Finally each module L()) is absolutely simple, so has a central character x,;,. If
evy denotes the algebra morphism (U® — C(q), K, — q®#)), one has y,(z) = evy o¥(2) for
all z € Z(U,g).



2.3 Expression of the zl(\i)

The most important thing for us is that U,g is a quasitriangular Hopf algebra [3|. There
exist two possible R-matrices |7]: we choose the one with the structure Ri» = > (diagonal
part)(polynomial in ) ® (polynomial in E), and the other one is R;'. The element u is
such that u S(u)™' = K_4,; there is a natural square root of this group-like element, and
we define the ribbon element v by the equation uv™' = K_,,. Finally, Ry» acts only in f.d.
type 1 U,g-modules, and we define consequently A,G as the C(g)-linear span of the matrix
coefficients of these representations. Then A,G separates the points of U,g, and one gets a
ribbon Hopf algebra (U,g, A,G, Ri2,v). The constructions of section 1.3 allow us to consider

the central elements zﬁ) for any type 1 f.d. U,g-module M.

Proposition 5 (8, § 6.10|[5]: Up to a scalar, one has Zy;, = zil()/\) And one has \I/(zl(}()A)) =
T(ch L()\)).
Proof Note first that for any p € Py, one has dim, L(p) = dimg L(p*) = Trp (Kyp) =
(oelptp) _g—(elptp) . .
Trr o (K-2p) = [aer, Symm—i—@rr— is different from 0.
Let A € P ; we can write 2y, = S(x(1)) Koxx(2) for some x € Uyg, by the definition of

Zx+p- We then compute, for any p € Pyy:
dimg L(1) Xyt p(Zrtp) = Trogn (K2pZasp)
Tro ) (K2,5(3 (1)) Koxz (2))
Ty (2@2)8 ™ (20)) K2y K2)
= &) Trog (Kaovp))-
Using the weight decomposition of L(yx) and the Weyl character formula, we find that:

‘ Zw g(w)q2(>\+p\w(u+p))
dimg L) Xutp(Zrsp) = €(2) Zeiw€(w)q2()\+p‘wp)

e(x) Zwew 5(w)q2(>\+p\w(u+p))
dimq L()\) EwEW 5(w)q2(p‘wp)
According to [18, lemma 3.5.1|, we thus have:

. e\r e\x
dimg L(1) Xputp(Zrsp) = dlm(iL)(A) (Trg Ly Traon) = chm(iL)()\) (Trg, L) ZI(}()AQ-
q q

e(x (1)
Zx+p and dimg L)(A) 2L\

thus are equal.
On the other hand:

act therefore by the same scalar in any simple f.d. type 1 U,g-module,

(1) — 1 (1)
Xpto(2L ) = m@fq,uu)a%uﬁ
1 ZweW 5(w)q2(k+p\w(u+p))

dimq L(ILL) ZwGW 5(w)q2(p|wl))

Zw 5(w)q2(k+p\w(#+p))
ZEWW €<w)q2(,u+p|wp) = CVutp (T(Ch L()\)))7
we
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so that \I/(zl(}()A)) =71(chL(\)). O

2.4 Expression of the 21(\?

Now, we can prove the main result of this article. Because of the preceding description,

it is natural to put Z(Apl s = zl(fz)/\), where the zl(\ff) were defined (in section 1.3) as (id ®

Trym, (R21Ri12)?). This defines Zg\pl p if A+ p is a regular dominant weight; we define ZLP ) for

any weight 1 by the requirement 2%} = £(w)2\ for any w € W; in particular, Z,(f )= 0ifp

belongs to a wall, and ng) =0, ng) =1.

Theorem 1 For any \ € P, zwewg(w)q%@lwng”) > wew e(w)q2Mwn () These

+wp — PA+wp’
relations caracterize the elements Zg\p).

Proof We will check that any central character x4, takes the same value on both sides
of this equation. For A € p+ P,, and w € W, we set (in the Grothendieck ring R):
L(wA — p) = e(w)L(X — p); it is just a convenient convention allowing to write the formula
for the tensor product multiplicities in R:

L) ® L(k) = Xep,. (Cwew e(w) dimL(A)wq+p)——p) L(¥)

(where L(\), is the subspace of L(\) of weight 7) in the following simple form:

L) @ L(p) = 3, ep (dim L(A)y ) L(v) = 3, cp (dim L(A),) L(p + v).

We similarly set Trq rwa—p) = €(w) Trgra—p), s0 that (R — A,G,L(A\) — Trg ) is a
well-defined ring homomorphism. We also need the ribbon element v = uky,. It acts in
the module L()\) as the scalar g~A**2). The formula (1) (in the section 1.1) shows that
(Rg1R1») acts as the scalar ¢V +22)~ (A +20)=(ulin+20) in the isotypical component of type L(v)
of the tensor product L(\) @ L(p).

Then we compute:

dimyL (1) X pqp(Lhis.) = Trg e (Lhus.)
= 2wew e()a*P N (Tig 10 ® TrgLvtwp—p), (Ro1 Riz)?)
= Y ew (@) (32, cp dim L+ wp = p),

(Trg,1 (), qp((IHV"H”Hp)_(’\+w"_ﬂ|)‘+wﬂ+P)—(u\u+20))>)

=3 ep (Cupew e(w) dim LA + wp — p),) dim, L + v) gr(+2u20)=IAI%)
=3 ew dimg L(w'A + p) g?PAnte),

since Y cwe(w)ch LA +wp — p) = 3 cwe”?, a consequence of the Weyl character
formula.



Setting D = 3 _w e(w)g*?!*P), we compute, using formula (2):

dimg L(s) xpsp(rhs) = 32 ey £(w)g? M dimg L)X p (243 1)

= % ZwEW E(w)QQ(/\\wﬂ) (Zw’EW E(w/)q2(u+p\w’(p/\+wp)))

_ 1 2(p+plw'pA) 2(w' A\p+-plw,
= Bzij,ew e(w)q (p+pl )q( ptplwp)

= 3 ew PN dim, L(w'A + ).

Hence our formula holds. The remainder of this section will prove that it fully caracterizes
the elements ZE\p ). O

To conclude the proof of the theorem, we use the following proposition, formulated in an
abstract setting. Let V be a Q-vector space. The set of functions P — V is in bijection with
Homy(Z[P], V). By the action of W on Z[P], Homy(Z[P], V) becomes a W-module, and we
note H; and H. the isotypical components corresponding to the characters 1 and € of W.

Proposition 6 Ifv € Autg(V), then the map (H. — Hy, f — (A — > cw e(w)o1w0) f(A+
wp))) is injective.

Proof Let f € H. belonging to the kernel of the map, and suppose that f is non-zero. Since
feH,, f(0)=0. Let A € P, be a dominant weight such that f(\ + p) # 0 with ||X + p||
minimal for this property. By hypothesis, > e(w)vAw) f(X + wp) = 0. We rewrite this
sum > o 0N f(w + p) = |[W,y| D weW /Wy VAP f(wX + p) where W, is the stabilizer
of A in W. Thus ZweW/WA v@NP) f(w\ + p) = 0. The weights occurring in this sum verify
lwA+ pl| < ||A+ p|| if w # W,y. (To see this, write a reduced decomposition of (the shortest
representative of) w: w = s;, -+ -8;, with s;, (A\) # A. Then {f € Ry | w(B) € —R,} =
{au,, si (i )y s SinSin, - Sip(aiy)}, 50 p—w™(p) € a;, + Q4, where Q, is the Z,-span
of Ry. So (A ] p) > (A | wp), hence ||[wA + p|| < [|X + p||.) This contradicts the choice of
A O

An application of this proposition proves the last assertion in our theorem 1.

Remarks 1. Drinfel’d’s result (proposition 2) implies that the ZE}J)FP (u € Pyy) span a

Z-form in Z(U,g). We then have that the 2" belong to 32 Zlg.q 2 . We

HEP 14 utp:
take now the image of our formula in Z[q, ¢~!][P]' by the map 77'oW¥, and we compose

by the evaluation at ¢ = 1: Z[q, ¢"!][P] — Z[P]. We know that Zg\llp is sent to ch L(\),

and the Weyl character formula then tells that Zg\pl , is sent to 1P(ch L(A)) [17]. Here
YP is the Adams operator in the algebra Z[P]: it is the algebra morphism e*
it may be viewed as the convolution product id * - - - % id (p times), Z[P] being a Hopf

algebra (over Z).

— ep/\;

2. The scalar products on R given by (L(A),L(u)), = (Trq,L(A),zg&)) satisfy
(L(N),L(n)), = (L(w),L(AN)), = (L(A*),L(u*)),. They are similar to Macdonald’s
scalar products (cf. [10]), but the combinatorics is considerably much easier in our
case.
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3 An application to a theorem of Faddeev, Reshetikhin
and Takhtadzhyan

Besides being funny for itself, our formula (theorem 1) has two consequences. First, it gives
relations between invariants of knots that one constructs with the quantum groups. It can
also be applied to prove a theorem stated in [6].

Let us suppose that g is of classical type A, B, C or D and of rank /. We adopt Bourbaki’s
conventions for the root systems [1|. For instance, L(w) is the natural representation of g.
We will keep track of the normalization of the invariant bilinear form on §* by letting d be
half of the square of the length of a short root.

We now recall the formalism of [6]. We choose a basis (v;) of L(w), consisting of
vectors of weights ()\;), we let (v]) be the dual basis, and we consider the matrix 7" = (;;)
of the coefficients of this representation: for = € U,g, (t;;,z) = (vf,x - v;). Faddeev,
Reshetikhin and Takhtadzhyan define the matrices with coefficients in U,g: L* = (li) with
li; = (id @ tij, Ri2) € UU™ and S(I;;) = (ti; ® id, Ri2) € UTUY. They consider the clements
of U,g:

Te(q(LTS(L7)Y) = X ¢l S, - 15,5 ()

Q10 ik
JiseeesJke

- Z q(2p|/\il)<id ® ti1j1 ) R12><tj1i2 ® idv R12> o

Tk <1d ® tikjk? R12> <tjki1 & id? R12>
= Z q(zpl/\il)<ti1i1 ® id, (Rg1 R12)*)

(Trp () ®id, (Ro1 Raa)* (Ksp @ 1))
(Trp ()= ®S, (571 @ 871 ((Ra1 Raa)* (Ksp ® 1))
(S ® Try(my)s, (1® K_s,)(Ra1R12)")

= S(J™(Trg, (1))

(k)

= S(zL(m)*)

_ k)

= L@
They state (|6, theorem 14]) that these elements belong to and generate the center of U,g.
We will indeed prove a more precise theorem:

Theorem 2 Let Y be the subalgebra of Z(U,g) generated by the elements zg(zm), e zg()m)

Then:
o in case Ay or Cy, Y is the whole algebra Z(U,g).

e in case By, we use the Harish-Chandra map 7' o W : Z(U,g)=(C(q)[P))V to describe
Z(U,g). Y corresponds to the subalgebra spanned by the characters ch M € Z[P]WV of

vectorial representations of g. It is the subalgebra of (C(q)[P))V fized by the involution
s (chL(w;) — ch L(w;) (i <€ —1),chL(wy) — —chL(wy)).
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o in case Dy, Y corresponds to the subalgebra of (C(q)[P)V fized by the involutions
s : (chL(w;) — chL(w;) (i < €—2),chL(wp_q) < chL(wy)) and t : (chL(w;) —
chL(w;) (i <€ —2),chL(wy_1) < —chL(wy)).

Proof We rewrite our formula in the form:

Zwewg(w) q2p(>\|wflp) Zf\ﬂ)-w_lp - ZwEW €(w) q2(>\\w710) Z’I(Di\)-&-w_lﬂ’

in which we can replace the sums over W by sums over W/W,. We will only consider the
cases Ay and By (the cases Cy and Dy being similar).

e Case A, the shortest representatives of elements in W/W,, are given by
{1,81,8281,...,80--+81}. Let 1 <p </l Forl<k</{+1andw = sp_q--81,
one has:
— @ +wp belongs to a wall iff & > 1, and it is @, + p otherwise;
— pwy + w1 p belongs to a wall iff & > p, and it is (p — k), + @ + p if k < p;
— (w1 |wlp) =d({ — k+1) (d =1 in Bourbaki’s normalization).

Then our formula implies that :

ol 2(£_ 1
qd P2 Z’gz-i-p - Z:1<_1)k+1 qd 2z=k+D) Z’Ep)—k)w1+Wk+P'

The rule for tensor product multiplicities [9] and the proposition 2 show that, for
1<n</—1land1l<m:

Z(l) . Z(l) _ Z(l)

+ 2z
mwi+p wntp T Pmwitwntp (m—1)wi1+wn41+p°

Let Y, € Z(U,g) be the C(q) subalgebra generated by the (Z,ngrp)lSsSp. By in-

duction on p, we show that for 1 < p < ¢, one has ngﬂ,,... ,Zgiﬂ € Y, and
ngﬂ, e ,z;;),ﬁp € Y,. It is clear for p = 1. If it is true for p — 1, then Y, contains
the following sums:
(1) 1) _ oM 1)
Z’(p—l)fm—f—p T hwmitp T Z’PWH-P + Z’(p—Z)W1+w2+p
(1) 1) _ oM 1)
Z’(p72)w1+p ) Z’w2+p - Z’(p72)w1+wfrp + Z'(pfS)lerwngp
1) 1) _ oM 1)
Z’WH-P ’ pr71+p - Zwl"!‘wpfl“!‘l) + Z’wp+p
d-2p§ & (p) _ d2(£—k (1)
q P2 Z£1+P o i:l(_l)k+1 q PG Z(P*k)w1+wk+/f
The elements Z},};l 4ps ZS)mel gt Zgz +, are combinations of these, because the
determinant of the system is (—1)p+1qd'(e_p)% # 0.

e Case B, (¢ > 2): the shortest representatives of elements in W/W,,, are given by
{1,81752817--- ySe " S1,80-15¢S¢—1 """ S1, S¢—25¢—15¢S¢—1 "+ S1, - - - ,31"'85"'51}- Let
1<p</l Forl<k</and w=sS,_---5s1, one has:
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— pwy + wp belongs to a wall iff & > p, it is (p — k)w; + @ + p if & < p and
kE<{—1,and 2w, +pif k =p =1

— (w1 |w™p) =d(2¢ — 2k + 1) (d = % in Bourbaki’s normalization).

For 1 <k </{—1and w=s,Sky1---S¢Sg—1---81, or k =L and w = $ySy_1 - - - S1, one
has:

— pwy + wtp belongs to a wall except if p is odd and k = %_Tpﬂ, in which case
pwi+w ' p = (Sp_18p—2- - 51) 7' p;
— (| wlp) = d(2k — 20 —1).

We thus have for 1 <p </ —1, p odd:

9p(2— ® .2(20— (1)
gt PSP (ke gd 222kt ) 2 ot

and for 1 <p </ —1, p even:

d-2p(20—1) Zfi,’fﬂ, _ Zzl(_l)kﬂ qd-2(2£72k+1) Z’Eglv)fk)w1+wk+p

and similar relations for p = £, but with the term (—1)1¢?? Zggz +p in the sum for £ =
¢. An induction similar to the case A, shows that Y is the C(g)-subalgebra generated

by the ng +p5 Zgg e ,Zggl +p- One has to use the tensor product decomposition
rules:

q +q % 2

— L(mw;) ® L(w,) = L(mw, +w,) ®L(m —1)w; + wpy1) B Z (for 1 <n < -2,
1 < m), where the summands in Z are some L(jw; 4+ wy) with k < n, j+k <
m+n—2;

— L(mw) ® L(w—1) = L(mw; + we_1) & L((m — V)wy + 2wp) @ Z (for 1 < m),
where the summands in 7 are some L(jow; +wy) with k < /-1, j+k < m+{—3;

— L(w,)®? belongs to the subring generated in R by L(w), ..., L(wi_1), L(2w,).
U
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