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Motivation

1) initial value problem I

f() =a(t)f(t), £(0) =1

D@ = [ f()ds  f=1+1I(af)

f=1+ Z [(a[(---[(a{(a))“‘>)

n>0">

n-times

o< fi=al(f) f=1+1@+}ig<(~«uaﬁ@~q)

n>1 n-times

f=ata=<f

(a<b) <c=al(b)I(c) =al(I(b)e+bI(c)) =a= (b>c+b=c)



2) Bogoliubov’'s counterterm recursion:

H Hopf algebra of Feynman graphs, ¢,¢_ : H — A

p— =1 — R(¢_*p), p=¢-1

R(¢) x R(8) = R(R($) x§ + ¢ x R(8)) — R(¢ % 9)

6- =1+ 3 (~1)"R(R(- R(p) *p) - % p)

n>0

n-times

b ¢i=RWxé oo =1-R(p= L (D" (prp)=p) - p)

n>1 -

n-times



R(¢) x R(8) = R(R($) x5 + ¢ x R(8)) — R($ %)

¢ - (r-p1) = (R(®)*R(T))*p
= R(R(¢)*T+¢*R(T)—¢*T)*M
= ((b>7‘—|—gb<7'>>,u

¢ < p:=—¢*R(p), R = (id— R)

—~

bx (R(r)* R(u))
= gb*R(N(T)*u—i—T*R(,u)—T*,u)
0 T

(p<T7)<p

(p=71) < p=—R(@)rTxR(n) =¢ = (1 < p)



3) initial value problem II

Y =[A4,Y], Y (0) = Y,

Y = AY — YB
Y=C-Y>~B+A<Y, C .= AYy — YyB
Y = XYzt
X = exp(Q(A)), X =AX, X(0)=1
7z = exp(Q(B)), Z=BZ, Z(0)=1

W. Magnus: [1954] Magnus expansion (ad4[B] := [A, B])

) — Bm (m)
Q)= 3 B ad() 4]

Bernoulli numbers: Y, Bmom= 2. =1 1,4 1.2 144 .



QW = [ AGsddst — [ [204)(s1), AGs)]dsy

+5 [ [0, 1204 (1), A dsa + -

QA) = ) Qn(A)

n>0

QA () = /A(sl)dsl ——/ / A(SQ)dSQ,A(Sl)}dS];

Q1 (A)(t) Qo (A)()

‘|‘% /t [/081 [/32 A(S3)d83,A(Sz)}dSQ,A(sl)}dsl

0 0

12/ / A(S3)ds3 /o " A(s2)dso, A(S1)Hds1 + -



Rota—Baxter Algebra

Definition: 6 € K, (A,R), R:A— A

R(z)R(y) = R(R(z)y + 2R(y)) + 0R(zy)

e The map R := —0id — R is a Rota—Baxter map.

Examples:

Riemann integral: I(f)(t) := [§ f(s)ds

Projectors: Let A =Cle 1,€]], 3=° ane™ 6 = —1

n=-—%k

00 —1
R( Z ansn) = Z ane’.
n=-—%k n=-—%k



g-difference equation: o,f(z) := f(qz)

Oqf (x) 1= (id — oq) f(z) = f(x) — f(qx)

Pylf1Pylg] = Py| Pyl f] g| + Py|f Pylol| — Pyl f9]

Summation:

S[fl(x) == ) flz+n)

n>0

S[£1Slgl = S|S[f1g] + S|f Slal| + S| fg]



Dendriform Algebra

(A, <,>)
(a<b)<c = a<((b<c+b>rc)
(a=b)<c = a>(b<c)
a-(Mbrc) = (a<b+a>=b)>c

associative product:

axb:—m=a<b+a>=0>

left pre-Lie and right pre-Lie product:

a>b:=a>-b—b<a a<lb:=a<b—>0>a

(a>b)>c—al>(b>c) = (b>a)>c—b> (a>c)

(a<b)<dc—a<(b<dc) = (a<c)<db—a<(c<b)

[a,b] ;= axb—bxa=a>b—b>a=a<b—b<a



Dendriform algebras from RB operators

(A, =, =)
a=b = R(a)b a<b = —al(b)

(a<b)<c = a<(bxc)

aR(b)R(c) = —aR(R(b)c . bR(c))
(a>=b)<c = a=(b<c)

—(R(a)b)ﬁz(c) = R(a) (b}?(c))
a-(b=c) = (axb)=c

R(a)R(b)c = R(R(a)b - b}?(a))c

associative prod. axb = a>=b+a<b=R(a)b— aR(b)

pre-Lie prod. a>pb = a>=b—b<a= R(a)b+bR(a)



(A, <,>)

a<1l:=a=:1%>a 1<a:=0=:a>1,

ax1l=1xa=aand1x1 =1, butl <1and 1> 1 are not defined.

exp*(z) == ) _ z™/n!

n>0

(n)

w>_ (331,...

(n)

w_< (331,...

E(n)(ml,...

r(n)(xl,...

resp. log*(1+4+z) :=— ) (—-1)"z*"/n
n>0

= (---(:131>—:132)>-333---)>-33n

L= :131-<(332-<---(£13n_1-<33n)---)

L= (---(:131I>332)I>333---)I>:Bn

= x1<ﬂ(x2<1~-(xn_1<3xn)-~)



Dendriform Equations I

e equation of degree (m,n) in A[[\]]:

m n
U=a+ Y Mol b1, .. bg) + 3 NPT (1, cpp, U)
q=1 p=1

e equations of degree (0,1) and (1,0):

Y=a4+Xo<Y resp. J=c+ N = d

e equation of degree (1,1):

X=a+ XX b+ XIc< X

e pre-Lie equation: ¢ = —b

X=a+2XXD>b



Let A be a unital dendriform algebra. Let Y = Y (c¢) and Z = Z(b),
b,c € A be solutions of in A[[)\]] to:

Y=1+4+ )<Y resp. Z =14+ X2 ~b

Proposition The product X = Y % Z gives a solution to the degree
(1,1) equation for the particular case a =1 € A

X=14+2AX>b+Ac< X

Y =1-)\YV ¢ and Z7=1-\b< 27

Y*Y=1=Y=x*xY vresp. ZxZ=1=7x%x27

Proposition For a,ce Aand Y =Y (b) and Z = Z(d), the equations:
V=a+XXb<V resp. W =c+ \W =d

are solved by

V=Y*(Y_1>a) and W:(c<Z_1)*Z



Theorem Let Y =Y (¢) and Z = Z(b), ¢, b € A.

X=a+AX >b+Ac< X
of degree (1,1) and a € A is solved by:

X=Y*(Y—1>a<z—1)*z

Corollary Let Z = Z(b) be a solutionto Z =1+ XZ = b. The solution
to the left pre-Lie equation:

X =a—+ AX D> b,
IS given by:

X=Z_1*<Z>a<Z_1)*Z

X = Ad}_l O eZ(CL)

Oy(a) =Z=a=<2"1

©400p(x) = O ,p(x)



};3[54:’};]0’ YV=C4+Y' <A-A>Y' =C-Y'>A

X=AX —

Y/ — Ad},_l O @X/(C)

dendriform algebra coming from RB operator R:

Y =R(Y') = R(Ad%,_100x/(C))
= R(X’—l)R(X’ —a < X’—l)R(X’)

R(a*xb) = R(a>=b+a <b) = R(R(a)b— aR(b)) = R(a)R(b)



Pre-Lie Magnus expansion

Theorem: Let (A, <,>) be a dendriform algebra. Let Q' := Q'(\a),
a € A, be the element of AA[[\]] such that

Z = exp*()

where Z is the solution of Z =1 — Z = Aa. This element obeys the
following recursive equation:

@ (a) = o220y = £ By 10V [0 (a)

m>0

exp(L[€2'])—-1

where the B;'s are the Bernoulli numbers.

Li[a](b) (= a>b=a>b—b<a

Y =14+ Xa<Y, Y = exp*(—)



Classical Magnus expansion:

A< B(z) = Az) - /B(t)dt As B(z) = /A(t)dt . B(z)

A-B—-B<A=Ap>;B=1][I(A),B] —0BA

5 Bm (m)
?T mz>:O m/ adI(Q(A))[A]
Bm m
— A——[I(Q) Al + [I(Q) [1(£2), A]] + Z T d§<§(A))(A)
Bm m
— A_EQDIA_I_ QD[(QD[A)+ Z d§(§%)(14)

= Y ZmLg)a)

m>0

Lo, [a](b) = a>;b=I(a)b—bl(a)



Dendriform Equations II

e equation of degree (m,0) ((0,n)) in A[[\]]:

m
X=a+ 3 AMYTV(X by, ... bgg)
q=1

Let (A,<,>=) be a dendriform algebra. Then the space My(A) of
square n X n-matrices with entries in A is a dendriform algebra, with
operations defined by:

n n
(a < b)ij = Z A < bkja (a — b)ij L= Z Q;l ™ bkj
=1 =1

Mn(A) .= Mn(A) is the matrix dendriform algebra augmented with
a unit, identified with the diagonal matrix 1, with dendriform units
1's on the diagonal and O elsewhere.



e equation of degree (2,0):

X=d4+2MX=c+N(X=b)=a

Proposition Let Q' = log* Z € M5(A[[\]]), where Z is the solution
of the dendriform matrix equation of degree (1,0):

c b
Z—12—|—)\Z><a O)

given by the pre-Lie Magnus expansion:
/ 1 2 1 3 3 1
Q(AM):AM—EA MDM—I—ZA (M>M)>M-4 X EJ\4>(M>J\4)---

Then the solution X for d = 1, is such that the line vector (X, A\X = b)
is the first line of the matrix Z = exp*(2)), i.e.:

X =(1,0)z(1,0).



e equation of degree (m,0):

m
1
X =ago+ Y MelTH(x, aq1; - - aqq)
q=1

matrix of size N := 1+ m(m=—1) .

2
( am1 O
0 0
Mm—l E
0 0
v — (Mm—1 Ar) _
m AQ A3 (O 0 O\ (O Am?2 0
O O 0 O O a3
0 0 - 0| [0 0 o
\ \a@mm O 0/ \0o 0 0O

o O




Rooted trees and the coefficients in the pre-Lie Magnus expansion

QLOa) =Y %Lg’") 1] (Ma).
n>0 7"

1 1 1
Q'(\a) = \a — A2§a > a 4 )\3Z(a >a) > a4+ A3Ea > (ar>a)
1 1
—)\4§((a>a) > a) I>a—)\42—4((al> (a>a))>a

—I—aD((aDa)Da)—i—(aDa)D(aDa))—|—...

planar rooted trees 7,;: t = By (t1,- - ,tn)

_ Bn 1 B
a(t) \ = — alt;) = .
“ n! @'1:_[1 (i) fuel;l(t) f(v)!

ker(a) ={t €Ty |FveV(t): f(v) =2n+1,n> 0}



T(Dn)(al, ...,ap) = a1 > (CLQ > <a3 > - (a1 > an)) : )
Fle](a) =a and for t = B4 (t1---tn), n > 1.
Fl(a) = TV (Flt1](a), ..., Fltn)(a), a)

= F[t1](a) > (Flta](a) &> - - - (Ftn](a) > )

Theorem: The pre-Lie Magnus expansion can be written:

Q)= 3 a@)Fit](Aa)

el
teTs

T(2) = Y0 Tk2" be the Poincaré series of 7;}1

1
— 2
which in turn yields the recursive definition of the coefficients T}

p,q,r=0
pt+q+r=n—2

1,1,2,4,10,26,73,211,630, ... ([A049130])

T(2) — 2°T(2)3 =



(@) = -+ al: >F[% 1(a) 4+ a( >F[IA 1(a) 4+ a(*: >F[13 ](a)
+ a( >F[}\ J(a) + -

pre-Lie relation: ¢t = B4 (t1---tn)
F[B+(t1t2 = -tn)} - F[B+((t1 ots) - ‘tn)} -

F[B+(t2t1 . -tn)} _ F[B+((t2 ot1)-- -tn)}

Butcher product: tq, to = By (t3---t8)

t1 @ty = By (t1 t5---15)



reduced order 4:

P SR S N ¥

Q'(a) =+ (a(% ) +a(d ))F[% 1(a) + (a(:*) +a(: ))F[/\I 1(a) + - -
order 5:

{B+(%), B_|_(j&),B_|_(., e o o), By (&, 0), By (e i), BL(], I),B_|_(£ ), B4 (s })}

F[B+(£ .)} - F[B_F(%)} - F[B+(., {)} - F[B+('AI)}

((aDa)Da)D(aDa}—(((aDa)Da)Da)Da
=a><((a>a)>a)l>a>—(aD((aDa)Da})Da



THANK YOU!!



