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Lecture 4

In practice, it is important sometimes to determine the intersection of two subspaces, each presented as
a linear span of several vectors. The usual set-up for this question is as follows. We take a vector space V,
and its two subspaces U; and U,, where U; = span(eq,...,ex) and Uy = span(fy,...,f;). The goal is to
describe a basis of U N U,.

First, it makes sense to find a “convenient” basis of each of these subspaces. For that, we choose a basis
of the ambient space V, and associate to each subspace U; the matrix M;j whose columns are columns of
coordinates of the spanning set with respect to that basis. (In case of V = R™, this task is trivial, since
everything is already written with respect to the basis of standard unit vectors.) Then for each of these
two matrices, we compute its reduced column echelon form (like the reduced row echelon form, but with
elementary operations on columns). Nonzero columns of the result form a basis of the linear span.

Once we know a basis g1,..., gp for the first subspace, and a basis hy,...,wq for the second one, the
question reduces to solving the linear system ayjgys + ...+ apgp = b1hy +... 4+ bghg. For each solution to
this system, the vector ajgs + ...+ apgyp is in the intersection, and vice versa. Computationally, the fact
that we computed the reduced column echelon forms before, we have a system with many zero coefficients
which is quite easy to solve.

Example 1. Let us consider two following subspaces of V = R>: the subspace U is the span of the vectors

2 —4 0 2 2 1 0
1 1 5 1 —1 0 1
0 |,] 3 [|,and | —1 |, and subspace U, is the span of the vectors | 0|, | =2 |, | —2|,and |1
—4 -1 -1 1 -3 -2 2
2 2 14 1 —1 2 1

Let us first find the bases of these subspaces. As we mentioned, we should compute reduced column
echelon forms, but to not introduce new notation, we shall use transpose matrices M} and M} and row
echelon forms. The computations are as follows:

21 0 —4 2\, 1T 7 0 =2 1\, B
Mt — 4 1 3 -1 2 2(1)»('i)>+4(” 0 3 3 9 6 3(2),$i)) 5(2)
0 5 —1 -1 14 05 -1 —1 14
T3 00 =2 1\, 5 1o -3 —3 0 3 N 1Too -2 2
0 T 1 3 2| "EATEC (o g 7 3 ) PR g g T g
0 0 —16 44 16 oo 1 -1 00 1 =11 1
2.1 0 1 1 11 0 11
Mt — 2 -1 -2 -3 -1 %(1),(217'2_(;),(3)*(1) 0 -2 -2 —4 =2| -32),M-1(2),3)+3(2),(4)—(2)
271 0 -2 -2 2 0o -1 —2 -5 3
o1 1 2 1 o 1T 1 2 1
10 -3 —30 1000 —2
0 1 1 2 1|-3@0+360@-6110 1 0 1 %
00 —5 -3 2 001 1 —4
00 0 0 0 0000 ©



This means that each of the subspaces is three-dimensional. To compute the intersection, recall that by
definition the intersection consists of all vectors that belong to both of the subspaces. Let us denote by
g1, g2, g3 the basis vectors for Uy we just found, and by hy, hy, hs the basis vectors for U,. Then the
intersection consists of all vectors v that can be represented in the form

v =aig +azg2 +aszgz = byhy +bzhz +bsh;

for some ay, az, az, by, bz, bz. This is a homogeneous system of linear equations with unknowns a;, az, az, by, bz, bs.
Its matrix is

1 0 0 —1 0 0
0 1 0 0 —1 0
0 0 1 0 0 —1
—-15/8 —-1/4 —-11/4 0 -1 -1
1/2 1 1 2/3 —7/3 4/3
Let us bring this matrix to the reduced row echelon form:
1 0 o -1 0 0 1 0 0 —1 0 0
0 1 0 o -1 0 is , 0 1 0 0o -1 0 , B
0o 0o 1 0 o —fWrELEIIy o g o o —p| WHARETR
15 1 _ 11 o 1 _ o —1 1t _15 _ 1 _4
8 4 4 4 S
1 2 4 4
R N o T 1 g -5 3
10 0 —1 0 o0 10 0 -1 0 0
01 0 o -1 0 " B o1o0o o0 -1 0| & .,
00 1 0 o0 —1|WERETEG 00 0 o o1 | EHETEE
11 15 5 15 5 1
SR S
6 33 6 3 3
10 0 -1 © 0 100 -1 0 0
o1o0o o0 -1 0 . , o010 0 0 O
001 0 0 1 — 715 (5),(4)=%(5),(2)+(5) 001 0 0 —I
ooo 1 %2 2 000 1 0 2
000 0 - 0 000 0 1 0
We see that the last unknown is free, so the general solution is a; = —2t, a; =0, a3 =t, by = —2t, b, =0,

b3 = t, and the intersection can be described as the set of all vectors of the form
t(—2u; + u3) = t(—2wy +ws),
—2

0
so for a basis of the intersection we can take —2uq; +uz = | 1
1
0

More generally, if we had more than one free variables, this procedure would give us a vector of the form
t1vi + - + timvim, where t; are all the free variables; and v1, ..., v,y form a basis of the intersection.



