ON THE CONTINUITY OF THE FINITE BLOCH-KATO
COHOMOLOGY

ADRIAN IOVITA AND ADRIANO MARMORA

ABSTRACT. Let Ko be an unramified, complete discrete valuation field of mixed charac-
teristics (0, p) with perfect residue field. We consider two finite, free Zp-representations
of Gk,, T1 and T3, such that T; ®z, Qp, for i = 1,2, are crystalline representations with
Hodge-Tate weights between 0 and r < p — 2.

Let K be a totally ramified extension of degree e of Ky. Supposing that p > 3 and
e(r — 1) < p —1, we prove that for every integer n > 1 and ¢ = 1,2, the inclusion
HiL (K, T /p" Hy (K, Ty) < HY(K,T;/p™T;) of the finite Bloch-Kato cohomology into
the Galois cohomology is functorial with respect to morphisms as Z/p"Z|Gk,]-modules
from Ty /p"T1 to T>/p™Ts. In the appendix we give a related result for p = 2.
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Let K denote a complete discrete valuation field of mixed characteristics (0,p) with
perfect residue field k. We choose an algebraic closure K of K and denote by Gk the
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Galois group of K over K. For a p-adic representation V of G, the finite cohomology
group H} (K,V) is defined as

H (K, V) =ker(HY(K,V) — H'(K,V ®q, Beris))

where H!(K,—) denotes the first continuous Galois cohomology functor and Bes is the
ring of crystalline periods. If V' is a crystalline representation then the cohomology classes
in H} (K,V) represent classes of extensions

0=V ->E—-0Q,—0

which are crystalline, i.e. such that E is a crystalline Gi-representation. If T C V is a
Zy-lattice stable by G'g, the group Hén(K ,T') is defined as the fiber product of the diagram

HY(K,T)

Hg, (K, V)——= H'(K,V)

where 7 is the map induced by the injection T' C V. By definition the classes in H{ (K, T)
correspond to classes of extensions of T' by Z, which are crystalline (after extending scalars
to Qp). The canonical map H} (K,T) — H(K,T) is injective and identifies H} (K, T)
to n~Y(H} (K,V)); on the other hand the map H} (K,T) — H} (K,V) is not injective
in general (H (K,T) contains all the p-torsion of H(K,T)).

The main relevance of the groups Hén(K , V') comes from global arithmetic. Suppose that
F is a number field and that M is a p-adic representation of G := Gal(F/F). Then
the Selmer group of M is the subgroup of the continuous cohomology group H'(F, M)
of classes which satisfy certain local restrictions, in particular the classes in the Selmer
group restricted to the decomposition group at v of G, for places v of F' dividing p, lie in
H{ (F,, M).

If the p-adic representation M as above is the p-adic realization of a motive over a number
field F', then the family of p-Selmer groups over the cyclotomic tower of F' (or some other
Zy-tower) encodes important arithmetic information about the motive, in particular its
algebraic p-adic L-functions are defined in terms of it. Ralph Greenberg was the first to
ask the question : suppose we have two motives which are congruent modulo a power of
p. What can one say about the two families of p-Selmer groups?

For example in [GV00] and [GIP07]| one studies the case of two elliptic curves defined
over Q (or even modular forms of weight two) and one obtains: if the elliptic curves are both
ordinary or both supersingular at p and they are congruent modulo p, then under certain
further hypothesis one shows that the families of non-primitive Selmer groups attached to
these elliptic curves are also congruent modulo p. It follows, using results of K. Kato that
if the main conjecture holds for one of the elliptic curves then it holds for the other.

Of course in order to study the behaviour of Selmer groups with respect to congruences,
one has to first investigate the behaviour of the local conditions defining the Selmer groups
with respect to the congruences, in other words to ask whether Hén (K, T) varies p-adically
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continuosly with T (where now K is a p-adic field and T" a Zy-representation of G as at
the beginning of this introduction). This is the main task of this article.

We will now be more precise and consider two crystalline Z,-representations of G, Ti
and Ty which are isomorphic modulo p™ (we say that 77 and T, are congruent modulo
p"). Consider a class ¢ € HY(K,Ty/p™T1) which is the reduction modulo p" of a class
coming from H} (K,T1). We would like to know if the image of £ via the isomorphism
between H'(K,Ti/p"T1) and H'(K,T»/p"T>) is the reduction of a class in H} (K,Ts).
This could be reformulated as follows: given an isomorphism ¢: 71 /p"Th — To/p™Ty of
Z/p"Z|G k]-modules, is there an isomorphism ¢ of Z/p™Z-modules making the following
diagram commutative?

Hf%n(Kv Tl)/anf%n(K7 Tl) - Hl (K7 Tl/pnTl)
\

3?17 %’\LHl(K,L)
\

Hg, (K, Ty)/p" Hg, (K, Tp) — H'(K, T2 /p"T5)

The maps H} (K, T;)/p"Hi (K, T;) — H' (K, T;/p"T;), for i = 1,2, in the diagram above
are induced by the injections H (K,T;) — HY(K,T;) and H'(K,T;)/p"H (K, T;) —
HY(K,T;/p"T;). We recall that they are injective, cf. Lemma 4.1.1, and so this refor-
mulation of the question is only apparently more general. However it makes sense to
ask more generally whether Hi (K,—)/p"H} (K,—) defines a subfunctor of T/p"T +
HY(K,T/p"T).

It is known that these questions do not have positive answers in general. For example
let Th = Z,(1), To = Zy(p), K = Qp and p > 3. We have clearly T /pT1 = F,(1) = T5/pTs
and Kummer theory implies that H'(Qp,Fp(1)) = Q;/(Qp)P, which is a two dimen-
sional IF,-vector space. Simple cohomological arguments show that the [Fj,-vector spaces
H} (Qp,Ty)/pHE (Qp, T1) and HE (Qp, T3)/pHE (Qp, T2) have both codimension one in
H'(Qp,F,(1)). However, one can show that they are orthogonal with respect to cup-
product and they correspond to sub-spaces of Qj, / (Q;‘,)p spanned respectively by p and
p + 1. This example shows also that our problem cannot be solved by using only argu-
ments based on the lengthes of the Z/p"Z-modules H} (K, T;)/p"H} (K, T;).

Another example, due to R. Greenberg, shows that the equivariance of the morphism
v: Ty /p™Ty — Ty /p™Ty with respect to G is too weak in general. Consider two ordinary
elliptic curves Fq and E5 over K, assume that K contains the coordinates of the p-torsion
points Ei[p] and Es[p] and that it has finite residue field. For ¢ = 1,2, let T; = T),(E;),
where T}, denotes the p-adic Tate module. A result of Coates and Grinberg (cf. [CG96])
states that H} (K,T;) is equal to the image of H'(K,T(E;)) — H'(K,T;), where E; is
the formal group of E; (which has height 1 by ordinarity). By the hypothesis on K, the
reduction T;/pT; = E;[p] is a two dimensional Fp-vector space, trivial as Gx-module, in
particular 77 and T5 are congruent modulo p. So any isomorphism ¢: 71 /pTy — Ta/pTs
not sending the image of Tp,(E1)/pTy(E1) to T,(Es)/pT,(F2) gives a negative answer to
our question.
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1.1. The main result.

1.1.1. We use the notations of the previous section and denote by Ky the maximal unram-
ified extension of Q, in K, by e := [K : Ky] the absolute ramification degree of K and by
Gk, the absolute Galois group of Kj.

Let n > 1 be an integer, YW C Z a subset and Z a Z/p"Z-module of finite type endowed
with a continuous action of Gg. We say that Z is crystalline with Hodge-Tate weights in
W if there exists an exact sequence of Z,[Gi]-modules

0—T —T—27—0

where T is a crystalline Zp-representation with Hodge-Tate weights in W.

We denote Repr(GK)Q}iS (resp. Repr(GK)ZIYiS, resp. RepZ/an(GK)ZVﬁS) the category
of crystalline Q)-representations (resp. Zy-representations, resp. Z/p"Z-representations)
with Hodge-Tate weights in W. For any integers a < b, we denote [a, b] the set of integers
i, such that a < i <b.

Let denote by Mod(Z/p"Z) the category of Z/p™Z-modules.

1.1.2. To address the problem of continuity for the Bloch Kato finite cohomology we pro-
ceed as follows. First assume p > 3. For every integer 0 < r < p—2, we construct explicitly
a functor

HY(K,—): Repgnz(Gry)9yd — Mod(Z/p"Z),

crys
endowed with a morphism of functors t3°: H!(K,—) — H'(K,—), such that for every

crystalline Z,-representations T of G, with Hodge-Tate weights in [0, 7], we have the
canonical factorisation:

HE (K, T)/p"H (K, T)C HY(K,T/p"T)

H (K, T/p"T)

For any crystalline Z,-representations 7" of Gk, denotes by rmax Or Tmax(7") the largest
Hodge-Tate weight of T'.

The following statement which is proved as Theorem 4.1.6 in section §4.1 constitutes the
main result of this article.

Theorem Let p > 3 be a prime integer and we fix an integer v with 0 < r < p—2. We
denote by T' a crystalline Zy-representations of G, with Hodge-Tate weights in [0,7] and
assume e(rmax — 1) < p — 1. Then for every integer n > 1, H} (K,T)/p"H} (K, T) is
isomorphic to H} (K, T/p"T) via €.

Remark 1.1.3.

(1) We point out that if ryax < 1 the condition on the ramification index e of K is
empty.
(2) The hypothesis e(rmax — 1) < p — 1 is necessary, see Proposition 4.2.3.
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(3) For every r such that rmax < r < p—2, we have H}(K,T/p"T) = H} (K, T/p"T)

canonically. It is a consequence of the theorem but actually it follows already by
the construction of H}, see Remark 4.1.3.

In particular if e(r — 1) < p—1, H}(K, —) is a subfunctor of H'(K, —); in this case set
(1.1.3.1) Hi (K, —):= H{K,—).

The next statement which is proved as Corollary 4.1.12 in section §4.1 states the hypothesis
under which the correspondence T/p"T + Hi (K, T)/p"Hg (K,T) is well-defined and
functorial (we have indeed H} (K,T)/p"H} (K,T) = H} (K,T/p"T)).

Corollary Let p > 3 and let Th and Ty be two crystalline Z,-representations of G,
with Hodge-Tate weights in [0,7] C [0,p — 2] and assume e(r — 1) < p — 1. Then for
every morphism (resp. isomorphism) v: Ty /p" Ty — To/p™Ts of Z/p"Z|G k,]-modules, there
exists a morphism (resp. isomorphism) i of Z/p"Z-modules making the following diagram
commutative.

HY (K, T0) [ HY, (K, Ty — HY (K, T /p"T))

lz iHl(K,L)

Hf%n(K’ TQ)/anf%n(K7 T2)C—> H! (K7 T2/pnT2)

Remark 1.1.4.

(1) Some cases of Corollary 4.1.12 were already known:

(a) The case where e = 1 and the representations 77 and T, have Hodge-Tate
weights in [0,p — 2]. In this case the result follows from [BK90, Lemmas 4.4
and 4.5| using Fontaine-Lafaille theory.

(b) In the case where the Hodge-Tate weights of T} and T3 are in [0, 1], under the
hypothesis (T} /p"T1)%%o0 = (T} /p"T1)®¥ and p > 3, the result was proved in
|GIPO7].

(¢) The case of representations coming from Barsotti-Tate groups have been treat-
ed by Nekovar [Nek11, A.2.6] using flat cohomology; if p > 3 this implies, by a
result of Kisin [Kis06, (2.2.6-7)|, the case where representations have Hodge-
Tate weights in [0, 1].

(2) Under the stronger hypothesis er < p—2 we can prove a more general functoriality,
see Corollary 4.2.1.

(3) The hypothesis e(r — 1) < p—1 is not necessary in Corollary 4.1.12. For example,
assume that k is finite and let 7" be a crystalline Z,-representation of rank one and
Hodge-Tate weight r > 2. We have H} (K,T) = H'(K,T), with no restrictions on
e (cf. [BK90, Example 3.9]); by Tate duality it follows H} (K, T)/p"H} (K,T) =
H'(K,T/p") and the functoriality is obvious.

(4) If the representations have Hodge Tate weights in [0,r] C [0,p — 2], but not in
[1,7], then we do not know if the hypothesis e(r — 1) < p — 1 is necessary in
Corollary 4.1.12. In particular, we do not know if Corollary 4.1.12 is true even in
the following particular case: the representations 77 and 75 are irreducible of rank



6 ADRIAN IOVITA AND ADRIANO MARMORA

2 with Hodge-Tate weights exactly 0 and p — 2, with p > 7and e > 1 (or p =5
and e > 2).

(5) In Appendix A we deal with the case of characteristic p = 2 which is essentially
independent from the rest of the paper.

Acknowledgments. Some part of the work on this article was done while both authors
visited the Institute Henri Poincaré (IHP) in Paris during the Galois semester in Winter
2010. We are grateful to the organizers and the IHP for their hospitality. During that
semester the second author benefited from a reduction of teaching funded by the project
ANR-09-JCJC-0048-01. This article also benefited from several visits of the second author
at the University of Padua and Concordia University, we thank these institutions and
Bruno Chiarellotto for funding. We thank Xavier Caruso and Jean-Pierre Wintenberger
for useful discussions on matters pertaining to this research.

1.2. Notation and conventions.

1.2.1. We denote by O (resp. O) the ring of integers of K (resp. K).

For any ring A, we denote by W(A) the ring of Witt vectors with coefficients in A.
When A = k, we write simply W = W (k). We recall that we have denoted by K the
field of fractions of W and let o denote the arithmetic Frobenius of W (and Kj), i.e. the
isomorphism lifting the p-power map on k. We set for every n > 0, W,, = W/p"W.

We denote by N the set of integers i > 0.

2. STRONGLY DIVISIBLE MODULES
In the following, except for the appendix, we assume p > 2.

2.1. The ring S. In this section we recall a definition of G. Faltings in [Fal99, §2]|, see
also [Bre02| and [BM02].

2.1.1. Let m be a uniformizer of K and denote by E(u) its minimal monic polynomial. It
is an Eisenstein polynomial with coefficents in W of degree e.

We denote by ev,: Wu] — Ok the W-algebra homomorphism sending u to 7. Its kernel
is generated by E(u). We let S denote the p-adic completion of the divided power hull
of Wu] with respect to the ideal ker(ev,), on which we have divided powers compatible
with the canonical divided powers of the ideal pW[u]. The ring S can be identified to the
sub-ring of Q,[u] of series ), ai#l)! such that the a;’s belong to W, the sequence (a;);>0
converges to 0 for i going to 400 and ¢(7) is the quotient of the Euclidean division of ¢ by
e.

2.1.2. The ring S is endowed with the following extra structures.

(1) A Frobenius homomorphism ¢: S — S, which is the unique continuous o-semi-linear
morphism sending u to uP. A

(2) A decreasing filtration (Fil'S);en on S, defined as follows: for every integer i > 0,
E(u)l
. ;
We have: for all 0 <i < p—1, ¢(Fil'S) C p'S; for such an integer i, put p; = p~"¢|pyig-

Fil'S is the the p-adic closure in S of the ideal generated by

, for all j > 4.
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Finally, we set ¢; = ¢1(F(u)): it is a unit in S.

2.1.3. We denote by Qllog

logarithmic differential (resp. regular) 1-forms of S over W and d: S — Q! C Qllog the
canonical differential. We have Q' = Sdu and Qi = Su~!du.

log

We denote again ¢: Q%Og — Qllog the (p-semi-linear homomorphism, induced by the
Frobenius on S via the universal property of the differentials forms. It maps u™'du to
pu~tdu and we put ¢; = p~typ. The submodule Q! is stable under ¢ and ¢;. Clearly
we have dp = ppd. In the literature, it is also common to introduce the continuous

W-derivation N: S — S sending u to —u.

= QE/W(IOQ (resp. Q' = Q}g/W) the module of continuous

2.2. Strongly divisible lattices over S. (Following [Bre02| and [Liu08]).
Let r be an integer such that 0 <r <p — 2.

2.2.1. We first define the category ’Mod(S)fog. Its objects are 4-uples (M, Fil"M, p,, V),
where:

(1) M is an S-module;

(2) Fil"M is a sub-S-module of M containing (Fil"S)M;

(3) ¢r is a p-semi-linear map ¢, : Fil"M — M, such that for all s in Fil"S and z in
M we have ¢, (sx) = ¢ ¢r(s)pr(E(u) x);

(4) Viy: M — M ®g Qllog is a logarithmic connexion satisfying F(u)V(Fil"M) C
Fil"M ®g Qllog such that the following diagram commutes.

E(u)V

Fil" M Fil"M @5 O,
Pr i@r@@l
aVy 1
M M ®g Qlog

When there is no risk of confusion, we will simply denote V = V.

The morphisms in this category are defined to be the S-linear maps preserving the
submodule Fil" and commuting with ¢, and V.

We remark that the integer r is fixed in the definition of the category ’ Mod ()i, and
thus the datum of Fil"M in the 4-uple (M, Fil" M, ¢,, V) refers to a single sub-module
of M.

If no confusion is arising, we will sometimes denote an object (M, Fil"M, ¢,, V) only by
its underlying module M.

The category ‘Mod(S)j,, is Zy-linear. A short sequence 0 — M' — M — M" — 0 of

objects in ’Mod(S)ng is said ezact, if the induced sequences 0 — M’ — M — M"” — 0

and 0 — Fil"M'’ — Fil"M — Fil"M"” — 0 are short exact sequences of S-modules.
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2.2.2. We denote 'Mod(S)" the full subcategory of ‘Mod(S)f,, of objects whose connection
V is regular. In the literature it is common to use the derivation Ny =V M(—u%) instead
of the connection V: it is called the monodromy operator and the regularity condition is

equivalent to N(M) C uN(M).

2.2.3. Free objects. We denote Mod(S)" (resp. Mod(S),,) the full subcategory of
"Mod(S)" (resp. "Mod(S)j,,) whose objects satisfy:
(1) M is free of finite type as an S-module;

(2) the S-module M /Fil"M has no p-torsion;
(3) the image of ¢, generates M as an S-module.
We call Mod(S)" (resp. Mod(S)j,,) the category of strongly divisible lattices (resp. loga-

rithmic strongly divisible lattices) over S of weight r .

2.2.4. Torsion objects. We denote ModFI(.S)" the full subcategory of "Mod(S)" whose ob-
jects satisfy:

(1) M is isomorphic to @,.; S/p™'S as an S-module, where [ is a finite set and n; are
positive integers;

(2) the image of ¢, generates M over S.

For every n > 1, we denote ModFI(S/p™S)" the full subcategory of ModFI(.S)" of objects
annihilated by p"”, as S-modules.

2.3. Functors towards Galois representations.

2.3.1. We denote by R the projective limit @O?/ pO7, where the transition maps are
given by the absolute Frobenii x — xP. We denote by A5 the W(R)-algebra of crystalline
periods defined by Fontaine in [Fon94, 2.2.3|.

Let 71 = (7(™),en be a compatible sequence of p™-roots of m, i.e. every 7™ belongs
to K, 7@ = 7 and 7#(*D? = (") We denote by 7] € W(R) C Agis its Teichmiiller
representative, and, for any ¢ in Gg, we put €(g) = g([n])/[x] in Acyis.

2.3.2. We recall the definition of a ring introduced by Kato in [Kat88, §3], and denoted

afterwards Ay, cf. [Bre97] and [Bre99] for more details.
Let Acris(z) be the divided power hull of the polynomial algebra Ais[x] compatible with
the canonical divided powers of the ideal pAcis[z]; for j > 0, we denote by v;j(x) the j-th

divided power of z. The ring A\St is the p-adic completion of Agis{x). It is endowed with
the following structures:

(1) A filtration: for any integer i > 0,

.o~ +OO
FﬂZAst - {Z QnYn (.73)
n=0

We note that for every n > 0, we have Filiﬁst N p"zzl\st = p”Fili/TSt.
(2) A Frobenius ¢, extending that of A.s by mapping z to (1 + x)P — 1.

an € Acris, ngr—&r-loo anp = 0,Yn <i,a, € FﬂiinAcris } .
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(3) A Gk-action extending the action on Ags, defined as follow: for any ¢ in Gy,
g(z) = e(g)z +e(g) — 1. R
(4) An S-algebra structure given by the monomorphism S « Ag, u + [7](1 + 2)7*
It identifies S to (E )€K and it is compatlble with all the others structures.
(5) A p-adically continuous connection V: Ast — Ast ®s Qi satisfying V(Aeis) = 0
and V(z) = —(1+ z) ® u~ldu.
Remark that for every 0 < r < p — 2, the datum (/Tst,Fil”gst,p_rcp\mrgst, V) belongs
to "Mod(S)!,

log>

log*

[0

2.3.3. We denote by Tg : Mod(5)j,, — Repz (G K)St’r], the contravariant functor defined

as follows:

log
Ts*t (M) = Hom’Mod(S)TDg (M7 ASt) )

with the Gi-action induced by that on gst.
The functor DF

free -

Repy, (GK)gt’ﬂ — RepZP(GK)gz’T], sending a Zjy-representation T’

to its r-twisted Z,-linear dual Homyg,, (T, Zp)(r), is an anti-equivalence of categories be-

cause, by definition, the objects in Repg (G’K)gg’r] are free as Zp-modules. We denote

Tsi: Mod(S)},, — Repg, (G K)gt "] the covariant functor which is the composition of T3
with Df ..

In [Bre02, Conj. 2.2.6-(1)] Breuil conjectured that the functor T is an anti-equivalence
of categories and this has been proved by T. Liu.

Theorem 2.3.4. [Liu08, Th.2.3.5] For 0 < r < p—2, the functor M — T (M) establishes
an anti-equivalence between the category of logarithmic strongly divisible lattices of weight r
and the category of semi-stable Zy,-representations of Gk with Hodge-Tate weights in [0, 7].

Corollary 2.3.5. If M is in Mod(S)", then Ty (M) is crystalline and the restriction T},
(0,7]

cris -

1

to Mod(S)" is an equivalence of categories with Repy, (G ) s
Proof. By a result of Breuil [Bre97| the monodromy operator of Dy (T3 (M) ®z, Q) is the

residue at zero of the connection of M ®yw Kg: the corollary follows. O
Example 2.3.6. Let 0 <7 < p — 2 be an integer.

(1) The datum (S, Fil"S, ¢,,d) is an object of Mod(S)" that we denote shortly by 1(r).
(2) The datum (S, S, ¢,d) is an object of Mod(S)" that we denote by 1.

We have Ty (1) = T3 (1(r)) = Zp and T (1(r)) = T3 (1) = Zy(r).

2.3.7. We denote ASt = Ay Ow (Ko/W) and endow it with the induced structures. It is
an obJect of 'Mod(S ) in a straightforward way. We consider the contravariant functor

*: ModFI(S/p"S)" —> Repy, /7 (G i) defined by
T3 (M) = Homiygeq(syy,, (M,AY).

1The notations for T2 and Ty are exchanged in [Liu08].
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We denote Df,: Repzpnz(Gk) — Repgz mz(Gk) the Pontryagin duality twisted by 7,
which is the functor sending 7' to Homg, (T',Q,/Z,)(r). It is an anti-equivalence of cate-
gories and we have D}, (T') = Homy,nz (T, Z/p"Z)(r) because T is annihilated by p". We
set

T3 (M) = Di, (T35 (M)).

By [Bre99, 2.3.1.1-2.3.1.3| the functor T, " is exact and so the functor T5° is also
exact. In general the functor T° is not full, but if er < p—2 it is fully faithful, cf. [Car06,
Théoréme 1.0.4].

For every integer n > 1, we have the following commutative diagram of functors

r T;:t [O,T‘] D;rcc [0,7’]
(2.3.7.1) Ty : Mod(S) Repy, (Gr)0p) ——— Repy, (Gx);

R

Ts Dtor
T2 : ModFI(S/p™S)" = Repypnz(Gx) Repz/nz(Gr)

where the vertical functors are reduction modulo p™: indeed by [CL09, 1.2.2] we have
(2.3.7.2) 0 — T5(M) 25 T2 (M) — T2 (M/p" M) — 0,

which gives the commutativity of the left square; the commutativity of the right square is

[0,7]

obvious because the representations in Repr(G K)epns are free Zy-modules of finite type.

3. EXTENSIONS OF CRYSTALLINE REPRESENTATIONS

3.1. The Fontaine-Lafaille theory. We recall some definitions and results of Fontaine
and Lafaille, see [FL82|, [Wa97, §2] and [BK90, §4|.
Let 0 < r < p—2 be an integer.

3.1.1. Let MFQ}T] be the category whose objects (D, Fil'D, ¢;,i € Z) are the following data:
(1) a W-module of finite type D;
(2) a decreasing filtration (Fil’D);cz by direct summands, satisfying Fil"™*D = 0 and
Fil’D = D;
3) for all i, a o-linear map ¢;: Fil'D — D, such that ¢;|pi+1 = ppi+1 and

T
> @i(Fi'D) = D.
=0

The morphisms of MF%T} are W-linear maps preserving the filtrations and commuting
with the s, for all i.

3.1.2. We say that an object D of MFQ}T] is a strongly divisible lattice if it is free as W-

module. We denote MFQ,E o the full subcategory of MFQ}T] of strongly divisible lattices.

We denote MF%/?}Z] the full subcategory of MF%,?,’T} whose objects are finite lenght W),-

modules.
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3.1.3. The Fontaine-Lafaille theory gives a commutative diagram of functors

[O T‘] TCI‘IS [ ]
MFWfree ~ RepZ (GKO)

CI‘IS
| ™2 |

~

oo * [077«]

cris

MF[O 7”] Crls RepZ/an(GKO)

00, %
W

~

where the vertical functors are reduction modulo p”; the functors T, and T,.™* are (exact)
equivalences of categories defined by

* oo,
TCI‘lS HomWFil' P (_ Acris) and TCI‘IS = HomI/V,Fil',go. (_7 Acris/pnAcris)§

and the quasi-inverses of T,  and TCrls are given respectively by

D:I'IS - HomZp [Gr,) (_7 Acris) and DCI‘IS HomZ/p"Z[GKO] (_7 Acris/pnAcris) .

We will need also covariant versions of these equivalences, defined by composing with Df

or DY, respectively:
Teris 1= D oo 0 Tihis: D+ Fil" (Agris @ D)P7=19,
Tvis = Digr 0 Toil + D = Fil (Acris /p" Acris @, D)#r=ld)
Devis := D¥ oD : T+ (Aeris @ T(—1)) 5o,

D = DSZS* o Dot T+ (Acris/P" Acris @w,, T(_T))GK0~

These covariant equivalences are compatible with reduction modulo p" as in the dia-

gram above for contravariant ones. In particular we will need the following: let T" be

(0,7]

in Repy, (GKq)els - To the short exact sequence 0 — T 55T — T/p"T — 0 we associate

the sequence of filtered modules

(3.1.3.1) 0 = Deris(T) ™ Dexis(T) — DS

Cris

(T/p"T) =0
which is exact in the sense that, for every ¢ € Z, the induced sequence

0 — Fil' Deyis(T) 25 Fil' Dexis (T) — Fil' D

Cris

(T/p"T) =0
is a short exact sequence of W-modules, cf. [Wa97, 2.2.3.1].

Remark 3.1.4. The covariant functors Deis and D5, depend on the choice of r, unlike their

controvariant variants D7, and fols . When we need to be precise we shall denoted them

by D([:rlb] = D:I‘IS °© ]Dfree and DCI‘IS[ } : D:I‘IS ° ]Dtor For any integers 0 <ry3 <1y <p—2,
[0,m1

and any representation 1" € Repr(G KO)Crys , the strongly divisible lattices pb ”]( T) and

Cris
D([:?lgz} (T') have the same underlying W-module but have filtrations (and Frobenii) shifted

as follow: for all i € Z,
Fili(DO72)(1)) = Fitt im0 (7)) and 07 = p07]

cris cris i+(r1—r2)°



12 ADRIAN IOVITA AND ADRIANO MARMORA

[077’2]
cris

In particular the breaks of the filtration of D

. 0
formula is true for Dsfi’s[ ’T].

(T') are between 7o —r; and 2. The same

3.2. Relation with strongly divisible lattices over S.

3.2.1. Let (D,Fil'D, ¢;,i € Z) be an object of MF%T}. We define an object
M(D) = (D @w S,Fil"M (D), ¢, V)
of 'Mod(S)" as follow:

(3.2.1.1) Fil'M(D) = Y Fil'D @y Fil'*S € D @w S,
=0

Or =1 i Qw ¢r—; and V =1Idp ®@d, i.e. V(mQw a) = mQw d(«). By using the fact
that S belongs to "Mod(S)", it is a straightforward exercise to verify that M (D) belongs
to 'Mod(S)"; it is also clear that D — M (D) is functorial.
By the definitions of the categories MF[V?,’T], MF[V?}:], Mod(S)" and ModFI(S/p"S)", we
can prove that:
- if D is free over W, then M (D) belongs to Mod(S)";
- if D belongs to MFQ}I], then M (D) is belongs to ModFI(S/p"S)";
- we have M(D)/p"M (D) = M(D/p"D).
The only non trivial property to check is that ¢, (Fil"M (D)) generates M (D) as an S-
module. Using (3.2.1.1), it is enough to check that every element of M (D) = D ®w S of
the form v @y 1 is in the image of Y, ¥ @w ¢r—i. By hypothesis v = >""  ¢i(f;), for
some f; € Fil'D. Put m; = fi®w E(u)"~* € Fil' D@y Fil"~*S. Since ¢, _;(E(u) ") = c’{_i
in S we have
T . T . T
S erm)e 0 =" wilfi) ew eri(BEw) e T =3 pi(fi) 9w L= v ow L
=0

1=0 =0

Proposition 3.2.2. (1) Let D be in MF%{)}Q%. We have a matural isomorphism of

crystalline Zy,-representations of G i
Tst(M(D)) = (TcriS(D))\GK‘
[0,7]

(2) Let D be in MFy; °. We have a natural isomorphism of crystalline 7./ p"Z-repre-
sentations of Gi

T (M (D)) = (T55s(D)) 6 -

Proof. The proofs of (1) and (2) are analogue: let us prove (2) and leave (1) to the reader.
By composing with the dual functor Df,, = Homgz, (—, z/ p”Z) (r) we are reduced to prove

tor
the analogous statements on contravariant functors. Since Acyis/p" Acris = (Ast/p"Ast)V =0,
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cf. [Bre98, Lemme 3.1.2.3|, we have
Téﬁ:(D) = HomVV,Fil',(,a (D’ Acris/pnAcris)

= Homyy, iy .. (D, (A\st/pnfz[st)v:o)

= HomW,Fil',go. vV (Da ;{st/pn;{st)

= Homg pi o v (D @w S, A\st/pn;{st)

- I’Ionl’Mod(S)fog (D Qw S, A\st/pnle\st) = T;;(M(D)) :
Let us prove that the inclusion in the last line is an equality. Let f: D ®w S — /Tst / p'”/Tst
be in T} (M(D)). A priori we have f(Fil'M (D)) C Fil'(Ag/p"Ast) and fo; = @if only
for the last step of the filtration: ¢ = r; let us prove this is true for any . Let d be in
Fil'D, for i € [0,r]. For every a € Fil"™'S and d € D, we have af(d® 1) = f(d® a) €
Fil" (Ag /p™ Agt) = Fil" Ag /p"Fil” Ag. In particular for o = E(u)" %, we get

E([z)(1+2)"") " f(d® 1) € Fil" Ay, /p"Fil" Ay.

We can re-write it as E([r])"~'f(d ® 1) + x3, with 3 € Ag. Since f(d ® 1) belongs to
Acris /D" Acris, we get E([x])" 7 f(d ® 1) € Fil"(Aeis/p" Acris). Considering that E([nx]) is a
generator of ker(§: W(R) — O, ), we conclude that f(d®1) belongs to Fil'(Acris/p" Acris)-

Let us check the commutation of f with ¢;, for i € [0,7]. For every a € Fil"™'S and
d € Fil'D, we have

er—i(a) f(ei(d) © 1) = fei(d) @ pr—i(a)) = fer(d® a)) = o (f(d @ )
= er(af(d®1)) = p(a)e(f(d© 1)) = proi(a)pi(f(d @ 1)).

By taking o = E(u)lr_i, we get pp_i(a) = ¢}, which is invertible; thus we have, for all
i€[0,r]) and d € FiI'D, f(pi(d®1)) = ¢i(f(d®1)). This finishes the proof. O

3.3. A double complex computing extensions. The goal of this subsection is to com-
pute the groups of extensions of strongly divisible modules over S by using explicit com-
plexes.

3.3.1. For (M,Fil"M,,,V) in 'Mod(S)" and 0 < r < p — 2 we set Fil' 1M = {m ¢
M| E(u)m € Fil"M} and define ¢,_1: Fil""'M — M by putting, for m € Fil""' M,

pr-1(m) = cf ' or(B(w)m),
where ¢ = p1(E(u)), cf. (2.1.2). Analogously, we define ¢: M — M by ¢(m) =
" o (E(u)'m).
We will need later the following.
Lemma 3.3.2. (1) Let f € S and j > 1 be an integer. If E(u)f € FilUS then f €
Fil 'S,
(2) Let f € S/p"S and 1 < j < p—1 be an integer. If E(u)f € Fil/(S/p"S), then
f e FiV1(S/pS).
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(3) Let D be either in MF[V(I),’;]ree or in MFE,([),’:]. Set M = M(D). If r = 0 we have

Fil 7'M =M and ¢o_1 = py; if r > 1 we have

r—1
Fil" 1M = Z Fil'D @ Fil' 'S c D @w S
=0

and o,y =310 P @ @1 FilTIM — M.

(4) Let 0 — Dy — Dy — D3 — 0 be a short exact sequence in MF%[),’T]. Then the
sequence 0 — Fil'*M(Dy) — Fil""'M (D) — Fil' " *M(D3) — 0 induced by
functoriality is exact.

Proof. Let us prove (1) and (2). Every element f € S (resp. S/p") can be written as f =
S50 @i(w) E(u)l)] where E(u)l! denotes the divided power of E(u) (i.e. i'E(u)ll = E(u)?)
and a;(u) are polynomials in T [u] of degree smaller than e, converging to zero (for i going
to infinity). We have E(u)f = 3, ai(uw)(i+1)E(uw)+1. If E(u)f belongs to Fil’S (resp.
Fil/(S/p™S)) then a;(u)(i+1) = 0 for i < j — 1, which implies a;(u) = 0 (when f € S/p"S,
i+1<j<p-—1 by hypothesis, so that i 4+ 1 is invertible).

Let us prove (3). The statement for = 0 is clear so let us assume r > 1. Let assume

first D in MFQ};]ree. We recall that D is filtered free, and let (€;); ;4 be a base adapted to

the filtration; i.e. for every i € [0,7], (€;);< <y puip is @ base of Fil'D (cf. [Wa97, 2.2.2]).
Put

r—1

Fil'"'M = Fil'D @w Fil" 'S € D @w S.

i=0
The inclusion *Fil""'M C Fil"~'M is obvious so let us prove the converse. Let z €
Fil""'M, we may assume = = e, @ f, for some f € S and 1 < s < d. By hypothesis we
have E(u)r = e; @ E(u)f € FiI'(M) = Y_I_, Fil'D @y Fil" 'S C D @ S. We can write

E(wr =es@w E(u)f =Y m;@wg;  (m; €Fl'D, g; € FiI''S)
=0

r tkFil’D

=3 > (ej@why)  (hj; € Fi'™'S)

i=0 j=1

d
=D& 8w D hje
j=1

0<i<r
rk Fill D>

Therefore E(u)f = 3", hs;, where the sum is taken over all i € [0,7] such that rk Fil'D > s.
If we denote by m the maximum of the integers i such that rk Fil'D > s (or equivalently

es € Fil'D), then E(u)f belongs to Fil"™™S. By (1) we get f € Fil'"™ 'S and z =
es® f € FII"D @ Fil" ™ 1S C *Fil" ' M.
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To finish the prove of (3) for D € MFQ}T}

free> 1€t us compute the Frobenius:

Spr—l(x) = Cl_l(Pr(E(u)x) = 01_1907’(65 & E(u)f) =
Cflwm(el) @ ‘pT*m(E(u)f) = ‘Pm(es) & (;Orflfm(f)-

The proof of (3) for D € MFQ}:] is similar because D admits a lifting D e MF[V?,’?]ree: SO

M = M(D) = D @w S/p"S and we use (2) instead of (1). Finally (4) follows from (3)
and the fact that for all 7,

0 — Fil'Dy — Fil'Dy — Fil'D3 — 0
is exact (cf. [Wa97, 2.2.3.1]). O

Definition 3.3.3. For (M, Fil"M, ¢,, V) in "Mod(S)", we denote Fil"C'**(M) the double
complex of Zp,-modules

Fil" C**(M): 0 0
0—=TFil'M V LRl IM @ Q! — =0
pr—Id (r—1®p1)—1d
0 M v MegQl——=0

0 0
where the module Fil" M is the (0, 0)-entry of the complex, and the square is commutative
by (2.2.1)-(4) and the definition of ¢,_1, cf. (3.3.1). The simple complex attached to
Fil"C**(M) is
0 1
Fil"C*(M): 0= Fil'M 15 Mo FilI' M es Q) 1o Mog Q! -0,
where 7°(m) = (¢,(m) —m, Vi (m)) and for a € M, w € Fil""'M ®@g Q,
71(aaw) = VM(G) Fw=—pr1® 901<w)‘
By construction H*(Fil"C*®(M)) = 0 for i # 0,1,2 and
HY(Fil"C*(M)) = Homnoq(s)- (1, M).
Proposition 3.3.4. We have the following functorial isomorphisms:
(1) if M is in ModFI(S/p"S)", then H(Fil"C*(M)) = Extll\/[OdFI(S/an)r(]l/p”]I, M) ;
(2) if M is in Mod(S)", then H'(Fil"C*(M)) 2 Extyyoqg)- (1, M);
where Ext! denotes the group of Yoneda extensions.

Proof. The proofs of (1) and (2) are analogous. We will prove them by computing explicitly
the group of Yoneda extensions and showing that it coincides with H'(Fil"C®(M)). An
alternative approach would have been to work in the bigger category "Mod(S)" and prove
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that H(Fil"C*®(—)) is an effacable functor. The problem is that the category "Mod(S)" is
not abelian in general and we do not know if there are enough injectives.

The proof takes the rest of this section. Let us start by fixing a convention in order to
treat cases (1) and (2) at the same time: for n € NU {oco}, we set

L 1/p"1 ifneN; g _ S/p"S ifneN;
"1 if n = oc; "]s if n = oo;
Mod, — ModFI(S/p"S) ?f n € N;
Mod(S)" if n = oo.
Let M be in Mod,,, for some n € NU {oc}, we denote respectively by ¢ and Vj; the

Frobenius and the connection of M.
Let [X] be a class in Ethl\/[odn<]IN7 M), represented by a couple of extensions

0 M X Sn 0;

0——FilI'M —Fil'"'X — 5, ——0.

These extensions clearly split as extensions of S,-modules (indeed if n € N, p"X = 0 by
hypothesis); therefore we can write

X=(M®&S,Fil"M&S,,¢X, V).

Let us describe more precisely the Frobenius gofq( :Fil'M,, ® S, - M & S,, and the regular
connection Vx: M & S,, — (M & S,) ®g, Sndu.
We have X (0,1) = (a, 1), for a unique a € M. For all (m,s) € Fil'M & S,,, we get

o (mys) = (" (m), 0) + @()py (0,1) = (9! (m),0) + ¢(s)(a, 1)
= (¢ (m) + ¢ (s)a, ¢(s)).
We have Vx(0,1) = (g,0) ® du, for a unique g € M. For all s € S,,, we get
Vx(0,5) =sVx(0,1) + (0,1) ® ds = 5(g,0) ® du+ (0, £) ® du
= (s9, %) ® du;

(3.3.4.1)

thus, for all (m,s) € M @ S,,, we have
Vx(m,s) = (Va(gh)(m) + sg, §2) © du.
The elements a, g satisfy some compatibility conditions corresponding to those satisfied by
X and Vy (cf. 2.2.1, 2.2.3 and 2.2.4): let us write them explicitly.
Condition 2.2.1-(3): for all in Fil"S and z in X we have ;X (az) = ¢ or (@)@ (E(u) ).

For x = (m, s), by using (3.3.4.1), we get

" r(@)ey (B(u)'z) =

r"er(@) - (9} (E(u)'m) + ¢ (E(u)"s)a, ¢(E(u)"s)) =

(¢ "pr(@)e (B(w)'m) + ;"¢ (@)p(B(w) s)a, ¢;"or(@)p(E(w)"s)).
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By using ¢(E(u)") = p(E(u))" = (pp1(E(u)))" = p"cf, this is equal to
¢r (am) + e pr(a)p" crp(s)a, p(as)) =
pr (am) + or(a)p"p(s)a, p(as)) =
(2! (am)
which gives no-condition on (a, g).

Condition 2.2.1-(4): the regular connection Vx: X — X ®g Q! satisfies the Griffith
transversality

am) + plas)a, p(as) = ¢X (az),

E(u)Vx(FiI'X) C Fil'X ®g Q!

and the following diagram commutes.

X
Fil' X o X
E(u)VXl \LClVX
X
Fil'X g Q' — 2% L X 9g 0!

The first condition explicitly gives E(u)Vx(0,1) = (E(u)g,0) ® du € Fil" X @ Q', which is
(3.3.4.2) g e Fil" M,
cf. 3.3.1 for the definition of Fil" M.

For the second one let us compute p:X @1 (E(u)Vx(0,1)) = pX @1 ((E(u)g,0)@du) =
(eM(E(u)g),0)®¢1(du) and 1 Vx (pX(0,1)) = c1Vx(a,1) = ¢1(Var(a) + g®du, 0). Thus
the condition is

Var(a) = c1 o (B(u)g) @ p1(du) — g ® du

or equivalently
(3.3.4.3) Var(a) = (oM, @ 1) (g ® du) — g ® du.

The last requirement is that the image of ¢;X generates X, which is always fulfilled because
oM generates M and ¢X(0,1) = (a,1).

We have constructed a surjective map Z1(Fil"C*(M)) — Extyoq (1,, M), (a, g®du) —
[X]. The extension X is split if and only if there exists m € Fil" M, such that m—¢,(m) = a
and Vjs(—m) = g ® du. Indeed, the extension

O M—-X—->1,—0

is split if and only there is a section s: 1, — X . Giving such a section is equivalent to give
s(1) = (m, 1), with m satisfying the conditions above. Therefore, the map (a,g) — [X]
induces a bijection of set

HY(FilI"C*(M)) = Extyoq, (1/p"1, M).

To finish we have to prove that this map is a homorphism of groups. Let [X()] and
[X @] be extensions associated to couples (a(l), gM)) and (a(?, g(?)) respectively. We want
to show that the element (a(l) +a®, g1 4 g(2)) corresponds to an extension representing



18 ADRIAN IOVITA AND ADRIANO MARMORA

the Baer sum [X(M] + [X®)]. This verification is straightforward: it works essentially
because @™ and Vj; are additive. We leave the details to the reader. ([

Question 3.3.5. Are there functorial isomorphisms:

(1) for M in ModF1(S/p™S)", H?(Fil’C*(M)) & Ext3y,apy(s/pms) (1/0"1, M) ?
(2) for M in Mod(S)", H?(Fil'C*(M)) 2= Extiy,qs)- (1, M) 7

4. PROOF OF THE MAIN RESULT

4.1. Construction of H!(K,—).

Lemma 4.1.1. Let T be a crystalline Z,-representation of Gx. The inclusion H} (K,T) C
HY(K,T) induces, for every integer n > 1, an injection

(4.1.1.1) Hi (K, T)/p"H (K, T) — H'(K,T/p"T).

Proof. The map H} (K,T)/p"H} (K, T) — H'(K,T/p"T) factors through
Hg, (K, T)/p" Hgpo (K, T) = H'(K,T)/p"H'(K,T) — H'(K,T/p"T).

The second morphism is injective since it is part of the long exact sequence associated to

0TS T T/p'T — 0.

To show that the first one is injective we have to prove that H} (K,T)Np"HY(K,T) C
p"H{ (K, T). Let h be a class of a cocycle in Hi (K,T) Np"H'(K,T). By definition the
image of h in H' (K, T ®z, Beris) is trivial and since HY(K,T ®z, Bais) is a Qp-vector
space the same is true for the image of h/p™. This exactly means that h belongs to
P Hg, (K, T). O
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Definition 4.1.2. For every integers n > 1, i € {0,1,2} and 0 < r < p — 2 we define
functors

Hy(K,~): Repg, (G )id = Mod(Zp),  HJ (K, =) Repz/pnz(Gry)dlys — Mod(Z/p"Z),

crys

by putting, for every 1" in Repy, (GKO)QJS], and T in Repz/an(GKo)L%Q,

H}(K,T) := H'(Fil'C*(M (Dais(T)))),  H(K,T) := H'(FiI'C*(M (D&(T)))),

Cris

where M(—), Deuis(—) and D2 (—) are the functors defined in 3.1.3 and 3.2.1, and

Cris

Mod(Z,,) denotes the category of Z,-modules.

Remark 4.1.3. For every rmax < r < p — 2 we have H)(K,T) = H. (K,T) and
Hi{K,T)=H! (K,T). Indeed by Remark 3.1.4, we have

Tmax

Fi' M (D7) = Fir (D2T(T) o )

Cris cris

— Z Fit)(DN(T)) @y Filr 4§ =

Cris

Cris

= Z Filj“l"f’max_T' D[O T11)ax]( )) ®W Fllr_]S _

Tmax

= > FFDY(T) @ RIS =

Cris
J=Tmax—T
Tmax

= Z Filt/ (DO7m(T)) oy Filrmex =i, =

CI’lS

_ FllrmaxM(D[O Tmax]( 7)),

Cris

and so H (K, T) = Hi(Fil'C*(M(D(T)))) = Hi(FilM(D%"™>)(T))) = HL (K, T).

o Cris Cris Tmax
The case of T is the same.
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Proposition 4.1.4. Let T be in Repr(GKO)L%S], with 0 < r < p—2. The short exact
sequence

05T 2T 5 T/p"T —0

iduces two long exact sequences of abelian groups connected as in the commutative diagram
below.

(4.1.4.1)
b IE)
HY(K,T) —2~ H} (K, T)— H'(K,T)
p" p" l p"-
HY(K,T) —=— H} (K, T) > H'(K,T)
e eH)
HA(K,T/p"T) = HY(K.T/p"T)
5 5@
H?(K,T) H?(K,T)
p"- p"
H?(K,T) H?(K,T)

H2(K,T/p"T)

T

0

H?(K,T/p"T)

0

Proof. The right vertical sequence is the long exact sequence of continous Galois co-
homology. Set T' = T/p"T, D = Derys(T), D = D (T), M = M(Deys(T)) and

cris

M = M(DX,(T)). We have a short exact sequence 0 — D Yy DD — 0, cf. (3.1.3.1),

cris
and by applying M (—) another short exact sequence 0 — M Yy M—M — 0, cf. 3.2.1.
Therefore, by using Lemma 3.3.2, we have a short exact sequence of complexes
(4.1.4.2) 0 — Fil"C*(M) % FilrC*(M)—Fil'C* (M) — 0.

The left vertical sequence in (4.1.4.1) is the long exact sequence of cohomology associated
to the short exact sequence (4.1.4.2).
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To construct t2°: HY(K,T) — HY(K,T/p"T) we proceed as follow.
HNK,T)= H'(Fil"C*(M))

%EXt%{epZ/pnz(GK)[c?’yﬂ (Z)p"Z, TS (M) (by exactness of Ty,
of. 2.3.7)
= BExt! 0, (Z/P" 2T G, ) (by Prop. 3.2.2)

RepZ/p"Z(GK)crys
C Exthep, (61 (210" 2 Tigc) = H' (K, T/p"T)

To construct the morphism tg we proceed similarly.

HNK,T) = H(Fil"C*(M))

= Extygoq(g)- (1, M) (by Prop. 3.3.4)
= Ethl%epzp(GK)[c?’yTs] (Zy, T(M)) (by Cor. 2.3.5)
Pt ]

= EXtRepr(GK)[C?’y’;] (Zp, TiGy) (by Prop. 3.2.2)
= H} (K, T) (by definition)
C Ex‘c%{epZ Gx)Zp, Tigy) = HY(K,T) (by definition)

We get a morphism of Z-modules ts: HY(K,T) — H'(K,T) with image H} (K,T).
Finally the commutativity for the upper left square in the diagram follows from the

additivity of Ty, for the upper right square is evident and for the lower square it follows

from the the commutativity of the diagram (2.3.7.1). O

Corollary 4.1.5. The map H} (K,T)/p"Hi (K,T) — H'(K,T/p"T), cf. (4.1.1.1), fac-
tors canonically through t°: HY(K,T/p"T) — H*(K,T/p"T). We denote by

e: Hgy (K, T)/p"H, (K, T) < H, (K,T/p"T)
the monomorphism obtained.

(1)

Proof. The morphism ¢ is induced by the composition it ots}l. The factorisation through
Sy follows by the commutativity of the diagram (4.1.4.1). O

We now state and prove the main result of this article.

Theorem 4.1.6. Let p > 3 be a prime integer and we fix an integer r with 0 < r < p — 2.
We consider a crystalline Zy-representations of Gk,, T, with Hodge-Tate weights in [0, r]
and assume e(rmax — 1) < p— 1. Then for every integer n > 1, H} (K, T)/p"H} (K, T)
is isomorphic to HY (K, T/p"T) via ¢.

Proof. Let T be as in Theorem 4.1.6. To show that e: H} (K, T)/p"H} (K,T) — H}(K,T/p"T)

is an isomorphism we have to prove that 717(}) in the diagram (4.1.4.1) is surjective. It is
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clear that if H2(K,T) = 0 (or more generally if H2(K,T) had not p-torsion) then s
would be surjective. We will prove below that H2(K,T) =0 ife =1 or r < 1 (cf. Remark
4.1.11) but in general this does not seem true. What we do instead is:

(1) we prove that if H2(K,T/p"T) = 0 then Y s surjective, see Proposition 4.1.7 ;
(2) we prove H2(K,T/p"T) = 0 under the hypothesis e(rmax(T) — 1) < p — 1, see
Proposition 4.1.10.

Proposition 4.1.7. Let T be in RepZP(GKO)[C%S] with r < p—2. If H3(K,T/p"T) = 0
then

70 HY(K,T) — H(K, T/p"T)
18 surjective.

Proof. Set M = M (D¢is(T)) and M = M/p"M. It is enough to show that the reduction
mod p" map Z(Fil"C*(M)) — Z1(Fil"C*(M)) on 1-cocycles is surjective. Let @ € M and
7 € FiI''M ® Q' be such that
V(@) = ¥3(9),
where ¥37(7) = (oM @ ¢1)(7) —7. Let ag € M, (resp. vo € Fil' "M @ Q1) be any lifting
of a (resp. ). We have Vs (ag) — W (7o) = p&1, for some & € M @QL. Denote by &; the
class of &1 in M ®Q!. Since H2(K,T/p"T) = 0, there exist z77 € M and Wy € Fil' "M ®Q!,
such that
Var(z1) = Ugp(w1) = =&,

Take any lifting zy € M (resp. w; € FiI' 'M ® Qb of z1 (resp. @) and set a; = ag +p"21
and 71 = vy + p"wi. We have Vs(21) — Upr(wi) = —&1 + p™&s for some & € M @ Q' and

Va(ar) = Up(m) = p"& — p& + p™é = p*&s.

Since M and Fil""'M ® Q! are p-adically complete and separated, it is clear that we can
finish by induction. O

4.1.8. Let us introduce some notations on the ring S/pS. We have E(u) = u® mod p.
For any integers j > 0 and 0 < § < e — 1 we denote by u{¥T9 the e-partial divided
power of u (it satisfies jlul®9+9) = 4€+9)  We set Qé“/ps = S/pS ®g QY = S/pSdu.
The canonical differential d: S — Q}q composed with the projection Q}g — Qg IpS factors
through a derivation S/pS — Qg /ps that we denote still by d. For any f € S/pS we will

write df = %(f) ® du.

Lemma 4.1.9. Let f := au'“*9) be in S/pS, with j >0,0< 6 <e—1 and a € k*. Then
f is integrable in S/pS, i.e. there is g € S/pS such that %(g) = f, if and only if:

- ford #£e—1, p does not divide ej +§ + 1;

- for d = e —1, p does not divide e.

Proof. 1t is obvious that the conditions are sufficient. Indeed if § # e — 1 and p does not
divide ej + § + 1, a primitive of f is 8j+%+1u<63+5+1>; when § = e — 1 and pfe, a primitive
is Qo le(G+1)).

e
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The conditions of the lemma are also necessary because if they are not satisfied, we have
di(u<ej+5+l)) —0. 0
U

Proposition 4.1.10. Let T be in Repr(GKO)([;Orgg, with 0 < r <p—2. For everyn > 1,
the Z/p"Z-module H?(K,T/p"T) is of finite type and if e(rmax(T) — 1) < p — 1, then
H2(K,T/p"T) = 0.

Proof. Thanks to Remark 4.1.3 we may assume r = ry,x (7). The n = 1 case implies the
case n > 2 by induction on n and dévissage on the exact sequence

0 — p"T/p" ™' — T/p" T — T/p"T — 0.
Let us compute H2(K,T/pT). Set T = T/pT, D = D¢yis(T) and D = DX (T) = D/pD,
cf. 3.1.3. By construction the smallest jump in the filtration Fil'D is ry;, (D) = 0 and the
biggest jump is rmax(D) = 7 — rmin(T"), where ryin(T) is the smallest Hodge-Tate weight
of T. Put M := M(D)/pM (D) € ModFI(S/pS)" and ¥ := ¥y := (pM | ® 1) — Id. The
idea is to show first that

C := Coker(¥: Fil' 'M @5 Q' — M ®5 Q')

is a finite dimensional F,-vector space, which implies of course that H2(K,T/pT) is also
finite. Then, we show that, under the hypothesis e(r — 1) < p — 1, every element in this
cokernel C' is in the image of Vg7 (see the diagram below), which means H2(K,T/pT) = 0.

Fil"M Fil"'M ®g¢ Q!

lw—ld l‘lf=(sor1®eo1)—1d

_ V7 —

M M M @ Q!
T
M/(pr — 1d)(Fil" M) c HP (K, T/pT)

In the particular case r < 1, the cokernel C'is zero. Indeed, in this case, Fil' ‘M =M
so that the operator .1 ® 1 : MeQY - M@Q! can be iterated. The divided Frobenius
o1: QF — Q! is nilpotent:

O (du) = uP" "V du = [g] luidu;

e

therefore ¢,._1 ® @1 is also nilpotent, ¥ is invertible and C' is zero.
For the rest of the proof we suppose » > 2. Let us prove

(4.1.10.1) dimg, C' < e(r — 1) dimg, (T'/pT).
We write
M ®s Q' =D ew S/pS ®s Sdu.

Any v in M ®g Q! is a finite sum of elements of the form v ® w{%*9 ® du, where v € D,
j>0and 0 <§ <e—1. We want to find conditions such that v belongs to the image of
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U. It is enough to treat the case v = v @ ul¥+9) ® du, and v # 0. Let s be the weight such
that v € Fil* D\Fil**! D; then 7 belongs to Fil""'M ®g Q' if and only if j > r — 1 —s.
We compute
(Pr-1 ® 1) (7) = ps(v) @ 907“*1*3(“<ej+5>) ® u? " du

ej+é o

= ps(v)®1® gor_l_s(“]].!+ JuP Ldu
up(ei+d)

=ps(V)®1® 7

!prflfs

[p(ej+5)

uPLdu

PAEITI) |
e } _
uP~Ldu.

= SOS(U) ® u(]?(ej+5)> ® W

Since [M} > pj, we have
[p(6j+5)} !

e I pj! 1, ,
W va(ﬂpr—l—s>:p_l(pj_Upj_]‘f‘Uj)—(T’—l—s)7

Vp

where, for every m, o, denotes the sum of p-adic digits of m. Clearly, we have o,; = 0;
and so
{P(€j+5)} !
e :
Vp i >j—(r—1-ys).
By hypothesis s > ryin(D) = 0; thus if j > r then ¢,—1 ® p1(y) =0, and ¥(—v) = ~. If
j =r—1then (¢,_1®1)(7) belongs to Fil" 1M ®¢ Q' and the same kind of computation
shows that (¢,_1 ® 1)%(y) = 0. Thus ¥(—y — (p,—1 ® ©1)(7)) = 7. In conclusion the
element v = v@u!9 19 @ du belongs to the image of ¥ for every j > r—1 and the inequality
(4.1.10.1) follows.

To prove H2(K,T/pT) = 0 it is enough to show that every v = v ® u{¥*% @ du in
MeQ, withv e D, j < (r—2)and 0 < § < e—1,is in the image of V7. Recall
that every v € D is a horizontal section (by definition of V3;) and e is coprime with p
(because of r > 2 and e(r — 1) < p —1). By Lemma 4.1.9 we may assume moreover that
0<d<e—2andej+d+1=pm for some integer m > 1. We have

pm=ej+d+1<e(r—2)+d+1<(p—1)—e+d+1<p—2,
which shows that there are no such elements. U
Remark 4.1.11. It is clear by the proof of Proposition 4.1.10 that if e = 1 or < 1, then
H2(K,T) = 0. Indeed, if e = 1, every element in S is integrable, and so V is surjective.
If < 1, then Fil" "' M = M, which implies that Uy, := ¢,_; ® ¢ —Id is an isomorphism:
the series Z;;Og(gor_l ® ¢1)" converges to an inverse of Wy,. This was the idea of the

proof in [GIP07]. We do not know if under the hypothesis of Proposition 4.1.10, we have
H2(K,T) =0 or not.

End of the proof of Theorem 4.1.6. O
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Corollary 4.1.12. Let p > 3 and let Ty and T3 be two crystalline Z,-representations of
G, with Hodge-Tate weights in [0,7] C [0,p — 2] and assume e(r — 1) < p— 1. Then
for every morphism (resp. isomorphism) v: T1/p" Ty — To/p™Ts of Z/p"Z|Gk,]|-modules,
there exists a morphism (resp. isomorphism) T of Z/p"Z-modules making the following
diagram commutative.

(4.1.12.1) H} (K, Th)/p"H} (K, T1)— HY (K, Ty /p"T})

\LZ iHl(K,L)

Hflin(K7 TQ)/anén(K) TQ)(H HI(K) TQ/pnTZ)

Proof. By the constructions above (cf. (4.1.4.1) and Corollary 4.1.5) we have the following
commutative diagram

=
HY (K, Ty /p Hi (K, Ty) —= HY K, Ty /p"Ty) —= H'(K, Ty /p"T})
lH,l.(K,L) iHl(K,L)

6%
HE (K, Ty) /p" H (K, Ty) —= HY K, Ty/p"Tp) — = H'(K, Ty/p"T5)

where 1 and e are isomorphisms by Theorem 4.1.6. Set i = ;' o HYN(K, 1) o€y. O

4.2. Some complements. Let us finish this section with a variant of Corollary 4.1.12
and some examples.

Corollary 4.2.1. Let Ty and 15 be two crystalline Zy-representations of G i, with Hodge-
Tate weights in [0,7] C [0,p — 2] and assume er < p — 2. Then for every morphism
(resp. isomorphism) v: Th/p™Ty — T /p"Ts of Z/p"Z|G k|-modules, there exists a mor-
phism (resp. isomorphism) T of Z/p"Z-modules making the following diagram commautative.

(4.2.1.1) H} (K,Ty)/p"H} (K,T\)— H'(K, T\ /p"T})

lz iHl(K,L)

Hf%n(Ka TQ)/anf%n(K7 TQ)C—> H* (K> Tg/pnTg)
Remark 4.2.2.

(1) The hypothesis er < p — 2 is more restrictive than that of Corollary 4.1.12 (it
implies (e,p) = 1 even for r = 1), but Corollary 4.2.1 gives functoriality for G-
morphismes.

(2) The hypothesis er < p—2 is necessary. Indeed consider the following counterexam-
plefore = p—land r = 1. Take K = Q,(11p(Q,)), Th = Zp(1) and Ty = Z,. Clearly
T and Ty are congruent modulo p but Hén(K, 1) ®z, Fp and Hflm(K, Ty) ®z, Fyp
do not even have the same dimension over .

Proof. The proof is similar but simpler than that of Corollary 4.1.12 so we only sketch it.
Fori =1,2set D; = Deyis(T;) and M; = M(D;); we have T; /p"T; = T3 (M;/p™M;). Under
the hypothesis er < p — 2, the functor T5° is fully faithful (cf. [Car06, Théoréme 1.0.4])
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therefore the morphism ¢ is induced by a unique morphism ': M; /p" My — My /p™Ms in
ModFI(S/p™S)" and we have a commutative diagram

iy
HE, (K, T0) /p" Hy, (K, Ti) —= H' (Fi'C*(My /p"M))) —— H'(K, Ty /p"T')
lHl(FiFG'(U)) iHl(K,L)
€ el 7 tsoto n
Hg (K, T3) [p" Hy, (K, Tz) — H'(Fil'C* (M /p" M>)) — H' (K, T2 /p"T3)

where £; and e are isomorphisms by Theorem 4.1.6. Set i = g5 ' o HY(Fil"C*(//)) 0g;. O
For an abelian group A we denote by A[n] the n-torsion subgroup of A.

Proposition 4.2.3. Let 2 <r < p — 2 be an integer and assume e > p, then:
(1) The groups H2(K,Zy(r))[p"] and H*(K,Z/p"Z(r)) are non-zero.
(2) The monomorphism e: Hi (K,Z,(r))/p"H} (K, Zy(r)) — HY(K,T/p"T) defined
in Corollary 4.1.5 is not surjective.

Proof. The statement (2) follows from (1) by using (4.1.4.1). Let us prove (1): it is
enough to treat the case n = 1. Set D = Dms( (T )) We have D = D} (Zy(—1)(r)) =
HomZP[GKO](ZP,AmS) W, Fil’D = D, Fil'D = 0, and goo = 0. Hence M(D) =
D ow S =S8, Fil'M(D) = Fil"S as S-modules, and M (D) = (T), cf. 2.3.6. We have
HYNK,Zy(r)) = H'(Fil"C*(1(r))) and H}(K,F,(r)) = HY(Fi"C*(1(r))), where 1(r) =
1(r)/p™1(r). Denote by ¢ the class of uP~! ®g du in H?(Fil"C*(1(r))). We have d(uP) =
p(uP~! @5 du), so p€ = 0. We claim that the class of u?~' @ du in H>(Fil"C*(1(r))) is not
zero, which implies at the same time & # 0, H2(K,F,(r)) # 0 and H2(K,Z,(r))[p] # 0.
Let us prove this claim by contradiction: let a be in ﬁ = S/pS and g ® du be in
Fil"'1(r) ® Q' = FiI"~1(S/pS) ®g Q', such that

()@ du— (pr—1®¢1)(g®du) + g® du=u""' @ du,

or equivalently

A@) —u" o a(g) +g=ur
Since r—1 > 1 and e > p, by writing g = Zer—l gju<ej+5> (withgj € kand 0 <6 <e—1),
and by taking reduction modulo Fil?(S/pS), we get that there exists a € S/(pS+Fil’S) =
klu]/uP, such that

which is impossible. O
Remark 4.2.4. Let 2 <r < p— 2 be an integer, assume e > p and that the residue field of
K is finite. We have
Fe tey
Hf}m(Kv ZP(T))/pr:lln(Kv ZP(T)) — H}(Kv FP(T)) —t> HI(K7 Fp(r))7

and by [BK90, Example 3.9, pg. 359] Hi (K,Zy(r)) = HY(K,Zy(r)); in particular ¢
is surjective but not injective and H} (K,Z,(r))/pHE, (K, Zy(r)) can be identified to
t°(HY(K,Fp(r))). We suspect that this phenomenon happens more generally.
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Proposition 4.2.5. Let T be a crystalline Zy,-representation of G, with Hodge-Tate
weights in [0,7], 0 < r < p — 2. We have an isomorphism

t s HY (K, T/p"T) = (T/p"T)*.
Proof. Set D = Deyis(T) and M = M(D). A direct computation shows
HY(K,T/p"T) = Homnoeqesy (1/p™1, M/p" M) = Fil"((S/p"S)V=" @w, D/p"D)""
2 Fil'(D/p" D)# =14 2 (T/p"T) 0.

The last inclusion is strict in general. Indeed we have the exact sequence

=Id

0 — HYK,T) X% HY(K,T) - HYK,T/p"T) > HNK,T) 2% HY(K,T) — ...

induced by the short exact sequence 0 — M oM M /p"M — 0. By the theorem of
Liu (2.3.4) Ty is an equivalence of categories and therefore we have

HY(K,T) = Homugoa(s)- (1, M) = Homygoq(sy (1, M) = TEx
and HY(M) = H} (K,T), cf. (4.1.4.1). By definition H{ (K,T) contains all the torsion
of H'(K,T), so the kernel of H!(K,T) LN HY(K,T) is equal to the p™-torsion subgroup

HY(K,T)[p"] of H'(K,T). As in the proof of (4.1.4.1), the exact functors Ty and T
induce the commutative diagram

0 —— HO(M) 2> HO(M) — HO(M/p" M) — = HL(K,T)[p"] —> 0

r

%ltst \Ltff El’fst

7Gx (T/p"T)%% —>~ H'(K,T)[p"] —0

where the rows are exact. This proves the claim. ]

APPENDIX A. THE CHARACTERISTIC TWO CASE
In all this section we assume p = 2.

Theorem A.1. Let K/Qq be a finite extension. Let Ty and Ty be two crystalline Zs-
representations of Gk with Hodge-Tate weights equal to 0. Let v: Th /2" Ty — T5/2"T5 be
a morphism (resp. isomorphism) of Z/2"Z|Gk]-modules. Then there exists a morphism
(resp. isomorphism) T of 7 /2" Z-modules making the following diagram commutative.

Hg, (K, Ty)/2"Hg, (K, T)~— H'(K,T1/2"T})

\LZ \LHl(K,L)

HE (K, Ty)/2"H} (K, To) = HY(K,Ty/2"T5)

Remark A.2. Actually from the proof it follows that Theorem A.1 works for any com-
plete discrete valuation field K of mixed characteristic (0,2) whose residue field k& has
cohomological dimension smaller than one.
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Lemma A.3. Let T be crystalline with Hodge-Tate weights 0. We have H} (K,T) =
H'(k,T).

Proof. Since T is crystalline with Hodge-Tate weights 0 the inertia subgroup Ix of Gk
acts trivially on 7" and T' can be considered a Gp-module.

Let T” be an extension representing a class z in H'(K, T). We have z € H} (K, T) if and
only if 7" is crystalline with Hodge-Tate weights 0, if and only if the inertia I acts trivially

on T'. Thus H} (K,T) = ker(H*(K,T) Bes HL(K™,T)). By the Inflation-Restriction
short exact sequence [Ser68, VII §6 Prop.4|, we have H} (K, T) = H' (G, T). O

Proof of Theorem A.1. Apply Lemma (A.3) to the long exact sequence associated to

0T 25T —T/2"T — 0.

Since k is finite H?(k,T) = 0 by [Ser68, XII1, §1, Prop. 2| therefore H} (K,T)/2"H} (K, T)
H'(k,T/2"T) and the statement follows.
O
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