SPECTRAL DEVIATIONS FOR THE DAMPED WAVE EQUATION
NALINT ANANTHARAMAN

ABSTRACT. We prove a Weyl-type fractal upper bound for the spectrum of the damped
wave equation, on a negatively curved compact manifold. It is known that most of the
eigenvalues have an imaginary part close to the average of the damping function. We
count the number of eigenvalues in a given horizontal strip deviating from this typical
behaviour; the exponent that appears naturally is the “entropy” that gives the deviation
rate from the Birkhoff ergodic theorem for the geodesic flow. A Weyl-type lower bound
is still far from reach; but in the particular case of arithmetic surfaces, and for a strong
enough damping, we can use the trace formula to prove a result going in this direction.

1. RESULTS AND QUESTIONS ABOUT THE SPECTRUM OF THE DAMPED WAVE
EQUATION

Let (M, g) be a smooth compact Riemannian manifold without boundary. Let a be a
C® real valued function on M. We study the “damped’ wave equation”,

(1.1) (07 — &+ 2a(z)d,) v =10

for t € R and x € M. We shall be interested in the stationary solutions, that is, solutions
of the form v(t,z) = e""u(x) for some 7 € C. This means that u must satisfy

(1.2) (= A =72 + 2iat)u = 0.

Equivalently, 7 is an eigenvalue of the operator

0 I
-/ 2ia

acting on H'(M) x L*(M). For a = 0 this operator is the (anti-seladjoint) wave operator;
but for a # 0 the operator is not normal anymore. It is known that its spectrum is discrete
and consists of a sequence (7,,) with Sm(7,) bounded and |Re(7,)| — 400 (see Section
2). One sees easily that Sm(r,) € [2min(infa,0),2max(supa,0)] if Re(r,) = 0, and
Sm(r,) € [infa,supal if Re(r,) # 0 [29]. One can also note, obviously, that —7, is an
eigenvalue if 7, is : the spectrum is symmetric with respect to the imaginary axis.

IThe term “damped” applies to the case when a > 0, that is to say, when the energy is decreasing. In
this paper the sign of a will be of no importance.
1



2 N. ANANTHARAMAN

1.1. Background. Motivated by questions from control theory, Lebeau [17] was interested
in the so-called “stabilization problem” : define

p=sup {3, 3C, E(u;) < Ce ' E(uy) for every solution u of (1.1)}

where the energy functional is F(u) = [,,|Vu|*>. The stabilization problem consists in
finding some damping function a (necessarily nonnegative) such that p > 0. Lebeau
identified
p = 2min {D(0), C(c0)}
where D(0) is a sort of “spectral gap” :
D(0) = inf {Sm(7,), 7, # 0}
and C'(oo) is defined in terms of the Birkhoff averages of a along the geodesic flow
G':T*M — T*M,

t
C(oo) = lim inf 1/0 a(G*p)ds.

t——+o00 peT*M t
Lebeau also showed, on an example, that it is possible to have a spectral gap (D(0) > 0)
but no exponential damping (p = 0) : this surprising phenomenon is typical of non normal
operators.
Markus and Matsaev [19] proved an analogue of Weyl’s law, also found independently
later on by Sjostrand [29] :

(1.3) £{n,0 < Re(r,) <A} = (%)d (/pl]071[dxd§ - (9()\1)>

where d is the dimension of M, p is the principal symbol of —A, namely the function
p(z, &) = g.(&, &) defined on the cotangent bundle T* M, and dzd¢ is the Liouville measure
on T*M (coming from its canonical symplectic structure).

It is a natural question to ask about the distribution of the imaginary parts Sm(7,)
in the interval [inf a,sup a]. For non normal operators, obtaining fine information on the
distribution of the spectrum is much harder than for normal operators — one of the reason
being the absence of continuous (or even smooth) functional calculus. Another related
difficulty is that there is no general relation between the norm of the resolvent and the
distance to the spectrum. Some techniques have being developed to obtain upper bounds
on the density of eigenvalues, but lower bounds are notoriously more difficult.

Assuming that the geodesic flow is ergodic with respect to the Liouville measure on
an energy layer, Sjostrand proved that most of the 7, have asymptotically an imagi-
nary part Sm(7,) ~ a, where a denotes the average of a on the energy layer S*M =
{(x,&) € T*M, g, (£, &) = 1} with respect to the Liouville measure :

Theorem 1.1. [29] Assume that the geodesic flow is ergodic with respect to the Liouville
measure on S*M. For every C' > 0, for every e > 0, we have

t{n, A < Re(r,) <A+ O, 3m(r,) €la—ea+e} =o11)
as A goes to infinity.
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Remark 1.2. If C' is not too small, one sees from (1.3) that there exists C' > 0 such that
t{n, A < Re(r,,) <A+ C} > O
for large A\. Thus, the theorem does say that a majority of the 7,, have Sm(r,) € [a—¢, a+€].

Remark 1.3. More generally, without the ergodicity assumption, [29] proves the following
results. Introduce the functions on 7% M,

1 T/2
(a)r = —/ ao G®ds,
T —1/2

(@)oo = lm_(a)r,
and the real numbers

P AL

=l Bl

The function (a)., is well defined Liouville-almost—everywhere, by the Birkhoff theorem.
Lebeau [17] proves that for any € > 0, there are at most finitely many n with 7, ¢
l[a_ — €,a; + €], and Sjostrand [29] proves that

#{n, A < Re(r,) <A+ C,3m(r,) € [essinf(a)s — €, esssup(a)s + €]} = o(AT1).

1.2. Semiclassical formulation. As in [29] we reformulate the problem using semiclas-
sical notations. In doing so, we also generalize a little the problem. We introduce a
semiclassical parameter 0 < A < 1 and will be interested in the eigenvalues 7 such that

hTh—>0 1. If we put 7 = % with A close to 1, then equation (1.2) can be rewritten as

A N2
or
(1.5) (P—2)u=0
if we put z = ’\72, and
. h2 A\
(1.6) P =P(z) = P+ihQ(z), P=— 5 Q(2) =av/z

The parameter z is close to £ = %

More generally, we will consider a spectral problem of the form (1.5) where
h2 A\

2 Y
z € Q= ei]_50750[]Emin,Emax[7 with 0 < Ein < % < Epax < 00, 0 < 59 < 7. We will
assume that Q(z) € WDO! is a pseudodifferential operator that depends holomorphically
on z € Q, and that @ is formally self-adjoint for z real (the definition of our operator
classes is given in Section 9).

P =7P(z) =P +ihQ(z), P=-—
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We denote
Y=Yp={2€Q, Ju,(P(z) —2)u=0}.

The operator P has principal symbol p,(z,&) = #, and (z) has principal symbol
q.(z,€), taking real values for z real. In these notations, the previous results read as
follows : for any Fui, < By < Ey < Fpax,

(1.7) t{z €3 B <Re(z) < B} = B [/ dxd¢ + O(h)
po '[E1,Es)

(2mh)?
(uniformly for all ¢ > 0 and for all Ey, Ey such that |Ey — Ey| > 2ch, Ey and E, staying

away from Epi,, Enax). One can show that %WT(Z) (for z € X)) has to stay bounded if £y, Fy
stay in a bounded interval. Fix some ¢ > 0, and take £y = F — ch and Fy, = E + ch. Let
us denote

~ = lim inf
dg o pgl{E}<QE>T7
¢y = lim  sup (gg)r,

T _
——+400 3 1{E}

then we have, in the limit 7 — 0 [29],

2

Sm(z)
h
for all z € ¥ such that £ — ch < Re(z) < E + ch. Finally, denote ¢g the average of ¢z on

the energy layer p; ' {E'}. Assuming that the geodesic flow is ergodic on p; ! { E}, then for
any € > 0, any ¢ > 0,

(1.8) qp +o(1) < < qf +o(1)

C\4
(1.9) ¢ {z €%, E —ch<Re(z) < E + ch, “;(Z) ¢ (G — €,qp + e]} = o(9).

The method of [29] allows to treat the case of a more general P (and thus a more general
Hamiltonian flow than the geodesic flow), and also to deal with the case when the flow is
not ergodic. However, in this paper we will stick to the case of an ergodic geodesic flow;
we will add even stronger assumptions in the next paragraph.

1.3. Questions, and a few results. We try to give (partial) answers to the three natural
questions :

(Q1) (Fractal Weyl law) Let I be an interval that does not contain gg. Can we
describe in a finer way the asymptotic behaviour for

o
ﬂ{z,E—chS%e(z)SE—i—ch,\m;(Z) G[}?

For instance, can we find

loglj{z € Z,E—Chg §R€(Z) < E+Cﬁ, %W;L(z) c I}
9

hlino log h



DAMPED WAVE EQUATION 5

(Q2) (Inverse problem) Suppose we know everything about P and about the dynamics
of the geodesic flow, but that ) is unknown. To what extent does the knowledge of the
eigenfrequencies {z € ¥, F — ch < Re(z) < E + ch} determine qg ?

Replacing P by B~'PB, where B is an elliptic pseudodifferential operator with positive
principal symbol b, amounts to replacing ¢ by ¢ — {p,,logb}, where {.,.} stands for the
Poisson bracket on T*M. Two smooth functions f and g on T*M are said to be cohomolo-
gous (with respect to the geodesic flow) if there exists a third smooth function h such that
f =9+ {po, h}. This defines an equivalence relation, we write f ~, g.

It is thus more natural to ask :

(Q2’) Does the knowledge of the eigenfrequencies {z € 3, E — ch < Re(z) < E + ch}
determine the cohomology class of qg 7

If the length spectrum of M is simple, then one can most probably use a trace formula
and recover from the knowledge of ¥ all the integrals of ¢ along closed geodesics. And this
is enough to determine the cohomology class of qg if M has negative sectional curvature :
the Livshitz theorem [18, 7| says that if two functions have the same integrals along all
closed geodesics, then they are cohomologous. Thus, the answer to (Q2) is probably “yes”if
M has negative sectional curvature and the length spectrum is simple (this last assumption
is satisfied generically, but unfortunately not for surfaces of constant negative curvature).

In fact, it also makes sense to ask whether some knowledge of the imaginary parts alone
{Sm(z),z € 8, E — ch < Re(z) < E + ch} allows to recover some information about ¢g.
For instance, one can ask the apparently simple question :

(Q3) (Very weak inverse problem) Let C' denote a constant function. As follows from
(1.8), we have the implication

4 ~p, C on p;" {E} = c.

h h—0,z€X, E—ch<Re(z)+ch

Does the converse hold ?

Main assumption on the manifold M : From now on, we assume that M has
constant sectional curvature —1. This implies the ergodicity of the geodesic flow on any
non-degenerate energy layer (with respect to the Liouville measure), and in fact a very
chaotic behaviour of trajectories (see Section 3). We will indicate how to generalize our
results in the case of surfaces of variable negative curvature; however, it is not clear what
to do in higher dimension and variable negative curvature.

In the following theorem, hgg stands for the Kolmogorov—Sinai entropy, or metric en-
tropy. It is an affine functional, taking nonnegative values, defined on M, the set of
G—invariant probability measures on T*M : see for instance [12] for the definition of
hiks. We will also denote Mg C M the set of invariant probability measures carried by
p, ' {E}. Since p, is homogeneous it is enough to consider, for instance, the case F = %,
and p,' {E} = S*M. For u € M, we have hyg(p) < d — 1, with equality if and only if
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p is the Liouville measure. We now fix E = 1 and we denote ¢ = q1, § = qs, qt

2 57 =4

vl

)

9 =4q.-
We ﬁx some ¢ > 0 and denote

1 1
Yi=1¢zeX, - —ch<Re(z) < -+chy.
2 2 2
Theorem 1.4. Assume M has constant sectional curvature —1. Define

H(a) =Sup{h;<s(u),#€/\/l;,/qdu=a}-
If a > @, then for any ¢ > 0

y logﬁ{zezé,smT(z)za}<H
T e =

If a < q, then for any ¢ > 0

5 logﬁ{zezé’%%(z) SO‘} <H
im su .
hﬁop |log i (@)

Remark 1.5. (see [16], §4, or [4], §3 for the argument) The function H is concave and
is identically —oo outside [¢~,¢"]. It is continuous and strictly concave in [¢~,¢"], and
real analytic in J¢~, ¢*[ (note that ¢ = ¢ if and only if ¢ is cohomologous to a constant
on S*M). The function H reaches its maximum d — 1 at the point ¢, and has finite
(nonnegative) limits at the endpoints ¢—,¢". In particular H is positive in the open
interval |¢—, ¢™|.

Remark 1.6. The key fact in the proof of Theorem 1.4 is the large deviation estimate
proved by Kifer [13],

log Li{p e S*M,{(q)r(p) €1
Tlirri i1 T 2z (o) }:sup{H(a),aGI}—d—l

for any interval I C R — where Lyiis the Liouville measure on p,' {1} = S*M. This result

gives the volume of the set of traJectorles deviating from the Birkhoff ergodic theorem. See
Section 3.

On a surface of variable negative curvature, we can generalize the result to :

Theorem 1.7. Assume M is a surface of variable negative curvature. Denote o the
infinitesimal unstable Jacobian (see Section 3). Define

H(a) = sup{%,u e M%,/qdu_oz}.

Then the same conclusion as in Theorem 1.4 holds.
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Remark 1.8. For a manifold of variable negative curvature and dimension d we would
expect the same to hold with H(«) = (d — 1) sup {}}KS(“) pe M, [qdu= oz} . However,

our proof does not work in this case. We stress again the fact that the function H attains
its maximum d — 1 only for a = ¢.

One may wonder if the limsup in Theorem 1.4 is also a liminf. This question is rem-
iniscent of the fractal Weyl law conjecture asked by Zworski and Sjostrand, but in our
situation we can say with certainty that it is not true. Worse, one cannot expect the lower
bound to hold for a “generic” ¢. In a paper in preparation, Emmanuel Schenck? is proving
that there exists > 0 such that Jm(z) <q"—dforall z € %1, provided a certain criterion
on ¢ is satisfied. The criterion reads Pr(q — & 1) < qv, where the pressure functional Pr
is defined on the space of continuous functlons on S*M and is the Legendre transform of
—hks (see Section 3). The functional Pr is lipschitz with respect to the C° norm, and the
condition Pr (q — %) < ¢ defines a non—empty open set in the C topology. For such a
q we cannot have

logﬁ{zeE ()>q+ 5}
lim inf
h—0 [log A

Z H(q+ _6)7

since H is positive in |¢_, ¢4 [ but the liminf on the left-hand side is —oc.
In Sections 7 and 8, we investigate Question 3 in some special cases. We work on compact
hyperbolic surfaces (d = 2), and we study operators of the form

Awf = Af - 2((4), df> + ||w||if7

called “twisted laplacians” — here w is a harmonic real-valued 1-form on M. Studying the
large eigenvalues of A, amounts to studying a fixed spectral window for the semiclassical
twisted laplacian

YAVE A 2

2 2 2
he—= 5 —h*— + h*{w,d.) 5

This question falls exactly into the setting of §1.2, with ¢(z,&) = (w,, £). Since ¢(x, &) =

—q(x,§), we have ¢ = 0. We will denote Pr(w) = Pr(q) the pressure of the function g,

defined in Section 3.2. It will also be interesting to note that ¢© = —¢~ coincides with

the stable norm ||w||s defined in Section 7.2, that ||w||s +1 > Pr(w) > ||w||s and that

Pr(tw) — ]t|Hsttj>)OOO in the case of surfaces.

Theorem 1.9. Assume M is a compact arithmetic surface coming from a quaternion
algebra. Take w # 0. Fiz 5 € (0,1], and 0 < € < 3. Then, for every h small enough, there
exists z € Sp(—hQ%) with |Re(z) — 3| < WP, such that

Sm(z) 3 1+e

ZPr(w)—Z— 25

2Private communication.
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Equivalently, given 8 € (0,1], and 0 < € < (3, for all T large enough, there exists r, such
that |Re(r,) — T| < T? and

3 1
[Sm(r)| 2 Pr(w) - § - 55"
where 1, is the “spectral parameter” defined by A, = —(Z—i +72).

Of course, we deduce immediately the following corollary :

Corollary 1. #{n,|Re(r,)| < T,|Sm(r,)| > Pr(w) — 3 — 12—26} > T'=8, asymptotically as

T — +oo.

Since Pr(w) — 1 as w — 0 (but Pr(w) — 400 as ||w||s — +00) this result is only
interesting if ||w||; is large enough (depending on (3). Note also that if ||w]|; is large enough
we have Pr(w) < [lw||s 4 3, so that the work of Emmanuel Schenck mentioned above will
show that there is a strip {Sm(z) > ||w||s — 0} (6 > 0) that contains no 7.

The arithmetic case is special, in that the lengths of closed geodesics are well separated :
we can write a trace formula, find a lower bound on the geometric part (despite of its
oscillatory nature) and deduce a lower bound on the imaginary parts of eigenvalues. The
ideas are inspired by Hejhal’s book [8].

Remark 1.10. Another way of defining the twisted laplacian is to write M = I'\H, where
H is the universal cover of M and I' is a discrete group of isometries of H; to fix an origin
o € H, and to write

Auf(z)=els®o A (6— ffwf(x)> ;

this operator preserves I'-periodic functions, hence descends to M. The case where w takes
purely imaginary values is self-adjoint, and analogous to the study of “Bloch waves”. The
case where w takes real values is no longer self-adjoint.

Remark 1.11. Our motivation for working with twisted laplacians on hyperbolic manifolds
was that it is a case where the trace formula is exact. There was, a priori, hope to prove
finer results than in cases where the trace formula is not exact (in the latter case the space
of test functions to which the formula can be applied is more limited). A posteriori, we
never use any wild test function that wouldn’t be allowed in the general case. So, one can
think that the same result holds for our general operator (1.6) — provided one proves a
semiclassical trace formula first.

If we don’t assume arithmeticity, we can only treat the following operator :

AT A 2
—h2% = —FL25 + R*0(h)(w,d.) — hgé(h)z—HwQHx, h — 0,
where 6(h) > |logfi| and h#(h) — 0. In other words the non-selfadjoint perturbation is

stronger than in the previous cases.
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Theorem 1.12. Assume M is a compact hyperbolic surface. Take w # 0. Take any
function f(h) > 0(h)3/?loglog h'/2. Then there is a sequence h, — 0 such that

SIm(z) 5 Do(hnye 1
P YT —h; ——— _ <
sup {hng(ﬁn)’z € Sp ( h;, 5 , [ Rez 2| < by f(hy) n_fm”st’

the stable norm of w.

See Section 7.2 for the definition of the stable norm. Note that with our previous
notations, ||w||s = ¢* = —¢~, and Pr(tw) — |t|||w||5t—> 0 on a hyperbolic surface.
—00

1.4. Links with quantum unique ergodicity. Question 3 has a rather close link with
the question of quantum unique ergodicity on negatively curved manifolds. To explain
what we mean, let us go back to the setting of the damped wave equation (our discussion
could apply as well to the generalized setting of Section 1.2).

A first easy remark is that
(u, au)

Cx —
Sm(r) = )
for a solution of (1.2). The fact that Sm(7,) has no limit as n — +oo implies that
the sequence of probability measures |u,(z)|*dVol(z) has no limit either (where the w,
are normalized eigenfunctions of the damped wave operator, of eigenvalue 7,,). Quantum
unique ergodicity — meaning the existence of a unique limit — is expected to hold for
normal operators such as the laplacian, but not for non self-adjoint perturbations, such as
the damped wave operator.

Remark 1.13. An interesting case, for which I have no clue, is the case of eigenfunctions
of A +ia. This case is different from the ones we considered before, because the non
self-adjoint perturbation is of smaller order. It is difficult to know what to predict here
concerning quantum unique ergodicity.

Here is another remark : consider the 1-parameter family of damped wave equations,
(1.10) (— A —72 + 2isaty)u, = 0,

where s is close to 0. In other words, we see the damped wave equation as a perturbation
of the spectral problem (—A —72)u,, = 0. Now, 7,(s) and u,(s) depend on s, and assuming
we are on an analytic branch, we can calculate 7/ (0),

7(0) = i(un(0), aun (0)),

where u,(0) is the (L? normalized) solution to (— A —72)u,, = 0 in our analytic branch.
On a negatively curved manifold, the quantum unique ergodicity conjecture predicts that
(U, au,) tends to a as 7, goes to infinity — and the Shnirelman theorem says that this is
the case for a subsequence of indices n of “density 17 [27]|. In some sense, the Shnirelman
theorem may be seen as an infinitesimal version (meaning a — 0) of Theorem 1.1. If the
quantum unique ergodicity conjecture is true, it also says that the answer to Question 3 is
“no” at the infinitesimal level : Question 3 asks whether Sm(7,) —— ia implies that a is

n—---+o0o
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constant, but quantum unique ergodicity says that we should have 7/(0) — ia in any

n—---+o0o

case. This remark shows that a positive answer to Question 3 will be easier to prove for
a large than for a small — and we experienced this phenomenon in Theorems 1.9 and 1.12
(the role of a beging played by w).

Acknowledgements : This work was partially supported by the grant ANR-05-JCJC-
0107-01. T am grateful to the Miller Institute for Basic Research in Science, University of
California Berkeley, for supporting my work in the spring 2009. I thank Dima Jakobson
for suggesting that some of the ideas contained in Hejhal’s book [8] could be used to find
lower bounds on the density of eigenvalues in arithmetic situations. In fact, at the same
time as this paper was written, Jakobson and Naud managed to apply these ideas to study
the resonances of certain arithmetic convex cocompact surfaces [10].

2. NOTE ON THE DEFINITION OF THE SPECTRUM AND ITS MULTIPLICITY.

By the term “spectrum”, we mean the set X of z € Q such that P(z) — z is not bijective
H?(M) — H°(M). If it is bijective, then the inverse must be continuous, by the closed
graph theorem.

If 2 is restricted to a compact subset of €, it is easy to see that G(z) = I+ X1 (P(2) — 2)
is invertible for A > 0 large enough. The inverse G(z)~! is then a compact operator
on H°(M). Besides, one sees that P(z) — z is not bijective H*(M) — H°(M) if and
only if 1 is in the spectrum of G(z)7!, if and only if there exists u € H?(M) such that
(P(z) — z)u = 0. This shows, in particular, that the “spectrum” is discrete and corresponds
to the existence of “eigenfunctions”.

To define the multiplicity of zg € X, we proceed the same way as in [29]. By the
density of finite rank operators in the space of compact operators [24], one shows that in a
neighbourhood of zy there exists a finite rank operator K(z), depending holomorphically
on z, such that P(zp) — z0 + K(zp) is invertible. The multiplicity of 2, is then defined as
the order of 2y as a zero of the holomorphic function

2z det[(P(z) — z + K(2)) HP(z) — 2)] = det[I — (P(z) — 2z + K(2)) ' K(2)].

It is shown in [29] that this definition does not depend on the choice of K(z) — provided it
is trace class — and coincides with other usual definitions of the multiplicity.

3. A FEW FACTS ON THE GEODESIC FLOW ON A NEGATIVELY CURVED MANIFOLD

3.1. Anosov property. If M has negative sectional curvature, then the geodesic flow
on S*M has the Anosov property [3]. This means there are C; A > 0 such that for each
p € S*M, the tangent space T,(S*M) splits into

T,(S"M) = E*(p) @ E*(p) ® R X (p)

where
— the vector field X generates the geodesic flow G;
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— E* is the stable subspace : for all v € E*(p), and for t > 0, || DG .|| < Ce™||v]];
— E" is the unstable subspace : for all v € E*(p), and for t <0, [|[DG".v|| < CeM|v]|.

If M has constant negative curvature —1, any A < 1 will do. We take A =1 — ¢, with €
arbitrarily small. One also has an upper bound || DG.v|| < Ce+9lt||y|| for any € > 0 and
any t € R.

3.2. Pressure, entropy, and large deviation. The pressure is defined on C°(S*M), as
the Legendre transform of the entropy :

pe(r) = sup {ucs(p) + [ oo My |

If f is Holder, then the supremum is attained for a unique p, called the equilibrium measure
of f. The functional Pr is analytic on any Banach space of sufficiently regular functions
— for instance, a space of Holder functions [5, 26]. Besides, the restriction of Pr to any
line {f + tg,t € R} is strictly convex, unless g is cohomologous to a constant [23]. If ¢
is sufficiently smooth, we recall that this means that ¢ = {p,, h} + ¢ for some smooth
function h and a constant c. If g if Holder, it is better to use the integral version of the
notion. If () is a periodic trajectory of the geodesic flow on S*M (equivalently, a closed
geodesic), we denote ¢, its period (equivalently, the length of the closed geodesic). We
denote dvy the measure [ gdy = foe " g(y(t))dt on S*M, and dp. the probability measure
Jgdp, = ;" [gdy. One says that g is cohomologous to the constant function c if
[ gdy = ct, for all periodic trajectories of the geodesic flow (the Livschitz theorem says
that both notions are equivalent for smooth functions).

Let us now fix a smooth function ¢ on S* M, not cohomologous to a constant. For a € R,
define

H(a) = sup {th(u),u € M;,/qdu = a} ,

P(B) = Pr(Bq) = SUP{hKS(M) +ﬁ/qd,u,u € M;} =supaf + H(«a).

The function H is concave, continuous on the interval [g_, ¢, ] defined earlier :

¢ = lim inf (q)r,
Tt ()
¢t = _lim sup (g)r.

)

In the case of a negatively curved manifold, this definition coincides with

q =inf{/qdu,u€/\4;},
q* =sup{/qdﬂ,u€/\/l;}-

The function H is real analytic and strictly concave in J¢_,q.[. The function P is real
analytic, strictly convex on R. Clearly, P(3) > ¢, for 8 > 0, and it is not very difficult to
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show that the limit lims__ o, P(3)— /3¢, exists and is nonnegative®. Similarly, P(3) > (q_
for 5 <0, the limit limg_,_, P(3) — Bq— exists and is nonnegative.

The pressure and the entropy appear naturally when studying large deviations for the
Birkhoff averages of the function ¢q. Denote Ji(p) the Jacobian of DG* going from E“(p)
from E"(G'p). Define ¢ (the infinitesimal unstable Jacobian) by

dJy
#l0) = T L)
On a manifold of dimension d and constant negative curvature —1, the function ¢ is
constant, equal to d — 1. In general one can only say that it is a Holder function. The
function ¢ is not necessarily positive, but it is cohomologous to a positive function, for
instance ()7 for T large enough. In what follows, we will assume without loss of generality
that ¢ > 0.
The two following large deviation results are due to Kifer [13].

Theorem 3.1. [13], Prop 3.2. Let M be a compact manifold of negative sectional cur-
vature. Let q be a smooth function on S*M. For T > 0, define the function {(q)r =
%LTT/,Z qo G*ds on S*M. Denote L% the Liouville measure on S*M.

Then

log fS*M 6T<Q>T(p)dLl(p)
lim 2
T—+o0 T

= Pr(q — ).

As a consequence, one also has :
Theorem 3.2. [13|, Thm 3.4 (i) Let M be a compact manifold of negative sectional cur-
vature. Let q be a smooth function on S*M. For T > 0, define the function (¢)r =
%fT/z qo G*ds on S*M. Denote L1 the Liouville measure on S*M.

~T/2
Then, for any closed interval I C fR, we have

log L1 {p € S*M,{(q)r(p) € I}
lim sup : 7 Ssup{hz(s(u)—/sodu,uGM;,/qduGI}-
T—+00

For any open interval I C R, we have
log Li{p € S*M,{q)r(p) € I}
lim inf K zsup{th(,u)—/god,u,,ué/\/l%,/qduel}.

T—+00 T
(ii) Let M be a compact manifold of dimension d, with constant sectional curvature —1.

Then (i) can be rephrased as follows. Let q be a smooth function on S*M. For T > 0,
define the function (q)r = %f_TéZ qo G®ds on S*M. Denote L% the Liouwville measure on

S*M. Then, for any closed interval I C R, we have
, log Li{p € S*M,{q)r(p) € I}
lim sup s

T—+o00 T

<sup{H(a),a€l}—(d—1)

3This limit is equal to H(g").
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where H s the function H(a) = sup {hKS(M), JIRS ./\/l%, [qdp = a}. For any open interval
I C R, we have

log Li {pe S*M,{(q)r(p) €1
%imiff 2{ T () }Zsup{H(oz),ael}—(d—l).

The pressure and entropy functions also appear when counting closed geodesics v with
a given g-average :

1
Pr(q) = lim ;log Z el a4,

t—4o00
77€7St

and as consequence

t—+o00 t

1
limsup—logﬁ{’y, l, < t,/q du., € I} <sup{H(«a),a €1},

(for a closed interval 1),

1
liminf;log]j{fy, L, < t,/q du., € [} >sup{H(a),a €I},

t—4o00

(for an open interval I). See [14].
In negative variable curvature, we will also need the following variant of Theorem 3.2 :

Theorem 3.3. Let M be a compact manifold of negative sectional curvature. Let q be a
smooth function on S*M. Let ¢ be a smooth positive function. Denote L% the Liouville

measure on S*M. For p € S*M andt € R, define T,(t) by fOT”(t) o(G®p)ds = (d—1)t. For
t > 0, define the function

(@) : /Tp(t/z) g
(-t 72) = 10 Gp)ds
T(—t/2),T(t/2) r];)(t/g) — ’];(—t/?) T,(—t/2)

on S*M.
Then, for any closed interval I C R, we have
, log Ly {p € S*M,(q)7(-1/2),70/2)(p) € I}
lim sup

t—400 t

d
g(d—l)sup{th;g;) —fzdz,uej\/l;,/qduef}.

For any open interval I C R, we have

o log Ly {p € S*M, ()1 (~ty2).7/2)(p) € I}
lim inf 2

t—+o00 t

d
Z(d—l)sup{}}K(ZEZi) _szdz,ue/\/l%,/qd,uel}.
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Proof. Define a flow G on S*M that has the same trajectories as G but different speed :

G*(p) = GT®(p). For the new flow, the infinitesimal unstable Jacobian is equal to (d —
1)?235 . If ;1 is an invariant probability measure of G, then du = % is an invariant

probability measure of G. Besides, their entropies are related by the Abramov formula :

hics(1)
Jodp’

where the entropies of i and p are computed with respect to G and G respectively.

_ The theorem is then again an application of Theorem 3.4 in [13] for the Anosov flow
G. O

hks(i) = (d —1)

4. AVERAGING

We are now ready to start the proof of Theorem 1.4. We will work in dimension d and
constant negative —1. The changes to make in order to get Theorem 1.7 are indicated in
Remarks 4.3 and 6.1.

The following proposition is proved in [29], §2. Tt is based on the fact that conjugating
P+ihQ(z) by a pseudodifferential operator does not change the spectrum, nor the principal
symbol of P. But the “subprincipal symbol” ¢, is modified by a coboundary (a function
that is cohomologous to zero).

Proposition 4.1. Let T > 0, there exists an invertible selfadjoint pseudodifferential oper-
ator Ap € UYDO such that

AFH(P +ihQ(2)) Ar = P + ihOpy(q”(2)) + 2Ry (2)

for 2 € Q; with Ry € DO depending holomorphically on z € Q, and with ¢q*(z) € S!
depending holomorphically on z € ), equal to {q)7 — q + q. in a neighbourhood of p,* (%)

The definition of our symbol classes S™ and operator classes WDO™ is given in Section
9.
We recall that the operator A constructed by Sjostrand is A = Op,(e97), where

1 (T2 /95 1 [° 2s
== | Géds + — | Gsd
w=g) (F-1)eecasy [ (Fe)eece

on p,! (%) The function gr solves {p,, gr} = ¢ — (¢)r. Exactly the same proof yields :

Proposition 4.2. Assume M has constant curvature —1. Let e > 0 and T = (1—4¢)|log h|.
Define 6 = % There exists an invertible selfadjoint pseudodifferential operator Ar €
UDOY such that

AZN (P +ihQ(2))Ar = P +ihOpp(q’ (2)) + A* Ry (2)

for z € Q; with Ry € h=2*UDOY depending holomorphically on z, and with q*(z) € S}
depending holomorphically on z, equal to (q)7 — q + ¢, in a neighbourhood of p,* (%)
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In what follows, we will restrict our attention to a region where |z — 1| = O(Rh). As a
consequence, we can write
(4.1) P +ihOp,(¢"(2)) + B*Ry(z) = P+ ih Op,(q") + hRp(2)

with ¢7 = ¢* (%) = (¢)r in a neighbourhood of p; ( ) and RT( ) is a pseudodifferential
operator depending holomorphically on z € €, tending to zero when i — 0 and |z — 3| =
O(h). More precisely,

Bae) = (2= 3) Q)+ hite o),

Ry € hm2WDOY depending holomorphically on 2, and Q'(2) € DO} depending holomor-
phically on z.

Remark 4.3. To treat the case of variable curvature, we should modify Proposition 4.2

as follows. Fix ¢ a smooth function such that ¢ > ¢. Define 7,(L), 7,(—%) as in Theorem
3.3, in a neighbourhood of p; ( ) We have to choose ¢ smooth because we want 7, to
depend smoothly on p. In dimension d = 2, we have 7,(%) € S§ with 6 = 15¢ (which may
not be true for d > 2 since the unstable Jacobian no longer controls the derivatives of the

geodesic flow). In Proposition 4.2, we now define Ay = Op,(e97) where

(p) 1/p(T/2)( > s+ L [ i God
g —— —l)qo Ss—i——/ <—+1>qo Sds
T, 7,(1/2) 2 )z \T(T/2)

on p,* (3). In the last sentence of Proposition 4.2, we replace (g)7 by <q>7(7%)77(%) +rr

where rp = ¢—{po, 9r} — (@) 7(_ 1) (1) satisfies rr € | log h|~1SY and {p,,rr} € |log A|71SY.
For d = 2, all the operators Ay, Ry etc stay in the same class as stated in Proposition 4.2.

In the following sections, we let z vary in a disc of radius O(h) around % We will write
2z =14, ( = O(h). We consider the operator (4.1), that we write

(4.2) Pr = Pr(z) = P+ ihQr + hRr(2),  Qr = Op,(¢").

Note that we have
1
T
09 = O .
{po,q"} <T>

in a neighbourhood of p;! (%) By Proposition 9.2, this implies

h

(4.3) \[P.Qrlull < C (—

7+ O ) Jull + OWI(P = Syl

5. PERTURBATIONS WITH CONTROLLED TRACE NORM.

We now want to make a small perturbation P of P with a good control over the resolvent
(P(2)—2)~", and over the trace class norm ||.||; of P—P. The general idea is the following :
we want to count the eigenvalues of P in a given open set {2. Suppose that, by perturbing
P into P, we can make sure that P has no eigenvalue in Q O Q; and suppose that we
control the trace class norm of the perturbation P — P. Then th1s information should
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suffice to give an upper bound on the number of eigenvalues of the original operator P,
inside 2. The full argument will be given in Section 6.

We construct a pseudodifferential operator Qp = Op,(¢7) € WDO} such that ¢ < ¢7 on
p,t (%) and {po, Q/T} =0 (%) In addition, we fix some € > 0 and introduce an arbitrarily
small 6 > 0, and we want ¢* = ¢" on p,* (]2 — e, 1 +e)N{¢" < —30}, and ¢© < a—26
everywhere on p,'(]3 —¢, 5 +¢[). For instance we can take ¢* = a(q") on p;'(]5 —¢€, 5 +€|)
where a is real and smooth, a(E) < E, |d/| < 1; a(F)=Eif E<a—30, and a < o — 26

everywhere.

Remark 5.1. At this stage it is convenient to choose a positive quantization scheme Op;,
in order to have Op,(q?) > Op,(q").

Let 0 < f € S(R), with f € C°, where f(t) = [ e"F f(E)dE is the Fourier transform.
Put

P = P +ihQr + hRy(2),

with

QT =Qr+f (2Ph_ 1) (@T - Qr)f <2Ph_ 1) .

The following proposition is proved in [29] for fixed T (and ¢ = 0, that is, with standard
symbol classes). One can follow the proof of [29] line by line and check that it is still valid
for T'= (1 — 4¢)| log h|, € > 0 very small :

Proposition 5.2. Let P = —hQ%. Let Q = Q(z) € DO have principal symbol q(z)
depending holomorphically on z € ), and be formally self-adjoint when z is real. Let

_1+¢

2 ) <: O<h)7

- 1
Pr = P +ihQr + hRr(z), Qr = Qr <§> , z
be the operator defined in (4.2), with Qr = Op,(q¥) € WDOL, and Ry (z) € iU DO? +
(2 — 3)¥DO;. Let Qr = Opy(¢") € ¥DO}, with ¢© = a(¢”) on p,* (15 — €, 3 + €[), where
a is real and smooth, a(E) < E, |d'| < 1;a(F)=FE if E<a—30, and a < a — 26.
Put

Pr = P +ihQr + hRp(z2),

with

Qr=Qr+ 1 (25 ) @r- Qo (2571

Then

1Pr —Prll < [ If1% sup (¢" = q") + O(n' =)

Po (3



DAMPED WAVE EQUATION 17

and for any integer N,

.0 1Pr—Prll < Cat[f20) [ | (@ = d")Ly(ap)

b (3) :
+Zh’f D f2(0) / ID2(q" - §7)|Ly (dp) + O(RYO-29)]

where D* and Dzk are differential operators of degree < 2k, respectively on R and T* M.
If we restrict z by assuming that for some continuous function F(E) > 0, defined on
some bounded interval J containing 0, we have

on p;* (l) %6(4 € J,
then for h small enough, (z — Pr)~! exzists, and we have

LN 228w 6 = ) el
||(—< - >) < |

Re(Q)
P (%)

The proof is identical to the proof in [29]. In Appendix 10 we will give some details, for
the reader’s convenience. Taking F(E) = min{¢, 3. f?(E)}, we find :

2072
Corollary 2. Define

. 1 1
Q= {5 —2ch < Re(z) < 5 + 2Ch} N{(a—0)h < Im(z) < 4l¢l|lh} C C.
For z € Qp, the operator z — Py is invertible, and

C
[(Pr —2)71| < 22

Oh

As a direct consequence of (5.1), we obtain :

Corollary 3. For h small enough, we have

5 ~ (1
|Pr—Prl1 < Cd,f,qh%dL% ({qT #* qT} N {pol (5) })

1
< Conal™"Ly ({qT > a =36} 0 {po—l (2) })
S Cd#’qh?—deT[H(a—?)G)—(d_1)+€}
S Cd7f7qh2fdh[(d*1)*H(a739)76](1,46)

for h small enough.

We recall that § > 0 and € > 0 can be chosen aribitrarily small.
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6. JENSEN’S INEQUALITY

We can now implement the strategy outlined in the previous section. The spectrum of
P will be expressed as the set of zeroes of a certain determinant, which is a holomorphic
function. We will use the Jensen inequality to count these zeroes.

We already defined

~ 1 1
Q= {5 —2ch < Re(z) < 5t QCh} N{(a—0)h < Im(z) < 4lql|lh} C C.
To finish the proof of Theorem 1.4, we also introduce the set
1 1 .
Qp = {§ —ch < Re(z) < 3 + ch} N{ah < Sm(z) < 3||q|lh} C Q.

For z € Qp,, we can write
Pr—z=(Pr—2)(1+ K(z))
where K (z) is the trace class operator (Pr — z)~Y(Pr — Pr).
We can bound the number of eigenvalues of Pr in 2 by the number of zeros of the
holomorphic function g(z) = det(1 + K(z)) in Qp. Let us call N(g,€2;) this number of
zeros. Introduce zy = 3 + 2ifi||q||c. By the Jensen inequality [25],

(6.1) N(g, %) < C (logllgll.q, —loglg(z0)l) .

where the constant C' does not depend on % (because the rectanglesMQh and € can be
transported, by translations and homotheties, to the fixed rectangles 2 and ).
On the one hand, for all z € Qj,

[ det(1+ K(2))] < expl[K(2)]

< exp (IPr — )7 IPr — Prl)

exp (C;};‘,q h2—dh[(d—l)—H(a—3€)—e](1—4e))

exp (Cf7q’97dh1_dﬁ[(d_1)_H(a_39)—€}(1—46)) '

On the other hand, we also know that [|(1 + K(z2))7|| < Ch~! : since z has ‘large’

imaginary part, Pr — 2o is invertible, and it is easy to get a bound ||(Pr —29) || = O(A™1).
We use the same calculation as in [29] and get

| det(1 + K(20))7"| | det(1 — K(20)(1+ K(20)) )]
expl| K (20) (1 + K (2)) [
expl| K (20) [[1 ]| (1 + K (20)) 7"

exp (Cfﬁq’e’dhl—dh[(d—l)—H(a—39)—e](1—4e)>

IN

ININA

IA

so that
| det(1 4 K (20)| > exp (—Cf,qﬁ,dhl_dh[(d—l)—H(a—39)—e}(1—45)) _
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This, combined to (6.1), yields
|N(97 Qh)| < Chl_dh[(d_l)_H(a_29)_d(1_46)
Since 6 and € > 0 are arbitrary, we have proved Theorem 1.4.

Remark 6.1. Starting from Remark 4.3, the proof of Theorem 1.7 goes exactly along the
same lines. We find

Sm(z)
log # {z S E%, p > a}

lim su < H(a )
where H(a) = (d—1) sup {hfgéi) f:;jﬁ +Lupe /\/l S qdu = a} and ¢ is as in Remark

4.3. Letting ¢ converge to ¢ uniformly, we obtain Theorem 1.7.

7. ABOUT QUESTION 3

In this section, we consider a particular case of the spectral problem (1.5) in which the
trace formula is exact. We then try to investigate Question 3 on this example.

Let M be a compact hyperbolic surface : M can be written as M = I'\H, where H is
the hyperbolic disc and I is a discrete subgroup of the group of hyperbolic isometries. Let
(w] € HY(M, C) be represented by the harmonic complex valued 1-form w. Introduce the
twisted laplacian
Studying the large eigenvalues of A, amounts to studying a fixed spectral window for the
semiclassical twisted laplacian

2
—hZ% = —h2%+h2(w,d.> —hZ@, h — 0.
The “usual” selfadjoint case is when w has coefficient in i{R. We shall instead be interested
in the case when w has coefficients in R. The operator falls exactly into the case studied
in §1.2, with ¢(x, &) = (ws, &). The geodesic flow is ergodic, and Sjostrand’s result tells us
that “most” eigenvalues of —h?£2 such that Re(z) € [ — Ch, 1 + Ch] have imaginary part
Sm(z) = o(h). Equivalently, ¢ most” eigenvalues of —A\, such that Re(z) € [\ — OV, A+
C'v/A] have imaginary part Sm(z) = o(vV/\).
We rephrase Question 3 as

(Q3’) If w # 0, is it possible to have %mT(Z) — 0 as h — 0 and Re(z) € [§ — Ch, § +CH,
z € Sp(—h? A“’) ?

Conjecture : I conjecture the opposite : if w # 0, then there is a sequence A, — 0,
20 € Sp(—h252) with Re(z,) € [& — Chy, § + Chy) and 27C2) /£ 0,

As is usual in hyperbolic spectral theory, we introduce the spectral parameter r : if A;
is an eigenvalue of —A,,, we denote \; = i + r?. Yet another way to phrase Question 3
is to ask whether Sm(r;) — 0 as Re(r;) — oo. Sjostrand’s results say that Sm(r;) is
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bounded and that Sm(r;) — 0 for a subsequence of density one. But I naturally believe
that it is impossible to have Sm(r;) — 0 for the whole sequence, unless w = 0.
Recall the Selberg trace formula [28], valid for w € H (M, z']R) :

(7.1) Zf Area / f(r)r tanh(wr)dr + Z (),

smh

for any functlon f on R, even, smooth enough, and decaying faster than any exponential.
On the right hand side, the sum runs over the set of closed geodesics (equivalently, the
set of conjugacy classes in I'). If 7 is a periodic geodesic, we denote £, > 0 its length, or
period; and £, is its shortest period.

Proposition 7.1. The trace formula holds, under the same assumptions on f, if w €
H'(M,R).

Recall that the Fourier transform is defined by f = [e™ f(u

Proof. Take w € H'(M,R). We consider the operator A, for z € C. The argument of
Section 2 shows that this operator has discrete spectrum (eigenvalues).
The right hand side of the trace formula reads
Area(M) [T e* Iy “l,
— f(r)r tanh(mr)dr + Z —f(fv)

oo > sinh 3

(7.2)

and clearly is an entire function of z.
The left hand side is }; f(r;j(2)). To check that it is an entire function of z, we first
note that f (r), being an even entire function, can be written as g(i +1?) where g is entire.

Thus f(r;(2)) = g(A;(2)), where the \;(z) are the eigenvalues of —A.,.
If z is restricted to a bounded subset €2 of C, we note that the Sm(r;(z)) are uniformly
bounded. To that end, we write —\; = i + TJQ- with r, = 4+ 1y. The eigenvalue equation

— D f =N
with f normalized in L? implies both equations
1

et oyt (1950 w8 [odnFe 8 —o?) [loliise

and
2wy = —20i / (o, df)F — 208 / G

if we decompose z = a+i8 € R+iR and r; = x + 1y € R+ iR. If a and 3 stay bounded,
it also follows that y must stay bounded.
Besides
A2 {n, 0 < Re(r,(2)) < A}
is bounded uniformly for A > 1 and z staying in a compact set of C (the arguments of
[29], §4, or of our Sections 4, 5, 6 are locally uniform in z). Since f is rapidly decreasing
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in each horizontal strip, it follows that the sum ), f (rj(z)) is the uniform limit of the
partial sums Z|§Re(rj(z))|<,\ f(r;(2)). But for a given A, this is a holomorphic function of z
(in the open set {z, Re(r;(z)) # A for all j}), since A, depends holomorphically on z and
D Re(r3 (2))] <A fr;(2)) can be defined by holomorphic functional calculus.

This shows that > f(r;(2)) is also an entire function. Both sides of (7.2) coincide for
z € iR (by the usual trace formula), thus they must coincide for all z € C. O

Introduce some parameters o, R,T" > 0, and take

1 (w=1)% . wm)?
e 552 ezuR+e 252 ewa

fu) =

2mo

so that

~

f(?“) _ 6—“—;(r—R)2e—z‘Tr + 6—§(T+R)2eiT7"
This yields :

Ll

(7.3) Ze—ﬁ(m—}%ye—iﬂj +e % (rj+R)? iTr;
J

+00
_ AT@Z(M) / rtanh 7r |:6_L22(7’—R)26—ZT7“ + e_é(r+R)26iTr:| dr
U _

o0

Jw _72 2
+ Z 6'” €Z° 1 {6_%20’? et f 6_(@;5) emR}
sinh 2 V270
% 2
We want to bound from below the right hand side. We hope that this bound will tell us
that exp(£iT'r;) cannot be too small on the left hand side, giving some information on the
imaginary part of r;, for Re(r;) ~ R. On the right, the idea is that the main contribution
should come from the geodesics with £, ~ T". We want to choose I so as not to be bothered
by the oscillatory terms e** %, For that purpose, R and T will be related in the following
manner :

Lemma 7.2. [21], Lemma 3.3, [11].
For any M > 1, there exists R € [M, M exp(exp(5T'))] such that cos(RL,) > % for every
closed geodesic vy with £, < 5T

In the sequel we take M = exp(exp(cT’)), (¢ > 0 arbitrary) to ensure that 7" is of order
loglog R. We note that this relation between R and 7' is independent of w. This will allow
us to modify slightly our initial problem by extending it to the case where w can depend
on R (or T'). More precisely, we want to consider the case when w = O(R)w,, where w, is
fixed and ©(R) > 1 is allowed to go to infinity with R at a reasonable rate.

This means that we consider a slight generalization of (1.5) (the motivation should
become clearer in §7.2):
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7.1. A more general problem. We consider a spectral problem of the form
(7.4) (P—2)u=0
where
REA
2
where z € ) = 6i]*80’50[]Emin,Emax[a with 0 < Epin < % < Fhnax < +00, 0 < 59 < 5. We
will assume that Q(z) € YDO! depends holomorphically on z € , and that 6(h) is some
real valued function such that 6(%) > 1 and h6(h) — 0. We have in mind (k) = |log(h)|.

Finally, we assume that @ is formally self-adjoint for z real. Again, we call ¥ the “spectrum”
the set of z for which the equation (P(z) — z)u = 0 has a solution.
The results of §1.2 can be generalized as follows : for any F;, < F1 < Ey < Enax,

P ="P()=P+ihf(h)Q(z), P=-—

1
@rh)® Loz 1.2
One can show that 9;21(%) has to stay bounded for z € ¥. Taking 0(h) = |log(h)|, By =
E — chf(h) and Ey = E + chf(h), one has
_ Sm(z)
ap +o(h) < 0y < a5 +o(1)

for z € ¥ such that £y < Re(z) < F,. Assuming that the geodesic flow is ergodic on
p, Y {E}, and taking (k) = |log(h)|, we have for any € > 0, any ¢ > 0,
(7.6)

jj{z € X, E —chi(h) < Re(z) < E + chl(h)

Sm(z)

" 1o(h)

Remark 7.3. The paper [29] only treats the case §(h) = 1. But the method of [29], §5 can
be adapted in a straighforward way to show the following : consider the spectral problem

(7.7) (P—2)u=0

where

¢ G — €05 + e]} — O(hyo(h ).

B2

2
where z € Q = el 0 E . Fol, with 0 < B < 3 < Epax < 400, 0 < 89 < 2. Fix
some € > 0. Then

P=P(z)=P+ih0Q(z), P=-—

(7.8) t{z €3, E <Re(z) < B} = L [/ dzdé + O(ho) | .
(27Th)d Do H[E1,E2]
uniformly in all & > 1 such that 0h < e and E;, E5 such that E;, < F1—2€, Fa+2¢e < Fpay,
|Ey — Eq| > R0. .
For (7.6), and if we take 6(h) = |log &|, the generalization of the proof in [29] is without
surprise, but requires some rather technical changes : we will not prove it here, but still
feel allowed to ask about Question 3 in this generalized setting. We note that to extend
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(7.6) to more general §(h), some analyticity assumptions would be required, exactly like
in [9].

We will focus our attention on the operator

DNomw A 2
—hQ% = —h25 + h20(h)(w,d.) — hge(h)z—”u;"x, h—0,

when w has coefficients in R.
We generalize Question 3 as

(Q3”) If w # 0, prove that there exists a sequence h,, — 0, and z,, € Sp(—h%%) with

Re(z,) € [% — Chyf(hy), % + Ch,0(h,,)], such that zgg;f:)) #— 0.

7.2. Heuristic discussion of the parameters o, R,T. We start again from the trace
formula (7.3), considering the case where w = O(R)w,, O(R) = 0(R™') > 1. Here R™! is
going to play the role of the small parameter A. The form w, is fixed, and we normalize it
to have stable norm ||w,||s = 1.

(7.9) |lwlls = sup {/ wdp, p € ./\/l;}
S*M

[ w
(7.10) = sup ——.
v Ay
The first line can be considered as a definition of the stable norm (valid for a general
compact riemannian manifold M), whereas the second line holds on negatively curved
manifolds because of the density of the closed geodesics. Using the definition Pr(w) =

sup {hKS(u) + [gep wdp, i € ./\/l%}, it is not difficult to show that

iy = uwns}.

On a surface, the right-hand side vanishes [2]. Besides, for any 7" one can find a closed
geodesic v with ¢, € [T'—1,T], and such that

J, .
ly
where op(1) goes to 0 as T' approaches +o0o. Simply recall that for any 0 < § < 1,

tlim Pr(tw) — |t|||w]|s = sup {th(,u),u € ./\/l;,/

S*M

(7.11) 2 [lwolls(1 + 0z (1)) = (1 + or(1)),

log ¢ {%a elr-1T, 52 >0~ 5)}
(7.12) lim - ° = H(1-6)>0,
where
H(@):Sup{hK‘g(/L),MGMé, wod/i:a}'
S*M

The function H is continuous, concave on [—1, 1], real-analytic on | — 1,1 [4]. And again,
H(—1) = H(1) =0 on a compact surface [2].
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In (7.3), we have not said yet how o will depend on R and 7T'. For the moment, let us
decide a priori that o should be such that the term

A M) [T o2 . 2 .
—TT( ) / rtanhmr [e” T R T e*T(HR)Qe’TT] dr
T _

is negligible compared to the sum » .- Remember that  and T" are chosen so as to satisfy
Lemma 7.2. Then, fixing 1 > § > 0, the right hand side of (7.3) should be bounded from
below by

(7.13) o 1eTH(=0)=T/2 O(R)(1-0)T y =515

We want to use the fact that this grows quite fast with 7. On the other hand, looking at
the left hand side of (7.3), we cannot hope to do better than to bound it from above by

0'2 x o~
(7.14) ﬁ{j) [Re(r;) — R| < 0—1} o % sup; Sm(ry)? T sup; [Sm(ry)],

where each time the sup; should be restricted to the indices j such that |Re(r;) —R| < o~

This heuristic argument would give an inequality
(7.15)

ﬁ{j, |§Re(rj) ~R| < 0—1} eé sup; Sm(rj)? T sup; [Sm(r;)| > 0—1eTH(l—é)—T/2€®(R)(1—5)T€—2(%27
obtained by comparing the lower bound (7.13) and the upper bound (7.14). Again, the
hope is to compare the powers of e on both sides to prove that sup; |Sm(r;)| cannot be
arbitrarily small.

Consider the case ©(R) = 1, which is the case we were originally interested in. If we
take o to be a constant, then by Weyl’s law we have £ {j,|Re(r;) — R| <o~ '} ~ R >
exp(exp(cT’)). In this case (7.15) cannot bring any useful information. On the other
hand, if we want to choose o such that £ {j, |Re(r;) — R| < o'} is bounded, we are led to
take 0 ~ R; in this case the term eﬁs‘lpﬂ' 3m(ri)* will be too large to yield any interesting
information.

We see that the method only has a chance to work if TO(R) > log R. From now on we
take O(R) > log R, and always such that R~'©(R) — 0. We also take 072 = CO(R) with
C' large. We must note that the parameters r; correspond to the eigenvalues of —Ag(r).,
and thus they also depend on R.

7.3. Proof of Theorem 1.12. The right hand side of (7.3) is easy to understand. The
term

400 o2 5 ) 2 5
(7.16) / rtanh 7r [@—T(T—R) e~ 4 o= T (1 R) ezTr] dr

o
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is O(c~'R), whereas the ) has modulus greater than

(7.17)
1 ehve, 1 [ _em? er? ehve, 1 [ e eer?
Ly il L[t ] s S L[t e ey
1 = 1 =
e sinh 2+ v2mo 55T sinh 3 v2mo
1 ey 1 _ (=12 _ (ty+1)? ehver 1 _(y-1)? _ (4 +1)?
> 3 Z Z" e 2027 H4e 22 |+ Z Z" e 22 +4e 27 |cos({4R)
- N
T_i<t,<T sinh 5 2mo s sinh 5 2mo

1 [eTH(lfé)fT/Qe@)(R)(1*5)Te*ﬁ n (9(1)] ,

T \/8mo

(using (7.12)), and thus is much greater than the integral (7.16). To get the last O(1) we
have used the exponential growth of the number of closed geodesics. The left hand side of
(7.3) is more complicated to bound from above, since the r; now depend on R.

Proposition 7.4. Take O(R) > log R, and such that R"'O(R) — 0. Take c=? = CO(R).
Let f(R) be such that o f(R)? > TO(R). Then

o2 : o2 I Y
[>T O e T < [ Relr;) — Bl < f(R)} 7 s ST Rl o),
J
where the sup; are taken over the set of indices j such that |[Re(r;) — R| < f(R).

Proof.

Lemma 7.5. We have an a priori bound |3Im(r;)| < cO(R), where ¢ depends only on w,.

Indeed, let r; = x + iy and f € L?*(M) be such that || f||;z = 1 and

— A f +20(R){(w,, df) — O(R)?*||w,||2f = G + rf.) f.

Taking the scalar product with f, we get

(7.19 prat = [V - emy [lw2ise
and
(7.19) 2y = —20(R)i / (wo, df) f.

Equation (7.19) yields |zy| < ¢O(R)+/ [ |V f|?. Equation (7.18) implies that 2* > [ |V f|*—
AO(R)2 If |z] > 54/ [ IV f|? then we are done, by (7.19). If [z| < 4/ [ |V f|?, then (7.18)
implies that [ |V f|? < 2¢?©(R)? and that y* < I + 5c¢?0O(R)?. The lemma follows.

o2 .
We now break the sum } . e~ T iR’ e=iTri into three parts : I = O Re(r;)<R—f(R)’

LT =375 (e -ri<pr) 0 TTT =375 gy me ()
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The last sum I is bounded by

6%202@(3)2 TO(R) Z 67%%6(@)%)2_

J:Re(rj)=R+f(R)

We decompose this sum into >, XS p (g tn<ie(r) <R+ f(R)1nt1> a0d by Weyl’s law in the
form (7.8), this is dominated by

2 5 400 02,2
TN (Rt n+ f(R)O(R)e™ T mH I < TOMQ(R) / (R+z)e = da
n>0 F(R)—1

and with our relations between T, R, f(R) and o, this last quantity is O(1).
Concerning the first sum 7, we bound it by

(7.20) FEORITOW  § Gl
j.Re(r;)<R—f(R)

The subsum 3, (. < g (r) Can be treated as above and shown to be O(1) (using Weyl’s
law in the form (7.8)), and we only need to concentrate on 3 g, )<p_fr)- To bound
this sum, we first need a control the number of terms.

Lemma 7.6. £{j,|Re(r;)| < R} = O(R*O(R)).
To that end, we use again the trace formula and write :

7 Area(M) [+ 2 OB oy R
S e = L()/ rtanh(rr).e 3R dr + ‘ e
. -

sinh % 2T

On the right, the term > is clearly o(1) whereas the [ term is of order R*. On the left,
we break the sum into Zj Re(r))|<R and Zj,\%e(rj)IZR' As above, we can use Weyl’s law in
2

2 2
R /2

47

J

_ (B+n)?

the form (7.8) to show that the >°, n () >p ¢TI is O so(B+n+1)O(R)e” 277" =
O(R?O(R)). Thus we have
_?Re(rj)Qfgm('rj)2 _'L%e('rj)gm(rj) 9
Z e 2R? e R2 = O(R*O(R)).

B Re(ry)|<R

Remember that |Sm(r;)| < ¢O(R) and that R~'O(R) — 0. Thus, for |Re(r;)] < R we
iffie(rj)%m('rj)

can write e~ ®2 =1+ O(R'O(R)). This yields

G Re(r)| < BY 1+ O(RTOR)) < Y e P (14 O(R6(R))

.j’wee"’j‘SR
= O(R’O(R))
and finishes the proof of Lemma 7.6.
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Now, we go back to the sum Zj,me(rj)\gR—f(R) in (7.20), and we see that it is bounded
by
2
R2®<R)e%c2®(}?)2ecT@(R)erQf(R)Q/Q _ 0(1).
This ends the proof of Proposition 7.4 (l

We can now come back to (7.3). Noting that o®sup; Sm(r;)* = O(1), Proposition 7.4
shows that the left-hand side of the trace formula (7.3) is bounded from above by

Ct{j, [Re(r;) — R < f(R)} "= M0l 4 O(1) < CRf(R)O(R)eT *Ps13m(ra)

where the sup is taken over all j such that |Re(r;) — R| < f(R), and where we have used
again (7.8). We can of course assume, without loss of generality, that f(R) = O(R).

On the right hand side of (7.3), the [ is O(RO(R)Y/?), and the >, is bounded from
below by

1
_eTH(lfJ)fT/269(R)(176)T67ﬁ :
V8o
as was proved in (7.17). Writing

1

CRf(R)@(R)GTSUpj |Sm(rj)] > 0—1eTH(1—5)—T/2€6(R)(1—5)T€—ﬁ’

remembering that O(R) > log(R), ©(R) = o(R), 072 = ¢O(R) and T = loglog R, we see
that necessarily
sup [Im(r;)| = (1 = 20)0(R),

J

where the sup is taken over all j such that |Re(r;) — R| < f(R). This finishes the proof of
Theorem 1.12.

8. THE ARITHMETIC CASE.

We now prove Theorem 1.9, and first we need to define the special class of hyperbolic
surfaces we are considering. Let p > 3 be a prime, p = 1 (mod 4), and A > 1 be a quadratic
non-residue modulo p. We set

VA \/Z_9+y3\/Ap
F:PA, — y0+y1 Y2 : 7 7 : VA
(A, p) {<y2\/]_9—y3 A g VA Yo, Y1, Y2, Y3

It is a discrete cocompact subgroup of SL(2,R) which contains only hyperbolic transfor-
mations [8]. We consider the hyperbolic surface M = I'\H. In M, the lengths of the closed
geodesics are the log z,,, where

Ty = 2m* — 14+ 2mvm?2 — 1, m € N.
We define
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We now follow very closely the approach of [8], pp. 304-314. We introduce an even function
k on R, whose Fourier transform is nonnegative and compactly supported in [—1,1]; we

also assume that & > 1 on [—3,3]. We define

Ko (1) = k(r)[e 4 e 7).
We write again the trace formula : for all ¢ > 0,
Area(M)

Z K )+ Ko (rj+t) = y /Ttaﬂh(’iﬂ”)[Ka(’F —t) + K (r+t)]dr

+2 Z % Ko (L) cos(tl,).

sinh ”

We will bound from below the right-hand side (averaged in t) to obtain information on the
left-hand side. Denote

Jywp
e’ o nim ~
Sa(t) = Z S ——2 Ko(l,) cos(tl,) =2 Z 1/2(—:3—1/2Ka(10g T cos(tlog x,,).

ec— 1<$ <€a+1 Tm m

Proposition 8.1. Let a =283logT — C, 0 < 8 <1 and C large enough. Then,

2T+T18 _ ~

or—T8 T8

2T+77

T_T8 Sa(t)|?dt, the reason for

Although we are actually interested in the quantity f2

|t—2T|

want a sufficiently regular function, for Lemma 8.2 to hold.

introducing the regularizing factor ( ) is exactly the same as in [8], p. 315 : we

Proof. Introduce the notations

p(m) o
n(m) = —z———7;Kallogzm),
xm - xm

v(m) = p(m)Ka(log 2.

Divide the integral I = 2272“55 (1 S L 2T‘> |Sa(t)]?dt into I = I, + I, where

, 2T+TF It — 27| ,
I, = Z n(m) 1— —7p ) cos (tlogx,,)dt
2

ea—lgxmgeoﬁ-l T-T8

and

2T+T7 |t o 2T’
I, =2 Z n(m)n(k)/ <1 ~ 78 ) cos(tlog x,,) cos(t log zy, ) dt.

e~ 1<y <zm<eartl 2r-T6

The idea is that the x,,, zy, with z,, # x;, are well-spaced, implying that the oscillatory
integral I is small compared to I;.



DAMPED WAVE EQUATION 29

Lemma 8.2. For T > 1 and A € R,

TP It — 27| 1
_ DYSTE . 8
/QTTB (1 T ) eMtdt = O {mm (T ’—)\QTﬁ)} .

Let us first consider I;.

2T+T7 2T+TP
t—2T t—2T]\ 1 2t1og Tpm
2 2

T8 T8 " 2
T8
= 7+O(T_ﬁlogx;12).
Hence,
T8
(52) hoz (Gaew) X g
eozflgx’mgeale
T v(m)?
(8.3) > (7+o(1)> > 2 12,
ea—1<g, <eatl (xm — Tm )

(8.4) > ¢ TPe ™ Z v(m)?.

ea—1 S$m§€a+1

The right-hand side of (8.4) will be estimated later. We now turn to I, and want to show
that it is much smaller than I;. The integral

2T+TF
t—oT
1-— | | cos(tlog x,,) cos(t log xy )dt
2 TP

T—-T6

1
T6 (log zm—log k)2 "

is smaller than We can ensure that

1
llog z,, — log zx| —

for e~ < x;, < 1, < €21, by choosing « in an appropriate range : writing

A 2 4
logx,, —log @1 ~ —— ~ — ~ ——

Tom m T

we see we have to take a < 2f3logT — C (C large). More generally, we have by the
intermediate value theorem

|log ., — log x| > Ce™/2|m — k.
The analysis done by [8], pp. 310-311, can be applied verbatim to show that

(8.5) |I2|§% > vm)

ea—lgxmgea-'ﬂ
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Comparing (8.4) and (8.5), we see that
| < L
100
provided a < 2@3logT — C with C' sufficiently large. Thus,
1> 2
100
To complete our estimate for I, we must return to equation (8.4). Clearly,

Y, vm)?z > p(m)*.

eaflgzmgea#»l ea—1/2§zm§ea+1/2

|15

We write the Cauchy-Schwarz inequality,
2

> p(m)| < > 1 > p(m)*

ea—1/2§mmgea+l/2 e&_1/2§xm§e°‘+1/2 ea—l/ZSxmgea—o—l/Q
But
E u(m) = E eh “0,, > CePr@),
ea—1/2<g,  <oatl/2 v,a—1/2<ly<a+1/2

see [20], p. 117. On the other hand,
Z 1=0(e?).
ea71/2§mmgea+l/2

We obtain this way
Z N(m)Q > CGQ(XPr(w)—a/?
ea—l/ZSmeea-kl/Q

We have proved

2T+T7

t—2T ~

/ (1 - g) S, (t)Pdt > CTPUEPT@)=2),
oT—T8 10

This implies
1Sa(t)| > CPEPr)=5)
for some t € [27 — T7,2T + T¥).
Now consider the integral [ rtanh(wr)Ky(r — t)dr or [ rtanh(mr)K,(r +t)dr in (8.1).
We write

/r tanh(7r) K, (r — t)dr = /7’ tanh(mr)k(r — t)[e @00 4 700 qp.

To evaluate [(r + t)tanh(w(r + t))k(r)e’ dr, we shift the integral over R to an integral
over (3 —€)i + R, and we find that the integral is O(te (=9 for any ¢ > 0.
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Lemma 8.3. [rtanh(nr)K,(r — t)dr or [rtanh(mr)K,(r + t)dr = O(te oG9 =
O(t*+=P) for any e > 0.
We finally turn to >, Ko(r; —t) + Ka(r; +1). Fixing a small € > 0, one sees using

Weyl’s law, the fact that k is rapidly decreasing in any horizontal strip — and the fact that
the Sm(r;) are bounded (by c|lw]|) — that

Y Ku(ri—t)= > Ku(rj—t)+0(t™).
J 7, Re(rj)—t|<te
Similarly,
Y Kalrj+t)= Y Ku(rj+t)+0(™).
J 3| Re(rj)+t|<te
We see that

‘ZKOK<Tj . t) + KOc(Tj + t>| < ('@ 5P; |%m(r]~)|t1+e < CtQﬁsupj |%m(7'j)|t1+e
J

where the sup, is taken over the j such that [Je(r;) £¢| < ¢€. Here the factor C' is essentially
sup{|k(2)], |Sm(2)| < ¢||w||}, it does not depend on ¢.
We have proved that there exists ¢ € [T'— T°,T + T”], and r; with [Re(r;) — t| < ¢,
such that
tQﬁSUPj |§m(7’j)|t1+€ Z Cvtﬁ(QPr(w)—%).
In particular, if T is large enough, this implies
3 1
sup {|Sm(r;)|, [Re(ry) £ T| < T°} 2 Pr(w) - ; - %,
and this proves Theorem 1.9.

9. APPENDIX : SYMBOL CLASSES

Following [6], for any 0 < ¢ < 1/2 we introduce the symbol class
(9.1) s {a € C=(T"M), 19207a] < Cog b1 (g1}
If 6§ =0 we will just denote S™. We will denote Op,(a(x,&)) = Op(a(x, hE)), where Op

is a quantization procedure on M. The quantization of any a € S leads to a bounded
operator on L?(M) (the norm being bounded uniformly in &), see [6]. We will denote
WDOY = Op,(SP).

We use :

Proposition 9.1. Let a € SI",b € S5 with 0 < §' <6 < 1/2. Then
(i) Opy(a) Opy(b) — Opy(ab) € A== Opy (S 1),
(it) [Opy(a), Op,(b)] — 2 Opp({a,b}) € R2(1=079) Op, (Sy*+"~?).

We also use a local form of the Calderon-Vaillancourt estimate [6] :
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Proposition 9.2. There exists K € N depending only on the dimension of M, such that
the following holds. Take A = Opy(a) where a € S. Let I be an open interval of RY and
let X\ belong to I. Then, there exists C > 0, and C(a,\) depending on a finite number of

seminorms of a (uniform in X if it stays inside a compact subset of I), such that, for all
u € L*(M),
K

[Aul[2 < C ( sup |al + ) " sup \D%a!> [ullz> + Cla;, MII(P = A2

po (1) k=1 po (D)

In fact C(a,\) is controlled by the supremum norm of —*~ and a finite number of its
Po
derivatives outside p;*(I). Similarly we have

K
[{u, Au)] < C (Sup jal + Y H* sup ID%GI> lullzz + C(a, VI[P = Mul|Z:.

po (1) k=1 P (D)

10. APPENDIX : SJOSTRAND’S PROOF OF PROPOSITION 5.2

In order to prove Proposition 5.2, we first want to bound the norm and trace norm of

() @r-enr ()

We write a Calderon-Vaillancourt type estimate,

Po

1(@r — Qr)ul| < < sup - (¢" —q') + (9(711‘25)) [ull + OM)[[(2P = 1)ull,

et
where § is as in Proposition 4.2. Besides, ||(2P — 1)f (252)|| = O(h). It follows that

I (57) @ -ans (3570) | <o ( wp (" )+ oaf-%)) .

J-cj+

For the trace class norm, we need to be even more careful than in [29]. Instead of using the
Garding inequality, we use the existence of a positive quantization — meaning that Op,(a) >

0 if a > 0. If we choose such, we have directly that f (L{l) (@T —Q7r)f (QPT’l) > 0 in the

operator sense. Thus,
2P —1 ~ 2P —1 2P —1 ~ 2P —1

Hf( 7 )(QT—QT)f( 7 ) = Tff( 7 )(QT_QT)f( 5 )
2
= Trf (QPE_ 1> (@T_QT)

2P—-1

- Tr%/fb(f)e“ ~ (Qr — Qr)dt.

1
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Writing the expansion of et* 5 as a Fourier Integral Operator, writing the trace as the in-
tegral of the kernel, and applying the stationary phase method in the time-energy variables,
we obtain an asymptotic expansion

2P—1

TY%/fQ(t)e“ " (Qr — Qr)dt

(dp) + O™ =) |

= Cah*™ [f2<0> / B @(qT —§")Li(dp) + Y _ W*D* f2(0) / | D¥(¢" = q")Ls

where D" and D?F are differential operators of degree < 2k, respectively on R and T*M.
Note that the term i*D2¥ f2(0) fp—l( ) D2¥(q" —¢")L1(dp) is a (’)(hk(l_g‘s))L%((jT +q7) =

1 1
3 2

o(1)L 1 (gT # 7). This proves, in particular, Corollary 3.

To finish the proof of Proposition 5.2, there remains to study the invertibility of z — Pr.
Recall the identity

I(A+iB)ull® = [|Aul]® + || Bul|* + i{u, [A, B]u),

if A, B are bounded self-adjoint operators. Thus,

2Py — 2Jull* 2 (P + ihQr — 2l ~ OHID)((2P — Dyl + )
> 1P = Reull + 121 (S5 = Qr )l + i, [P, Qrlu

= O E)([[(2P = Dull* + [|ul®)

= 1P = Re(eul? + 21 (25 - Gr ) ul?

h _
(OO + I12) + O ) [l + OW)(P = Re(e)ul?
We have used (4.3) (or Proposition 9.2), and the same for Q7. We find that

(10.1) VB[[(Pr = 2)ull > [[(P = Re(2))ul| = (O(—=) + O(h2 ")) [[ul.

N
VT
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On the other hand, we have

(10.2) Sm <%(2 — Pru, u>

2 = Q) ) + O Jul + (Re(z) ~ Phul)ul

<(%”;(Z) Qi f (zph_ 1) @r — Qu)f (2P,; 1)) uu>

+ O ) ([lull + | (Re(2) = Pyul)) ull

<<Jm< ) ons f<%)2(@_@ﬂ> >

+ O(R ) (|lull + |(Re(z) — Pyul)llu]

—(2 G —qT)Hfuoon'noo+<9<h1-25>> | £
Po

e lqe

by the same trick as in [29], (3.19). Recall that we are interested in a region where

z—1=0(h).

Let F(E) > 0 be a continuous function defined on a bounded interval J containing 0,
and restrict z by assuming that

O (M9 (2

Re(<)

near p, ' (%) , € J (where ¢ =2z —1). It follows from the Garding inequality that for

such z

< <%”;(Z> Qi f (—2%(? - 1)2 O - QT)> " u>
> (7 (25 - 00 ) Jul? - Olull(P - Re=)ul,

Using this in (10.2), we get

103) 3 (He=Prwu) > (£ (FL) - o) juy

- (2 P (a" = @) llsoll 'l +0(h1_25)> ]

776?%4"»6[

ujf -

‘P — Re(2)
n
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Reasoning as in [29], (3.25) and (3.26), we find finally
1 ~
s (3= Pajun) = (F(F4L) — o)) ju

N ) _ Pr—z
—v312 sup (" =)ol fllo + OB) | ull —Th u
Po 13— 5+l
1 1
—((9(ﬁ)+@(h2 Dl

(F (é)%efiﬁ)) + O(%) + O(hi“s)) I

<11+2v3  sup  (q7 = @) flloollf'lloe + OB | || =0

po_l] %—e,%—‘r&[

which finishes the proof of Proposition 5.2.
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