A HAAR COMPONENT FOR QUANTUM LIMITS ON LOCALLY
SYMMETRIC SPACES
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ABSTRACT. We prove lower bounds for the entropy of limit measures associated to non-
degenerate sequences of eigenfunctions on locally symmetric spaces of non-positive cur-
vature. In the case of certain compact quotients of the space of positive definite n x n
matrices (any quotient for n = 3, quotients associated to inner forms in general), measure
classification results then show that the limit measures must have a Haar component.
This is consistent with the conjecture that the limit measures are absolutely continuous.
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1. INTRODUCTION

1.1. Background and motivations. The study of high-energy Laplacian eigenfunctions
on negatively curved manifolds has progressed considerably in recent years. In the so-
called “arithmetic” case, Elon Lindenstrauss has proved the Quantum Unique Ergodicity
conjecture for Hecke eigenfunctions on congruence quotients of the hyperbolic plane [16]
(for non-compact congruence quotients his methods left open the possibility of “escape of
mass’, and the matter was finally resolved by Soundararajan in [25]). In greater generality
(variable negative curvature, no arithmetic structure), the first author has proved (partly
joint with Stéphane Nonnenmacher) that semiclassical limits of eigenfunctions have positive
Kolmogorov-Sinai entropy |11, 13, [4].

The two approaches are very different, but have in common the central role of the
notion of entropy. In Lindenstrauss’ work, an entropy bound is obtained from arithmetic
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considerations [5], and then combined with the measure rigidity phenomenon to prove
Quantum Unique Ergodicity.

It is very natural to ask about a possible generalization of these results to locally sym-
metric spaces of higher rank and non-positive curvature. In this case the Laplacian will be
replaced by the entire algebra of translation-invariant differential operators, as proposed
by Silberman and Venkatesh in [23]. A generalization of the entropic bound of [5] has
been worked out by these authors in the adelic case, and as a result they could prove a
form of Arithmetic Quantum Unique Ergodicity in the case of the locally symmetric space
I'"\SL,(R), when n is prime and I" is a lattice derived from a division algebra over Q [24].
The goal of this paper is to generalize the “non-arithmetic” approach of [3, 4] in this context
— that is to say, prove an entropy bound without using the Hecke operators or other arith-
metic techniques. Doing so, we will not require all the assumptions used in [24]: we will
work with an arbitrary connected semisimple Lie group with finite center G, I" will be any
cocompact lattice in GG, and we will not use the Hecke operators. Combining the entropy
bound with the measure classification results of 8, [0, 17|, in the case of G = SL3(R), T
arbitrary, or G = SL,(R), n arbitrary but I' derived from a division algebra over Q, we
will prove a weakened form of Quantum Unique Ergodicity : any semiclassical measure
has the Haar measure as an ergodic componentf]

In addition to the intrinsic interest of locally symmetric spaces, there is another moti-
vation to study these models. So far, the entropic bound of [3], 4] is not fully satisfactory
for manifolds of variable negative sectional curvature (|I] proves that the entropy is pos-
itive, but without giving an explicit bound). Gabriel Riviére has been able to treat the
case of surfaces [19] 20]; he is even able to work in non-positive curvature, but the case of
higher dimensions remains open. The problem comes from the existence of several distinct
Lyapunov exponents for the geodesic flow. Understanding the case of negatively curved
locally symmetric spaces constitutes a progress in this direction : we will deal with dy-
namical systems that have distinct Lyapunov exponents, some of which may even vanish.
Still, considerable simplifications arise from the fact that the space is homogeneous, and
that the stable and unstable foliations are smooth. It would be interesting but extremely
challenging to extend the techniques of [3] 4] 19l 20] to systems that are non-uniformly
hyperbolic (euclidean billiards would be the ultimate goal).

Let G be a connected semisimple Lie group with finite center, K < G be a maximal
compact subgroup, I' < GG a uniform lattice. We will work on the symmetric space S =
G/ K, the compact quotientE]Y =T'\G/K, and the homogeneous space X = I'\G. We will
endow G with its Killing metric, yielding a G-invariant Riemannian metric on G/ K, with
non-positive curvature.

Call D the algebra of G-invariant differential operators on S; it follows from the structure
of semisimple Lie algebras that this algebra is commutative and finitely generated |11, Ch.

Unfortunately, we are not able to extend the method to the case of T' = SL,(Z), which is not cocompact
— unless we input the extra assumption that there is no escape of mass to infinity, or that the mass escapes
very fast.

2We do not assume that T' is torsion free. When speaking of smooth functions on Y, we have in mind
smooth functions on S that are I'-invariant.
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IT §4.1, §5.2]. The number of generators, to be denoted by r, coincides with the real rank
of S (that is the dimension of a maximal flat totally geodesic submanifold), and, in a more
algebraic fashion, with the dimension of a, a maximal abelian semisimple subalgebraﬁ] of g
orthogonal to €. More background and notation concerning Lie groups are given in Section
2

Remark 1.1. The algebra D always contains the Laplacian. If the symmetric space S has
rank » = 1, then D is generated by the Laplacian.

Example 1.2. The case G = SO,(d, 1) yields the d-dimensional hyperbolic space S = H
(of rank 1), already dealt with in [3, [4].

We will pay special attention to the example of G = SL,(R), K = SO(n,R). In that
case, g is the set of matrices with trace 0, £ the antisymmetric matrices, and one can take
a to be the set of diagonal matrices with trace 0. The connected group generated by a is
denoted by A, in this example it is the set of diagonal matrices of determinant 1 and with
positive entries. The rank is r =n — 1.

We will be interested in I'-invariant joint eigenfunctions of D; in other words, eigenfunc-
tions of D that go to the quotient Y = I'\G/ K. If we choose a set of generators of D, the
collection of eigenvalues can be represented as an element of C". We will recall in Sections
and that it is more natural to parametrize the eigenvalue by an element v € ag,
the complexified dual of a. More precisely, v € ai./W where W is the Weyl group of G, a
finite group given by M’/M where M’ is the normalizer of A, and M the centralizer of A,
in K.

1.2. Semiclassical limit. Silberman and Venkatesh suggested to study the L?-normalized
eigenfunctions (¢) in the limit ||v|| — 400, as a variant of the very popular question
of understanding high-energy eigenfunctions of the Laplacian. The question of “quantum
ergodicity” is to understand the asymptotic behaviour of the family of probability measures
diig(y) = |[¥(y)|*dy on Y = T'\G/K. They considered the case where o has a limit

Voo € ai/W, with the sequence v satisfying a certain number of additional properties that
will be stated in the next paragraphs. For the moment, we just note that the real parts
Je(v) are uniformly bounded, so that Re(vs) = 0 [15, §16.5(7) & Thm. 16.6]. We will
denote Aoy = SM (V) = —iV00.

1.3. Symplectic lift vs. representation-theoretic lift. The locally symmetric space
Y should be thought of as the configuration space of our dynamical system. To introduce
tools from dynamical systems it is necessary to move to an appropriate phase space. Once
we lift the eigenfunctions there, the measures we study become approximately invariant
under some dynamics and we can apply the tools of ergodic theory. Two different kinds of
lifts have been considered thus far: the microlocal lift (we also call it the symplectic lift)
lifts the measure fi; to a distribution fi, on the cotangent bundle 7*Y = I'\T*(G/K),
taking advantage of its symplectic structure. This construction applies in great generality,
for example when Y is any compact Riemannian manifold. The representation-theoretic

3We shall denote by g the Lie algebra of G, by ¢ the Lie algebra of K, and so on.
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lift used in |27, [16], 23], 24 [6], specific to locally symmetric spaces, lifts the measure fi,, to
a measure p,, defined on X = I'\G, taking advantage of the homogeneous space structure
of G/K.

The two lifts are very natural, and closely related. The symplectic lift will be defined
in §3.4} we shall not give the construction of the representation-theoretic lift since we do
not use it. Nevertheless, the representation theoretic vision will enter the picture when it
comes to applying some measure classification results from [, [9].

In the symplectic point of view, the dynamics is defined as follows. On T*(G/K),
consider the algebra H of smooth G-invariant Hamiltonians (i.e. functions), that are poly-
nomial in the fibers of the projection 7*(G/K) — G/K. This algebra is isomorphic to
the algebra of W-invariant polynomials on a* (consider the restriction on a* C 7(G/K),
where 0 = eK serves as the “origin” in GG/K). The structure theory of semisimple Lie
algebras shows that H is isomorphic to a polynomial ring in r generators. Moreover, the
elements of H commute under the canonical Poisson bracket on 7%(G/K). Thus, we have a
family of r independent commuting Hamiltonians Hq, ..., H,, which generate r commuting
hamiltonian flows. The Killing metric, seen as a function on 7*(G/K), is one of them, and
its symplectic gradient generates the geodesic flow. Since all these flows are G-equivariant,
they descend to the quotient T*Y.

Joint energy layers of H are naturally parametrized by elements A € a*/WW. Here is
the geometric explanation : fix a point in G/K, say the origin o = eK. Consider the flat
totally geodesic submanifold A.o C G/K going through o. It is isometric to R", and the
cotangent space T3(A.o0) is naturally isomorphic to a*. If £ C T*(G/K) is a joint energy
layer of H (or equivalently a G-orbit in 7%(G/K)), then there exists A € a* such that
ENTr(A.0) =W - A, the orbit of A under the Weyl group W. See [13] for details. We will
denote &, the energy layer of parameter A.

In Section |3| we will use a quantization procedure to associate to every I'-invariant
eigenfunction ¢ a distribution i, on T*Y, called its microlocal lift. This distribution
projects down to fi, on Y. This is a standard construction, and the following theorem is
an avatar of propagation of singularities for solutions of partial differential equations :

Theorem 1.3. Assume that ||v|| — 400, and that oy has a limit vsg. Let Ao = —iveg €
a*/W. Any limit (in the distribution sense) of the sequence fiy is a probability measure
on T*Y, carried by the energy layer Ex__, and invariant under the family of Hamiltonian
flows generated by H.

oo )

In order to transport this statement to get an A-invariant measure on I'\G, we must
now make some assumptions on A,,. We follow Silberman and Venkatesh, who assume in
[23, 24] that v is a regular element of af, in the sense that it is not fixed by any non-trivial
element of the Weyl group W. They show that it implies Re(r,,) = 0 for all but a finite
number of v,s in the sequence [23, Thm. 2.7 (3)]. The element v, being regular is, of
course, equivalent to A, being regular; and this is also equivalent to the energy layer A,
being regular, in the sense that the differentials dHy, ..., dH, are independent there [13].
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As above, we denote by M the centralizer of A in K. There is a surjective map
(1.1) 7:G/M xa* — T'(G/K)
(1.2) (gM,X) = (9K, g.7)

The image of G/M x {A} under 7 is the energy layer £x. The map ) : G/M x {\} — &,
is a diffeomorphism if and only if A is regular (otherwise 7y is not even injective). Under
’/T;l, the action of the Hamiltonian flow ®%; generated by H € H on &) is conjugate to

gM — gexp(tdH(\))M.

The same statements hold after quotienting on the left by I'. Since H is a function on a*,
the differential dH ()) is an element of a. Denoting by R(e'*) the one-parameter flow on
G/M generated by X € a (acting by multiplication on the right), we can rephrase this by
writing
7o R(e!HN) = @t ox on &,.
If A is regular, the elements dH (\) can be shown to span a as H varies over H. Otherwise,
we have [13]

(1.3) (dH(\),H e H} = {X € a,Ya € A, ({0, \) = 0 = a(X) = 0)},

where A C a* is the set of roots.
Thus, Theorem [I.3 may be rephrased as follows:

Theorem 1.4. Assume A, is reqular. Then any limit (in the distribution sense) of the
sequence fLy, yields a probability measure on I'\G /M, invariant under the right action of A
by multiplication.

This theorem was proved in [23, Thm. 1.6 (3)] using the representation-theoretic lift;
the equivariance of that lift shows that the construction is compatible with the Hecke
operators on I'\G. It is also shown there that the symplectic lift fi,, and the representation
theoretic lift p,, have the same asymptotic behaviour as v tends to infinity, if we identify
Er, CT\T*(G/K) with T\G/M.

Definition 1.5. We will call any limit point of the sequence fi, (or p,) a semiclassical
measure in the direction A..

Thus, we can equivalently see the semiclassical measures in a regular direction as positive
measures on T*(I'\G/K) carried by a regular energy layer, positive measures on '\G /M,
or M-invariant positive measures on I'\G.

1.4. Entropy bounds. Our main result is a non-trivial lower bound on the entropy of
semiclassical measures. We fix H € H, and we consider the corresponding Hamiltonian
flow ®%,;, which has Lyapunov exponents

—xs(H) < < =xa(H) <0< xa(H) < - < xy(H).
In addition, the Lyapunov exponent 0 appears trivially with multiplicity r, as a consequence

of the existence of r integrals of motion. The dimension of a regular energy layer is r + 2.J.
The integer J, the rank r and the dimension d of G/K are related by d = J + r.
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In the following theorem we will denote by xmax(H) = xs(H), the largest Lyapunov
exponent. We denote by hggs(u, H) the Kolmogorov-Sinai entropy of a (®%)-invariant
probability measure p on T*Y. We recall the Ruelle-Pesin inequality,

hics(p, H / ZX] Yy,

which holds for any (®%,)-invariant probability measure p. In general, the Lyapunov expo-
nents are measurable functions on the phase space, but here, because of the homogeneous
structure, the Lyapunov exponents are constant on each energy layer. Thus, if i is carried
on a single energy layer, this reduced to

hKS Na < ZX]

Theorem 1.6. (Symplectic version) Let y be a semiclassical measure in the direction A
Assume that A is reqular.
For H € H, we consider the corresponding Hamiltonian flow ®%; on Er. Then
Xmax (H)
(14) ZERIERED I (TR D

. max (H
jixg (H) > Xmax(H)

Continuing with the assumption that A, is regular, we can transport the theorem to
[\G/M. If we fix a 1-parameter subgroup (e'*) of A (with X € a), it is well known that
the (non trivial) Lyapunov exponents of the flow (') acting on G/M are the real numbers
((X)), where o € a* run over the set of roots A (see Section [2] for background related
to Lie groups). If « is a root then so is —« (one of the two will be called positive, the
other negative, the notion of positivity is explained in detail later). We write cuax(X) for
max, a(X), this is the largest Lyapunov exponent of the associated Hamiltonian flow. Each
root occurs with multiplicity m,, which must be taken into account in the statements below
(the corresponding Lyapunov exponent «(X) would be counted repeatedly, m,, times).

Theorem 1.7. (Group-theoretic version) Let pu be a semiclassical measure in the direction
Ao. Assume that A is regular.

For X € a, let hys(u, X) be the entropy of u with respect to the flow (') acting on
G/M. Then

(1.5) hes(, X) > Y ma(a(X)—O‘mL(X)).

2
OLZCM(X)Z Otma;c(x)

Our lower bound is positive for all non-zero X, in fact greater than O‘%(X) In [11, 3],
the first author and S. Nonnenmacher had conjectured the following stronger bound

hKS ,ua ZX]
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or equivalently

(1.6) hKS(u,X)Z% S e alX).

We are still unable to prove it, except in one case: when all the positive Lyapunov exponents
are equal to one another, so that formula reduces to (1.6). An example is the case
of hyperbolic d-space (G = SO(d,1)) alluded to above. Another, the main focus of the
present paper, is the case of the “extremely irregular” elements of the torus in G = SL,(R).
These are the elements conjugate under the Weyl group to

X =diag(n —1,-1,...,—1).

1.5. Application: towards Quantum Unique Ergodicity on locally symmetric
spaces. In Section [6] we combine our entropy bounds with measure classification results.
Let n > 3, G = SL,(R), I' < G a cocompact lattice. Let u be a semiclassical measure on
['\G in the regular direction A..

The measure p can be written uniquely as a sum of an absolutely continuous measure
and a singular measure (with respect to Haar measure). Since p is invariant under the
action of A, the same holds for both components. Because the Haar measure is known to
be ergodic for the action of A, the absolutely continuous part of y is, in fact, proportional
to Haar measure. We call this the Haar component of p. Its total mass is the weight of
this component.

Theorem 1.8. Let n = 3. Then p has a Haar component of weight > }1.
Theorem 1.9. Letn = 4. Then either y has a Haar component, or each ergodic component
x x x 0

15 the Haar measure on a closed orbit of the group (or one of its J images

x x x 0
x x x 0
00 0 =«
under the Weyl group), and the components invariant by each of these 4 subgroups have
total weight i.

In fact, the proof of Theorem shows the following : if some “extremely irregular”
element acts on u with entropy strictly larger than half of its entropy w.r.t. Haar measure,
then there is a Haar component.

It does not seem to be possible to push this technique beyond SL,. The problem is that
there are large subgroups (in the style of those occuring in Theorem|1.9)) whose closed orbits
support measures of large entropy. For particular lattices, however, these large subgroups
do not have closed orbits, so the only possible non-Haar components have small entropy
and cannot account for all the entropy. For co-compact lattices this occurs, for example,
when I is the set of elements of reduced norm 1 of an order in a central division algebra
over Q, or more generally for any lattice commensurable with one obtained this way (we
say that I' is associated to the division algebra). Such lattices are said to be of “inner type”
since they correspond to inner forms of SL,, over Q (there also exist non-uniform lattices
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of inner type, corresponding to central simple Q-algebras which are not division algebras).
For a brief description of the construction and references see Section [6]

Theorem 1.10. For n > 3 let I' < SL,(R) be a lattice associated to a division algebra
over Q, and let u be a semiclassical measure on I'\SL,(R) in a reqular direction. Then u
ntl 4
2

has a Haar component of weight > —2—

> 0 where t is the largest proper divisor of n.

It is not surprising that the strongest implication is for n prime (so that there are few
intermediate algebraic measures). Indeed, setting ¢ = 1 we find that the weight of the Haar
component is greater than £ in that case. However for n prime Silberman-Venkatesh [24]
show that the semiclassical measures associated to Hecke eigenfunctions are equal to Haar
measure. The main impact of Theorem is thus when the n is composite, where
previous methods only showed that semiclassical measures are convex combinations of
algebraic measures but could not establish that Haar measure occurs in the combination.

Remark 1.11. We compare here our result with that of [24]. That paper studies the
case of lattices in G = PGL,(R) associated to division algebras of prime degree n and
joint eigenfunctions of D and of the Hecke operators. It is then shown that any ergodic
component of a semiclassical measure p has positive entropy; it follows that p must be the
Haar measure. While we cannot get that far, in some respects our result is stronger:

e We do not assume that our eigenfunctions are also eigenfunctions of the Hecke
operators: this means that multiplicity of eigenvalues is not an issue in this work.

e Our lower bound on the total entropy (1/2 of the maximal entropy) is explicit and
quite strong. This allows us to detect the presence of a Haar component in a variety
of cases.

e In particular, for n = 3 we do not need any assumption on the cocompact lattice
I'; and for I' associated to a division algebra, our result holds for all n.

e The Hecke-operator method applies more naturally to adelic quotients G(Q)\G(A)/ K K.
When G is a form of SL,, there is no distinction, but when G = PGL,, the adelic
quotients are typically disjoint unions of quotients I'\G. Even when the quotient is
compact, G-invariance of the limit measure does not show that all components have
the same proportion of the mass. Our result applies to each connected component
separately.

Conversely, there are features of the other approach we cannot reach.

e We cannot control the entropy of individual ergodic components. In particular, we
cannot exclude components of zero entropy.
e The methods of Silberman-Venkatesh apply to non-cocompact lattices as well.

1.6. Hyperbolic dispersive estimate. The proof of Theorem [1.6| (and follows the
main ideas of 3], with a major difference which lies in an improvement of the “hyperbolic
dispersive estimate” : by this we mean [I, Thm. 1.3.3] and [3, Thm. 2.7|. If we applied
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directly the result of [3], we would get

st ) 2 3 (xR0

j=0
This inequality is often trivial (when the right-hand term is negative) whereas in ((1.4]) we
managed to get rid of the negative terms (Xj(H) — X”%(H»

Since the “hyperbolic dispersive estimate” has an intrinsic interest, and is the core of
this paper, we state it here as one of our main results. We fix a quantization procedure,
set at scale i = |[v]|7!, that associates to any reasonable function a on T*Y an operator
Opy(a) on L*(Y). An explicit construction is given in Section [} In particular, it is useful
to know that Op,, can be defined so that, if H € H is real valued, Op,(H) is a self-adjoint
operator belonging to D. More explicitly, Op,,(H) is defined so that Op,(H )y = H(—ihv)y
for any D-eigenfunction 1) of spectral parameter v (hence the choice of the normalisation
h= ).

In order to state the hyperbolic dispersive estimate, we introduce (Pg)g—1,. . & finite
family of smooth real functions on Y, such that

(1.7) VieY, ) Plx)=1.
m=1

We assume that the diameter of the supports of the functions P, is smaller than the
injectivity radius of Y. We will denote by P, the operator of multiplication by Pj(x) on
the Hilbert space L*(Y).

We denote by U' = exp(ih~'t Op,(H)) the propagator of the “Schrédinger equation”
generated by the Hamiltonian H. This is a unitary Fourier Integral Operator associated
with the classical Hamiltonian flow ®;'. The A-dependence of U! will be implicit in our
notation. We fix a small time step 7. R R

Throughout the paper we will use the notation A(t) = U "AU" for the quantum

evolution at time tn of an operator A. For each integer T € N and any sequence of

labels w = (w_rp, -+ ,w_1,wp, - - -wr_1), w; € [1,K] (we say that the sequence w is of length
lw| = 2T"), we define the operators
(1.8) P,=PF, (T-1)P,. ,(T—-2)...P, P, (-1)...P,_.(-T).

We use a smooth, compactly supported function ¢ on a*, supported in a tubular neigh-
bourhood of size € of A,,. The function ¢ is assimilated to the function ¢ o 7=t on T*Y
using the map 7 (|1.1)). We define

~ ~

(1.9) P?=P,, (T-1P

wr—1 wr—2 (T - 2) s Po.lz({Q Oph(¢>P$g2PM71<_1) s PW7T<_T) :
The operator ﬁg should be thought of as ﬁﬂ restricted to a spectral window around A.

Theorem 1.12. (Hyperbolic dispersive estimate) Let Ao, be a regular element of a*. Fix
H € H, and a time step n, small enough. Let 2~ be an arbitrary number < 2.
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Then, for any K > 0, there exists € > 0, such that : if ¢ € C(T*Y) is supported in a
tubular newghbourhood of size < € of the reqular energy layer Ex_, the following statement
holds.

For h small enough, for T = |

@J, and for every sequence w of length 2T,

~ e~ Tn infsupp ¢ x; (H)
(1.10) 1P —em < ] Y

- 1
Jxi(H)2 55

where we take the infimum of each Lyapunov exponent x;(H) over the support of ¢.
The method used in [3] only yields the upper bound:

=T infsupp ¢ X5 (H)

J
a (&
(111) 1P < T
j=1

in other words it involved all the Lyapunov exponents. This is clearly not optimal when
®’, has some neutral, or slowly expanding directions. For instance, if H = 0 then ®%, = [

has only neutral directions. In this case, (1.11]) reads
(1.12) |P2| < h?,

where d is the dimension of Y, which is obviously much worse (for any 7') than the trivial
bound

(1.13) IP2] < 1.

On the other hand, if some of the x;(H) are (strictly) positive, then is much
better than the trivial bound , for very large T'n. The bound given by Theorem m
takes, in some sense, the best of the two bounds in each Lyapunov direction.

The proof of the hyperbolic dispersion estimates occupies Sections[3}[4] [f] The techniques
are completely disjoint from the measure rigidity arguments used in §6, which explains
that §3] [4], [l have a completely different flavor from §6] The tools are those of semiclassical
analysis. We use a version of the pseudodifferential calculus adapted to the geometry of
locally symmetric spaces, based on Helgason’s version of the Fourier transform for these
spaces, and inspired by the work of Zelditch in the case of G = SL(2,R) [28]. We point out
the fact that an alternative proof of Theorem[I.12]is given in [2], based on more conventional
Fourier analysis and the exclusive use of the symplectic language. Sections [3], [ [F] were
written long before the paper [2], as it seemed at first to be the most natural idea to use the
Helgason calculus. The high technicality of these sections served as a motivation to look
for an alternative presentation, and the comparison of the two approaches is a posteriori
in favor of the symplectic language. Thus, the reader might prefer to read [2]| instead of
Sections [3, ], fl However, we feel that the two approaches have an interest of their own.

We will not repeat here the argument that leads from Theorem to the entropy
bound Theorem ; it would be an exact repetition of the argument given in [3, §2|.
Let us just make one comment : in this argument, we are limited to K = m (the

| log A

—Y is sometimes called the Ehrenfest time for the Hamiltonian H, and

time Ty =
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corresponds to the time where the approximation of the quantum flow U* by the classical
flow ®} breaks down). This means that we eventually keep the Lyapunov exponents such

that x;(H) > X"“%(H), and explains why this restriction appears in ((1.4)).

2. BACKGROUND REGARDING SEMISIMPLE LIE GROUPS
Our terminology follows Knapp [15].

2.1. Structure. Let GG denote a non-compact connected simple Lie group with finite cen-
teff] The neutral element in G will be denoted by e. We choose a Cartan involution © for
G, and let K < G be the O-fixed maximal compact subgroup. Let g = Lie(G), and let ¢
denote the differential of O, giving the Cartan decomposition g = ¢ @ p with ¢ = Lie(K).
Let S = G/K be the symmetric space, with o = eK € S the point with stabilizer K. We
fix a G-invariant metric on GG/K: observe that the tangent space at the point o is natu-
rally identified with p, and endow it with the Killing form. For a lattice [' < G we write
X =T\G and Y = I'\G/K, the latter being a locally symmetric space of non-positive
curvature. In this paper, we shall always assume that X and Y are compact.

Fix now a maximal abelian subalgebra a C p.

We denote by ac¢ the complexification a®@ C and by a* (resp. af.) the real dual (resp. the
complex dual) of a. For v € af, we define Re(v), Im(v) € a* to be the real and imaginary
parts of v, respectively. For a € a*, set g, = {X € ¢g,VH € a: ad(H)X = a(H)X},
A=A(a:g)={a€a*\{0},g, # {0}} and call the latter the (restricted) roots of g with
respect to a. The subalgebra gq is ¥-invariant, and hence go = (go Np) B (go N €). By the
maximality of a in p, we must then have gy = a @ m where m = Z¢(a), the centralizer of a
in €.

The Killing form of g induces a standard inner product (.,.) on p, and by duality on
p*. By restriction we get an inner product on a* with respect to which A(a : g) C a* is
a root system. The associated Weyl group, generated by the root reflections s,, will be
denoted by W = W(a : g). This group is canonically isomorphic to Nk (a)/Zk(a). In
what follows we will represent any element w of the Weyl group by a representative in
Ng(a) C K (taking care to only make statements that do not depend on the choice of a
representative), and the action of w € W(a : g) on a or a* will be given by the adjoint
representation Ad(w). The fixed-point set of any s, is a hyperplane in a*, called a wall.
The connected components of the complement of the union of the walls are cones, called
the (open) Weyl chambers. A subset II C A(a : g) will be called a system of simple roots
(or a simple system) if every root can be uniquely expressed as an integral combination of
elements of II with either all coefficients non-negative or all coefficients non-positive. For
a simple system II, the open cone Cyy = {v € a*,Va € II : (v,«) > 0} is an (open) Weyl

Ut G is semisimple our discussion remains valid, but one can even do something finer, as remarked
in [23, §5.1]. After decomposing g into simple factors ©g), and assuming that the Cartan involution, the
subalgebra a, etc. are compatible with this decomposition, one can decompose the spectral parameter v
into its components vU) € al)*. Instead of assuming that |v|| — +oc and Moy has a regular limit v,

one can assume the same independently for each component »(). This means that we do not have to
assume that all the norms [|v)|| go to infinity at the same speed.
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chamber. The closure of an open chamber will be called a closed chamber; we will denote
in particular C; = {v € a*,Va € I1 : (v,a) > 0}. The Weyl group acts simply transitively
on the chambers and simple systems. The action of W (a : g) on a* extends in the complex-
linear way to an action on ag preserving za* C ag, and we call an element v € ag. regular
if it is fixed by no non-trivial element of W (a : g). Since —Cpy C a* is a chamber, there is
a unique w; € W(a : g), called the “long element”, such that Ad(w;).Cy = —Cf;. Note that
wlCx = Cpp and hence wi = e. Also, w; depends on the choice of IT but we suppress this
from the notation.

Fixing a simple system IT we get a notion of positivity. We will denote by AT the set of
positive roots, by A~ = —A™T the set of negative roots. We use p =13 _ (dimg,)o € a*
to denote half the sum of the positive roots. For n = @®,-0g, and n = On = $,0g, We
have g =n@®a®ma@n. Note that n = Ad(w;).n. We also have (“Iwasawa decomposition”)
g=ndadt. We can therefore uniquely write every X € g in the form X = X, + X, + X.
We also write Hy(X) for X,.

Let N, A, N < G be the connected subgroups corresponding to the subalgebras n, a, C
g respectively, and let M = Zg(a). Then m = Lie(M), though M is not necessarily
connected. Moreover Py = NAM is a minimal parabolic subgroup of GG, with the map
N x Ax M — P, being a diffeomorphism. The map N x Ax K — G is a diffeomorphism
(Iwasawa decomposition), so for g € G there exists a unique Hy(g) € a such that g =
nexp(Hy(g))k for some n € N, k € K. The map Hy : G — a is continuous; restricted to
A, it is the inverse of the exponential map.

We will use the G-equivariant identification between G/M and G/K x G /P, given by
gM — (9K, gP) (we denote by gM € G/M the class of g in G/M, and so on). The
quotient G/ P, can also be identified with K/M.

Starting from Hy we define a “Busemann function” B on G/K x G/Py ~ G/M:

(2.1) B(gK, g1 Py) = Ho(k™'g),

where k is the K-part in the K AN decomposition of g; (if g; is defined modulo Fy, then
k is defined modulo M). Equivalently, if gM € G /M, we have

(2.2) B(gM) = a,

where ¢ = kna is the KNA decomposition of g (if ¢g is defined modulo M, then a is
uniquely defined and k is defined modulo M).

In G/K, a“flat” is a maximal flat totally geodesic submanifold. Every flat is of the form
{gaK,a € A} for some g € G. The space of flats can be naturally identified with G/M A,

or with an open dense subset of G/Py x G /Py, via the G-equivariant map
gMA — (gPy, gPo)

where Py = MAN = w Pyw; . We will also use the following injective map from G /M A
into G/PQ X G/P(],

(2.3) gMA — (9P, g Fy).
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Its image is an open dense subset of G/ Py x G /Py, namely {(g1 Py, g2 ), 95 ' 91 € Powi Py}
We recall the Bruhat decomposition G = Uyew (a:q)FowFo, with Pywi Py being an open
dense subset (the “big cell”).

2.2. The universal enveloping algebra; Harish-Chandra isomorphisms. Recall
that D is the algebra of G-invariant differential operators on S. We analyze its struc-
ture by comparing it with other algebras of differential operators.

For a Lie algebra s we write s¢ for its complexification s ®g C. In particular, gc¢ is
a complex semisimple Lie algebra. We fix a maximal abelian subalgebra b C m and let
h = a®b. Then h¢ is a Cartan subalgebra of gc, with an associated root system A(hc : gc)
satisfying A(a : g) = {0)a}tacapeae) \ {0}

If s¢ is a complex Lie algebra, we denote by U (s¢) its universal enveloping algebra; U(gc)
is isomorphic to the algebra of left-G-invariant differential operators on G with complex
coefficients [10].

There is an algebra isomorphism, called the Harish-Chandra isomorphism and described
below, between D and the algebra Dy, (A) of A- and W-invariant differential operators
on A. The latter is canonically isomorphic to U(ac)", the subalgebra of U(ac) formed
of W-invariant elements. Since ac is abelian, U(ac) can be identified with the space of
polynomial functions on a* with complex coefficients.

The Harish-Chandra isomorphism I'ye : D — Dy (A) can be realized in a geometric
way as follows [I1], Cor. I1.5.19]. Consider the flat subspace A.o C G/ K, naturally identified
with A. Fixing D € D, let Ay(D) be the translation-invariant differential operator on A
(that is, an element of U(a)) given by

(An(D)f) (a) = Df(a.0),

for a € A, f € C®(A.0), and where f stands for the unique N-invariant function on G /K
that coincides with f on A.o. Then, we define

FHC’ D e Po AN(D)O ep,

remembering that p is half the sum of positive roots and thus can be seen as a function on
A. Note that

e o An(D)oe” =1,AN(D),
where 7, is the automorphism of U(a) defined by letting 7,(X) = X + p(X) for every
X €a.

In what follows, we denote by Z(gc) the center of U(gc). Thus, Z(gc) is the algebra
of G-bi-invariant operators. Differentiating the action of G on S gives a map Z(gc) — D.
The next lemma allows to compare the isomorphism ['yec with the isomorphism vy :
Z(gc) — U(he)WBee0) that is used in [23] and also bears the name of Harish-Chandra. It
is defined by vxc(2) = 7,,pr(2), where pr(z) € U(bc) is such that z—pr(z) € U(nc)U(ac)+
Ul(gc)tc.

Lemma 2.1. Assume that the restriction from be to a induces a surjection from U(he)W (he:ec)
to U(ac)W (thought of as functions on the respective linear spaces).
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Let D € D be of degree d. Then there exists Z € Z(gc) such that Z and D coincide on
(right- ) K -invariant functions, and such that

Z —1_,Pre(D) € Ung)U(ac)™2 + U(ge)te.

Remark 2.2. The assumption is automatically satisfied when G is split. It is also satisfied
when G/K is a classical symmetric space, that is when G is a classical group [11, p. 341].
In fact the lemma itself is Proposition I1.5.32 of [I1], with the difference of degree between
Z and 7_,I'yc(D) made precise.

Proof. Let D € D be of degree d, so that I'yc(D) € U(ag)" is a polynomial of degree
< d. By assumption, we can extend I'ze(D) to an element of U(he)W®cee) Consider
71 = el ac(D). Tt is shown in [23, Cor. 4.4] that

Zy — - ,Lre(D) € Ung)U(ac)™2 + Ulge)te.
It is not completely clear that Z; and D coincide on K-invariant functions, but the above
formula shows that I'gc(Z1) — I'uc(D) is of degree < d — 2, and hence that Z; — D has
degree at most d — 2.

By descending induction on the degree of I'gc(Z) — I'ye(D), we see that we can thus

construct Z € Z(gc) such that

Z —1_,I'c(D) € Ung)U(ac)* + Ulge)tc
and such that I'ye(Z) — 'ue(D) = 0 (which precisely means that Z and D coincide on
right- K-invariant functions). O

2.3. The Helgason-Fourier transform. In (2.1)) we introduced the “Busemann function”
B. For any 0 € G/ Py, v € af, the function

(2.4) oy T € GJ/K s ePTIB@0)
is a joint eigenfunction of D, satisfying
Deg,, = Tnc(D)(v)eg,.,

for every D € D. Here we have seen 'y (D) as a W-invariant polynomial on ag..
In fact for any joint eigenfunction v of D there exists v € af such that

Dip = Pue(D)(v)y
for every D € D [11}, Ch. IT Thm. 5.18, Ch. IIT Lem. 3.11]. The parameter v is called the
“spectral parameter” of 1; it is uniquely determined up to the action of W.
The Helgason—Fourier transform gives the spectral decomposition of a function u €
C2(S) on the “basis” (ep,) of eigenfunctions of D. It is defined as

(2.5) Fu(d,\) = /Su(as)egy_M(a:)dx,

(A€ a*,0 € G/R). It has an inversion formula:

u(x) = / .7-"u(9,/\)egvi,\(az)d9|0()\)|_2d)\.
G/ Py, NeCy
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Here df denotes the normalized K-invariant measure on G/Fy ~ K/M. The function c
is the so-called Harish-Chandra function, given by the Gindikin-Karpelevic formula [IT]
Thm. 6.14, p. 447]. The Plancherel formula reads

fulfiss = [ |Fu NPl i
0€G/ Py, AT
Remark 2.3. For D € D, D acts on u by

Du(z) = /  Tue(D)(INFu(®, Neon(@)do|e(N)|2dA
0GPy A0

3. QUANTIZATION AND PSEUDODIFFERENTIAL OPERATORS

In this section we develop a pseudodifferential calculus for the symmetric space S, in-
spired by the work of Zelditch [28] and based on the Helgason-Fourier transform, in other
words, on the spectral decomposition of the algebra D. We do not push the analysis as far
as possible, but just state the facts we need for our purposes; for a more detailed analysis
we refer to Michael Schroder’s thesis [22].

3.1. Semiclassical Helgason transform. We now introduce a parameter h. In the se-
quel it will tend to 0 at the same speed as |[v||~'; the reader may identify the two. The
parameter will be assumed to go to infinity in the conditions of §1.2] the limit v, assumed
to be regular.

From now on we rescale the parameter space a* of the Helgason—Fourier transform by
h. We define the semiclassical Fourier transform, Fnu(6,\) = Fu(f, i *)\). Thus, for
u € C(S), we rewrite equation as:

Fru(0,\) = /Su(a:)ea_m_l)\(a:)dx

(A € a*,0 € G/P,). The inversion formula now reads
u(x) :/ T8, Negn-x(x)dbcp(N)| 72,
0€G /Py, AeChy

with the “semiclassical Harish-Chandra c-function”,
[en(N)[ 72 = A7 |e(R7IN) |2
Remark 3.1. By the Gindikin-Karpelevic formula [IT, Thm. 6.14, p. 447|, we have
(AN 72 = pdime
uniformly for A\ in a compact subset of Cp, and thus
lea(A)] 72 =< h?
where d = dima + dimn = dim(G/K).
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We also adjust the Plancherel formula to
(3.1) ||u||%2(s) = / | Fru(0, N)|*d0)|cr(N)|2dA.

From now on, we write for § € G/F, and \ € a*,
e(0, ) = egin-1x
and for z € G/K, 0 € G/FPy and \ € a*
(3.2) e(x,0,\) = egin-1(2).

Note that the h-scaling of A is implicit in this notation. For gM € G/M and A € a*, we
write

(3.3) E(gM, \) = e(gK, gPy, \)

where gK € G/K and gP, € G/ P, are the classes of g respectively in G/K and G/Fy. This
means that we use the identification G/M ~ G/K x G/P, to see the couple of variables
(x,0) in as one variable in G/M.

In the calculations of Section [5] we will sometimes write e(g, ¢, A) (9,9’ € G, A € a*)
instead of e(gK, ¢’ Py, \); and similarly, E(g,A) (g € G, A € a*) instead of E(gM, \).

3.2. Pseudodifferential calculus on Y. The analogue of left-quantization on R"™ in
our setting associates to a function a on G/K x G/P, x Cy the operator which acts on
u e CX(G/K) by

(3.4) Opﬁ(a) u(z) = / a(x, 0, \) Fru(6, )\)e(:c,ﬁ,)\)d0|ch(/\)|’2d)\ )
0€G /Py, \eCy

A similar formula was introduced by Zelditch in [28] (with # = 1) in the case G = SL(2,R);
it is shown there that a — Opj (a) is G-equivariant. The operator Opf (a) can be defined
if a belongs to a nice class of functions, and Zelditch showed that one thus gets a nice
pseudodifferential calculus. We give our regularity assumptions on a below. In any case,
we shall always require a to be of the form b o 7, where b is a function on 7*(G/K) and
7 is the map defined in ; besides, we will assume that b is supported away from the
singular G-orbits in 7*(G/K) (which means that a is supported away from the walls in
Ch). This allows to identify @ in a natural way with a function defined on (a subset of)
T*(G/K).
We define symbols of order m on T*(G/K) (independent of /) in the usual fashion :

S™MG/K) = {b € C*(T*(G/K)) |
for every compact F' C G/K, for every «, 3, there exists C' such that
|DeDLb(,€))| < C(1+[¢))" P for all z € F, £ € T}(G/K)}.
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We also define semiclassical symbols of order m and degree | — thus called because they
depend on the parameter A :

(3.5) S™G/K) = {ba(x,§) = 1 Y Wby(,€), b € S}
5=0
This means that b,(x, &) has an asymptotic expansion in powers of A, in the sense that
N-1
a—nY " Wa;ehtNgmN
j=0
for all N, uniformly in /. In this context, we denote ST =,,505 ™™,

Remark 3.2. As indicated above, we define symbols on G/ K x G/ Py x Cp; by transporting
the standard definition on 7*(G/K) through the map 7 (1.1]). We will exclusively consider
the case when b vanishes in a fixed neighbourhood of the singular G-orbits in 7*(G/K). In
other words, b can be identified (through (1.1])) with a function on G/K x G/Py x Cy, that
vanishes in a neighbourhood of G/K x G /Py x 0Cp. While this restriction was harmless
in the original case G = SL(2,R) treated by Zelditch, here it constitutes a restriction on
the scope of our result. In particular we need to assume that A, is regular in our main
theorem [L.6l There would be serious technical difficulties if one wanted to use the formula
to study the semiclassical limit in a singular direction. In particular one would need
to cope with the singularity of the c-function on the walls. Our aim is not to make an
exhaustive study of the pseudodifferential calculus defined by , but only to introduce
a class of symbols that works for our purposes.

We now project this construction down to functions on Y. Here we do not follow
Zelditch, who defined the action of Op;,(a) on I'-invariant functions in a global manner,
using the Helgason-Fourier decomposition of such functions. We continue to work locally,
which is less elegant but sufficient for our purposes.

We identify the functions on the quotient Y = I'\G/K (respectively T*Y) with the I'-
invariant functions on S = G/K (resp. T*(G/K)). If I has torsion, we shall use “smooth
function on Y” to mean a [-invariant smooth function on S. For a compactly supported
function x on S, we denote Ilrx(z) = > x(v.x). This sum is finite for any x € S, and
hence defines a function on Y.

On S, we fix once and for all a positive, smooth and compactly supported function y
such that > . x(7.#) = 1. We call such a function a “smooth fundamental cutoff” or
a “smooth fundamental domain”. Here we have used the assumption that Y is compact.
We also introduce x € C2°(S) which is identically 1 on the support of x. We define the
quantization of a € S™F N C*°(T*Y) (supported away from singular G-orbits) to act on
u e C®(Y) by:

(3.6) Opy,(a)u = Iy Opf (a)xu € C=(Y).
We note that for any D € D and for any smooth ['-invariant v on S we have
(3.7) II; (XD (xu)) = IIr D (xu) = DIIrxu = Du.
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Thus, and Remark [2.3| imply that the formula Op,(H) = [',[H(—ihe)] still holds
on the quotient (for H € H).

Although we will only need it in a marginal way, one can note that our operators belong
to the usual classes of pseudodifferential operators, defined using the euclidean Fourier
transform in local coordinates. This can be checked by testing the action of Op,(a) on

a local plane wave of the form X(x)ei&T'z in local euclidean coordinates and applying the
stationary phase method.

3.3. Action of Op,(H) on WKB states. Fix a Hamiltonian H € H. The letter H will
stand for several different objects which are canonically related: a function H on T7*(G/K),
a W-invariant polynomial function on a*, and an element of U(a)"

In the following lemma, all functions on G/K and G/M are lifted to functions on G,
and in that sense we can apply to them any differential operator on G. If b is a function
defined on G/M = G/K x G/ Py, and 0 is an element of G/F,, we denote by the function
defined on G/K by by(z) = b(z, ).

Lemma 3.3. Let H € H be of degree d, and let b be a smooth function on G/M. Fiz

A € a*. Then, there exist Dy, € U(nc)U(ac) of degree < m (depending on \ and on H)
such that for any 0 € G/ Py, for any x € G/ K,

Opu(H)-(bge(0, M) (z) = (H()\)b(:l:, 0) —ih (dH(N) - b) (z,0) + Z " Dpb(z, 6)) e(z,0,\).
m=2
On the right H is seen as a function on a*, so its differential dH () is an element of a, and

it acts as a differential operator of order 1 on G/M. FEach operator D,, actually defines a
differential operator on G /M.

Proof. By linearity, it is enough to treat the case where H € U (a)" is homogeneous of
degree d. In this case, we have
Op,(H) = 1 Op, (H) = h'T e[ H (~ie)].
Consider the operator Z related to D = Op,(H) by Lemma 2.1] We have
Op, (H) - (bge(0,A)) (x) = Z - (bg-e(0, A)) ().

In what follows we consider the point (z,6) € G/K x G/P,. We choose a representative
of # in K (0 is then defined modulo M, but the calculations do not depend on the choice of
this representative). We write © = 6nak. This means that the pair (z,0) € G/K x G/ B
corresponds to the point naM € G/M. All functions on G/K and G/M are lifted to

functions on GG, and in that sense we can apply to them any differential operator on G.
By Lemma [2.1) we have

Z-(bge(0,N)) () = Z-(bge(8, N)) (Ona) = 7_,H(—ie)-(bg.e(0, ) (Ona)+D-(bg.e(0, \)) (Ina)

where D € U(ng)U(ac)* 2 and 7_,H(—ie) is used as an element of U(ac) C U(gc).
We use the identity

e(Onag, 0, \) = e+l NBOna) o(p+in~* ) Holg)
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(valid for any g € NA) where Hy is defined in and B is defined in (2.1)). It shows that,
for any D € U(nc)U(ac), the term Dle(f, A)](6na) is of the form Ce(6na, 8, \), where the
prefactor C' depends on D and A=\ but not on §. This prefactor C is in fact polynomial
in A71.

This results in an expression :

Z - (bge(0, X)) (x) = Z - (bge(0, N)) (Ona) = 7_,H(—1e) - (bge(8, \)) (6na)
d—2
+

hde_mb(ena)] e(Ona, 0, \)

m=0

where Dj_,, € U(nc)U(ac) depends only on A and H. )
A term in A~™ can only arise if (0, A) is differentiated m times; but Z being of degree d,

we see then that Dj_,, can be of order d —m at most. The last term, when multiplied by

he, becomes Y% _ h™D,,b. We do not know a priori if the function Dj_,,b (defined on G)

is M-invariant, but the sum Efn_jo h™™Dj_,.b necessarily is an M-invariant function on G,
since all the other terms are. Since h is arbitrary, we see that each D,, must necessarily
send an M-invariant function to an M-invariant function.

Finally, we write

7_,H(—ie) - (bge(0,))) (Ina) = (H(—ie)- (bye(d,ih "\ — p))) e(6na,,0)
= (rgp-12H(—ie) - by) e(fna, b, \).
When multiplying by A%, and using the Taylor expansion of H at ), we have

; ~ (—ih)"
BT anH (—ie) = H(N) — ihdH(\) + 3 :n, A H(\).

i

Definition 3.4. We will refer to a function of the form z — by(x)e(x,0,\) as a WKB
state, using the language of semiclassical analysis.

3.4. Definition of the symplectic lift. Let 1) be a D-eigenfunction, of spectral param-
eter v. With the notation of Section [2.2] the state 1 satisfies

(3.8) Opy(H)¢ = H(—ihw)y

for all H € H.
To ) we attach a distribution fi, on T*Y: for a € C°(T*Y) set

fip(a) = (¥, Oph<a)w>L2(Y)

As described in Section [I| we are trying to classify the weak-* limit points of the sequence
of distributions (fi,) as v — co. We fix such a limit (“semiclassical measure”) p and a
sequence (1););en of eigenfunctions such that the corresponding sequence (fiy,) converges
weakly-* to 1. We assume that the spectral parameters v; go to infinity in the conditions
of paragraph the limit v, assumed to be regular. We let i = h; = ||y;||~*. Writing
A; = hjSm(v;) we have A; — Ao = SM(Ve) = —ive € a*.
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3.5. Other miscellaneous notations. From now on, we fix a Hamiltonian H € H. The
letter H will stand for several different objects that are canonically related: a function H on
T*(G/K) (G-invariant and polynomial in the fibers of the projection 7*(G/K) — G/K),
a W-invariant polynomial function on a*, an element of U(a)".

For any A € a*/W, we denote X, = dH(A) € a. Since A is only defined up to an
element of W, so is X,. One can assume that «(X,_) > 0 for all « € A*. For simplicity
(and without loss of generality), we will also assume that A, belongs to the Weyl chamber
Cn defined in §2.0]

We denote by d the dimension of G/K, r the rank, and J the dimension of N (so that
d=r+J). Let J be the number of roots. We index the positive roots as, . . . , a5 in such
a way that oy (Xa,) < aa(Xa,) < ... < aj(Xa,). With our previous notation, we have
&j(XAw) = Xmax(H)-

We wish to prove Theorem and thus fix some K > 0. We denote by jo = jo(Xa.,)
the largest index j such that a;(Xa.) < 5.

With wy € W the long element, we set: Npsy = Bjsjofa;s Nslow = Dj<joba;r Mast =
Bj>joBurajr Mslow = Dj<jobura; Jo = dimngey = ng o Ma;- The spaces N and fpag
are subalgebras, in fact ideals, in n, n respectively; they generate subgroups Niast, Niast
that are normal in N, N respectively. We note that the definition of Nia, Nast depends
on X, and on K. The action of e *4= by conjugacy on the group N is expanding for
t > 0. The group Npg corresponds to the directions for which the expansion is stronger
than A~'/2 for t = K|logh|. In the same way, the action of e'*w4= by conjugacy on the
group N is contracting for ¢ > 0. The group Niast corresponds to the directions for which
the contraction is stronger than h~'/2 for t = K|log h| (this property is used in .

4. THE WKB ANSATZ

We now start the proof of Theorem [1.12] We first describe how the operator ﬁg (11.9)
acts on the WKB states introduced in Definition [3.4] In Section [3, we will use the fact
that these states form a (generalized) basis to estimate the norm of the operator.

4.1. Goal of this section. Fix a sequence w = (w_p,- -+ ,w_1,wp, - - - wr_1), of length 27
such that Tn < K|logh|. Theorem requires us to estimate the norm of the operator

ﬁi acting on L?(Y). This operator is the same as U~T~U7P where

w41

(4.1) P =P, ,U"...U"PY?*0Op,(¢)PY?U"... P, , . U"P, ,,
Recall that
U' = exp(ih~ 't Op,(H))
is the propagator of the “Schrodinger equation” generated by Op,(H), and that n > 0 is a
fixed time step. In particular, U* is unitary.
In what follows we estimate the norm of P. To do so, we first describe how P acts on

our Fourier basis e(f, A), using the technique of WKB expansion (§4.2)). Then, we use the
Cotlar-Stein lemma ( to estimate as precisely as possible the norm of P.
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The sequence w_r,...,wr_1 is fixed throughout this section. Instead of working with
functions on Y we work with functions on G/K that are I'-invariant. For instance, the
operator ]3w appearing in (4.1)) is the multiplication by the I'-invariant function P,. We
assume that each connected component of the support of P, has diameter smaller than £
where p is the injectivity radius of Y. Let @, be a function in C2°(S) such that ITr@,, = P,
and such that the support of @, has diameter < £. We denote by @w the corresponding
multiplication operator. Finally we introduce @/, in C2°(S) which is identically 1 on the
support of @, and supported in a set of diameter £.

We decompose

(4.2) P =SU,

where

(4.3) Uy = Op,(¢)PY2U"P, | ... U"P, ., U"P, .
and

(4.4) S=PY*. . .UP, ,UP, ..

4.2. The WKB Ansatz for the Schrodinger propagator . We recall some standard
calculations, essentially done in [3]. Here the formulae take a special form, due to the fact
that the functions e(#, A) are eigenfunctions of Op,(H).

On S, let us try to solve

—@ha = Op,(H),

in other words

a(t) = U'u(0),
with initial condition the WKB state @(0,x) = ax(0,x)e(x, 0, ). We only consider ¢ > 0.
We assume that aj is compactly supported and has an asymptotic expansion in all the C"

norms as aj ~ ZmZO h™a,,. We look for approximate solution up to order A, in the form
of an Ansatz

itH(\) z‘tH(A)

u(t,z) =e n e(x,0,\)ap(t,x) =€ & e(x,0,N)

ME‘

3
I

Let us rather write

it H (A itH (A M
(4.5) u(t,z) = e o e(z,0, Nan(t,z,0,0) =¢ 7 D e(x,0,\) Z m(t,z,0,0)

to keep track of the dependence on # and A; the pair (z,6) then represents an element of
G/K x G/Py = G/M, and a,, can be seen as a function on R, x G/M x a*. Identifying
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powers of A, and using Lemma [3.3] we find the conditions:

(4.6)
85‘;()( (,0),\) = (dH(N) - ag) (t, (z,0),\) (0-th transport equation)

% (¢ (2,0),\) = (dH(N) - am) (£, (z,0), X) + S > ikt Diar(t, (x,0), X)
(m-th transport equation) .

The equations (4.6) can be solved explicitly by
ao(t, (z,0), A) = ag(0, (z,0)e' ™, N),

in other words
ao(t) = R(e"*)ag(0),

where R here denotes the action of A on functions on G/M by right translation, and
X)x=dH()N). Form > 1,

anm(t) :R(etX*)am(O)+/t elt=9Xx) ( Z Z Djag(s >

0 1=2 I+k=m+1

If we now define u by (4.5)), u solves

ou itH(\) d Ml m
_Zha Oph(H)u—e h 6(9,)\) Z 4 I +lDlam 7 79 )‘)
=2 m=M+1-1
and thus
¢ | 4  M-1
Jut) = U'a@)llos) < [ |3 B | Ditn(5) | r2¢s) | ds
O | =2 m=nr41-

< t€(2M+d 2)tmax, c a+ a(Xx)” Z Z fmt IZHam ] ||023+l

=2 m=M+1-1

S CthM 2M+d 2)tmaxaeA+ (X))~ ZHCLm ||CQ N —m)+d—2

Since D,,, belongs to U(nc)U(ac), in the co-ordinates (x,#) it only involves differentiation
with respect to z. We also recall that D,, is of order m. To write the last inequalities we
have used the following estimate on the flow R(e/*) (for ¢t > 0) :

i

dxN
and we have denoted y~ = max(—y,0) for y € R.

a0

< e—tN minaeA+ OZ(X)\)
- dxN

a((z,0)e"™)
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Remark 4.1. This calculation will later on be used only for A\ € supp(¢), where ¢ is the
cut-off function in Theorem [1.12] By assumption ¢ is supported on a neighbourhood of
size € of Ay, and by the conventions chosen in §3.5] we have a(As) > 0 for a € A*. We
thus have a(X,) > —e for all @« € AT and X € supp(¢). We see that our approximation
method makes sense if

(47) hMe(2M+J72)t6 << 1

The integer M can be taken arbitrarily large, it will be fixed at the end of this Section
(depending on the K for which we want to prove Theorem @ and t will be of order
K|log h|. We can choose € (depending on K) such that condition (4.7) holds : take e such
that 1 — dKe > 0.

Remark 4.2. On the quotient Y = I'\ S, the same method allows to find an approximate
solution of U'TIru(0) in the form ITru(t) (where Iy is the periodization operator used in
Section [3.2)). The same bound

M—-1
(4.8) [Tru(t) = UTIru(0) | 2oy < CERM e Y20 S ™ a0 ot -myva -

m=0

holds, provided that the projection S — Y is injective when restricted to the support
of ap(t). If the support of a;(0) has diameter strictly smaller than the injectivity radius
of Y, this condition will be satisfied in a time interval ¢ € [0,7,] with Ty > 0. The time
Ty depend only on A (and is uniform for A in the support of ¢) and, of course, on the
Hamiltonian H. In the statement of Theorem [[.12] 7 being “small enough” means that we
must take n < Tj.

We can iterate the previous WKB construction 7" times to get the following description
of the action of Uy on ITr@Q;, _e(0,A) (the induction argument to control the remainders
at each step is the same as in [3] and we will not repeat it here):

Proposition 4.3.
(4.9)

, ITRHQ) T
UTIRQY, ,e(6,3) = Ty [ 7 e(0, ) AT (0,0,3)| + Opagy) (1) |2, e(6, N | 12¢s)
where
M~
(4.10) (z,6,)) Z (z,6, \).

3
L

The function a(()T) (x,0,)) is equal to

(411) ) (2,0,0) = 6(0) PL2@) P, (2,007 Py (2,003 . Qu_ ((,0)e™),

where we have lifted the functions P, (originally defined on G/K ) to G/M = G/K xG/P,.

The functions ag) have the same support as aéT). Moreover, if we consider ag) as a
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function of (x,0), that is, as a function on G/M, we have the following bound

1Z¢ TS)H < Crmoz,(T) ASOupT{e_(éHm)jn a(XA)}
7=0,...

if Zo belongs to go. The prefactor Cp, 4z, (T') is a polynomial in T
From (4.11)), we see that we only need to take into account the energy parameters \ in
the support of ¢, hence e-close to A,,. In particular, with the conventions of §3.5, we have
a(Xp,) >0 for « € AT and (X)) > —e. Thus, the last bound of the proposition reads
1Z5ai2 || < Oz, (T)el 2T e

for € AT,
We chose 7 (the time step) small enough to ensure the following: there exists v =

Yor_powo € I' (independent of 6 or A) such that
(4.12)

(@,0,0) = ¢(\) Q%0 ~H (@) P, (2, 0)e™ ) P, (2, 0)e™) ... Quv_p (1, 0)eT™).
This means that the function a(()T)(O, 0, ) is supported in a single connected component of

the support of P%Q.
We will also use the following variant:

Proposition 4.4. Let v =, _,,
Up(Q,, ov e(0,)) =

where

yeeey Wi

e(6, A><x>A<T>ofy (2,0, \) + O(WM)|Q., o e(0, N (s

iTnH(X)
h

)(x,6, ) D (2,6, \).

Mi’

Remark 4.5. For the operator & @, analogous results can be obtained if we replace
everywhere A by w; - A, n by —n, and the label w_; by w;.

Remark 4.6. Let u,v € L*(Y). We explain how the previous Ansatz can be used to
estimate the scalar product (v, Ugu) L2(Y) (up to a small error). This is done by decomposing

u and v, locally, into a combination of the functions e(f, ) (using the Helgason-Fourier
transform), and inputting our Ansatz into this decomposition.

In more detail, we note that P, , = PW_THFQET, so that Uyu = Z/{¢HFQ;}27TU. We use
the Helgason-Fourier decomposition to write

Q2 0) = Qg @) [ (@) (000 ) )0 ()]0

Applying Cauchy-Schwarz, the Plancherel formula (3.1]), and the asymptotics of the c-
function (Remark [3.1)), we note that

/aﬁ(A);éo ‘fh <Q;,TU> (0, )\)‘ df|ci(\)|2d\ = O(h_d/2)”u”L2(Y)
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We write

2
(4.13) <U>M¢U>L2(Y) = <U,U¢HFQw_TU>L2(Y)

_ / i (QLy) (0,2) (0, UsTIrQL (0, 0) ) dBlen(N)| AN+ [l 2 0] 22w
B(\)#£0

We now use Proposition [£.3] to replace U, by the Ansatz,

iTnH()\)

/ _ (T) M )
<v,u¢,HpQw_Te(6,)\)>L2(Y) (0,75 e(0,0) A (0,9,)\)>L2(S)+O(h ollzzey)

iTnH(\)

= (Quey v 0.0 AT (w0 0)

= Qv e @ N 0y AD(e0.0)) O]

+ O [[vll 2y

where v = 7,_,.. 4, 1S the element of I appearing in (4.12)). Thus,
(4.14)

(v, Utt) 12y = /

#(A)#0

iTnH(X\)

Fo (QUgre) 0.0 (QUuyoe ™ Fe0.X) 0 AT (10.0.)) | dblen(N)| A

+ O )l 2wyl 22 w)-
In this last line we see that replacing the exact expression of U, by the Ansatz induces
an error of O(AM=42)||v||2(yy||ullz2cy). We will take M very large, depending on the
il

constant K in Theorem , so that the error O(hM ~4/2) is negligible compared to the
bound announced in the theorem.

5. THE COTLAR—STEIN ARGUMENT.

We now use the previous approximations of U (4.3]) and S (4.4) to estimate the norm of
P (4.1)). This is done in a much subtler manner than in [I], 3], because we want to eliminate
the slowly expanding/contracting directions.

5.1. The Cotlar-Stein lemma.

Lemma 5.1. Let E, F be two Hilbert spaces. Let (A,) € L(E,F) be a countable family of
bounded linear operators from E to F. Assume that for some R > 0 we have

sup Y || 45 A2 < R
"o

and

sup >[4 477 < R
L

Then A=Y A, converges strongly and A is a bounded operator with |A|| < R.

We refer for instance to 7] for the proof.
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5.2. A non-stationary phase lemma. Let {2 be an open set in a smooth manifold,
and consider a vector field Z, a smooth function J and a measure M, all three defined
on (), with the property that for every smooth compactly supported function f one has
fQ(Zf)d/\/l = fQ fJdM.
We require asymptotics for integrals of the form
i (2)

(5.1) Ih:/ﬂeha(m)d/\/l(x) :

where S, a are smooth functions on €2, with a compactly supported.
The following lemma is a variant of integration by parts.

Lemma 5.2. Let S € C*(Q,R) and a € C(2). Assume that ZS does not vanish, and
let Dy be the operator

a aJ

Da=7(55) - 75

Then, with Iy, as in (5.1) above, we have

I, = ih/eiséz) Dza(z)dM(z) ,

and hence (iterating n times),

I = (i) / =2 D a(2)dM(2),
where D7, has the form

n., —_
D7ja =

ZkazB S ... 7S
Z ka(lj)vm (ZS)m

m>n,k+m<2n,y 1;<n
for some smooth functions Jy ;) m(x) which only depend on Z, J, M but not on a or S.

5.3. Study of several phase functions. In this paragraph we study the critical points
of several functions; this will be useful when applying the stationary phase method.

5.3.1. Sum of two Helgason phase functions. We refer to for the notation pertaining
to the structure of the group G, and in particular for the definition of the function H,.

Proposition 5.3. (i) Let g1 Py, g2 Py € G/Py. Let \,v € Cyy be two elements of the closed
nonnegative Weyl chamber. Consider the function on G/ K,

(5.2) gK — XN.Hy(g; 'gK) +v.Hy(gy 'gK).

Then, this map has critical points if and only if v = — Ad(wy).\.

(i1) Let \,v € Cyy be two (regular) elements of the positive Weyl chamber. Let g1 Py, go Py €
G /Py, and assume that g; ‘g € Pyw Py (we don’t assume here that the conclusion of (i) is
satisfied). Write gfng = bywby with by, by € Fy.

Then, the set of critical points for variations of the form

t— )\.Ho(etngng) + V-Ho(etxgz_ng>a



QUANTUM LIMITS ON LOCALLY SYMMETRIC SPACES 27

with X € nis precisely {gK, g € g1b1A}. Moreover, these critical points are non-degenerate.

Remark 5.4. The set of critical points in (ii) is {gK, g € g1 Py, gwy € g2Pp}, that is, the
flat in G/K determined by the two points g1 Py, g2 Py by (12.3)).

Proof. (i) It is enough to consider the case g; = e. By the Bruhat decomposition, we know
that there exists a unique w € W such that g € PywF,, that is, go = bjwby for some
by,by € Py. The map (j5.2]) has the same critical points as the map

(5.3) gK — M\.Hy(gK) + v.Ho(w by ' gK),

and they are the images under g K — b;gK of the critical points of

(5.4) gK — \.Hy(gK) + v.Hy(w 'gK).

For X € a the derivative at ¢t = 0 of

(5.5) t = NHy(e*gK) + v.Hy(w e gK)

is A(X) + v(Ad(w™1)X). Thus, for the map to have critical points, we must have
MX) +v(Ad(w™1)X) =0

for every X € a. Letting X vary over the dual basis to a positive basis of a*, we see
that v = — Ad(w).\ is in the nonnegative Weyl chamber, and this is only possible if
v = — Ad(w).\ where wj is the long element of the Weyl group (this does not necessarily
mean that w = w; if A is not regular).

(ii) Here we assume that v and A are regular, and that we are in the “generic” case where
g1 'g2 € PywPy. Starting from (5.4)), we now consider variations of the form

(5.6) t e NHo(e™ gK) + v.Hy(w; e gK)

for X € n. The term \.Hy(e'*X gK) is constant, and it remains to deal with v. Hy(w; 'etX g K).
Write g = wjanK, n € N,a € A, and denote Y = Ad(w;).X € n, Y = Ad(a™")Y. We
have

v.Hy(w e gK) = v.Hy(e?Y anK) = v(a) + v.Ho(e 'nK) = v(a) + v.Ho(n 'e! ' nkK).
Hence
d
au.Ho(etYanK) = v.Hy(Ad(n 1)Y").
We see that the set of critical points of ([5.6)) is the set of those points g K, with g = wjanK

such that n satisfies v.Hy(Ad(n')Y”) = 0 for all Y’ € i Since v is regular, one can check
that this implies n = e. This proves the first assertion of (ii).

Finally, assume that we are at a critical point, that is, gK = aK in . We calculate
the second derivative at t = 0 of ¢ = v.Hy(w; 'e!¥aK) when X € n. We keep the same

notation as above for Y and Y.
Let U =Y'—0(Y’) € £. By the Baker-Campbell-Hausdorff formula, we have

(5.7) oY et@(Y’)+§[Y’,@(Y’)HO(tS)etU _ etG(Y’)eg[Y’,G(Y/)]—s-O(t?’)etU'
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Remember that §(Y’) € n, and that the function H is left-N-invariant. This calculation

shows that the second derivative of t — v.Hy(w; 'e**aK) is the quadratic form

X—=v (Y, 0Y")])),
where Y’ = Ad(a~!) Ad(w;).X. This is a non-degenerate quadratic form if v is regular. [

5.3.2. Variations with respect to N. In this section we need the decomposition g = n@®a®
m @ n. We will denote 7m,, 74, 77 the corresponding projections. We note that m, = Hy,
since n C n+ .

We also recall from our two decompositions n = zjgjo Bup-a; P Zj>j0 Gua; =
Nglow D Npast and n = > i<jo Ba; @ > i>jo 8a; = Nslow © Npast. The space N is an ideal of n,
and we denote the associated (normal) Lie subgroup by Nga.

Lemma 5.5. Fixn € N and a € A. Then there exist two neighbourhoods Vi, Vs of 0 in 1,
and a diffeomorphism ¥ =W, ,: Vi — V5 such that

e Mnae™ e NAYY, e Vi, Y, €V <= Yy = U(Y)).

Moreover, the differential at 0 of ¥ (denoted V() preserves the subalgebra Ny, defined in
. Finally, if we write e"Ynae?™) = n(Y)a(Y) and a}, for the differential of a(Y) at
Y =0, we have

ay.Y = mg[Ad(na) ¥y (Y)].
Proof. We apply the implicit function theorem. For Y; = 0, the differential of Y5 —
nae¥(na)™! at 0 is Yo — Ad(na).Yo. What we need to check is the equivalence of

ma[Ad(na).Ys] = 0 and Y, = 0, which is the case since Ad(na) preserves n @ a @ m.
So the existence of U is proved, in addition the differential ¥y is defined by

Y = m:[Ad(na).0;.Y]

for Y € n. Since Ad(na) preserves the space n @ a @ m @ fge, (without preserving the
decomposition, of course), ¥(.Y must belong to figey if Y does.
The last formula is simply obtained by differentiating e~ nae?®) = n(Y)a(Y). O

In the next lemma, recall that ¢ is the Cartan involution.
Lemma 5.6. (i) The set
{n € N,Hy(Ad(n)Y) =0 VY € Ungow}

is, near the identity, a submanifold of N tangent to nyg.
(ii) Let v € a*. For T =% A+ To €0 (with Ty, € go), for f € AY and Zg € gz we
have

v.Hy (Ad(exp(T))9(Z3)) = — (v, B){Ts, Z3) + o([[ T[]} 7—0l| Zs]|
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Proof. The differential of T +— Hy(Ad(exp(T))Y) is T — Ho([T,Y]) (T € n). Take
Y = 9(Zs) for some B € AT and Zz € gg. We have Hy([T,Y]) = — (T, Zs)Hp where
Hgs € a is the coroot [14, Ch. VI §5, Prop. 6.52].

In particular, having Hy([T,Y]) = 0 for all Y € Ungey is equivalent to T' € ng,g. The
first claim follows from the implicit function theorem.

For the second claim, note that v(Hz) = (v, ). The remainder is uniform over § since

there are finitely many roots.
O

5.4. First decomposition of P. We want to use the Cotlar-Stein lemma to estimate
the norm of the operator P, defined in . To do so, we will decompose P into pieces.
Our first decomposition of P is obtained by covering G/Fy by a finite number of sets ;
described below. We use the fact that there is a neighbourhood Q of eFPy in G/ P, that is
diffeomorphic to a neighbourhood of e in N, via the map

Using compactness, we can find an open cover of G/F, by a finite number of open sets €;
such that, for every i, there exists ¢g; € G with Q; C ¢;Q2. Introduce a family of smooth
functions xq, on G/F such that yq, is supported inside €2; and >, xo, = 1. We then
define the pseudodifferential operators

QZU(Z') - / th(k?, wy - V)Q;0<I>X91(k)€(‘r7 k7 wy - V) dk |ch(V)|_2dV7
keG/Py,veCn

and

where S and U, were defined in (4.4)), (4.3), IIr is the periodization operator and @, is
the cut-off function introduced in §3.2

Obviously, P = >, P;. The sum over i is finite, and we now fix i. The variable k stays
in Ql

The reason for using w, - v in the definition of Q; — in other words, for working in the
negative Weyl chamber — becomes apparent in the following remark, which is only valid
for v € Cfy.

Remark 5.7. Let v = yu; .., defined as in (4.12).
Proposition (4.4) (and Remark can be generalized by writing

—iTnH(v)

(5.9) 9SS (Q;Tilo v e(k,w - 1/)) =e 1 elk,w-v)BDoy (z,k,w -v)

+ Oy (B1QL 0y elk,wr- )| rxs),
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where now

M—
(5.10) BD (z, k,wy - v) Z 0D (2, ke wy - v)),
(5.11)

05" (2, ey wiv) = xa, (k) P2 (@) Py (2, k)™ ™) By (2, k)e 2Xm) L Quy (2, k)e™ T DXy
= Xa,(K)QY2 oy~ H (&) Py ((z, 0)e ™) Py (2, k)e 2 m ) L Quy, (2, k)e™ T DX )

and the next terms have the same support as the leading one (their derivatives are bounded
the same way as in Proposition [4.3)).

In the next paragraphs we will concentrate our attention on brackets of the form:

(5.12) (@2 elbown-v). QUL om O N) .
for \,v € Cny, 0,k € G/Fy. We take 71 = Yo_y...wo a0d Y2 = Yp_1...wo as defined in (4.12)).
These are none other than the matrix elements of the operator P; (5.8)) in the Fourier basis

e(d, ).

5.5. Second decomposition of P. The index i being fixed, we will apply the Cotlar-
Stein lemma to bound the norm of P; . We decompose P; as a sum of countably many
operators, and this decomposition is technically more involved.

We have assumed that we have a diffeomorphism from a relatively compact subset of
N onto Q;: 7y + g Py. We can write the Haar measure on Q; as dk = Jac(n;)dn,
where Jac is a smooth function on N (we suppress from the notation its dependence on
g:). Accordingly, for k = g;n1 Py € €;, we now write e(g;n1,w, - v) for e(k,w; - v).

Let us look at the scalar product , that can also be written as

(5.13) <Qi3QLT,1072 e(gina, wy - v), Us@Q,, , o1 e(h, /\)> :

We only need to consider the generic case where 6 € g¢;n; Pyw Py, that is, 6 is of the
form g;nyniw Py (with n; € N). In addition, we may always assume that A and v are
regular, since in the end they will have to belong to the support of the cut-off function ¢.
Proposition (ii) tells us that the stationary points of the phase function

gK — )\Ho(e_ng) -+ V.Ho(k’_ng), k= gi/ﬁflpﬂ
with respect to variations

(ginan)e™ (giamy) tgK, X €n,
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are the points of the form gK = g;nynia; K with a; € A. Thus the set of critical points is
of codimension J. The stationary phase method then gives:

(5.14) (QiSQL, o elgim,w-v), Ul , o e(6,)))

= hJ/Q/ d(X, a1)Cr (ginanyar M, X wy - v) e(gininiay, ging, wy - v)
a1€A
e(gimniay, gininqwy, A) day
with an asymptotic expansion valid up to any order,
Cr (ginamiar M, A wy - v) ~ Z " e (ginaniag M, A wy - v)
and

(5.15)
co (giminias My N wy - v) = (A(T) o y1(giimarw M, X)) (B(T) o Yo (gitimar M, wy - v))

(and the next terms have the same support as the leading one). The functions AT and
B are the ones appearing in (4.10) and (5.10). They are functions on G/M x a*; to
simplify the notation we will see them as (M-invariant) functions on G x a*.

The term d(\, a1) is the prefactor involving the hessian of the phase function in the

application of the method of stationary phase, it is a smooth function.
Using the notation (3.3]), the expression (5.14) can also be written as

(5.16) (QiSQL, o elgimn,w-v), U, o e(6,)))

- hJ/2/ d(A, a1)Cp (gitimar, A, wi - v) E(gininiar, wy - v)
a1EA
E(giﬁlnlalwla )‘) day.

We see from ((5.15)) that the asymptotics of our scalar product only takes into account
the elements g;n1nya; with

A(T) oM (giﬁlnlalwl, )\)B(T) o 72(9727_11”1@17 wy - V) ;é 0.

From (4.10)) we see that we must have ¢(\) # 0.

In the next lemma, we recall that ); C ¢;{2, an open subset of G /P, defined at the
beginning of §5.4. We fix ¢y > 0 such that the exponential map is a diffeomorphism from
B(0,10¢p) in g onto its image in G.

Lemma 5.8. Assume that the diameters of Q) and of supp Q., are smaller than ey. Then
there exist ng € N and ag € A such that

B(T) o yg(gmlnlal,wl . V) 7£ 0

implies nya; = ngagg, where g € N A is €y-close to identity.
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Proof. Note from the expression of B) o, that, if it is not 0, we must have

giN1n1a1 € supp Qu,-
The element ¢; varies in a finite set and n; varies over ) which is of diameter < ¢;. We

also assume that supp @, is of diameter < ¢j, so that n; and a; must both vary in sets of
diameter < €. In other words, nia; stays in some ball of diameter < ¢, in N A. O

Since 717 stays in €, it follows that fiynia; M itself is ep-close to ngagM in G/M. From
now on we write g;n1nja1 M = gngaggM, where g € GG varies in a neighbourhood of e of
diameter < ¢y. We will always choose a representative g € exp(nd®adn). By G-equivariance
we may assume ¢;ngag = 1, which we do from now on.

In the next proposition, we show that the support of the function c¢ is rather
small; and especially small in the “fast” expanded or contracted directions.

Proposition 5.9. (Contracting and expanding foliations)

(1) Let v be such that a;j(X,) > 0 for all a;j € At with j > jo (this is of course
the case if v is close enough to Ay ). Suppose we have gM and g'M both €y-
close to eM such that BTo~y (g,w -v) # 0 and BMoxy (¢, wy-v) # 0, then
979 = exp(X + P ea+ Yo + Pacar Yura) with X € a,Ys € ga, [|X]], [Yall < €0,
and [|Y,.o; || < epe " IMwra)Xuiv) = ¢ e=Tnei(Xe) for j > j;.

(2) Similarly, assume that o;(Xy) > 0 for all a; € AT with j > jo. Suppose we have g
and g' both ey-close to eM such that AT oy (guy, \) # 0 and AT oy (g'wy, ) # 0.
Then ¢~ 'g = exp(X + Y, Ya) with X € a,Y, € go, | X[, [[Yall < €, Yo, <

coe 11N for § > jo.

Actually, the claim holds for all j, but we will only use it for 7 > j,. The other directions
will receive a different treatment in

Proof. Assume that the term B™o~, (g,w - v) does not vanish. The evolution equation
shows that we must havdﬂ
o geT=n¥u M € 75t supp Quy
o gM € supp Q-
If gM and ¢’M both satisfy the two conditions above, then we see that ¢'~'g must be
eo-close to identity. Also, eT=D1Xuwv g'=1ge=(T=DnXuwiv myugt stay in the fixed compact set

M supp QWT_I]’l supp Qu, M C G.

Let us write ¢’ 'g = exp(X 4+ ca+ Ya+ 2 nen+ Yura) as in part (1) of the claim. Writing
the action of A in the co-ordinate system gives the claim. The proof of the second part is
similar. O

Finally we write gM = nnaM with n € N,n € N,a € A all ey-close to identity. We
decompose n = e¥ ngast, and 7 = ¥ Mpagt, ¥ € Ngiow ~ R0, Y € figow =~ R both €y-close to
0 (we fix a vector space isomorphism that sends the root spaces to the coordinate axes of

Here the Q,, are treated as functions on G//M that factor through G/K.
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RJO); and Ngast € Niasty Tfast € Niast DOth €g-close to 1. The quantity ¢ is fixed, but can be
chosen as small as we wish. Note that the previous Proposition restricts ng. and ng.g to
sets of measure [], o LM (XN and T i>do pe” Tme;i(X0) regpectively.

On the other hand, in the “slowly” expanded or contracted directions, the support of
the function ¢ is still of size > A'/? (this is how we chose to define the “slow”
directions). This leaves room for breaking the support of ¢y into pieces of diameter 2'/? in
these directions. The size i'/? is critical in the application of the stationary phase method.

In what follows we break P; into countably many pieces along the “slow” directions,

Pi = > Pg,p.t20)

(F,9,t,20)EZ0 X 270 X 7T X I

to which we shall apply the Cotlar-Stein lemma. The dependence on the index i is now
suppressed from the notation.

On R¢ (¢ = Jy or £ =) we choose a smooth nonnegative compactly supported function
x! such that

(5.17) d XY -y =1
yezZt
and such that y*(Y).x*(Y +y) =0 for all Y € R and y € Z* with ||y|| > 2.
Let (§,y) € Z7 x Z7 and let (t,\g) € Z" x Z'. Denote 2* a fixed real number > 2.
Define x{,,,(Y,Y) = x(h"V2Y — g)x(h7V/2Y — y); and x4 (A) = x"(h"/*" A = Xo)

and x'(a) = x"(h""/?*"a — t). Also define X?g,y,t)(gM) = X?z?,y,t) (Y,Y)x(a) if gM is an

element of G/M that is decomposed as gM = e?ﬁfasteynfastaM , as described above.
We define an operator Sy y1) : L?(G/K) — L*(G/K) by

def %H(V)

Syt (e(k,w-v)) (x) = e
for all k € G/Py, v € C;. We then define

6(277 k)wl ' V) X?g,y,t)(‘r’ k) Xi)i\o(y) B(T)OIYQ (I’, ka wy - V)

def . /
7D(Q,y,t,Ao) = HFQ;T,I © 72 S(g,y,t,Ao)Z/ﬂth,T ©71-
We have )
|Pi — Z Pl llizov)—r2cv) = O(RM4?),

(F,y:t,h0) €22 ot
which can be checked by noting that the sum Z(g,y,t,Ao)€Z2 Jor2r Syt ro) 8ives back our
Ansatz for O;S, and by arguing as in that the difference between 9;S and
the Ansatz is of order O(hZM —4/2) Again we choose M large enough so that the error
O(hM=4/2) is negligible compared to the bound announced in Theorem .

The scalar product (5.13)) now appears as a sum of the terms

<S(ﬂ,y,t,Ao)€(ﬁP07 wy - V), U¢Q;7T oy e(, )\)>
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over all (7,y,t, o) € Z*>*?. We need only consider the generic case where 6 € nPyw P,
that is, 6 is of the form 6 = nnw, Py (with n € N); the non-generic case has zero measure.
It follows from the previous discussions that this scalar product is non-negligible only if n
and n stay in some sets of diameters < €p; and, without loss of generality, we have assumed
they are both eg-close to identity. As in , we have by the stationary phase method

(518) <S(Q,y,t,/\0)€(ﬁP0a w - V)a u(]ﬁQ:u,T oM 6(07 /\)>

= hJ/Q/ d(\, a) Cf(ig’y’t’ko) (mnaM, A\, w, - v) E(fna, w, - v)E(nnaw, \)da
acA

where

(5.19) C’ég’y’t’ko) (mna, \,w; - v) = Z "¢ (Ana, A, wy - v)

and

(5.20) ¢ (Ana, \,wy - v) = AT o 4y (Anaw, ) BT o ~y(Ana, wl.y)x%’w) (Ana)xh, (v)

The expansion (5.19) holds in all C* norms over compact sets. The function c,, (ina, A, w; - v)
can be expressed in terms of 2m derivatives of

AT o~y (Ainaw, \) BT o vy (An'd’, wl.u)x?g’y7t) (ﬁn’a’)xi0 (v)

atn’ =n,d = a.

Remember the notation 7 = e¥'n Fasty = e¥'n fast- By Proposition , and Ry definition
of the cut-off functions x”°, X", our scalar product is non-negligible only if Y,Y stay in
a set of measure £70/2" and n fasts M fast Stay in a set of measure [] i>do e~ Tma; a5 (XN) and
| J P e~ Tma; i (Xv) - respectively.

5.6. Norm of P¢, . Py We are now ready to check the first assumption of the
Cotlar-Stein lemma, that is, to bound from above the norm of P . . Py.t.a0)-

Let u,v € L*(T\G/K). We write

<P(i,fc,s,1/o)vv 73(174/,15«\0)u>r\G/K

- <Q(/UT_1 © 728{%7%‘787”0)2/4%)@;2—7’ © "}/1 v, 62ZUT—l © P)/ZSEkgvva)\O)u(z)Q:‘?—T © 71 u>G/K

= (StaaraantoQy 0N, Siyyangho@2y 0mw) |+ O[]
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We develop fully this scalar product using the Fourier transform.

(52]‘) <8{£,x,s,uo)u¢Q;;2,T °MNnv, S{gj,y,t,)\o)uchffT °MN U>G/K

_ / A0 er (V)] AN |en (V) 2N F (@, 0 ) (0.0 F (@, o v) (8,X)

<S(*f,a:,s,uo)u¢Q;),T © 716<0/7 /\/)7 S(},y,t,)\o)uﬁbQ;},T © 716(‘9’ )\)>G/K

— / A0t/ dk|en(\)| 2N en(V)] 20N en(v) |2 Fi (QL, 0 1) (6, N F5 (@l 0 0) (8, N)

<M¢Q;},T B 716(0,7 >‘,)7 S(:E,x,s,yo)€<kv wy - V)> <S(ny7t:)\0)€(k7 w - V)M¢Q;,T © 716(0’ )\)>G/K

_ / d0dl’ Jac(i)di|cn(N)|~2dAen(N)|"2dN en ()| 2dv F (Q;_T °om u) 0, \)Fs (Q;_T om v) (@, \)

<U¢Q;,T o 716(9,7 >‘,)7 S(i,x,s,uo)e(ﬁPOa wy - V)> <S(g7y,t7)\0)€(ﬁpo, wr - V)’ M¢Q:«LT ° 71€<97 >\)>G’/K

Finally, in equation (5.21)), we write § = nnw Py and ' = nn'w, Py (we can do so on a
set of full measure). We have shown in ((5.18)) that

(5.22)

<M¢>Q;;_T © 716(9', )‘I)a S(a‘c,m,s,uo)e(ﬁpm wy - V)> <S(?3,y7t,)\0)€(ﬁpﬂa wy - V)? U¢Q;_T © 716(97 )\)>G/K

= h‘]/ d(X, a) C’,(ig’y’t”\()) (nnaM, X\, wy - v) E(nna,w, - v)E(Anaw, A)da
acA
/ d(N,d') CE) (n'a M, N w - v) E(an'd’,w; - v)E(nn’a'w;, N)da'.
a’€A

Already we can note that Cf(iy’y’t’AO) (AnaM, \, w - v) C_’,(f’x’s’yo) (an'a’ M, N, w, - v) can only
be non zero if X?g7y7t)(ﬁnaM)X?i’w)(ﬁn’a’M) # 0, and from the properties of x”° this can
happen only for ||z —g|| < 2. For the same reason, it can only be non zero if ||vg— Ag|| < 2.

Now we try to show that decays fast when ||z — y|| gets large. Using (5.22)), the
last integral in appears as a function of the pair (fna,nn'a’). We have an oscillatory
integral of the form , with a phase

(5.23) S(nana,nn'a’) = X.B(Ainauwy M) + (w, - v)[B(an'a’") — B(Aina)] — X .B(an'a'w, M)
= A.B(nnaw M) + (wy - v)[a' — a] — N.B(nn'a"w M),

where B is the function on G/M defined in or . We want to do “integration by
parts with respect to n” and use Lemma [5.2] However, because the derivatives of S with
respect to n are tricky to compute, it is preferable to use a vector field Z with the property
that Z.B(nnawM) = 0 and Z.B(an'a'w,M) = 0.

Consider a variation of the form

Y Y

U7 (Ana, in'd’) — (Aane™ a, an'd'a"*e¥™a) = in(e™ a,n ' d'a ¥ ™ a),



36 N. ANANTHARAMAN AND L. SILBERMAN

forYen =WV, 1,4,,1 defined in Lemma [5.5] and 7 € R. By definition of ¥, the two
elements nne™ a and an’a’a=*e¥™)a are in the same N A orbit, for all 7. Such a variation

preserves the terms B(nn'a’wyM) and B(nnaw, M). We call Z the vector field dd%w:o' We

note that each term of the product

Fn (Q;,T om u) (nnw Py, \)Fy <Q:LT oM v) (an'w Py, N') E(nnaw, A) E(nn'a’w,, \')
is invariant under W7, The function C V¥ (ina M) C™**) (in/aM) satisfies
(5.24) |Zm ey ) (na ) CF ") (an'd M)|| < C(m)i™?",

by the expression and of ng’y’t’“) and C;(f’w’s’y(’) : the growth of the derivatives
comes from the cut-off y;.

Now we want to apply the integration by parts lemma [5.2] so we need to understand
ZS =7 ((w -v)(B(rn'd') — B(nna))) .

Lemmas and tell us that if we write n™'n’ = exp(T) with T'= > ., Tn, and if
Y is chosen such that then 9U{(Y) € g for some € A, we have -

(5.25)  ZS(ana.an'a’) = —(w - v, B)(Ad(a~"a') Ty, 9TH(Y)) + o[ T]) [ H(Y)].

We are interested in those n,n’,a,a’ such that C’,(f’y’t”\o) (nnaM) C_’,gj’x’s’yo) (nn'aM) # 0.
This implies ||log(n~'n') — A2 (x—y)| < 8k'/?". We also have |[log(a—'d")|| < €. We thus
choose /8 such that ||| > 3 <h1/2+“£€ —yll - 8h1/2+), and Y such that 90} (V) = 2

sl

We now apply Lemmato the last expression of integral (5.21]), integrating by parts N-
B -N
times using the vector field Z. If ||z—y|| > 16 we gain a factor i <h1/2+ |z —yl|| — 8h1/2+>

which comes from the non-stationarity of the phase, but we lose a factor A=N/2" which
comes from (5.24). This yields that (P z.s.0)0, Pgatrg)tt)y is bounded from above by

C(N)hN(l—Q/zﬂ
max(16, ||z — y[)™

/ Jac(n)dn Jac(n')dn' Jac(n)dnda da'x?gﬁy,t) (fmaM)X?j’z’s) (nn'a' M)|cp(N)|72dN ca(N)|72dN |en(v)|2dv

oo (V)X () ‘]:h (Q;,T oM U) (nnun Py, \)Fr, (Q;,T oM U) (nn'w Py, ')

for an arbitrarily large integer N. For any 71, n, n/, just by looking at the size of the support
of the function, we have

/ da da'x{y, ;(AnaM)X(s . o (An'a’ M) = OB/,



QUANTUM LIMITS ON LOCALLY SYMMETRIC SPACES 37
so the previous bound becomes
hN(1—2/2+)
max(16, [l — y|))¥
/Jac(n)dn Jac(n')dn' Jac(n)dn|cy(N)|"2dN|cp(N)|72dN |en(v)|2dy

J}:L2r/2Jr

XQO(V)XZO(V) ’]:h <Q;}_T oM U) (nnwn Py, \)Fy, (Q;_T °Nn U) (ﬁn/wlPOa X)

We also apply integration by parts with respect to v, a and a’. Here we do not have to
use Lemma [5.2] but just apply integration by parts in its “usual” form : we can note that
the phase S (5.23) has the form S(nna,nn'a’) = (w, - N)a + (w; - v)[d — a] — (w; - N)a' +
s(fin, A, \') for a function s that does not depend on a,a’,v. We see that N integrations
by parts in (5.21)) with respect to the variable v allows to gain a factor —N,” which comes

h
N HaL—a
from the non-stationarity of the phase, but we lose a factor A~/2" from (5.24). This

¢ RN (1-1/27T) RN (1-2/27T)
la—a’||V ’ llt—slI™

C,gg’y’t’)‘o) (nnaM) C’g’r’s’m) (an'aM) # 0.

Similarly, integrations by parts with respect to a allow to gain a factor

yields a gain o which is less than if ||t — s|| is large enough and if

pva-1/27%)

_— 1l
oo 5 and

pN(1-1/27T)
o
contribution to ([5.21]) of those A, X', v with ||\ — v|| > A2 or ||A — v|| > hY/? is O(h>).
We find that (P(z,z,s,.0)0, P(z77y,t7/\o)u>y is bounded from above by

integrations by parts with respect to o’ allow to gain a factor . In particular, the

1 1
(5.26) - _h R/
max(16, ||z — y||)Y max(16, ||t — s||)V

/ Jac(n)dn Jac(n')dn' Jac(n)dn|ey(N)|"2d\en(N)|72dN |en(v)|2dy

Xa, W)xL, (v) ‘fh <Q;}_T oM u) (nnaw Py, \)Fy, (Q;_T oM v) (nn/ w1 Py, )| .

In this integral, A, A, v are all e-close to A, (they are all in the support of ¢), and each of
them runs over a set of volume /A"/2"; 7 runs over a set of measure h70/2" [Li-s e~ Tmag o (Xo)

—Trma oy (X
mma; @i (X3) “and n/ runs over a set of measure

+
n runs over a set of measure A7/2" [
Jo/2t —Tnma ;o (Xyr)
h | JPNC j :

Using Cauchy-Schwarz and the Plancherel formula we find that the integral

J>Jjo €

/ Jac(n)dn Jac(n')dn'|cp(N)|72d\|cp (X)) 2dN

‘]-"h (Q;_T oM u) (A, nnw, Py) F, <Q;_T oM U) (n'w Py, ')

is bounded by h~h’0/2" pr/2" Hj>j0 R aj(XU)HUHLQ(Y)HUHLQ(Y)'



38 N. ANANTHARAMAN AND L. SILBERMAN

The integral [ Jac(n)dn|cy(v)|">dv adds another factor B dp /2 /2t Hj>j0 e~ e nfy esupp(o) @ (Xo),
Overall we find that

| ”P:j,ﬂt,s,llo),])(gvyutv)\o) H

1 _ 1 _ hJ+4r/2+72d+2J0/2+
— max(16, ||z — y[|)N max(16, ||t — s||)¥
H e~ Tma; infycsupp () @5 (Xv)
J>Jjo
and it vanishes for || —g[| > 2 or |[vg — Aol| > 2.
Choosing N large enough, we can sum over all (y,y,t, \g), and we find

+_ + - i ;
> PG sy Pt |12 < R0 T2 T T mma infucaumnto) 3 (X,
(F,y:t. M) €L T0T2T 3>jo
Remembering that J = d — r and that 2% could be chosen arbitrarily close to 2, we get
Jo—J : .
E ||7D (z,x,8,10) P(gvy7t>)‘0) || 12 <h H e*Tnmaj inf, esupp(p) @5 (Xv)
(F,y,t,M0)€Z2T0+27 J>Jjo

where 27 is smaller than, but arbitrarily close to 2.

5.7. Norm of 77(33@7571,0)73(*17 Uto)" Using a similar calculation reversing the roles of N and
N, we get the same bound,

Jo—J .
* 1/2 0, 7T77mot i lnle su o (XV)
: : ||,P(5331757V0)P(g7y7t7>\0)|| S h 2 | I € / Esupp(9) &7

(F,y,t,M0)EZ2T0+27 J>jo

Using the Cotlar-Stein lemma and the fact that the a(X,) coincide with the Lyapunov
exponents x;(H) on the energy layer &,, we get Theorem [1.12]

6. MEASURE RIGIDITY

In this section we prove Theorems and [I.I0] The proofs combine our entropy
bounds with the measure classification results of [8, 9] and the orbit classification results
of [I7, 26] which give information about A-invariant and ergodic measures that have a large
entropy.

Proposition 6.1. (Measure rigidity theory) Let G be a split group, and let p be an ergodic
A-invariant measure on X = T'\G.

(1) [8, Lem. 6.2 there exist constants so(p) € [0, 1] associated to the roots o € A, such
that for any a € A,

his(p,a Zsa (log a( ))+
acA

Here t* = max{0,t} fort € R. Furthermore, so(p) = 1 if and only if p is invariant by the
root subgroup U,.
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(2) |8, Prop. 7.1] Assume that so(i), sp(p) > 0 for two roots o, B € A such that a+ 5 €
A. Then so4p(p) = 1.

(3) |8, Thm. 4.1(iv)| If G is locally isomorphic to SL,, and so(p) > 0 for all v, then u
is G-invariant.

(4) 19, Cor. 3.4] In the case G = SL,, we have s,(p) = s_o(p) for all roots .

We do not know if (4) holds in general.

Now let p be an A-invariant probability measure with ergodic decomposition p =
Jx tzdpi(z). For each subset R C A let Xy be the set of x such that the ergodic com-
ponent u, satisfies {a, so(p:) > 0} = R. Write wg = pu(Xg) and if wg > 0, let
1R = wLR fXR pradp(z), so that pp =, A wrpr. Fixing a € A, from Proposition (1) we
have for each R separately that

hxs(pr,a) < Z log a(a

a€ER
(this is in fact an avatar of the Ruelle-Pesin inequality). Averaging with respect to R we

get
his(p,a) < Z wRZ log a(a

RCA a€ER
By Proposition (2)7 wr = 0 unless R is closed under the addition of roots, so we may
assume that only such R are included in the sum. In the case G = SL,, parts (4) and
(3) show, respectively, that it is enough to consider those R which are symmetric and that

HA = UHaar-

Proposition 6.2. Let G = SL3(R), T' a lattice in G, and p an A-invariant probability
measure on T\G, such that his(p, a) > this(UHaar, @) for a = X, X = diag(2, -1, -1),
diag(—1,2,—1), and diag(—1,—1,2). Then wa > }1, that is, the Haar component has
weight at least ;11.

Proof. The possible sets R are A, (), {a, —a}. In the case of SL,, the roots are indexed by
{ij,1 <4,5 <n,i# j}: jisdefined by a;;(X) = X;;—X;. Consider a = diag(e', e!, e7?).
Then hgs(fgaar,a) = 6 (since s, = 1 for all «), hrs(pp,a) = 0, hrxs(pz,a) = 0,
hics(ps,a) < 3, his(pzs, a) < 3. Thus,

(61) 3 < th(,u, Cl) < 3U)13 + 3'LU23 + 6’LUA.
This implies
WA — W12 Z 1 — (wA+w12+w13+w23) Z 0
By symmetry it follows that wa > w3 and wa > wy3. Returning to , it follows that
In fact, if hs(p, a) > (% + e) hics(fHaar, @) for a = X, X = diag(2, -1, —1), diag(—1, 2—
1), or diag(—1, —1,2), then wp > 3e. O

Putting together Theorem [I.7 and Proposition [6.2] gives Theorem [I.8|
For SL4 the analogue of Proposition [6.2] is given below. Theorem [1.9]is an immediate
corollary.
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Proposition 6.3. Let G = SL4(R), p an A-invariant probability measure on I'\G, such
that hics(p, a) > (3 + €) hics(iraar, @) for a = X, X in the Weyl orbit of diag(3, —1, -1, —1).
Then wa > 2¢. If e = 0 and there is no Haar component, then each ergodic component is

the Haar measure on a closed orbit of the group (or one of its 4 images

under the Weyl group), and the components invariant by any of these 4 subgroups have
total weight %.

Theorem and its analogue for G = SL4 apply to any lattice I'. On the other hand
for G = SL,, with n large some quotients I'\G support ergodic invariant measures of large
entropy other than Haar measure, so our entropy bound is not strong enough to obtain a
Haar component. However, for some lattices I' there are further restrictions on the set of
ergodic components, so that non-Haar measures have much smaller entropy. This is the
case where I is a lattice associated to a division algebra.

We give here a quick outline of the construction, refering the reader to [26] and its
references (or [18]) for a detailed discussion. Let F' be a central simple algebra of degree n
over Q and assume that F' splits over R, that is that /' ®g R ~ M, (R). Next, let O C F'
be an order, that is a subring whose additive group is generated by a basis for F' over
Q. Finally, let O' C SL,(R) denote the subgroup of elements of O with determinant 1
(“reduced norm 17). Such O! are in fact lattices; any lattice I' < SL,,(R) commensurable
with some O! is said to be of inner type. We simply say that they are associated to the
algebra F. Our Theorem applies when the lattice is co-compact, which is the case if
and only if F is a division algebra.

We shall need the fact that those measure rigidity results of [9] which are stated specif-
ically for SL,(Z) apply, in fact, to any lattice of inner type, since the proof of Lemma 5.2
of that paper carries over to the more general situation. We give the argument here:

Lemma 6.4. Let I' < SL,(R) be a lattice of inner type. Then there is no v € T, diag-
onalizable in SL,(R), such that £1 are not eigenvalues of vy and all eigenvalues of v are
simple except for precisely one which occurs with multiplicity two.

Proof. Say that I' is associated to the central simple algebra F', and let O be an order in
F such that I' N O! has finite index in T.

Assume by contradiction that there exists v as in the statement, and choose r so that
~v" € O. Since O is a ring with a finitely generated additive group, the Cayley-Hamilton
Theorem shows that 4" is integral over Z. It follows that every eigenvalue of 4", hence of 7,
is an algebraic integer. The fact that det(y) = 1 now shows that the rational eigenvalues
of v must be integral divisors of 1, so by assumption all eigenvalues of v are irrational. Let
f(z) € R[z] be the characteristic polynomial of 7, when ~ is thought of as an element of
SL,(R). We will show f(z) € Q[z]. Then the multiplicity the eigenvalues of f would be
Galois invariant giving the desired contradiction. For the last claim extend scalars to C
and note that the usual proof that the reduced trace and norm belong to Q applies to the
entire characteristic polynomial. U
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Proposition 6.5. Let n > 3 and let t be the largest proper divisor of n. Let G = SL,(R)
and let T' < G be a lattice of inner type. Let u be an A-invariant probability measure on
\G such that hxs(pt,a) > $hrs(ftbear, a) for a = ¥, X a Weyl conjugate of diag(n —

(n+1)

1,—1,---,=1). Then wa > —2 'S 0. In other words, [ must contain an ergodic

component proprtional to Haar measure.

Theorem [L.10] follows.

Proof. As above, let i, be an ergodic component of y that has positive entropy with respect
to eX. By [9, Thm. 1.3] (replacing Lemma 5.2 of that paper with Lemma above) [
must be algebraic: there exists a closed subgroup H containing A, and a closed orbit zH in
I'\G, such that pu, is the H-invariant measure on zH. By [17] (the arguments are contained
in the proof of Lemma 4.1 and Lemma 6.2) and [26] (see Thm 1.2 and §4.2), H must be
reductive, and conjugate to the connected component of identity in GLi(R)' N SL,(R);
where n = ki and GLi(R)! denotes the block-diagonal embedding of I copies of G L(R)
into GL,(R).

By the discussion following Proposition [6.1| we see that for such lattices I' the possible
sets R are obtained by partitioning n into [ subsets By, By, ..., B; of equal size k, and
letting

R ={a;j,1 <i,j <n,3usuch that i € B, and j € B, }.

Consider a = diag(e" !, et ... e ). Then hxs(ftraar,a) = n(n — 1), and for every

subset R defined as above by a non-trivial partition, we have hxg(ur) < n(t —1). The
inequality hxg(p,a) > %hKS(,U/Haa’ru a) now shows that

n—1
waln—1) + ZwR(t—l) > 5
R#AA
In other words we have
n—1
wa(n —1)+ (1 —wa)(t—1) > 5
which is equivalent to the statement of the theorem. [l
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