ENTROPY AND THE LOCALIZATION OF EIGENFUNCTIONS.

NALINT ANANTHARAMAN

ABSTRACT. We study the large eigenvalue limit for the eigenfunctions of the
Laplacian, on a compact manifold of variable negative curvature — or more
generally, assuming only that the geodesic flow has the Anosov property. We
prove that the Wigner measures associated to eigenfunctions cannot concen-
trate entirely on sets of small topological entropy under the action of the
geodesic flow, such as, for instance, closed geodesics.

1. INTRODUCTION, STATEMENT OF RESULTS

We consider a compact Riemannian manifold M of dimension d > 2, and as-
sume that the geodesic flow (g?)icr, acting on the unit tangent bundle of M, has a
“chaotic” behaviour; this refers to certain asymptotic properties of the flow when
time ¢ tends to infinity: ergodicity, mixing, hyperbolicity... Here we mean that the
geodesic flow has the Anosov property. The name “quantum chaos” expresses the
belief that the chaotic properties of the flow should still be visible in the correspond-
ing quantized dynamical system: that is, according to the Schrédinger equation, the
unitary flow (exp(iht%))te]R acting on the Hilbert space L?(M) — where A stands
for the Laplacian on M and A is something proportional to the Planck constant. At
the quantum level, one expects that the chaotic features should express themselves
in certain behaviours of the eigenfunctions of the Laplacian, or in the distribution
of its eigenvalues (see [Sa95]). These ideas rely on the fact that the quantum flow
(exp(iht%)) 1er COnverges, in a sense to be precised below, to the classical flow (g*)
in the so-called “semi-classical limit” A — 0: one likes to imagine that “for A
small” the qualitative behaviour of quantum system will be related to that of the
classical flow.

The convergence of the quantum flow to the classical flow is stated precisely
in the Egorov theorem. Let us consider one of the usual quantization procedures,
say Opp, which associates an operator Opy(a) acting on L?(M) to every smooth
compactly supported function a € C°(TM) on the tangent bundle TM. The
Egorov theorem says that, for fixed t,

 hA L hA
I exp(—th).Oph(a).exp(th) — Opi(ao g")||r2y = O(h).

—

In this paper, we focus our attention on the behaviour of the eigenfunctions on
the Laplacian,

—h? Ay, = Py,

in the large energy limit h — 0 (we simply use the notation h instead of h, and —#
ranges over the spectrum of the Laplacian). Let us consider an orthonormal basis
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of eigenfunctions in L*(M) = L?*(M,dVol) where Vol is the Riemannian volume.
Each wave function vy, defines a probability measure on M:

[vn (z)[2dVol(x),
that can be lifted to the tangent bundle by considering the distribution
Vpa €& CCOO(TM) — <Oph(a)’(/)h,’(/)h>L2(M),

usually called Wigner measure or Husimi measure (depending on the choice of the
quantization) associated to the eigenfunction 1)y; or also, sometimes, “microlocal
lift” of the probability measure |, (z)|?dz. If the quantization procedure was cho-
sen positive, which can be done using Friedrichs symmetrization (see [Ze86], Section
3, or [Co85], 1.1), then the distributions vy,s are actually probability measures. It
is possible to extract converging subsequences of the family (vp,)n—0, and the limit,
say g, of such a subsequence is necessarily a probability measure carried by the
unit tangent bundle S'M C TM. In addition, the Egorov theorem implies that
Vo is invariant under the (classical) geodesic flow. We will call such a measure
vy a semi-classical invariant measure of the flow. The question of identifying all
such measures vy arises naturally: the Snirelman theorem ([Sn74], [Ze87], [Co85],
[HMS87]) answers that the Liouville measure is one of them, in fact it is a limit along
a subsequence “of density one” of the family (v3,), as soon as the geodesic flow acts
ergodically on S'M with respect to the Liouville measure. It is not known in such
a general context whether there can be exceptional subsequences which converge to
other invariant measures, like, for instance, measures carried by closed geodesics.
It was conjectured in [RS94] that the whole sequence actually converges to the Li-
ouville measure, if M has negative sectional curvature: this is called the “Quantum
Unique Ergodicity” conjecture.

The problem was solved recently by Lindenstrauss ([Li03]) in the case of an arith-
metic surface of constant negative curvature, when the functions 1, are common
eigenstates for the Laplacian and the Hecke operators; but little is known for other
Riemann surfaces or in higher dimension. In the setting of discrete time dynam-
ical systems, and in the very particular case of linear Anosov diffeomorphisms of
the torus, Faure, Nonnenmacher and De Biévre provided counter-examples to the
conjecture: they constructed semi-classical invariant measures formed by a convex
combination of the Lebesgue measure on the torus and of the measure carried by a
closed orbit ([FNDBO03]). However, it was shown in [BDBO03], for the same discrete
time model, that semi-classical invariant measures cannot be entirely carried on a
closed orbit.

1.1. Non-concentration on sets of small topological entropy. We work in
the general context of Anosov geodesic flows for manifolds of arbitrary dimension,
and we are interested in the entropy of semi-classical invariant measures. The Kol-
mogorov entropy, also called metric entropy, of a (g*)-invariant probability measure
vy is a nonnegative number hy(1y) that measures, in some sense, the asymptotic
complexity of a generic orbit of the flow when time tends to infinity. For example, a
measure carried on a closed geodesic has zero entropy; said the other way round, a
measure having positive entropy cannot be entirely carried on a closed geodesic. On
the other hand, an upper bound on entropy is given by the Ruelle inequality: since
the geodesic flow has the Anosov property, the unit tangent bundle S M is foliated
into unstable manifolds of the flow, and for any invariant probability measure v



one has
(1.1.1) hg(yo)g/ log J* (4)|dvo (v),
ST M

where J%(v) is the unstable jacobian of the flow at v, defined as the jacobian of
g~ ! restricted to the unstable manifold of g'v. In (1.1.1) equality holds if and
only if vy is the Liouville measure on S'M ([LY85]). Thus, proving Quantum
Unique Ergodicity is equivalent to proving that hy(vo) = [, [log Ju|dvy for any
semi-classical invariant measure vy. But already a non-trivial lower bound on the
entropy of vy would be nice.

Denote

x =— sup logJ"(v).
veESTM

For instance, for a d-dimensional manifold of constant sectional curvature —1, x =
d — 1. We will prove the following theorems:

Theorem 1.1.1. Let F be a closet subset of S'M, invariant under the geodesic
flow, with a topological entropy hiop(F) < 5. Then, under Assumption (I) below,

Vo(F) < 1.
In other words, the support of vy has topological entropy greater than .

Remark 1.1.2. Assumption (I) is a technical assumption of real analyticity for the
propagator of the Schrodinger equation, which is straighforward to check for a
manifold of constant curvature —1.

Remark 1.1.3. The so-called Variational Principle ([KH]) asserts that, if F' is a
(g')-invariant closed subset of S1M,
sup hg(v) = hiop(F),
v(F)=1
where the supremum runs over the set of (g*)-invariant probability measures sup-
ported on F ([KH]). Thus, the conclusion of Theorem 1.1.1 is weaker than the

statement that hy(1p) > .

Conjecture 1.1.4. For any semi-classical measure vy,
1
hg(vo) > 5/ | log J“(v)|dvo(v).
S1M

Theorem 1.1.1 is to be compared to the results in [BDB03], according to which
the semi-classical invariant measures cannot be entirely carried on a closed geo-
desic. See also [CP94], where it is proved, in constant negative curvature, the
concentration on a closed geodesic cannot be too fast.

The proof of Theorem 1.1.1 is based on the following ideas: if 1 is a semi-classical
measure, we construct in paragraph 1.3 a sequence of invariant “pseudo-measures”
converging to vy and for which we prove nice exponential estimates for the measures
of the so-called cylinder sets, at the heart of the concept of entropy (Theorem 1.3.3).
Conjecture 1.1.4 would follow immediately from the semi-continuity of entropy, were
our pseudo-measures genuine probability measures. This is unfortunately not the
case since they are not positive. What we obtain at the end is not an estimate
of the metric entropy of vy, but a lower bound for the topological entropy of the
support of vg. The method should work for more general hyperbolic hamiltonian
systems. In [ANO05] it is implemented for the toy model of the Baker’s map, for
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which Quantum Unique Ergodicity is known to fail. The analogue of Theorem 1.1.1,
as well as Conjecture 1.1.4 are proved (with considerable simplifications due to the
nature of the model); is also shown that the bound of Theorem 1.1.1 is achieved,
for this toy model. Thus, Theorem 1.1.1 should not be interpreted as a step in the
direction of Quantum Unique Ergodicity, but rather as a general fact which holds
even when Quantum Unique Ergodicity is known to fail.

In the next paragraph we recall the definition of metric entropy. Then, in para-
graph 1.3, we construct our pseudo-measures, and state Theorems 1.3.3 on the
decay of the measures of cylinder sets, the key to Theorem 1.1.1. All these results
rely on Theorem 4.0.1, which — speaking very roughly — uses the uniform hyperbol-
icity of the classical flow to estimate the kernel of exp(ih%)" when h — 0, and
for large n.

1.2. Entropy of the geodesic flow.

Topological entropy. We denote hio,(S'M) the topological entropy of the
action of (g*) on S*M. More generally, if F C S'M is closed and invariant under
(g"), we denote hyop(F') the topological entropy of the flow restricted to F': we refer

to [KH] for the definition.
We linger more on the definition of metric entropy:

Metric entropy.

Recall the definition of metric entropy, defined by Kolmogorov and Sinai. Let
S'M = P, U...U P, be a finite measurable partition of the unit tangent bundle
S1M. The entropy of vy with respect to the action of geodesic flow and to the
partition P is defined by

hg(Vo, P)

= lim —— Z V0(PayNg ' Py, ...Ng " Py, ) 10g Vo (PayNg ™ ' Pay..0g " Pa,)
(o) €{L,....1}n+1

1 - —n - —n
Z V0(PayNg ™ Py, ...0g™ " Py, ) log vo(PagNg™ ' Pay..Ng" " Pa,).
(CTDIS I

Il
o
=8

|

\

The existence of the limit, and the fact that it coincides with the inf follow from a
subadditivity argument. Then, the entropy of v itself with respect to the action
of the geodesic flow is defined as

hg(VO) = Sllljp hg(VOa P)a

the supremum running over all finite measurable partitions P. Rather often, this
supremum is actually reached for a well-chosen partition P.

The entropy is non-negative, and bounded a priori from above; for instance, on
a compact d-dimensional riemannian manifold of constant sectional curvature —1,
the entropy of any measure is smaller than d — 1; more generally, for an Anosov
geodesic flow, one has an a priori bound in terms of the unstable Jacobian, called
the Ruelle inequality (see [KH]):

hy(vo) < / [ og J*|dv,
St M
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with equality if and only if v is the Liouville measure on S*M ([LY85]) — let us also
mention the so-called Variational Principle, asserting that, if F is a (g?)-invariant
closed subset of S'M,
sup hg(v) = hiop(F),
v(F)=1
where the supremum runs over the set of (g')-invariant probability measures sup-
ported on F ([KH]).

For later purposes, we reformulate slightly the definition of entropy. The follow-
ing definition, although equivalent to the usual one, is a bit different, in that we
only use partitions of the base M1.

Let P = (Py,...P,) be a finite measurable partition of M (instead of S*M); we
denote €/2, (¢ > 0) an upper bound on the diameter of the P;s. We can also
consider P as a partition of the tangent bundle, simply by lifting it to TM.

Let X = {1,...1}%. To each tangent vector v € S1M one can associate a unique
element I(v) = (;)jez € ¥, by requiring g’v € P,, for all integers j. Thus, one
defines a “coding map” I : S'M — X. If we define the shift o acting on X by

o((aj)jez) = (aj41)jez,
we have Jogl = oo 1.

We introduce the probability measure py on 3, image of vy under the coding
map I. More explicitly, the finite-dimensional marginals of ug are given by

/L()([ozo7 ...7an,1]) =1g(Pay Ng ' Poy...Ng " P, ).

We have denoted [ap, ..., a,—1] the subset of 3, formed of sequences in ¥ begin-
ning with the letters (ayg, ..., @n—1); such a set is called a cylinder set of length n.
We will denote X, the set of cylinder sets of length n; they form a partition of 3.

Since g is carried by the unit tangent bundle, and (g*)-invariant, its image pq
is o-invariant. The entropy of pg with respect to the action of the shift o is

. 1
(1.2.1) ho(po) = dim == > pio(C)log io(C)
cex,
. 1
(1.2.2) = IITlLf** 1o (C) log 11o(C).
" ces,

The fact that the limit exists and coincides with the inf comes from the remark
that the sequence (= ccs. 0(C)log o (C))nen is subadditive, which follows from
the concavity of the log and the o-invariance of g (see [KH]). Then, hy(1p) is the
sup, over all partitions P of M, of the entropies h,(ug) obtained by the previous
construction: we can indeed restrict our attention to partitions P depending only
on the base M, and work with time one of the geodesic flow ¢!, if the injectivity
radius is greater than one (a harmless assumption we will make in the rest of the
paper).

The advantage of definition (1.2.2) is that the entropy, defined on the set of
o-invariant probability measures on X, is the infimum of a family of continuous
functions, and thus is an upper semi-continuous function (for the weak topology).
In other words, if we could find a sequence (uy) of o-invariant probability measures

IThe reason for doing so is to be able to work with multiplication operators in paragraph 1.3,
instead of having to deal with more general pseudo-differential operators.
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converging to pg on %, and satisfying — for some 8 > 0 and some positive real
numbers (Cy),
pi(C™) < Cre "

for every n € N, every cylinder set C(™) of length n, and every k, this would imply
that ho(po) > B and thus hy(vg) > 5.

This motivates the following attempt to find a lower bound on the entropy of the
semi-classical measure pg, by “quantizing” the construction above, and estimating
the rate of decay of the quantum measures of cylinder sets.

1.3. The quantized construction: estimates on the decay of the measures
of cylinder sets.

1.3.1. The measure pyp,. Since we will resort to microlocal analysis we have to re-
place characteristic functions Ip, by smooth functions. We will assume that the P;
have smooth boundary, and will consider a smooth partition of unity obtained by
smoothing the characteristic functions Ip,; that is, a finite family of C°° functions
A; >0 (i =1,...,1), such that

l
ZAi =1.
=1

We can consider the A;s as functions on 7'M, depending only on the base point. For
each i, denote P, a set that contains the support of A; in its interior. Throughout
the paper we denote £ > 0 an upper bound on the diameters of the Bs.

Actually, the way we smooth the Ip;s to obtain A; is rather crucial, and will
be discussed in paragraph 2.1. Let us just say, for the moment, that the A; will
depend on h in a way that

h
(1.3.1) A; e 1
uniformly in every compact subset in the interior of P;, and

(1.3.2) Al — 0
h—0

uniformly in every compact subset outside P;. We also assume that the smoothing
is done at a scale h" (k € [0,1/2)), so that the derivatives of A are controlled as

D" A < C(n)h™"".

This implies that the results of pseudo-differential calculus are applicable to the
functions A" (see Appendix A1).

For technical reasons, we will need to control more precisely the derivatives of
the A;s. We assume that M is a real-analytic manifold, and we take the A;s in a
Gevrey class G, for some s > 1. Let us recall the definition of this class of functions.

The Gevrey class Gs:

Let f be a function of class C™°, going from an open subset Q) of a normed vector
space to some other normed vector space — say, of finite dimensions. We say that
f is in the Gevrey class of order s, denoted G ,if for every compact set K C §Q,
there exist C, R > 0 such that for every k in N, for every x € K,

(1.3.3) |[D* f(z)|| < CRF(K!)*.



Note that Gy coincides with the class of real analytic functions. If a function f
satisfies (1.3.3) for all x € Q, we write f € Gs(R,C), and we call the real number
max{R,C} a “Gevrey constant” (or “analyticity constant”, in the case s = 1) for
f- Obuiously, these numbers depend on the choice of the norms on the two vector
spaces in question.

Each Gevrey class G is invariant by composition with an analytic function ([Hol,
Chapter 8), so that one can also speak of the Gevrey class on a real analytic man-
ifold. By Theorem 1.3.5 in [Ho|, on a real analytic compact manifold, there exist
partitions of unity in the class Gy for any s > 1.

We construct a functional pj, defined on a certain class of functions on ¥. We
see the functions A; as multiplication operators on L?(M); and we denote A;(t)
their evolutions under the quantum flow:

hA hA
Ai(t) =exp(— th) o A; oexp (zt7)

We define the “measures” of cylinder sets under up, by the expressions:
(1.3.4) uh([ao, s an]) = (Aq,(n)ecAn, (1) An (0) Yp, ¥p ) ar
(1.3.5) = (Aa,(0)...A4, (1) Ay (—n) Yn, Yn ) -

For C = [ag, ..., an_1] € B, we will denote Cj, the operator G, = Aq,,, (0).... Ag, (—n+
A, (—n+1).

The functional uy is defined on the vector space spanned by characteristic func-
tions. Note that up is not a positive measure, because the operator Cp used in
(1.3.4) are not positive. The first part of the following proposition is a compati-
bility condition; the second part says that uj is o-invariant. The proof is obvious

and uses the fact that vy is en eigenfunction. The third condition holds if v, is
normalized in L?(M).

Proposition 1.3.1. (i) For every n, for every cylinder [ag, ...,an—1] € Xy,

Zuh<[a0, ey an]) = ,uh([ozo, s an,l]).

(i) For every n, for every cylinder [ag, ..., n—1] € X,

Zuh([a,l, ey Oznfl]) = ,uh([ao, ..,anfl]).

[emy )

(iii) For every n > 0,

Z [Lh([ao,...,an_l]) =1.

[0, sn—1]

We assume in the rest of the paper that we have extracted from the sequence
(Vn)—1/n2esp(a) a sequence (vp, )ren that converges to 1p in the weak topology:
(Opn (@) Yy Yy ) L2 i —+> fSlM a dvy, for every a € C(TM). To simplify

— 400
notations, we forget about the extraction, and simply consider that vy o

If the partition of unity (A;) does not depend on h, the usual Egorov theorem
shows that p; converges, as h — 0, to a same o-invariant probability measure
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defined by ,u(()A) on X, defined by

u(()A) ([ao, ey ozn]) =1 (A%.Aa1 o gl...Aan ) g")) .

By “convergence”, we mean that the measure of each cylinder set converges. Now,
suppose the partition of unity depends on h so as to satisfy (1.3.1), (1.3.2); we may,
and will also assume that 1y does not charge the boundary of P.

Proposition 1.3.2. The family (up,) converges to pg as h — 0.

Proof. Let C = [, ..., @] be a cylinder set. By the Egorov theorem 5.0.3,

(1.3.6) HCAh — Opy, (Aao Aq, 0 gl...Aozni1 o g"_l)HLg(M) = O(hl—z"‘).

The function A,, Aa, © g...Aa, _, © g" ' is nonnegative, and, as h — 0, it

converges uniformly to 1 on every compact subset in the interior of P, ,Ng~1P,,...N
g "tLP, _,, since A; converges uniformly to 1 on every compact subset in the
interior of P; (1.3.1).

If we chose a positive quantization procedure Opy, it follows from (1.3.6) that

lihm ir(l)f un(C) = lihm iIéf(Oph (Aa(J A, 09... A, _, © g”fl)djh, Up)
> liminf vy (int(PagNg ™' Pay..Ng "' Py, 1)) > v (int(PagNg ™' Pay..Ng” "' Py, )

We have assumed that vy does not charge the boundary of the P;s, and thus the
last term is also vo(Pay N g™ Pay... Ng™" TPy, ).
Similarly, using (1.3.2) one can prove that

limsup p,(C) < vo(Pag N g~ Pay... N g~ "1 Py, ).
h—0

This ends the proof since we assumed 1y does not charge the boundary of the

partition P. m

The key technical result of this paper, proved in Section 4, is an upper bound
on pp, valid for cylinder sets of all lengths.

1.3.2. Decay of the measures of cylinder sets. Remember that ¢ is an upper bound
on the diameter of the support of the A;s. We denote G5(A) a common Gevrey
constant for all the A;s. We also recall the definition of the unstable Jacobian: since
the geodesic flow is Anosov, each energy layer S*M = {v € TM, ||v|| = A} (A > 0) is
foliated into strong unstable manifolds of the geodesic flow. The unstable Jacobian
J%(v) at v € TM is defined as the jacobian of g~1, restricted to the unstable leaf
at the point glv.

Theorem 1.3.3. Under Assumption (I), one has the following estimates on the
measures of cylinder sets.

There exists a function R(n,h) such that:

For every n > 0, there exists eg > 0, hg > 0, such that, if 0 < ¢ < &g, if
0 < h < hg, one has an upper bound of the form:

. 1 g 1/2
(1.3.7) |uh([a0,...,an])| < (1 —|—77> <W> [1 4+ R(n,h)],

valid for every cylinder [ay, ..., ).
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Here v; is a vector in supp A;, such that g'v; € suppA; 11 and d(vi,glvi) =
d(supp A;, supp Ait1).

The function R(n,h) tends to 0 as h — 0, uniformly for n < K|logh| (for any
arbitrary IC).

Assumption (I) is given in paragraph 1.4.

The proof of Theorem 1.3.3 does not use the fact that ¢, is an eigenfunction;
it relies on an estimate of the kernel of the operator A,,Aq,(1)...Aq, (1), given by
Theorem 4.0.1 in Section 4.

The fact that v, is an eigenfunction is used through the invariance of y; under
the shift, which is crucial to go from Theorem 1.3.3 to Theorem 1.1.1. The proof
of Theorem 1.1.1 may be roughly summarized by two observations:

(a) For all n € N, Theorem 1.3.3 tells us that, for every cylinder C € %,
—n(x/2-m)

lun(C)| < W[l + R(n,h)], where R(n,h) is a remainder term that remains
small when n says of order |log hl.

Thus, for any 0 € (0,1), a set of up-measure greater than (1 — 6) cannot be
covered by less than (1 — 0)(2wh)¥/2e"X/2=M[1 + R(n, h)]~" cylinders of length n.

(b) If F C ¥ is a o-invariant set of topological entropy strictly less than x/2,
then there exists C,8 > 0 such that, for all n, F can be covered by Ce™X/2=9)
cylinder sets of length n.

These two simple remarks encourage the intuition that the limit pg cannot be
carried by a set of topological entropy less than x /2.
The problem we will have to face when passing to the limits h — 0 is that

the inequality |un(C)| < e n/E )

< W[l + R(n,h)] only contains information when

e~ (F -
(2rh)arz
On the other hand, observation (b) is only exploitable if up is close to being a
probability measure; semi-classical analysis tells us that this is the case on the set of
cylinders of length < | log h|, where & is also somehow controlled by the Lyapunov
exponents of the flow (this time scale is called the Ehrenfest time). A priori, & < ¢,
and our task will be to link the two regimes n < &|logh| and n > J|logh|. This
will be done by a certain sub-multiplicative argument presented in paragraph 2.2.
The fact that vy, is an eigenfunction will be used through the o-invariance of .

<< 1, that is;, n > ¥|logh| for a certain ¥ (roughly speaking, ¥ = %)

The paper is organized as follows:

— in Section 1 we prove Theorems 1.1.1, admitting the estimates provided by
Theorem 1.3.3.

— in Section 2 we recall the main theorem of the paper [AMB92] by Aubry-
McKay-Baesens, with a an aim to applying it to the proof of Theorems 4.0.1 and
1.3.3. The result translates the uniform hyperbolicity of the geodesic flow into
certain properties of its generating function.

— in Section 3, we use the stationary phase method combined to the result of
[AMB92] to prove Theorems 4.0.1 and 1.3.3.

The paper has two appendices. In A1 we construct the partition of unity A?. In
A2 we collect some facts about small scale pseudo-differential operators.
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The last paragraph of this section is devoted to the statement and discussion of
the assumptions.

1.4. Assumptions.

Assumption (I) (regularity assumptions): Let x; be a pseudo-differential oper-
ator whose symbol has compact support, localized in a small neighbourhood of the
energy layer S'M. If the injectivity radius is greater than 1, it follows from the
theory of Fourier Integral operators that the propagator exp(%)xh can be written
as Fp.xp, where the kernel of F, is

i3y (.y)
1) = e e (),
and a™ (2, y) ~ > hiaj(z,y) is in a good class of symbols.

We assume that the manifold M is real-analytic, endowed with a real-analytic
metric. Besides, we assume that (a(h))0<h§1 is a family of analytic functions on the
set {(z,y), 5 < du(z,y) < 3}, with uniform analyticity constants. In other words,
on this set, there exists for all & an analyticity constant G (a™) for ("), such that
supgp<1 G1(alM) < +oo.

Remark 1.4.1. We check that Assumption (I) is satisfied for a surface of constant
negative curvature at the end of Section 4. In a more general context, I do not know
if anything has been proved concerning the analyticity of the propagator of the
Schrédinger equation on analytic manifolds. For the heat kernel, the corresponding
result is proved in [LGS96].

Let us fix a few notations:

— for distances: we will denote dps, dras, ete... the distances on M, TM,...
induced by the Riemannian metric. When there is no ambiguity, we will omit the
subscripts M, TM, ..., and simply denote with the letter d any of these distances.

— for projections: the letter m will denote the natural projection TM — M

— and for the quantum evolution of operators: if Ais an operator, we will denote
A(t) its evolution under the quantum flow, that is, A(t) = exp(—it%).fl. exp(it%).

2. PRrROOF OF THEOREM 1.1.1.

Here we admit Theorem 1.3.3 and prove Theorem 1.1.1. The proof of the theorem
may be roughly summarized in two observations:

(@) For all n € N, 7.5 pun(C) = 1, and we know that, for every cylinder
Cex,,
e—n(x/2—n—Ch)

lun(C)| < W[l + R(n, h)l;

we have limj,__.¢ R(n, h) = 0 uniformly for n < K|log h| (for arbitrary K).

Thus, for any 6 € (0,1), a set of up-measure greater than (1 — 6) cannot be
covered by less than (1 — ) (2rh)%/2en(x/2=1=Ch)[1 4 R(n, h)]~! cylinders of length
n (see Paragraph 2.2).

(b) If F C X is a o-invariant set of topological entropy strictly less than y/2; say

hiop(F) < x/2 — 116 for some positive §. Then there exists C such that, for every
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n € N, F can be covered by Cen(hiop (F)+9) < Ce™X/279) cylinder sets of length n
(see Paragraph 2.3.)

The two observations (a) and (b) lead us to form the intuition that it is difficult
for the limit measure pg to concentrate on a set of topological entropy less than

X/2.

Sketch of the proof. We will start with a variant of observation (b), proved
in paragraph 2.3:

(b’) Let F C ¥ be a o-invariant set of topological entropy hsop(F) < x/2 — 114.
Then there exists a neighbourhood X (W,,,) of F, formed of cylinders of length ny,
such that, for N large enough, for every p € [0, 1],

ﬁzN(W’I’h?M) < eS(SNeNhtop(F)e(l—u)N(l-i-nl)logl’

where [ is the number of elements of the partition P.
Here we denote X (W, , 1) the set of N-cylinders [, ..., an—1] such that

#{j € [0, N —n1], (o), ..., tjpny 1) € (W)}
N — ny + 1

e
They correspond to orbits that spend a lot of time in the neighbourhood of F.

Comparing (a) and (b’), we see that, if n < § and p is sufficiently close to 1, one
can find ¢ large enough so that, for N > d|log h|,

(1 —0)(2rh)/2eNO/2=n=C 1 L R(N,h)]™ > o8N o Nhiop(F) o(1=p) Nhiop(S' M)

Hence:
Then, using the o-invariance of py, we want to write, for N = ¥|log h|,
1 N—ny—1
(202) i EWa )| = = Do (07 S)|
k=0
1 N—-n;—1

(2.0.3) = |Mh(N —— Z Irkz(wnl))|

k=0
(2‘0'4) < ph (EN(W”L17/’L)) + [ pn (EN(Wnlvﬂ)c)
(2.0.5) < (1= p)pn (BN Way, 1) + 4
(2.0.6) < Q=w@=0)+pu,

and, passing to the limit h — 0, we get po(X(Wy,)) < (1 — u)(1 —0) + p and
hence
po(F) < (1—p)(1—0)+p <1
For (2.0.4), we have used the fact that

1 anlfl

I, <1
]\[_,n/1 ; g kE(Wnl) -
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in general, and that
1 N—mqi1—1
N Z ILo-tsw,,) < u
k=0
on X (Wp,, )¢, the complement of ¥ (W, , ). The problem is that this line is
not correct since py, is not a probability measure !

We know however that u; converges weakly to a probability measure, and we
may try to make this statement more quantitative. Semi-classical analysis will tell
us that up is close to being a probability measure when restricted to the set of
cylinders of length N < &|loghl|, for & not too large. To sum up, the inequality
(2.0.1) only holds for N > 9| log h| whereas the heuristics (2.0.2)—(2.0.6) only makes
sense for N < g|loghl; and a priori, & < 9. Our job will be to pass from one time-
scale to the other; this will be done thanks to the sub-multiplicative lemma of
paragraph 2.2.

In paragraph 2.1 we give certain important precisions about the partitions of
unity we want to use. In 2.2, we come back to observation (a) and prove the
crucial sub-multiplicativity lemma. Paragraph 2.3 is dedicated to proving (b’). In
paragraph 2.4 we show that, until a certain time |log h|, the measure py, can be
treated as a probability measure. Finally, we conclude as in (2.0.2)—(2.0.6).

2.1. Nice partitions of unity. For reasons that will become clear later, we need
to be more specific about our partitions of unity (A;). In order to apply semi-
classical methods we need the A; to be smooth, and on the other hand we would
like the family A; to behave almost like a family of orthogonal projectors: A? ~ A;,
A;A; ~ 0 for i # j.

Take a finite partition M = P; U ... Ll P, by sets of diameter less than £/2, and
such that each P; contains a ball of radius /4. By modifying slightly the P;s we
may assume that the semi-classical measure v does not charge the boundary of the
partition. Denoting P; the closure of P;, we also have M = P, U...U P, this union
is no longer disjoint but two different sets may intersect only at boundary points.

Our partition of unity will be defined by taking

~ 1
(2.1.1) Al(z) = 1 * ((z/h");
that is,
Al (a) = i/C (l) Ip,(z — y)dy
: hr i) ’
where ( is a nonnegative, compactly supported function in the Gevrey class G, of

integral 1; the convolution is to be unterstood in a local chart, and £ > 0 will be
chosen later. Then, we take as a partition of unity the family

Al
i A
The partition of unity (A4;)1<i<; depends on h, and if k > 0 it converges weakly
to (Ip,)1<i<; when h — 0. It has the following properties:
e P, C suppA; C B(P;,¢/2) for all i, for h small enough. In accordance with the
notations of the previous sections, we denote P; = B (P;,e/2).

o A2 = A except on a set of measure of order h”.
o for i # j, A;A; = 0 except on a set of measure of order h”".

%
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e forall i, A; € Gs(Ch™F, C),Nfor some C' depending only on the cut-off function
¢ used in the definition of A;.
We must choose x so that semi-classical methods still work: that is, h?Gs(A) " 0,

—0

in other words x < 1/2 (see Appendix Al).

In addition, we need to assume that there exists some p > 0 such that

e For all i, ||(A12 - Az)¢h||L2(M) = O(hp/Q)

o For i # j, [[AiAjinl|L2ar) = O(hP/?).
In other words, the operators A; act on vy almost as a family of orthogonal pro-
jectors. Because ||[¢n||r2(ary) = 1, it is always possible to construct the A;s in order
to satisfy all the requirements above; this requires to modify slightly the partition
P; before applying the convolution (2.1.1). The construction is described in detail
in Appendix A2.

2.2. Counting (h, (1 —0),n)-covers: a sub-multiplicative property. We now
try to exploit observation (a). As already mentioned, we will have to face the

problem that the inequality |, (C)| < g/ oh

W[l + R(n,h)] only contains in-

efn(%fnfch)

“Gmar— << 1, that is, n > Y| log h| for a certain ¢. On the
other hand, observation (a) is only exploitable if pj is close to being a proba-
bility measure; semi-classical analysis tells us that this is the case on the set of
cylinders of length < R|logh|. A priori, & < ¥, and to reconcile the two regimes
n < k|logh| and n > J|log h| we will need a certain sub-multiplicativity property
(Lemma 2.2.3).

Definition 2.2.1. (i) Let W be a subset of ¥, the set of n-cylinders in ¥; we
denote W¢ C %, its complement. For a given h > 0 and 6 € [0,1], we say that W
is a (h, (1 — 0),n)-cover of ¥ if

(2.2.1) [l Z éhd’h”L?(M) <.

cewe

formation when

(ii) We define
Np(n,0) = min{fW, W is a (h, (1 — 0),n)-cover of X},

the minimal cardinality of an (h, (1 — ), n)-cover of X.

Remember the notation: for C = [ag, ..., @n_1] € Ty, (fh stands for the operator
Ch=Aq4, ,(0)... Ay (—n+2)As,(—m + 1).

In some sense, (2.2.1) means that the measure of the complement of W is
small. The reason why we measure this by |[> -cye Chthnllr2(ar), and not by
1> cewe tn(C)] =D cepwe (Chibn, Yn)r2(al, is that we need the sub-multiplicative
property of Ny, (n, 6) given by the next lemma, and that it only works with definition
2.2.1.

We will use the following lemma, proved in Appendix Al:

Lemma 2.2.2. Let xp be a pseudo-differential operator, whose symbol is an energy
cut-off, supported in a neighbourhood of the energy layer ||v|| = 1. There exist &
and o > 0 such that, for all n < k|logh|, for every subset W C %,,,

[IXG Z éhXh||L2(M) <14 0(h").
cew
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Lemma 2.2.3. (Sub-multiplicativity) If & and « are as in Lemma 2.2.2, then for
every n < i|logh|,k € N and 6 €]0,1],

N (kn, K6(1 -+ O(h)) < Ny (n,0)"
Proof. Given a (h, (1 — 0),n)-cover of %, denoted W, we show that W* C Yy,
defined as the set of kn-cylinders [ao, ..., agn—1] such that [ajp, ..., a(j41)p—1] € W
for all j € [0,k — 1], is a (h,1 — k0, kn)-cover:

Each C € (W*)¢ may be decomposed into the concatenation of k cylinders of
length n, C = CC'...C*~1, one of which is not in W. Thus, we have

(222) || > Cutnllzecn

ce(Wk)e

k—1
=Y > Ch-.Cl(—gn)..Cy (= (k — L)n)u|

J=0 ciew for i<jciewe,cies, for i>j
k—1
_ 50 A7 :
=) > Chr..Ch(—gn)in]l.
J=0ciew for i<j,ciewe

Using Lemma 2.2.2 to bound the norm of ) .,y for i< CAgCAfL_l(—(j —1)n)
by (14 O(h*))?, we see that (2.2.2) is less than

14+ 0(n%)) ZII Y Cl(=in)vnl]

Jj=0 ciewe
k—1
L+OMR N> Y Clwnll < kO(1 + O(nh®)).
j=0 Ciewe
We used here the fact that ¢, is an eigenfunction. O

The next proposition is just an expression of Observation (a).
Proposition 2.2.4. For every N large enough and for h <1, we have
Nu(N,0) > (1= 0)(2rh) /2N G=1=CW [1 4 R(n, h)] "
Proof. Let W be a (h, (1 — ), N)-cover of 3. We have
| Crtona o)l < 11D Cutonll llenll < 6,

Cewe Cewe
so that
| Z (Chibn, )| > 1 -6
cew
Thus,
1-0< ¢ T L R
< c%;/'( hhy n)| < B (@nh)i2 [1+ R(n, )],
where the last line comes from Theorem 1.3.3. O

This immediately implies:
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Lemma 2.2.5. Given any 6 > 0, we may choose ¥ large enough, and n small
enough, so that, for N = 9|logh|, we have

Ni(N,0) > (1—0)eNE9).

We will choose ¢ later in the proof of Theorem 1.1.1 (actually, at the beginning
of the next paragraph). It will depend on the set F' appearing in the theorems.

As we said, semi-classical analysis is usually only valid until a certain time
E|llogh|, and in general £ < . Lemma 2.2.3 is precisely the tool that will al-
low us to reduce the time scale: starting from Lemma 2.2.5, it tells us that, for
N =El|logh|, 0 <k < ¥,

(2.2.3) Ny (N, ge) > (1 - )~/ PeNE=0),

Note that the o-invariance of uj, was absolutely crucial to prove Lemma 2.2.3
and hence (2.2.3).

2.3. Covering sets of small topological entropy. The aim of this paragraph
is to put a precise statement behind observation (b). Lemma 2.3.2 belowsays that,
if F'is a set of small topological entropy, then the set of orbits spending a lot of
time near F' also has a small rate of exponential growth.

We denote hyop,(S* M) the topological entropy of the action of (¢*) on S*M. More
generally, if FF C S'M is closed and invariant under (g*), we denote hyop,(F) the
topological entropy of the flow restricted to F' (see the definition in [KH], Chapter
3).

To prove Theorem 1.1.1, let us consider an invariant subset F C S'M of topo-
logical entropy hiop(F) < %3 let 0 > 0 be such that hsop(F) + 115 < §. It is for
this real number § > 0 that we will later apply Lemma 2.2.5 and (2.2.3).

Let us now denote N,,(P, F): the minimal number of cylinders

[QOa aq, ~-~7an71] €Xn

such that the corresponding sets P,, N...N g~ """ P,  cover F. Without loss of
generality, we may assume

log N, (P, F)
n

(2.3.1) lim sup < hyop(F) + 26.

Remark 2.3.1. Here is why: We know from the definition of topological entropy
that, for & > 0 small enough and every N large enough, there exists a set {1, ..., fexp(N(htop(p)Jﬂ;))}
of geodesic arcs [0, N] — M, lying in F, and which is (¢, N)-spanning for F' in the
following sense:
For every geodesic arc € : [0, N] — M, in F, there exists j € [1,exp (N (hyop(F)+
8))] such that da(£(t),&;(t)) < e for all t € [0, N].

Fix T > 1 such that 82¢ < 79, and replace the alphabet {1,...,{} by a new
alphabet A, whose letters are triples

(a0, ar-1,7) =Uay,...ar_s 00, -, p—1],

where

-5 € {1, ,l}

— v : [0,T] — M is a given geodesic (parametrized with arc-length) with
'7(0) € Pam V(T_ 1) € PQT—I'
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—a, ..., ap—_o Tun over the set of letters such that: there exists v : [0,7 — 1] —
M, a geodesic path, with v(j) € P,,; (j = 0,...,7 — 1) and 7' is homotopic to v
with endpoints staying in Py, P,

We claim that the minimum number of sequences of length n in this new alpha-
bet, such that the corresponding cylinders cover F', is less than

(2.3.2) exp (NT (heop(F) + 6)) x 829" < exp(nT (hiop(F) + 26)).

In fact, take N = nT in the choice of the (g, N)-spanning set above. Let & :
[0,nT] — M be a geodesic in F. There exists j € [1,exp (nT (hiop(F) + 0))] such
that £ stays e-close to §;. In particular, £(kT) and {(kT —1) are respectively e-close
to & (kT) and &;(kT — 1) (for k =0,1,...,n).

Because each P; has volume greater than (¢/4)¢, at most (8¢)¢ can fit into a ball
a radius 2e. We see thus that, given & (j € [1,exp (nT(hiop(F) + 6))]), we need
at most (8¢)29" words in the new alphabet A to describe the cylinders of length n,
covering the geodesics € in F' staying e-close to &; in [0,nT]. This shows (2.3.2).
If T =1 we get exactly what we claimed, (2.3.1). If T > 1, we could work on
a different symbolic space ¥ defined with the new alphabet A instead of {1, ...,1},
and have (2.3.1). Thus we may assume without loss of generality that (2.3.1) holds.

In particular, there exists ng such that
Nn(ﬁ, F) < en(htop(F)+36),

for all n > ng. We denote W,, a cover of minimal cardinality of F' by sets of the

form P,,N...Ng~" "1 P, _ and X(W,) C %, the set of the corresponding cylinders
[Oéo, ceey an—l]-

Given N € N, n < N and p € [0, 1], we denote X n (W, p1): the set of N-cylinders
[, ..., ay—1] such that

8{j € [0,N —n], [0, ... tjyn-1] € S(Wy)}
N-—-n+1

> .

They correspond to orbits that spend too much time in the neighbourhood of F.
The next lemma bounds the cardinality of ¥ (W, p).

Lemma 2.3.2. (Counting cylinder sets) There exist n1 > ng, and Ny such that,
for every N > Ny and for every p € [0,1],

ﬁzN(an /’6) < 686N6Nhtop(F)e(l—,u)N(l—I-nl) logl.

Proof. Take ny > ng large enough so that

. 1 L) J
- <
N—>1Hn+oo N log <N ) 10

(we denote (%) the binomial coefficients); ny is now fixed.
Given a sequence [ag...,an—1] € X, define a sequence of “stopping times”:

T0 = inf {0 S] <N — N, [O[j, ...,ijJrnl,l] c E(Wnl)};
o =1inf {19 <j < N —ny, [0, .., jgny—1] € S(Way) },
m=inf {7 —1+n; <j<N—ny,[aj,..,04n-1] € (W)},
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and so on:
Th+1 = inf{T]Q —14+n <j<N-—nq, [aj, ...,OéjJrnl,l] S E(Wn1>},
Thy1 = inf {Tk <j<N-—nylaj,. ... Q54n 1] & E(Wnl)}.

The sequence (7x) becomes stationary, equal to N —nq, for k > {%J . Define the
intervals Iy = [19,7) —1+n1 —1],....Ix = 1%, 7, —14+n1 —1]. If C = [, ..., an—1] s
in ¥n(Why,, 1), then the complement of UIj has cardinality less than (1 — u)(N —
ny+1)+n <1 —p)N+n;.

A cylinder C = [ag,...,an—1] € En(W,,, 1) is completely determined by the
following data:

(i) the intervals (Ik)OSkSLN/mJ
(ii) the restriction of C to the union of the Is.
(iii) the values of C outside the Ijs.

Let us count in each case the number of possibilities:
2
(i) There are at most (JLVN/ nlJ) possibilities, corresponding to the choices of the

endpoints of the intervals Ii; by our choice of ny, for IV large enough this is less
than eV,

(ii) Each Ij can be split into a disjoint union of intervals of length n; and at most
one interval of length less than n;. The intervals of length (exactly) n; thus obtained
are at most N/ny, and they correspond to cylinders covering F: there are at most
(S (W, ))N/™ possibilities. If ny > ng this is less than (en1<hmp<F>+35))N/”l =
eN(hop(F)+39) Ty (2.3.1). For the remaining intervals, of length strictly less than
ny1, there can be at most (1 — )N of them; this gives {1 =Nt possibilities.

(iil) For the values of « outside the Ijs, the number of possible choices is bounded
by ((=#N+n1 - Choose Ny such that "t < eNod/2,

This ends the proof of the lemma. Note that our estimates are very rough, since
we argued as if all choices in (i), (ii) and (iii) were independent.
O

In particular, if we choose p € (0,1) close enough to 1 so that
haop(F) + (1= p)N(1+ 1) log1 +85 < X — 26,
we have
(2.3.3) 1SN (W, ) < el3 720N
for all N large enough.

Now, comparing (2.3.3) with (2.2.3), for h small enough and N = &|logh|, we
have necessarily:

(2.3.4) > Gl 2 56,
CEZN(W,LI,M)C

This says, in a certain sense, that the measure of the complement of ¥ n(W,,,, 1)
cannot be too small. There remains to relate (2.3.4) with

[ (BN Wy 1)) = | > (Cutbn, ).

CEXN(Whpy,p)©
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This is done in the next two paragraphs, and goes roughly as follows:

Imagine that the operators Cp, were orthogonal projectors, with orthogonal im-
ages for distinct cylinders C. Ideally, this would be the case if:

— the operators A; were a family of orthogonal projectors (that is, if the A;s were
characteristic functions of disjoint sets);

— the operators A;(t) commuted with one another for all .

If that was the case, we could write

(235) 3 Cuvnotn) = S l1Chnl 3 1) Cunll3

CESN (Way,1)° CESN (Way,1)° CESN (Way ,p1)°

so that (2.3.4) would imply the lower bound

(W) = (50)°

Unfortunately, the A;s are not characteristic functions of disjoint sets, they form
a smooth partition of unity; and the operators A4;(¢) do not commute.

However,

— we have constructed the A; so that they act on ) almost as an orthogonal
family of projectors.

— there exists & > 0 such that the operators A;(¢) almost commute for [¢t| <
R|loghl:
Proposition 2.3.3. There exists & > 0 such that, for every N < 2&|logh|, for
every permutation T of {0,...,N}, for every sequence tg,...,tn such that |t;| <
E|logh|, for every sequence ay, ..., an,

||AGtN (tN) """ Aoél (tl)AOéo (to)il)h

= Aa,y (trn) A (tr1) Aarg (tr0)¥nl| 22 (ar) = O(RF)

The proof is given in Appendix Al.
So, there is hope to prove (2.3.5), at least up to a negligible remainder term.
That is the object of the next paragraph.

2.4. Relating || 3 Chion|| and S (Crton, vn).
Remember that we constructed the partition of unity (A?) in such a way that:
There exists p > 0 such that
1(AF = Ai)vnl|2(ar) = O(RP/?)
and
1AiAjnl| L2 (ary = O(hP'?),
for all ¢ and all j # 1.

Let us choose the parameter % so that the conclusion of Proposition 2.3.3 holds.

This ensures that there is no harm in treating the Cp as orthogonal projectors
in (2.3.4).

Using Proposition 2.3.3, which allows commutation of the operators A;(t) for
[t| < E|logh| (up to O(h®)), we find that, for N < &|loghl|, for C,C’ € Xn,C # (',

[(Chton, Chon)| = O(RF) + O(hP/?),

and

|<éh1/)h,1/)h> — <éh7/)h,éh1/}h>| — N(O(h'g) + O(hp/g))_
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Then, for N < &|log h|,

Y [Chtn Chn)l = (O(h%) + O(hP/?)) (85,)?

C,C'€S N, CA£C!

and

Z |<éh¢h,¢h> - <éh¢h»éh¢h>| = N(O(hg) + O(hp/2))ﬂEN~

CeXn

Since the cardinality of ¥y grows exponentially, we can adjust % so that, for N <
;| log hl,

> |(Chibn, Ciyon)| = O(h%)

C,C'€S N, CA£C!

and

> 1Chtbn, tn) — (Crton, Cutbn)| = O(hF).

Cexn

The two properties above imply that, for N < &|log k|, for every subset S C Xy,

(24.1) Yolu©@)] = 1D m(©)]+ 00"
ces ces
(2.4.2) = > ICwnl” + O(hF)
ces
(2.4.3) = |1 Crnl]? + O(h").
ces

The point is that, when working on cylinders of size &|log h|, the measure puy, is
non-negative, up to a negligible remainder term. The first line implies in particular
that

(2.4.4) S [un(©)] = 14 O(hF)

cesy
Now, coming back to (2.3.4), we get for N = R|log h|, and ny as in Lemma 2.3.2,
R\ 2 .
> m©l=(50) +om")
CEXLN(Why,p)e

and, because of (2.4.4),

(2.4.5) > @i <1-(50) + o)

CeXN(Wny,n)

2.5. End of the proof. We can now conclude the proof, following the strategy
given at the beginning of this section.
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We use again the o-invariance of uj (Proposition 1.3.1 (ii), and we get, for
N = R|logh|,

N—n;—1
25 (EW,))|l = INinl Z pn (0 FE(Wn,))| + O(h™)
1 ki]?f—nl—l
(2.5.2) - |WL(N_n1 3 Ig,kz(wm))| +O(h™)
k=0
(25.3) < o dm©@l+u D (@) +0(h™)
CEXN (Why 1) CEEN(Why 1)
(2.5.4) < (U=p) Y mO]+p+00H)
CeEXN(Why 1)
(2.5.5) < (1-p) (1 — (29)2) + 1+ O(RF).

For (2.5.3), we have used the fact that

1 N—n1—1
N — ny Z IU?kE(Wﬂl) = 1’
k=0

in general, and that

1 anlfl
A s <
k=0

on X n(Why,, 1) In the next line, we have used (2.4.4); and we conclude thanks to
(2.4.5).
Passing to the limit in (2.5.5) (and using 1.3.2), we obtain

_ n R o\2
10 (Usw,,) Pag NG Payoe Mg P ) < (1 - p) (1 - (59) > +p<l

By definition of W, , one has F C Usw, ) Pay N g 1P,,..Nng mtp,
obtain finally

nyo1t WE

w(F) < (- (1~ (59)2) <l

Noting that this last estimate holds for every 6 < 1, we get

BN 2
wF) < 1-m(1-(5) ) +m
which proves Theorem 1.1.1

Remark 2.5.1. The method gives a uniform estimate for all ' such that hip(F') <
X —116.
2

The rest of the paper is devoted to the proof of the technical estimate, Theo-
rem 1.3.3. First we need to recall a few facts about hyperbolic dynamics, and to
introduce some notations.
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3. ABOUT ANOSOV GEODESIC FLOWS

3.1. What does an Anosov geodesic flow look like ? The action of the geo-
desic flow (g*)¢cr on an energy layer S* M is said to be Anosov if there is a splitting
of the tangent bundle T'(S*M) into three sub-bundles, T(S*M) = E* @ E° @ E¥,
invariant under the flow, and such that:
— EV is 1-dimensional and is generated by the tangent to the orbits of the geodesic
flow;
— there exist C' > 0,0 € [0,1) such that, for all v € S*M, for all v € ES C
T,(S*M), for all t > 0,
lldg" (v).vI| < CO"||v]];
and, for all v € S*M, for all v € E¥ C T,(S*M), for all t > 0,
[ldg™" (v).v]| < CO*[|v]].

For a geodesic flow, the distributions E® and E", called stable and unstable
distributions, are both (d —1)-dimensional. They are automatically integrable, and
we denote respectively W* and W™ the integral foliations. The leaves are called
stable and unstable manifolds of the flow. Each energy layer S*M in TM is also
foliated into (d — 1)-dimensional spheres

SIM = {v € S*M,7(v) = x}.

Any two of these three foliations are transverse in S* M. In fact, the sphere foliation
is transverse, not only to the strong stable and unstable foliations W*, W™  but
also to the weak stable and unstable foliation W%, W% whose leaves are the
orbits under the geodesic flow of the leaves of W*, W*: a proof of this fact will be
provided at the end of this section.

We will also need the following properties of Anosov geodesic flows, proved in
[EbT73], [K174], [An85], [Ru9l]:

— the injectivity radius of M, the universal cover of M, is infinite; M is diffeo-
morphic to R?, via the exponential map.

— there are no conjugate points; in M, every geodesic achieves the infimum of
the distance between any two points.

Finally, we will use the Shadowing Lemma in the following form:

For § > 0 and T > 1, we will call “(,T)-pseudogeodesic” (parametrized by
[0,nT]) any piecewise C! curve ¢ : [0,nT] — M such that, on every interval
[kT, (k + 1)T1], £ is a geodesic, parametrized with constant speed in [1 — 6,1+ 6] ,
and such that, for all k =1,2,....n—1, dry (é_(kT), §+(k;T)) < 0 (these notations
mean the left- and right-hand side derivatives with respect to time). Note that a
(8, mT)-pseudogeodesic is, in particular, a (6, T')-pseudogeodesic, if m is an integer.

The Shadowing Lemma says that there exists 6y and J > 0 such that, for every
0 € (0,6¢], if £ : [0,nT)] — M is a (6, T)-pseudogeodesic for some T" > 1, then
there exists a geodesic &g : [0,nT] — M such that

dra (6s(2),€()) < JO
for all t € [0,nT].

3.2. A theorem of Aubry-McKay-Baesens . The main theorem in [AMB92]
translates the uniform hyperbolicity of a trajectory of a twist map, in terms of the
hessian of the generating function. Here is a way to reformulate the result:
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Let © be an open subset of R¢, containing 0, and, for all k € Z, a function of
class C2:
Lk O xQ— R

For i,j € {1,2}, we denote D; Ly the derivative of Ly with respect to the variable
i, and, similarly, D;;Ly, is the derivative of order 2 with respect to the variables
i,j. We assume that the second derivatives of the Ls are bounded uniformly in k;
we also assume that, for all y € Q, for all k, D1 Ly (y,.) is a diffeomorphism onto its
image, that DL (0,0) + DoLy41(0,0) = 0, and that ||D12L(0,0)7|| is bounded
uniformly in k.

By the implicit functions theorem, there exists for all k a diffeomorphism T},
defined in a neighbourhood of (0,0) € Q2 x Q such that:

73(0,0) = (0,0)
and

8% (Li(@,y) + Lips (9.2)) = 0 <= (4, 2) = Th(x.9).

We say that the sequence of functions (L) are generating functions for the

diffeomorphisms T.
Let H(0) be the hessian at (0, ...0,...) of the (formal) sum

(zx)rez € Q% ZLk(xkaxk’—&-l)'
3

In other words, H(0) is the infinite symmetric matrix, tridiagonal by blocks of size
d x d, these blocks being given by

H(0)kx = D3, Li—1(0,0) + D3, Lk(0,0),
H(0)k k41 = D3, Ly (0,0),
H(O)p,; =0ifj >k +1.

The space R? is endowed with its canonical euclidean structure denoted (.,.) and
the corresponding euclidean norm ||.||. The space [2(Z, R?) is the space of sequences
(v) € (R)Z such that > ||v,]|?> < +00, endowed with the corresponding euclidean
norm, denoted ||.||o. Similarly, the space 1°°(Z, R?) is the space of sequences (v,,) €
(R4)Z such that sup ||v,|| < +00, endowed with the corresponding norm ||.||oo. The
notations ||.||2 and ||.||cc Will also be used to denote the norms of bounded linear
operators, respectively from {2 to {2 and from [* to [*°.

Theorem 3.2.1. ([AMB92]) The operator H(0) is invertible in 1*(Z,R%) (or1>=(Z,R))
if and only if the family of diffeomorphisms Ty, satisfies the following “uniform hy-
perbolicity” condition:

There exist C > 0,0 < X < 1, and, for all k, a decomposition R¢ x R% = EfoE}
such that

for allv € Ef,1>0,|DTy11(0,0).DTy1;-1(0,0)...DT3(0,0).0] < CX|v|
and
for allv € EX,1>0,|DTy_1(0,0).DTy_141(0,0)...DT,(0,0).v] < CA|v|

with, in addition, a uniform lower bound on the angles between the spaces E}, and
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The constants C, A, as well as the uniform lower bound on the angles between E};
et E*, can be expressed explicitly in function of the norm of the inverse || H(0)™! ||2,
and vice-versa.

A crucial remark in the proof of this result is that there is an isomorphism
between R? x R? (the tangent space of Q x Q at (0,0)) and the kernel of H(0) in
(R4)Z. This isomorphism identifies (zg,71) € R? x R? with the sequence (x1)rez
defined by

(xk,xk+1) = DTk_l(O)DTl(O)DTo(O)(JZ(),xl)

System of charts adapted to a geodesic:

Back to the setting of this paper, let us consider a geodesic £ in M, parametrized
with constant speed in [1 — e, 1+ €], say for instance 1. Let > 0 be small enough,
and = B(0,7n) C R%.

For all k € Z, let us choose a real analytic chart ®; sending 2 to a neighbourhood
of £(k), mapping 0 to £(k), and such that @ () contains the ball of center (k)
and of radius n in M. This charts should in addition be chosen so as to map the
segment | — n,n[x{0}%7! to the geodesic segment &j5_; j1+y( (the parametrization
being preserved), and, finally, so that, for all ¢t €] — n, n[, D®x(¢,0,...,0) maps the
hyperplane {0} x R%"! to the orthogonal of {(k + t) in Te(sqs) M.

For later purposes, let us note that this can be done so that

|D"®,|| < CR™n!

and
||ID"®, || < CR"nl,

with constants C, R independent of the geodesic ¢ (parametrized with constant
speed in [1 —e,1+¢]) and of the integer k. To be more precise, let us work with a
given, finite system of charts on M, and say that all the estimates on the derivatives
of the ®ys, q),zls, as well as other functions, will be performed in this system of
charts.

We define
1
Ly(x,y) = §d?\4(‘pk($)v‘1’k+1(y))

and

f/k(xv y) = dM(q)k(x)7 q)k-i-l(y))'

Let V = {0} x R¥™! C R% Theorem 3.2.1 says here that the hessian matrix
H(0) of the formal sum 3, Lg(2k, Tx41) restricted to VZ, is invertible in I2(Z, V).
In fact, the functions Ly, restricted to (V N Q) x (V NQ), generate diffeomorphisms
T}, that can be naturally interpreted as the first return maps on transversals to
the direction of the geodesic flow at £(k) € S*M; the Anosov property of the flow
precisely means that these first return maps on transversals satisfy the uniform
hyperbolicity condition of Theorem 3.2.1.

It follows also that the hessian matrix H(0) of the formal sum >, Ly (2, Tr+1)
restricted to VZ, is invertible in 12(Z, V). Actually, H(0) = H(0) thanks to our
choice of local coordinates that send the hypersurfaces ¢t + V' to hypersurfaces or-
thogonal to £ in M.
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3.3. A variant of Theorem 3.2.1. For later purposes, we will need a variant of
the main result of [AMB92]: for all n, let H,,(0) be the hessian matrix corresponding
to the second variation at 0 of the energy Y Ly (2, Xg4+1) on yltn=1] — yn-1 1y
other words, H,(0) represents, in the local coordinates, the second variation of
the energy £ > d3;(Cr, Crt1) at G = &(1), ..., (a1 = £(n — 1), when the endpoints
Co = £(0),¢, = &(n) are fixed, and (y, ..., (,—1 vary in the orthogonal direction to
the geodesic €. The matrix H,(0) is of size (n — 1)(d — 1) x (n —1)(d — 1), it is the
restriction of H(0) to the space V"~ 1.

Proposition 3.3.1. The norms ||H,(0)7 |2 and || H,(0)™! s are bounded uni-
formly in n.

Remark 3.3.2. Now, we work on [%([1,n — 1], V) and [*°([1,n — 1], V), defined like
12(Z,V), 1°(Z,V) except that the sequences are indexed by [1,n — 1] instead of Z.
For all n, we will use the notation (.,.) for the scalar product in /2 spaces, and ||.||2
and ||.]|oo for the norms on 12 or > spaces. As previously, the notations ||.||o and
[|-[|o will also stand for the corresponding operator norms.

Proof. The fact that H,(0) is invertible for all n follows from the fact that an
Anosov geodesic flow has no conjugate points.

We start with [2 norms. Since every geodesic has index 0, the symmetric matrix
H(0) is nonnegative, and we already know that it is invertible in [?(Z, V). Thus,
the spectrum of H(0) is contained in an interval [e,1/¢], where 0 < ¢ < 1. This
implies that

(H(0)v,v) > e(v,v)
for all v € I2(Z,V).

Now, if v € VIb»=1 is seen as a vector in 1?(Z,V) with only n — 1 non-zero
coordinates, this can be written as

(Hn(0)v,v) > e{v,v),

which proves Proposition 3.3.1 for the /2 norm.

In the [°° norm, the boundedness of H,,(0)~! does not follow in such a straight-
forward manner from Theorem 3.2.1. But one only has to do a slight modification
in the original proof given in [AMB92].

First note that the action of H,,(0) on V=1 is the same as the action of H(0)
on {(v;)jez € VZ vy = 0,v,, = 0}, restricted to the coordinates 1,...,n — 1. Then,
the proof of Proposition 2 in [AMB92] can be transcripted word by word, replacing
the spaces 12 or I*° by {(vj)jez € V% vy = 0,v, = 0}, and their decomposition
(2.44) of KerH(0) into unstable and stable manifold, by another decomposition:

(3.3.1)
KerH(0) = {(Uj)jez € KerH(0),v9 = 0} @ {(vj)jez € KerH(0),v, = 0}.

In other words, every v = (v;) € KerH(0) can be decomposed into v = 5™ + (%)
with (") = (Sl(cn))kez € KerH(0), u™ = (U,(Cn))kez € KerH(0), uén) = 0 and
57(1") = 0. The fact that the decomposition is unique follows from the property that
the flow has no conjugate point.

Now, if v € VIL"»=1 has only one non-vanishing coordinate, namely the i-th
where i € [1,n — 1], then H, (0)~'v may be constructed by the following procedure:

—let v* € V% be the unique vector such that v} =0, v}, = (H(O)i’i+1)71vi and
v* € KerH(0).
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— decompose as above v* = s 4+ u(™ with s = (S,(cn))kez € KerH(0), u(™ =
(u,(cn))kez € KerH(0), ugn) =0 and s = 0. Let ¢ € VZ be defined by (¢, = —u,(cn)
(k <i)and (, = s,(cn) (k> 1i+1). Then (o = ¢, = 0 and H(0).¢ coincides with v on
the coordinates 1,...,n — 1. In other words, the restriction of { to the coordinates
1,...,n — 1 is exactly H,(0) .

For a general v = (v1,...,v,_1) € VIL»=1 H, (0)~ v is the superposition of the
H,(0)7(0,0,...,04,0,...,0) (j € [1,n — 1]) constructed above.

Finally, we will check in the next paragraph that the weak stable and unstable
foliations are transverse to the sphere foliation, which implies estimates analogous
to inequalities (2.46) and (2.49) of [AMB92]: there exists C' > 0 and X € (0, 1) such
that, for every n € N, every i € [1,n — 1], if v € VI[1"~1 has only the i-th non-zero
coordinate and v*, s and u(™ are defined as above, then

n n 1/2
(I1s™112 + 15 112) 7 < Cllll,

n n 1/2
(™12 + i 12) 7 < Clloll,

(this expresses the fact that, in the splitting (3.3.1) the angle is bounded away from
0),

1022+ st 12 = C72N2 ([l + [1552,112)
for k£ <0, and
g 12+ 012 = C72A72 (lu™ 12 + ™ 1)

for k > 0 (this expresses the fact that a tangent vector to the sphere foliation, when
evolved under the linearized flow, grows exponentially).
As proved in [AMB92] (Proposition 3), these estimates imply that
202
Hn 0 -1 o] <
10 (0) o < 57—
O

3.4. The sphere foliation is transverse to the weak stable foliation. We
prove that the kernel of H(0), acting on V%, cannot contain a non-zero vector
v = (vk)gez such that vg = 0 and ||v,||2 decays exponentially fast as n — +oo.

Let v be such a vector and let vy := (...,0,0,v9,v1,...): it belongs to I*(Z, V).
Because the flow has no conjugate points, the matrix H(0) is non-negative, as
an operator on the Hilbert space [?(Z,V). One has (H(0)vy,v.) = 0, since the
only non-zero coordinate of H (0)vs is the 0-th coordinate, whereas (v4)g = 0 by
assumption.

The function (H(0).,.), defined on [?(Z,R%) has a minimum at v, which implies
that its derivative vanishes: H(0)vy = 0. Hence, vy = 0, and v = 0, since an
element of KerH (0) is entirely determined by two successive coordinates.

4. PROOF OF THEOREM 1.3.3.

This section is devoted to proving the estimates on the decay of the measures of
cylinder sets, given by Theorem 1.3.3.

Let, as above, x, be a pseudo-differential operators with compactly supported
symbol y, localized in a neighbourhood of the energy layer S* M (say, on SI'—=:1+e] .=
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{veTM,||| €1 —¢e,14c¢]}). We also use ¢ for an upper bound on the diam-
eter of the sets I:’a, containing the supports of the functions A, in their interiors.
Assume that the injectivity radius of M is much larger than 1. Consider two func-
tions A;, A; in our partition of unity. If all points &; € supp A; and &1 € supp A;
satisfy |d(&;,&4+1) — 1| > ¢, then ||4; eXp(ZhA)XhAiHLz(M) = O(h®). Otherwise, it
follows from the general theory of Fourier integral operators ([Ho71], [DH72]) that
Ajexp(22 )y, A; can be written as A;Ey.xnA; (up to O(h™)), where the kernel of
Eh takes the form

1 dl\l(T v)
(4.0.1) e (z,y,1) = e a™ (z,y),

where a is a symbol of order 0. This means that a(™ is a C°° function with an
asymptotic expansion of the form

—+oo
y) = Wa;(x,y).
§=0

This expansion is valid in all the C* norms. The Van Vleck formula says that
ao(x,y) = e~ T4 Jaclexp'](v(z,y))~/?: this means the jacobian of the exponential
map expl at the unique vector v(z,y) € SE =M such that expl(v(z,y)) = y.
In Assumption (I) we ask that the family (a(™) be uniformly analytic.

Consider a cylinder [ag, ..., @] € Ept1. In Theorem 1.3.3 we wish to estimate
Aq, exp(22) A, ... exp(BE) A, by Since 1y, is microlocalized on the energy layer
S1M, this is the same, up to O(h>°), as AaO exp(B2) A, ... exp(L2) Aa, Xnn, also
the same as A, exp(ZhA)XhAa1 eXp( )XhA%Xhz/)h Since the localization in
energy is preserved by mulitplication by A and exp(ihA/2), we may take xj, freely
in or out of the operator. It suffices to restrict our attention to the case when,
for all j, there is a vector in the support of x joining a point in supp A,; to a
point in supp Aa, ., ; otherwise [|Aa, exp(2) Ay, ... exp(L2) Au, xnthnl| = O(h),
and the estimate of Theorem 1.3.3 is trivial. Fmally, what we need to estimate is
AaoErAo, . EpAa, n, always up to O(h™). Note that terms of order O(h*°) do
not bother us, since they remain negligible with respect to the right-hand side of
(1.3.7) as long as n is of order |loghl.

What we actually estimate is the kernel of the operator A,,ErAq,...Enda, -
Consider some given &y and &, in the supports, respectively, of A,, and A,,

The full expression of the kernel at (&, &) is

ao(fo Qan fn
(2mh)(n—1)d/2

i

/AOQ 61 Oén 1(571 1) 2h Z;(} d? (&k,€kr1)

a™ (€0, &1)..a™ (€41, €0)dV0l(&1)...dV OL(En_1);

According to the principle of the stationary phase method, to estimate such an
integral we have to look for critical points of the function

(4.0.2)

n—1
Fna((€15 0 6n-1)) = % > P &),
k=0

the endpoints &y and &, being fixed.
Suppose that, for some j, and for all §;_1 € suppA;_1, & € suppA;, &j+1 €
suppAji1, the angle between the two geodesic segments (§;_1,&;) and (§;,&41) is
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greater than €. Then (4.0.2) is O(h®°) and the estimate of Theorem 1.3.3 is again
trivial.

Finally, we have to prove Theorem 1.3.3 in the case of a cylinder [ay, ..., ;] such
that:

(A) for all j, for all &; € supp Aj, {41 € supp Ajiq, |d(&,&+1) — 1] < 3e.

(B) for all j, and for all §;_; € suppA;_1, & € suppAj, {41 € suppAji1, the
angle between the two geodesic segments (£;_1,§;) and (§;,&;41) is less than 3e.

Theorem 4.0.1. For every [ > 0, there exists C = C(83,d) > 0 such that:
For every n > 0, there exists g > 0 such that, if 0 < € < g, one has an upper
bound of the form:

1
n—1)/2 | /Mn—l Aao(éO)Aal (51)...14&”_1(5"71)142‘2 (gn)

(4.0.3) EEDC=YE

n—1
I €™ (& &1, DAVol(&1)dV 0l(&)...dV ol (1) |

Jj=0

n—1
< Aay(€0) A2 (6 (1 + Clr 1) Tackexp (v (60.6:)) 72
[exp(Chn2s+3Gs(A)2) + Cnn(n—l)dn(n—l)d/2hﬁn n((2,6’+d)n+5)sGS (A)(2ﬂ+d)n+3

for every n, for h € (0,1], for every cylinder [y, ..., ] satisfying (A), (B), for
every &o,&, € M.

The notation Jaclexp™](va(&o,&n)) stands for the Jacobian of the exponential
map exp” : Te, M — M, taken at the unique vector vy (€0, &) such that

- eXPn(%(ﬁo,{n)) =&n;

— the geodesic from &y to &,, generated by v,, is homotopic (with fixed end-
points) to a piecewise geodesic path going successively through the supports of
Aoy seAa, -

Remark 4.0.2. More generally, let M, N be two Riemannian manifolds of the same
dimension, and ¢ a differentiable map from M to N. Then for all x € M, the
jacobian of ® at x, denoted Jac[®](x), is defined as the determinant of the derivative
D®(x) (that is to say, the determinant of the matrix of D®(z) with respect to two
arbitrary orthonormal bases of T, M, Tg(,)N). If L C M is a submanifold, and ®
restricted to L is an immersion at € L, we will denote Jacy[®](x) the jacobian
at x of the restricted map, ® : L — ®(L).

To prove Theorem 4.0.1, we follow the principle of the stationary phase method,
and look for critical points of the function

n—1
Fooi((€ses€n-1)) = % > AP (s Err),
k=0

the endpoints &y and &, being fixed. There is a unique geodesic &€ joining &y and &,,
homotopic to any of the polygonal paths (o, &1, ..., &n) with §; € supp A;. Then the
sequence (£§,...,£¢_1) € M™ 1, corresponding to the positions at times 1,2, ...,n—1
of £°, gives a non-degenerate critical point of F,_1.

This critical point may not belong to the support of Ay, (€1)...Aq, _; (§n—1)- Re-
member, however, the Shadowing Lemma: given n > 0, there exists § > 0 such
that, if ¢ is a (6, 1)-pseudogeodesic, then the unique geodesic in M joining ¢(0) to
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¢(n) in time n, and homotopic to ¢, stays at distance at most n from ¢ in TM;
its (constant) speed lying in the interval [1 — 7,1 + n]. Now, given 6 > 0, we
can take £ small enough so that, if [, ..., ] satisfies (A) and (B), then every
(€oy .- &n) € pao X oo X ]5% defines a (0, 1)-pseudogeodesic: namely, the piecewise
geodesic curve joining, for all j, the points §; and &;; in the time interval [j, j + 1]
by a geodesic of constant speed. It follows that the unique geodesic £¢ in M going
from & to &, in time n — homotopic to any of the polygonal paths (&, &1, ..., &n)
with §; € supp A; — has speed in [1 — 1,1 + n] and satisfies das(£°(k), &) < n for
k=0,1,...,n.

Thus, if € is well chosen, the support of the function Ay, (&1)...Aa,,_, (€n—1) is
included in a uniform neighbourhood of (&5, ...,£5_) of radius n, that is to say:

An, (1) Aa, (Enm1) 20 = d(&, &) <m, for k=1,..,n—1.

Then, the integral (4.0.2) runs over B(&§,7n) x ... x B(£5,n), where B(x,n) stands
for the ball of center x and radius n in M.

The parameter 1 will be chosen in paragraph 4.2, depending on the parameters
controlling the uniform hyperbolicity of the flow; € should then be chosen accord-

ingly.

4.1. Generalities on the stationary phase method: dependence on the
dimension. In this paragraph, we describe the stationary phase method and its
dependence on the dimension, with the aim of applying our discussion to the study
of integral (4.0.2).

Suppose we want to use the stationary phase method to study the asymptotic
behaviour of the family of integrals

1 iFp (£)

G [, Col€) K e

(4.1.1)

in the limit h — 0. The integrals run over £ = (&1,...,&,) € R™, and we also
want to control the dependence of the estimates with respect to the dimension n;
we would like to get estimates that are significant for n of the order |log h| at least
(the Ehrenfest time-scale). The families of functions (G,) and (F,) are of class
C®. For all n, G, is supported in B(0,n)"™, where B(0,n) stands for the ball of
center 0 and radius n in R. We assume that F,, has a unique critical point at 0,
which is non-degenerate.

We follow Hérmander’s approach of the stationary phase method.

The first step is to perform a change of coordinates in which F,, becomes qua-
dratic, using the Morse lemma. If one wants to perform this change of coordinates
on B(0,n)™, for all n, keeping control of the derivatives of the change of coordi-
nates, one needs some additional knowledge on the family (F,,). For instance, in
the case F, (&) = Y. d*(&;,&;+1), the hyperbolicity of the geodesic flow and the
discussion of Section 2 will have to come into play: see paragraph 4.2.

Suppose now that we have managed to transform (4.1.1), by a suitable change
of coordinates, into

-
1 ~ iy eEd
4.1.2 —_ Gy, 2 d

where €; = £1 and G, is of class C°°, supported in B(0,7)™ for some 77 > 0.



29

. Pn 2
i €585
UF§ing the fact that the Fourier tranform of the distribution ﬁe St s

n

im on . _ih & 2 . .
er j=1%e" 2 j=1%% we can rewrite (4.1.2) in the form

P .
7n/dx1...dxn677} ;Elsjzif(Gn)($17~-~a$n)
T

Remark 4.1.1. We used the notation F for the Fourier transform, defined on R™
by:

;/ e @Oy (&) de.
(2m)"/2 Jgn

With this convention, the Fourier transform JF is an isometry of L?(R"™, d€). The
Fourier inversion formula reads:

1
27 s

Fu(x) =

(4.1.4) Fu(z)e' ™ dx = Fu(€).

ih
2

The next step in the study of (4.1.3) is to expand e =157 i powers of h:

2

in Pn ih 1 [ ih &
e~ 3 Goiewi _q _ ?Zgjx? _|_5 Ezij? 4o
j=1 j=1

Usually, if one wants an expangion of (4.1.3) in powers of & up to order K, one

just needs the expansion of e~T Jm1EiT up to order K. Suppose, for instance,
that one wants to find the term of order 0 in the expansion of (4.1.2) or (4.1.3) in
powers of h, and to control the error term of order 1; one may try to write

_ih
2

(4.1.5) e~ == = 14 hfy(an, .., o)

where (f3,) is a family of functions such that, for all h,

n
j=1

Doing so, one gets

1 —ﬂp” €2 2
(416) W/d.rldxne 2 j=17J Jf(Gn)(x1,...,a:n)

— W (/ dzy...de, F(Gp) (21, ..., 2n) + h/d$1...dxnfh(x1, ...7xn)f(én)(x1,...,xn)>

By the Foygjer inversion formula, the first term is én(O), which is, up to the phase

factor e T =15 the leading term in the expansion of (4.1.2). To bound the
remainder term, we use

\/dml...dxn Fu(@1s s ) F(Con) (@1, s )| < /dxl...dxn||x||§ F(C)(@1s s )|

and the following estimate:



30 NALINI ANANTHARAMAN

Lemma 4.1.2. For all n € N, for every smooth compactly supported function G
on R™, for all k € N,

1

(277)”/2/ dey..de, (|22 + . 4 |20 D)FF(G) (21, ... )|

2 ~
<2, (1Y W’feummfzm
j=1 J
- LESYER S
£l Z O YR )

27Tn/2 1/2
U=\ 77— )
(5 —1)!

that is, the square-root of the area of the unit (n — 1)-dimensional sphere.

b

where the constant U,, is

Proof. By the Cauchy-Schwarz inequality, we have for all § > 0 (and denoting
l|z]|3 = |z1]? + ... + |2, ]2 for & = (21, ..., 7,) € R?)

/ dy...dy || 2| F(G) (w1, o )|

~ 1/2
(/ dzy...dz,||z] |3 min(1 ,||x|2_5)_2|.7-'(G)(a:1,...,xn)|2) (| da..dx, min(1, [|z||7%)%)"/2.

R’n
For 26 > n + 1, we have

2 n/2
/ dzy...dx, min(1, ||z]|5°) /mln el x ﬁ <202
The other term [, dz1...dz, ||z|[3* min(1, ||z||; N=2|F(G)(x1, ..., n)|? can be bounded
by

/ day...dan||2]| 2| F (G )(ml,...,xn)|2+/ dor. ][] |5 20| F(G) (w1, ooy )2
R™

n

If /2 is an integer (6 = 2|21 ] +2) then [;, dxy.. dxn|\m||2k+26|}"( WX, ooy T0)|?
is the L2 norm of (Y7, 8: YFHO2G, and [y, day...dzy||z]|3F|F(G) (21, . )\ is
the L? norm of (37, 305 )kG O

Let us denote ||G/|o = sup, |G(()], and

1D'Gllo = sup 1D'G(O)]]ss

_ |DlG(C)-(U(1)7~-~7U(l))| (1) 0) n l
—Sgpsup{ oD Lo o0 (0 v € (R \on'},

where |[|v||oc = max}_, [vj| for v € R". If G is a smooth function supported in
B(0,7)™, we have

n

~ N 2%k .
Z gp2) Cllz(ze az) < Vol(B(0,7))"n" max || D/ Gllo.

Kv
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Thus, applying Lemma 4.1.2 for k = 1, we find that for a smooth function G,,
supported in B(0,7)",
2 A [2H 42 o g 2L
dxy..dzy||2||5|F(Gr)(z1, oy 2y)| < 4U,nt 2 VolB(0,7)" I?ax IID'Gllo

Thus, to control the remainder term in (4.1.6), one needs to control n/2 deriva-
tives of G,.

Assume, for instance, that the functions G,, are uniformly Gevrey, that is, there
exist C' > 0 such that

ID*Gllo < CF(RY)?,

for all k,n € N. This is certainly the best one can hope, and it gives an estimate
of the form AC™ (”') for the remainder term, which grows much too fast in n to
be interesting.

To get estimates that take into account thqglependence on n, more care is needed.

In turns out more judicious to develop e —% =157 to the order n (or a multiple
of n):

k Bn

Bn—1 . k n Bn n
_in P2 —ih\" 1 9 h 1 5
e F o= (2) ] Z, &y | +0O (2) Bn)! >

j=1

where (3 is a fixed positive parameter (we should actually have the integer part | Gn |
in the formulas, instead of Gn). One obtains the following estimates:

Proposition 4.1.3.

1 - iTn_y e
7(271_}1)”/2 / ’ Gn(€)€ 2R df

€T PJ 165 fn—1 —ih k n
LR 2 (2) kl/"(Zajmf)kf(Gn)(x)dxl...dxn

+0 (Z)ﬁn(ﬁln)!/Rn(zn:x?)ﬁ”|3’:(én)(m)|dm1...dxn

=1

For k < Bn —1, the term of order k is equal to

1 [ih 9?4~
Ly (Z 155" Gnl0)
and thus is bounded in modulus by

]. h b k 2k Ppad
_ _ J
i (3) watbeliDiGl

The remainder term is

0 (Z)ﬁn (ﬁ;)!/ﬂw(i 20| F(G) (2)|dy...dery
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and can be bounded, as in Lemma 4.1.2, by

Bn n
1 h 8 ~
2 no o - a o n ",dx
n 82 S ~
I 52" I Gl o an )
j=1""1
If G,, is supported in B(0,7)™, this is bounded by

Bn
. 1 h 41 (2[‘3+1)n+3
4U,Vol(B(0 n___ (= nfn i+ DG,
ol(B(0, 1)) (ﬁn)!(z) max || DGl o

The interest of this bounds depends, of course, of the a priori estimates on the
derivatives of G,,. ~
In our case (see (4.0.2)), the function G, will be a product

Gn(€) = A1(€)--An(€)

where the A;s are in the Gevrey class, and, more precisely, satisfy
ID*Aillo < JiGs(A)* (kY

for all 4, for all k, for some common Gevrey constant Gs(A), and some real numbers
Ji.

Lemma 4.1.4. Let G,,(€) = A1(£)...A,.(€), where the A;s satisfy
1D Aillo < JiGs(A)" (k!)®

for alli, for allk, for some common Gevrey constant G5(A), qnd some real numbers
J;. Then the following estimate holds for the derivatives of Gy:

[ID*G ol < Ji...JnGo(A)EnF ks

for every k > 0.
In particular, if k < Bn,

IDEGllo < Ji...JnGs(A)Fnkls+1) gsk

Proof.
- k!
D Ga@l =1 3 P A©-D A (©)|
i+ +ln=k
k!
< T JnGa(A)F Y )G
i+ +ln=k
|
T dnGo(A)F > l |k.z k< T G (A) P R
Lidotlp=k Lt

O

As a consequence, we obtain the final estimates:
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Proposition 4.1.5. (1) For alln, for all G, that is compactly supported in B(0, )",
Bn—1

P
1 ~ M im ij o~ & 9 LA
|W /n Gn(f)e 2h d§_€ 4 j=1¢€j Gn(0)| < ; 77’1 r{1:a§<||D GnHO

. ek ntl | (28+1)n+3 -
n Bn4| == ]+1 l
(2) Let G (&) = A(E)... A, (€), where the A;s satisfy

1D* Aillo < JiGs(A)* (k!)®

for alli, for all k, for some common Gevrey constant G4(A), and some real numbers
Ji. Assume that, for all n, G, is compactly supported in B(0,7)". Then, for all n,

1 ~ i a8 im Pv} i A
|W Gn(f)e 2h df —e4 =1 JGn(0)|
o ke a2k 2k(stD) pon
< Ji... —_— 8w A 8 4 BO, 7)) ————.
<] Jn[; S G (4) % AUV OUBO, )" 550

nﬁnJr\_"41J+lﬂs((2,6’+1)n+3)Gs(A)(25+1)n+3n((2ﬁ+1)n+3)(s+1)

and
Py 2
1 ~ ¢ =155
e B
i [, Gnl©)e 3
~ h k p2sk 2k, 2k(s+1) hon
< Jrda] ];) S G (4 AUV Ol(BO. )" g7 50y
At L4 ga(@B+)n3) ¢ ( A)(26+1)n+3n((25+1)n+3)(s+1)}
o
268n(Bn)!”
4 ga(@B+1)n3) i ( A)(2ﬁ+1)n+3n((2ﬁ+1)n+3)(s+1)}

< Jiody [exp(ﬁ%hn%HGS(A)?) 44U,V ol(B(0,7))"

The estimate is not interesting for all values of n, but only at most for
Vol(B(O,f)))hBGs(A)(26+1)n(25+1)(5+1)+1 <1;

(so that the remainder term has a chance to be negligible). Note also that this
estimate is not necessarily adapted for all purposes, in particular if the product
J1...Jn grows too fast. In fact, the result of Proposition 4.1.3 is particularly well
adapted for studying the quantity

1 ~ i P?:l ;€3 1/n
(I [ o550 )

which is the one we will be concerned with in Section 4, when discussing entropy.
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Application to integral (4.0.2): We will now apply the discussion of paragraph
4.1 to study the behaviour of integral (4.0.2):

1 - d®(&k,Ert1)
(@rh) D2 Ao, (61)--Aa,_, (§n—1)e>" k=0 Sk

a™ (&9, &1)..a™ (&1, &,)dV 0l (&1)...dV ol (€, —1).

We work in local coordinates: denoting Q = B(0,7) € R? the open ball centered
at 0 and of radius 7, let us choose a family of charts @ : B(0,n) — M, “adapted”
to the geodesic £¢ as defined in paragraph 3.2. With this choice of coordinates,
we can treat integral (4.0.2) as an integral over B(0,7)"~' ¢ R(~14  The vol-
ume element on M, dVol(&), is equivalent to the Lebesgue measure in the local
coordinates:

d Vol(&) = Jacl®y) (¥ 6)d(@; ).

We use the notation Jac[®](z) to denote the jacobian of a map ® at a point x.
We will denote j the function ji,(z) = Jac[®;](z), defined on B(0,7) C R<.
In local coordinates, the integral takes the form:

1 / i Pt g o
- - d€y..dEn_1e?n k= 0 @ (®1(€r) Prr1(Ens1))
(27Th)(n_1)d/2 B(0,n)»~1C(R4)

Any (®1(61)) o Aa, 1 (@—1(En—1))a™ (@ (&), @1(€1)) 0™ (@11 (Enm1), P (€)1 (E1) ik

Remark 4.1.6. Since the charts @y are analytic, Assumption (I) implies the exis-
tence of R and C, independent of k and on h, such that, for all [,

(4.1.7) ID' (a™ o (@, ®y11))]| < CR!
|D*(d o (®p, Pry1))]| < CRM

|D"ji|| < CR'.
Recall also that ||[D!(A, o ®4)|| < G4(A)(1Y)* for all L.

From now on, all the calculations are going to be performed in local coordinates;
but to keep the notations reasonable, the charts ®; will no longer appear explic-
itly, and we will simply write d(z,%), a/)(z,y)... instead of d(®x(z), Pri1(y)),
a™ (@ (z), ®ry1(y)), etc...

In these local charts, R?, as well as (R%)"~!, are endowed with their usual scalar
product and the associated norm, denoted respectively (.,.) and ||.||2 independently
of n, in accordance with the notations introduced in Remark 3.3.2.

In the local coordinates, the phase function

1

Foo1((&1, s €n-1) 52 (&ks Ek+1)
pa

has a unique (and non-degenerate) critical point (0, ...,0) € (R4)»~1,

In order to apply the results of paragraph 4.1 to integral (4.0.2), we must first
put it in the form (4.1.2); we have to choose coordinates in which F,,_; is quadratic.
This can be done, as usual, thanks to the Morse lemma, but we will need to control
uniformly in n the size of the domain where the lemma applies, and the growth of
the derivatives of the change of coordinates:

(r);
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4.2. The Morse Lemma.

Proposition 4.2.1. If n is small enough, there exists, for all n, a diffeomorphism
w from B(0,n)"~1 onto its image, mapping 0 = (0,..,0) to itself, and tangent to
identity at this point, such that
1 -
anl(glv ceey gnfl) - Fn71(07 XX} 0) = §<Hn(0)w(§lv EES) £n71)7 w(fla teey £n71)>7
where H,,(0) is the hessian matriz of F,_1 at 0.

Of course the diffeomorphism w depends on n, although this does not appear in
the notations.

Keeping the notations of Section 2, we decompose (RY)"~! into V"1 @ Vf_l,
where V = {0} x R¥"1 € R, and V| = R x {0}¢! is its orthogonal. The space
V' corresponds to the orthogonal hyperplane to the geodesic £°, and V), to the
direction of the geodesic.

The matrix H,,(0) is made up, on the one hand, of the block H,(0) studied
in Paragraph 3.3, corresponding to variations in the direction V”~!, on the other
hand, of a block of size (n—1) x (n — 1) corresponding to variations in the direction
of the geodesics, in other words, along the space Vf_l. This last block takes the
form:

- =1

0 -1 2
To prove Proposition 4.2.1 we follow the steps of a classical proof of the Morse
lemma, but we keep under control the size of the domain of definition of the diffeo-
morphism w, conjugating F,,_; to its hessian at 0. We show that the diameter of

this domain does not depend on the length n.

Proof. For & = (&1,...,6,_1) € (RY)™1 let us denote &yn-1 (respectively fvf—l)
the projection of ¢ to the space V"~ (respectively, to its orthogonal Vf_l) in
(RY)"=1. Thanks to our choice of coordinates, gvf” is a critical point of F,_;

restricted to £ + V"1, and we can write:

1 1
Fpoa(§) = Faoa(§yn-1) + /O /0 DQFn,l(gvj,_l+stgw_l).tgvn_l.gw_ldsdt

= Faaley) + 5 (O, Evanr)

where H, (&) is the tridiagonal matrix of size (n — 1)(d — 1) x (n — 1)(d — 1),
representing the bilinear form 2 fol fol D2Fn,1(§vf—1 +5t&yn—1)tdsdt on V1 with

respect to the scalar product (., .).
Note that

<H’ﬂ(0)€V"*1 ) gV"*1> = D2Fn71(0)-£\2/n—1 .
For £ € B(0,7)" !, we will define

(4.2.1) w(§) = (gvfﬂ’ W(f).ﬁvn—l) c qu Yl = (Rd)n—1’
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where W (€) is a square root (to be determined below) of the matrix H,,(0) ™' H, (¢).
Note that w preserves the decomposition (RY)"~! = V*~1 @ V', Then w will be
a local diffeomorphism in a neighbourhood of 0, tangent to identity at 0, and such
that

(4.2.2) Bt () = Facr(€yp 1) + 5 (Ha (0)w(©)yn s, w(€)yn ).

2
Besides, F),_1 is already quadratic on fol, since it is nothing but the variation
of energy along the geodesic. This way, F;,_1 will be conjugated to its hessian at 0
by the diffeomorphism w.
Let us make this more explicit. We have seen in paragraph 3.3 that H,(0) is
invertible, and that there exists K > 0 such that || H,(0)™! || < K, for all n.
Note that there exists C' > 0 such that, for all n, for all £ € B(0,7)"" !,

| Hn (&) = Hn(0) [oo< C [ € lloc< T

This simply follows from the fact that the matrix H,, () is tridiagonal, and that its
coefficients have bounded derivatives. Hence, || — H,(0) " H,(£)||cc < KCn.

So, if 7 is small enough, W (£) may be defined as the convergent series :
+o0 i
(4.2.3) W) = e (I - Ha(0) ' Hn(9))"
k=0

the cys being the coefficients of the expansion of (1—x)/2 near z = 0. By definition,
W(€)? = H,(0)" H,(¢); note also that W*(§) = H,(0)W (£)H,(0)~!, so that
W*(&)Hn(0)W (&) = Hp(§). Thus, if we define the diffeomorphism w as in (4.2.1),
we have indeed (4.2.2).

There remains to control the size of the region on which w acts as a diffeomor-
phism: we will show that w is a diffeomorphism from B(0,7)"~! onto its image,
that is to say, it is injective and its derivative is invertible at every point — for 7
small enough, but independent of n. We prove the second point, the proof of the
injectivity of w goes along similar lines.

The differential of £ — W (£).£yn—1 at £ is the map

¢ € (RYM1 W (€) Gy + DW(E).Cynr .
There exists C' > 0, independent of n, such that, for all £ € B(0,n)" !, ||
W(&)-Cyn-1 = Cyn-1 [lso< Cnl[¢lloo, and

| DW(E)-Cyn—r-Eyn-1 lloo

+oo
<[l Hn(0)™ . DHn (&) Cvn1 [loo (Z(k = 1) | ex [[| T = Hn(0)"" Hy () II’§51> [l€vn-tloo

k=1
<C € oo [I¢lloe < CnlIC] oo

Thus, there exists C' such that
(4.2.4) IDw(E)y s — Il < C,

therefore Dw is invertible if ) is small enough.
It follows, in particular, that the image of w is included in B(0,Cn)™, for some
constant C' independent of n. O
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Remark 4.2.2. For later purposes, we will also need to estimate the norms of
}_In(O)l/2 and ﬁn(O)_1/2 in [>°. Remember that H,(0) is made up of two blocks,
namely H,(0) and the matrix A defined by (4.2).

For A= (A1, ., Ano1) € RP7L (AN A) = A2+ 32022 (N1 — A)? + A2 ;. Thus,
using the Cauchy-Schwarz inequality and the fact that [|A]|cc < [|A|2 < v/1|A]|oos

n—2 2
A < nllAI < n (Al + 3 Agen = Agl) < nAn, ),
j=1
which implies that |[A~1/2||; < n and that ||A71/2|| < n?/2. We know that the
inverse of the block H,,(0) is bounded, uniformly in n: it follows that the inverse
of H,(0)7'/2 is bounded in > by n3/2.
In addition, since H,(0) is positive and uniformly bounded in /?-norm, H,,(0)
is also uniformly bounded in I2-norm, and hence ﬁn(O)l/Q is bounded, in [*°-norm,

by /1.

1/2

To finish this section, we investigate the growth of the derivatives of w. We prove
that the diffeomorphisms w and w=! are in the set G; (R, C) with respect to the
[|-]|cc norm, for some R, C' not depending on n. In the three following lemmas, we
recall some basic properties of the class of Gevrey functions (see [Ho|, Proposition
8.4.1 for 4.2.3 and 4.2.4, and [Ca], Chapter 1, for 4.2.5).

Of course we assume that the functions f, g are such that their product (Lemma
4.2.3) or composition (Lemma 4.2.4) is well defined.

Lemma 4.2.3. For all s > 1, there exists ¢ such that, if f and g take values in a
same normed algebra, and if f € G1(1,1) and g € Gs(1,1), then the product f.g is
in Gs(c, ).

If f € Gi(R,C) and g € G4(R,C), the lemma applied to  — &z f(%)g(%) yields
that f.g is in Gs(cR, cC?).

Lemma 4.2.4. For all s > 1, for there exists ¢ such that, if f € G1(1,1) and
g € Gs(1,1), then the composition go f is in Gs(c,c).

If f e G(CC)and g € Go(R,C) for R,C > 1, the lemma applied to z —
£9(%.Rf(x/RC?)) yields that g o f is in Gs(cC?R, cC).
Lemma 4.2.5. For all R,C > 0, there exists R',C’ such that, for all n, for every
norm ||.|| on R™:

if f is a diffeomorphism between two open subsets of R™, if f € G1(R,C), and if
[[(Df)~L|]| < C then its inverse f=* is in G1(R',C") with respect to the norm ||.||.

Corollary 4.2.6. There exists C such that, for all n, w € G1(C, C) with respect to
the ||.||oo-norm on (R4)"—1,

Corollary 4.2.7. There exists C' such that, for all n, w™ € G (R, C) with respect
to the ||.||so-norm on (RT)"1.

Proof. (of the corollaries). It follows from the analyticity of the metric and from
the definition of H,, (paragraph 4.2) that H, € G;(C,C) for some C independent
of n. Since W = (H,,(0)"'H,)'/2, Corollary 4.2.6 follows from Lemma 4.2.4, and
the formula (4.2.1) defining w. Corollary 4.2.7 follows from Lemma 4.2.5, Corollary
4.2.6 and the estimate (4.2.4). O
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4.3. Proof of Theorem 4.0.1. We now start applying the stationary phase method
to (4.0.2), following the scheme described in paragraph 4.1. We perform the change
of variable ¢ = H,,(0)*/?w(¢) that makes the phase function F,,_; quadratic:

1 i Pn—l
W31 Grpyeie / dVol(€1)...dVol(&_y)ed im0 (€ brsn)
™

a(h)(gm51)"'a(h)(£n—1agn) txl(fl) Qp— 1(§n 1)

1

= - dCy...dCp_ 177 (G0
(21h)(n=1d/2det {,, (0)"/? /

b(h)(w_lHn(o)_l/QC)Jac[w_l](f[n(O)_l/QC)

We have introduced the notation

(4.3.2)
DM (€) = Ag, (€1)- A,y (En—1)a™ (€0, &1)..a™ (€1, €0)51 (E1) - Gin—1(En1)-

Remark 4.2.2 shows that the new integral takes place in B(0,7ny/n)" !
Applying Proposition 4.1.3 to the second term of (4.3.1), we obtain:

Proposition 4.3.1. For any 3 > 0,

1 P
(@mh) (/2 /dVOZ(&)---dVol(ﬁn_l)eﬁ o 4 (Exstin)
e
i—"(n—l)d

a(h)(fo,El)...a(h)(fn_l,fn) al(fl) Oy 1(£n 1) W X

Bn—1

1 E n—1 d 62
[ Z ( ) Z Z b(h) ow™ ! OHH(O)*l/Z.JaC[wfl] OHn(O)il/Q)(O)

¥
=0 — 8:10]

+ O<4U(n—1)dV0l(B(O7 nv/n))" ! (ﬂln)! (g)ﬂn

ﬂn+|.(7t—14)d+lj+1 (2ﬁ$czli)}r(t+3 ‘|(b(h)ow_loHn(O)_I/Q.Jac[’w_l]OHn(O)_l/z)||0) }

(n-1)d)

=0

The notation x; € R (s = 1,...,d) stands for the coordinates of the vector
T; € R,
For a function g on (R%)"~!, we have denoted |[|g||o = sup [g(¢)|, and

1D'gllo = sup 1D'9(O)oc

1D'9(Q).(v ), ... v D))
[P oo - [[v® [l

= supsup{ , (0. eW) e (RAM-D {0})l}
¢
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In Proposition 4.3.1, the coefficient of A is

(4.3.3)
e%‘(nfl)d e%(nfl)d
— ™ ow Y0, ...,0).Jac[w (0, ...,0) = ——— b (0, ....0
et 0w 00 Jacw 0, -, 0) = Zorb 0., 0)
F(n=1)d c c (h) (ec ¢c (h) (¢c c\ g c . c
= WAal(é&)'”Aanfl( nfl)a‘ (f(]?é-l)"‘a ( nflagn).jl(gl)"'jnfl(gnfl)
n

(coming back to M in the last line).
This is bounded in modulus by

1 c ¢c c c\ c . c n—
Wlao(fovgl)'”ao(fnflvgn)]l(51)"']n*1(£n71)|(1 +Ch)" Y
since |A,] < 1 and, on the set {(x,y) € M? 1 —2e < d(z,y) < 1+ 2¢}, one has
la™ (2, y)| < |ao(x,y)|(1 + Ch) for some constant C.

The calculation also shows that, for fixed n,

e%(n_l)d C C (& C . C - C
WGO(SW51)"'010(571—17gn)jl(gl)"']nfl(gnfl)
is the leading term in the asymptotic expansion in powers of h of the integral

i

1 i P15
(%h)(n_lw/dfl---dfn_lx(&,-~-£n_1)e2h k=0 CEkEer) g (M) (g0 €1, .a™ (&1, &)

whenever x is a C*° function, with compact support, such that x(£5,...65_;) = 1.

The Van Vleck formula says that this leading term is e~ %dJac[exp"] (va (&0, §n))*1/2;
where v, (€0, &) is the vector in T, M that generates a geodesic joining &, to &, in
time n, homotopic to any piecewise geodesic path going throught the supports of
Aoy Aa, -

In other words,

e%(n—l)d c ¢C c c\ c . c —ix n —
et T, 0) 72 066 61)-00(E1 1 €001 (€1) - dn (€5-0) = €7 F T aclexp”] ()™,
and thus we can bound the coefficient of h° by
1 c ¢c c c\, c y c
(4.3.4) WWW@O»51)~-~a(h)(fn—u§n)J1(€1)---Jn—1(§n—1)\

< Jaclexp"](va (€0, &) "2 (1 4+ Ch)™.

In order to bound the other terms of the expansion, we have to bound
1D (6% o w o F(0) 72 Jaclw ™) o A (0) )
for all {.

We begin with [ = 0.
On the one hand, for all £ € B(0,7)" ! we have

M ()] < (14 Cn)™a™ (€5, €5)]..]a™ (€51, €)1 (€5) - Gn—1(£5_1)



40 NALINI ANANTHARAMAN

for some C: this comes from the expression (4.3.2) of b®, and the fact that the
functions \a(h)\ and j are positive, with derivatives bounded uniformly in A.

In order to bound |Jac[w™1](£)], we need a simple lemma that will serve several
times:

Lemma 4.3.2. For any n, for any n x n matric M = (M; j)1<i j<n,
n n
detM| < T 1M 40).
i=1 j=1
This is proved by induction on n, using the development of the determinant with
respect to one line of the matrix.

We know that ||[(Dw)™1(€) — I||oc < Cn. The norm of a matrix acting on
1°°([1,n — 1], R%) is given by the max of the I!-norms of its lines:

1M1l = max 37 [M; 5| = max || M|
J

where M; stands for the i-th line of M. Thus, the lines of the matrix (Dw)~1(£)
are bounded, in I'-norm, by 1 + Cn, for some C that does not depend on n. By
Lemma 4.3.2,
[ Jaclw™](€)| < (1 +Cy)".
So, there exists a constant C' (always independent of n), such that
|6 0 w™t o H,(0)~ Y2 Jaclw™ ] o H,(0)~ 2|,
< (1+Cn)"|a® (€6, €01 ot (€1, )11 (€D)-dn-1(5-1)

on (H,(0)'/2 0o w)B(0,7)"~!; the last term can be estimated by (4.3.4).

We now bound the higher order derivatives
D! (b(h) ow™ o H,(0)"V2.Jaclw™] o Hn(orlﬂ) lo-
First write
D! (b<h> ow o H,y(0)" V2. Jaclw™] o ﬁn(o)—l/Q) o
< 10" (8" 0w Jackuw™]) llo. [ Ha(0) 2]l
< ||D' (b(h) owil.Jac[uFlD || n3l/2,

the last inequality comes from Remark 4.2.2.

The analyticity properties of w and w~! were described in Corollaries 4.2.6 and
4.2.7.

Note that (" is in the product form

bW (&) = A, (61) - Aa, 1 (En_1)a™ (&0, &1)-.a™ (€1, €)1 (E1) - Gn—1(Enzr),

so that its derivatives can be estimated by Lemma 4.1.4. Due to the initial change
of variable, we also have to deal with the term Jac[w™!], which is not exactly in
the product form treated in Lemma 4.1.4. However, the determinant of a square
matrix is nothing but the exterior product of its line-vectors; Lemma 4.1.4 applies
with a slight technical modification:
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Proposition 4.3.3. There exists C > 0 such that, for alln € N, for all k,
|D* (b<h> o w—l.Jac[w—l]) llo
< (140" M a ™ (6,60)..a™ (€1 €D (ED) - jn-1(€ 1) K (CGL (A,

where Gs(A) denotes a common Gevrey constant for all the Ag.

Proof. First write

0™ ow™t(¢).Jaclw™](¢) = det[Ly (C), -, Ln-1(C)];
where, for all ¢ and for all { =1,...,n — 1, L;({) is the d x d(n — 1) matrix

Li(¢) = Ao, (w™)1(0)) 5 (w™)u(€)) @™ ((w™)i=1(C), (w™)i(€)) (Dw™)i().

We have denoted (w™1);(¢) the I-th component, in (R)"~1 of (w=1)(¢), and
(Dw=1),(¢) the I-th d x d(n — 1) submatrix of (Dw~1)(¢) (that is, the I-th “line” of
the matrix (Dw~!)(¢), decomposed into d x d blocks). From the estimates (4.1.7)
and Lemmas 4.2.3— 4.2.7, we know that there exists C' such that, for all I, the
function
Ly - (RY) 1| loe) — (R&AC=D L |1)
is in G4(CG4(A),C); the norm on the initial space (R?)"~1! is still the [°° norm,
whereas the norm on the target space R*4"=1 ig the ! norm:
d(n—1)

1M]ly = max > M,

j=1
which is the [*° operator norm.
Moreover, we have already seen that there exists C' > 0 such that

[Dw™ — 1o < Cn
and
A, ((w™(€)) a® (@™ )1-1(O), (w™Ni(©) 3u(G)] < (A+Cmla™ (€71, €)1 (€D,
for all n and for all ¢ € w(B(0,n)""1). Thus, there exists C' > 0 such that
ILe(Q)lx < (14 Cn)lat™ (1. 6))Lin(&7).
Possibly adjusting C, we then have
1D* Lyl —n < (14 Cn)|a™ (&7, 6) | 1(&7) (CG(A))F(k1)*,

for all k.
Finally, applying Lemma 4.3.2,

|DF (det[Ly (C), o Lua (D =1 >
li4...+lp—1=k
< (1 + Cn)"—1|a(h)(€8’§f)a(h)( 57176701)‘ ]1(5%)‘]”71(5;71)
k!
Z ﬁ(ll!)S"'(ln_ll)s(CGS(A))ll...(OGS(A))Z"*1
Lidoodly, gk Liin—Le

< (14 Cn)"Yal) (66, £6)..at™ (€5, €5) 1 (E5)-w-dn1 (€51 JnFKES (CGy(A))F
O

K l Ly
ﬁdet[l) 1L1(<)’ ..D'n 1Ln—1(<)]|
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And again, the last term can be estimated by (4.3.4):

mkﬂh)(go;gl) a(h)( C N (ED) e i1 (5| < Jaclexp”(x, )_1/2(1+Ch)n.

Injecting these estimates in Proposition 4.3.1, we finally obtain Theorem 4.0.1:

(4.3.5) |;/dVol(§1) AVol(&n_1)e? o
(Qﬂ-h)(n—l)d/Q
1
a(h)(ﬁo,51)~..a(h)(fn—1,§n) a1(€1) Qp— 1(511 1)| > W X

pn—1

1 by e o o
[Z E(§) <(n_1)d)kr§1_a3(||D](b(h)ow 10Hn(0) 1/2.J(IC[U) l]oHn(O) 1/2)”0
k=0 =

_ h Bn (n—1)d+1
n—1 7 _ ﬁn+L74 ]+1
ATV ol BO.V)" s (5) (0 = 1) .
(26+d)n+3 _

ax (|03 (6 0wt o Hy (0) /2 Jaclw ™ o Hy(0)Y/2) o]
]

< (14 Ch)" (1 + O™ Jaclexp™] (€0, ) 712 x
Bn—1 1

ol B n— 1 h\ Bn
[kz_:o H(i) (nd)*n?* (2k)?**(CG(A))* +4U(,—1yaV ol (B(0,7v/n)) 1(%)!(5) .

B | Ln=Lddl ) g (2B+d)n+3)s A))(2B+d)n+3
(nd) (28 +d)n+3) *(CGs(A))

< (14 Ch)" (1 + Cn)" Jaclexp™](€o, &) ™2 x
{exp (Chn2$+3GS(A)2) n Cnn(n—l)dn(n—l)d/Qhﬁnn((25+d)n+5)sGS(A)(2/3+d)n+3}

for some C' depending on d and (3, but not on h nor on n. In the last line, we used
the inequality n! > C"n"™ to bound U, _1)q and —(ﬁln)!.

4.4. Jacobians. To prove Theorem 1.3.3, there remains to express Jac[exp™](va (€0, &n))
in terms of the unstable jacobian.
Let us introduce the functions

Jaclexp®](g~*v)
Jaclexp*+t](g=*v)’

J®) (v) =

defined on T'M; one can write

n-l Jaclexp* T (va (€0, €5 41))
4.4.1) logJ "(valéo,6n)) = ) 1
(4.4.1) log Jaclexp™](va (&0,&n)) kZ:O 0g Taclexp"] (Vages c1))

n—1
(4.4.2) == log JW (&)

if £¢ is the geodesic joining &y to &, in time n.
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Lemma 4.4.1. There exists a continuous, positive function ¢ on TM \ {0}, such
that, on every compact subset of TM \ {0}, the sequence JF) converges uniformly

to J“.W;"gl , where J" is the unstable jacobian.

Proof. Let © € M and v € T, M. Assume, for instance, that v has norm 1. Let us

denote 7 the natural projection Ty; — M. The jacobian of expfr(g_kv) at g Fv,

in the direction orthogonal to the energy layer S}r(g,k.v)M in Trg-ky)yM, is exactly
k. Thus, we may write

o Jacs mlexp®](g™ )

m(g—Fv)

kE+1Jacg v lexpEt](g—Fv)’
(g

—ko)

J® () =

and since exp, = 7 o g¥, this is equal to
k Jacsi(gfkv)M[nggfkv) Jacgesr , wmlml(
(

X
k+1Jacg:  ylgFtH(g7Fv) — Jacgrrig [7]
(g~ kv) -

(g~ Fv)

m(g—Fv)

-1y ,1

v) X

(y’kv)M[g Kg ) JacngSl M[TF
w(g~kwv)

7J&Cgk+151
™

Jacgkg IYakd
E+1 ]

(We refer to Remark 4.0.2 for the notations concerning Jacobians).

But the spheres S1M are transverse, in M, to the weak stable foliation. This
implies that the tangent space to ng;(g,kv)M, in S1M, converges (uniformly in
v) to the strong unstable space at v. Recall that the unstable jacobian J“(v) is
defined by

Ju(v) = JaCW“(g.v)[gilKglU)a
where W*(v) denotes the unstable leaf at v. Consequently, the sequence J (k)(v)
converges, uniformly in v, to
Jacyu () [7](v)
Jacw(g.0)[m](g")

T4 () x

Since the unstable leaves are transverse to the spheres in S'M, the projection
7m: S'M — M, restricted to the unstable leaves, is an immersion.
The function ¢ we are looking for is
SD(U) - JCLCW“('U)W(U)
O

As a consequence of Lemma 4.4.1 and the expression (4.4.2), given n > 0, there
exists N1 such that we have

" J1og Jaclexp")(va (€0, &) + D log J*ED] <
k=0

for all n > Ny, and for all &,&,, € M such that d(£o,&,) € [n(1 —n),n(1 +n)].
Thus,

pnf u[Fe
(4.4.3) Jaclexp™|(va (&0, &) > e 1T K=o log " (€7)
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By continuity, if € is small, we also have
P’Vl* u
(4.4.4) Jaclexp™](€o, &) > e~ 2~ ko loa 7" (vx)

for every sequence (vg, ..., v,—1) € (SES1FEIM)™ such that Aq, (vi)Aay,, (9 vr) >
0 for all k. And finally, denoting x = — sup,cg1; log J*(v), one can also choose &
so that

(4.4.5) Jaclexp™](&o, &n) > X2,
4.5. Proof of Theorem 1.3.3. The explicit integral expression for puy, is
(4.5.1) ([, - an]) =
eH [ VOGNV OI(E) AVl 01 60) A ). (61)
e (€ny 1, 1)e™ (€nmt, Enzy 1) (&1, &0, 1)0n(0),

ihA
2

where e(h)(., ., 1) is the kernel of the Fourier Integral Operator exp (
near the layer of energy 1.

Theorem 1.3.3 follows directly from Theorem 4.0.1 and the estimate (4.4.4),
together with the classical inequality:

/ B (2 u)(u)d=du < 116122 sup / K (2, )| du, / K (1, 2) ).

In Theorem 1.3.3 the coefficient 1 4+ R(n, h) has the explicit expression:
(4.5.2)
14 R(n, h) — [exp (Chn25+3Gs(A)2) + Cnn(n—1)dn(n—1)d/2hﬁnn((25+d)n+5)sGs(A)(2ﬁ+d)n+3 ]

) localized

If hG,(A)? goes to 0 like a power of h, we see that R(n,h) goes to 0 as h — 0,
uniformly for n < Kl|logh| (for any arbitrary ).

4.6. Checking Assumption (I) for a surface of constant negative curva-
ture. If the injectivity radius of M is much larger than 1, and if dp;(z,y) < 14 2e,
only one geodesic joining x to y will contribute to the asymptotic development of
e (z,y,1); thus we may use for e (x,y,1) the expression for the propagator in
the universal cover, if we know it.

In the hyperbolic upper half-plane, the paper [McK72] provides an explicit ex-
pression of the propagator e (z,y,1), as a function of D = d(z, y):

efih/8\/§ +oo beib2/2hdb
(2iwh)3/2 Jp  /coshb — cosh D
eiD2/2he—ih,/8\/§ +oo ueiu2/2hdu
1372

(2imh)*/ 0 \/cosh(\/ D? 4+ u?) — cosh D
With the notations of the previous sections, we have
_ie—ih/8\/§ +o0 ueiu2/2hdu

T I)1/2

(2imh)t/2 - Jo \/cosh(\/ D? + u?) — cosh D

This defines a family of analytic functions of D = d(z,y), indexed by h. It
admits a continuation to the complex domain {D € C,|D — 1] < 1/2}, which is

eM(

z,y,1)

al" (z,y) =




45

uniformly bounded for h € (0, 1], as can be seen by an application of the stationary
phase method in the limit h — 0.

Since the derivatives of an analytic function on a ball are controlled by its supre-
mum norm, the fact that the family (a(™) continued to {D € C,|D — 1| < 1/2} is
uniformly bounded implies that it is uniformly analytic: Assumption (I) is satisfied.

5. APPENDIX Al: SMALL SCALE DIFFERENTIAL CALCULUS

Usual pseudo-differential calculus uses symbols whose derivatives behave nicely
as h — 0. However, as is well known to anyone having worked out the details of
the stationary phase formula, it is still valid if the derivatives of the symbols do not
explode too fast:

Lemma 5.0.1. Let ((l(h))he(o,u be a family of C* functions on R? x R%, with a

fixed compact support, and satisfying the following estimates on the derivatives:
HDna(h)HO < Onh—rm

for allm € N, for some k € [0,1/2) and some sequence of real numbers (C).Then

the integral f]Rdx]Rd at) (x, §)ei<§hw> dxd§ obeys the following asymptotics as h — 0:

1 e
(2rh)? / o™ (2,€)e" 5 dedé = o™ (0,0) + O(h' ")
7T R4 xR

It follows that the main results of pseudo-differential calculus still hold if the
derivatives of the symbols do not explode faster than powers of h=" (k < 1/2). For
instance:

Theorem 5.0.2. (Calderon-Vaillancourt Theorem,)
On a d-dimensional compact manifold, that there exists an integer K4 such that,
for alla e CX(TM),

10D (@)l L2y < Ka(llallo + h'/?[|Dalo + ... + k42| D"¢al|o).
In particular, if a™ depends on h in a way that
HDna(h) ‘ |0 < Cnhfrm
for alln € N, for some k € [0,1/2) and some sequence of real numbers (Cy,), then
the operators Opy,(a'™) are uniformly bounded in L*(M).

One can then show:

Theorem 5.0.3. Let (™) and (b™) be two families of C* functions on TM,
with a common compact support, and satisfying estimates of the form

ID"a Ml < Coh™ "
" 1D"6 ™Iy < Colh™".
i
10pn (a™)Opp (6™ = Opn (@™ b™)|| L2(ap) = O(RE25).
1
v 1 1Opn(a™), Opn @) Iz (ary = O(R~2%).
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(#ii) (Egorov Theorem) For any given t,
||Oph(a(h))(t) - Oph(a(h) o gt)”L?(M) _ O(hl_%).

Remember the notation: A(t) = 5 AemﬁA, for any operator A.

We will also need a result about the range of validity of the Egorov theorem.

Theorem 5.0.4. (Ehrenfest time for the evolution of observables, from [BR02])
For every k € [0,1/2), there exists & > 0 such that, if (a™) is a family of C>
functions on T*M, with a common compact support, satisfying estimates of the
form

||Dna(h)||0 < Cnhfrm,
then

sup  ||Opp(a™)(t) — Opn(a™ o g")||12(ar) = O(RF),
|t|<F| log h|

for all h € (0,1].
This follows almost directly from the arguments in [BR02[; the assumptions that
the symbol a(® and its derivatives are bounded can be relaxed to ||[D"a™||, <

C,h™"%. Of course, the larger x, the smaller .
Gathering the results of Theorem 5.0.3 and Theorem 5.0.4, we obtain:

Corollary 5.0.5. For every k € [0,1/2), there exists & > 0 such that: If (o),
(b(h)) are families of C*° functions on TM , with a common compact support, and
satisfying estimates of the form

1D"a™ly < Cuh="",
D"l < Coh™"",
then there exists a constant C such that
1 [Opn(a™)(t), Opy, (b™)] lL2(ary < CH®
for all |t| < R|loghl.
We can prove Lemma 2.3.3:

Corollary 5.0.6. Let x be a pseudo-differential operator, whose symbol is an en-
ergy cut-off, supported in a neighbourhood of the energy layer ||v|| = 1. There exists
R > 0 such that, for every N < 2&|logh|, for every permutation T of {0, ..., N}, for
every sequence to, ...,tn such that |t;| < E|loghl, for every sequence g, ...,an,

[[Aay (EN)-e - Aay (t1) Aag (to) X
— AQTN (t.,-N) ..... Aoé_,_1 (trl)Aa.,.o (t‘rO)Xh”LZ(M) = O(hg)

Proof. In the case when 7 is a transposition of two consecutive integers, the proposi-
tion follows directly from Corollary 5.0.5, since the functions A, satisfy ||[D" A, ||o <

(nl)sh=r".
Otherwise, the result can be proved noting that one can write any permutation
of {0, ..., N} as the product of at most (N + 1)? such transpositions. O

As a corollary we can prove Lemma 2.2.2:
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Corollary 5.0.7. Let xp be a pseudo-differential operator, whose symbol is an en-
ergy cut-off, supported in a neighbourhood of the energy layer ||v|| = 1. There exist
k and o > 0 such that, for all n < k|loghl, for every subset W C %,

i > Crxnllezan <1+ O0(h%).

cew
Proof. Define B; = \/A;. By Corollary 5.0.6, we have
> Cxntrxnt) = > IBan () Bagxntllizan + fW.O(RF).
Cew lag,...,an]€EW

Since W grows exponentially with n, we may choose k small enough so that
W.0(hF) = O(h®).
O

6. APPENDIX A2: CONSTRUCTION OF THE PARTITION OF UNITY (A}).

The purpose of this Appendix is to show how to construct the A; so as to satisfy
the requirements of paragraph 2.1.
Of course, this holds if we have the property: There exists p > 0 such that

[ 1n@)Pavi(a) = o).
B
where B is the tubular neighbourhood of size h" of the boundary of the partition

P. Thus, one may try to modify the partition P so that its boundary is piecewise
smooth, and the smooth hypersurfaces (Si)r=1,... 1 forming the boundary satisfy

(6.0.1) /V o I Vo) = 00r)

where Vi, (h") is a tubular neighbourhood of Sy, of size h".

We show here how to do so; starting with an initial partition P(0) = P whose
boundary consists of a finite number of smooth hypersurfaces (S* (0)k=1,...1, we
will deform it slightly to a partition P(h), with boundary components (S*(h))x=1....1
that satisfy (6.0.1). The new partition will depend on h, but in a way that does
not affect the proof of Theorem 1.1.1: in our construction the boundary component
(Sk(h))kzlw,L will converge to the original (S’“(O))kzl’,_wL.

We start with a simple remark. Consider an open subset U C M equipped with
a chart ® : U — R? that sends U to the cube (=2,2)%. Let S c [-1,1]¢"1,
5(0) = S x {0} C (=2,2)%, and S(0) = & 1(S). And more generally, given
0<e<land0<s<1/4, we define

S. ={z, d(z,B) < e} C (-2,2)4!
S.(m,h) = S. x {mh/?75}
Ve(m,h) = S- x [(m —1/2)hY?*7% (m +1/2)nt/?~¢
and, finally,

t
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(the latter is a tubular neighbourhood of size h'/2~% of the former); m is an integer
in [~h~1/2+2s p=1/2425) Since

meE[—h—1/2+2s p—1/2+2s]

there must exist an mq € [—h~/2+25 h=1/2425] (depending on k) such that
/ [ibn (2)|?d Vol (z) < hY/?*72,
VE(mo,h)

This means that S, (mo, h) satisfies (6.0.1) with k = 1/2—s and p = 1/2—2s (which
is even better than what we need). Besides, Sc(mo, h) is at distance h® from S.(0).

We conclude that, even if S(0) did not satisfy (6.0.1), there is a hypersurface
h®-close to it that satisfies it.

Let us now consider a partition P(0), with boundary components (S*(0))x=1. 1.
For every k, we know that there exists a hypersurface S¥(h) h*-close to S¥(0)
thatsatisfies (6.0.1) with p = 1/2 — 2s. The problem is to show, in addition, that
for each k, there exists S¥(h) € S¥(h) such that the Sy(h)s form the boundary of
a new partition.

Although this is probably always true for general partitions with piecewise
smooth boundary, we will avoid a tedious combinatorial argument by considering
only special “cubic” partitions, that we describe below:

In the universal cover M, consider a polyhedral fundamental domain D(0) for
the action of T' = 71 (M), whose boundary is piecewise smooth; consider also an
open, relatively compact subset U C M, containing D(0), and equipped with a chart
® : U — R? that sends U to the cube (—2,2)?%. Given o > 0, one has a partition of
(—2,2)¢ into cubes of size ¢, delimited by the hypersurfaces S*™(0) = {x} = ma}
(k=1,...,d, m € Z, |/m| < 2/a). This partition gives a partition of U which,
restricted to the fundamental domain D(0), gives our partition P(0) of M. More
precisely, the boundary of P(0) is formed by the image in M of

— parts of the S¥™(0) = &~ 1(S%™(0);

— the boundary of D(0).

Most elements of P(0) are sent to cubes by the chart ®, except for those inter-
secting the boundary of the fundamental domain.

The boundary of the “polyhedra” D(0) consists in a finite number of smooth
hypersurfaces S*(0); applying the previous procedure, we can find some S¥(h)
satisfying (6.0.1) and such that

— for each k, we can find a subset S*(h) C S¥(h) such that the S*(h)s form the
boundary of a new fundamental domain D(h).

— Sk(h) is at distance h® from S*(0).

In the cube (—2,2)%, always by the same procedure, we can move the S*™(0)s
to

SEM(h) = {x = ma 4+ mo(k, m)h'/?~5}
(mo(k,m) € [~h~1/2+2s h=1/2425] a5 previously) so that
SHm(h) = @71 (SH ™ (R))

satisfies (6.0.1), for every k,m. Besides, the S¥™(h) still delimit a partition of
(—2,2)¢ into cubes (parallelepipedes) and thus the S¥™(h) delimit a partition of
the open set U € M.
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This partition of U, restricted to the fundamental domain D(h), gives our par-
tition P(h) of M. More precisely, the boundary of P(h) is formed by the image in
M of

— parts of the §*™(h) = =1 (5%™(0);

— the boundary of D(h).

The boundary of the new partition P(h) satisfies (6.0.1) and converges to the
boundary of P(0). The characteristic function of P;(h) converges to the character-
istic function of P;(0), uniformly on every compact subset of the interior of P;(0)
(for every i =1,...,1).

We construct A? by applying the convolution (2.1.1) to P;(h) instead of P;.
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