ENTROPY AND THE LOCALIZATION OF EIGENFUNCTIONS.

NALINI ANANTHARAMAN

ABSTRACT. We study the large eigenvalue limit for the eigenfunctions of the
laplacian, on a compact manifold of negative curvature — in fact, we only
assume that the geodesic flow has the Anosov property. In the semi-classical
limit, we prove that the Wigner measures associated to eigenfunctions have
positive metric entropy. In particular, they cannot concentrate entirely on
closed geodesics.

1. INTRODUCTION, STATEMENT OF RESULTS

We consider a compact Riemannian manifold M of dimension d > 2, and assume
that the geodesic flow (g%);cr, acting on the unit tangent bundle of M, has a
“chaotic” behaviour. This refers to the asymptotic properties of the flow when
time t tends to infinity: ergodicity, mixing, hyperbolicity...: we assume here that
the geodesic flow has the Anosov property, the main example being the case of
negatively curved manifolds. The words “quantum chaos” express the intuitive
idea that the chaotic features of the geodesic flow should imply certain special
features for the corresponding quantum dynamical system: that is, according to
Schrodinger, the unitary flow (exp(iht%))teR acting on the Hilbert space L*(M),
where A stands for the Laplacian on M and & is proportional to the Planck constant.
Recall that the quantum flow converges, in a sense, to the classical flow (g*) in the
so-called semi-classical limit A — 0; one can imagine that “for small values of
R’ the quantum system will inherit certain qualitative properties of the classical
flow. One expects, for instance, a very different behaviour of eigenfunctions of the
Laplacian, or the distribution of its eigenvalues, if the geodesic flow is Anosov or in
the other extreme completely integrable (see [Sa95]).

The convergence of the quantum flow to the classical flow is stated in the Egorov
theorem. Consider one of the usual quantization procedures Op;, which associates
an operator Opy,(a) acting on L?(M) to every smooth compactly supported function
a € C(T*M) on the cotangent bundle T*M. According to the Egorov theorem
says, we have for any fixed ¢

= 0(h).

L RA hA
exp (— it—).Opy(a). exp (it—) — Opx(a o g")
2 2 L2(M) h—0

We study the behaviour of the eigenfunctions of the Laplacian,
—h? Ay = Py

in the limit h — 0 (we simply use the notation h instead of 7, and now —#
ranges over the spectrum of the Laplacian). We consider an orthonormal basis
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of eigenfunctions in L?(M) = L?*(M,dVol) where Vol is the Riemannian volume.
Each wave function 1, defines a probability measure on M:

[ (2)[*dVol(z),
that can be lifted to the cotangent bundle by considering the “microlocal lifts”,
vpta € C(T* M) — (Opy,(a)tn, ¥n) L2 (ar),

also called Wigner measure or Husimi measure (depending on the choice of the
quantization Opy,) associated to the eigenfunction . If the quantization proce-
dure was chosen positive (see [Ze86], Section 3, or [Co85], 1.1), then the distributions
vps are in fact probability measures on T*M: it is possible to extract converging
subsequences of the family (v)n—0. Reflecting the fact that we considered eigen-
functions of energy 1 of the semi-classical Hamiltonian —h2A, any limit v is a
probability measure carried by the unit cotangent bundle S*M C T*M. In addi-
tion, the Egorov theorem implies that v is invariant under the (classical) geodesic
flow. We will call such a measure vy a semi-classical invariant measure. The ques-
tion of identifying all limits v arises naturally: the Snirelman theorem ([Sn74],
[Ze87], [Co85], [HMRST7]) answers that the Liouville measure is one of them, in fact
it is a limit along a subsequence “of density one” of the family (14), as soon as the
geodesic flow acts ergodically on S*M with respect to the Liouville measure. It is a
widely open question to understand if there can be exceptional subsequences con-
verging to other invariant measures, like, for instance, measures carried by closed
geodesics. The “Quantum Unique Ergodicity” conjecture [RS94] predicts that the
whole sequence should actually converges to the Liouville measure, if M has nega-
tive sectional curvature.

The problem was solved few years ago by Lindenstrauss ([Li03]) in the case of
an arithmetic surface of constant negative curvature, when the functions v, are
common eigenstates for the Laplacian and the Hecke operators; but little is known
for other Riemann surfaces or in higher dimension. In the setting of discrete time
dynamical systems, and in the very particular case of linear Anosov diffeomorphisms
of the torus, Faure, Nonnenmacher and De Bievre found counter-examples to the
conjecture: they constructed semi-classical invariant measures formed by a convex
combination of the Lebesgue measure on the torus and of the measure carried by
a closed orbit ([FNDBO03]). However, it was shown in [BDB03] or [FN04], for the
same toy model, that semi-classical invariant measures cannot be entirely carried
on a closed orbit.

1.1. Main results. We work in the general context of Anosov geodesic flows, for
(compact) manifolds of arbitrary dimension, and we will focus our attention on the
entropy of semi-classical invariant measures. The Kolmogorov-Sinai entropy, also
called metric entropy, of a (g')-invariant probability measure vy is a nonnegative
number h, (1) that measures, in some sense, the complexity of a vy-generic orbit of
the flow. For instance, a measure carried on a closed geodesic has zero entropy. An
upper bound on entropy is given by the Ruelle inequality: since the geodesic flow
has the Anosov property, the unit tangent bundle S'M is foliated into unstable
manifolds of the flow, and for any invariant probability measure 1y one has

(1.1.1) hg(vp) < /SlMlogJ“(v)dl/o(v) ,
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where J%(v) is the unstable jacobian of the flow at v, defined as the jacobian of
g~ ! restricted to the unstable manifold of g'v. In (1.1.1), equality holds if and
only if v is the Liouville measure on S'M ([LY85]). Thus, proving Quantum
Unique Ergodicity is equivalent to proving that hy(rg) = | [, g1y 10g Jydug| for any
semi-classical invariant measure vy. But already a lower bound on the entropy of
vy would be useful. Remember that one of the ingredients of Elon Lindenstrauss’
work [Li03] in the arithmetic situation was an estimate on the entropy of semi-
classical measures, proven previously by Bourgain and Lindenstrauss [BLi03]. If
the (¢5,) form a common eigenbasis of the laplacian and all the Hecke operators,
they proved that all the ergodic components of vy have positive entropy (which
implies, in particular, that vy cannot put any weight on a closed geodesic). In the
general case, our Theorems 1.1.1, 1.1.2 do not reach so far. They say that many
of the ergodic components have positive entropy, but components of zero entropy,
like closed geodesics, are still allowed — as in the counterexample built in [FNDBO03]
for linear hyperbolic toral automorphisms (called “cat maps” thereafter). For the
cat map, [BDB03] and [FNO04] could prove directly — without using the notion of
entropy — that a semi-classical measure cannot be entirely carried on closed orbits
([FNO4] proves that if 19 has a pure point component then it must also have a
Lebesgue component).
Denote
x=— sup logJ"(v) > 0.
veESTM
For instance, for a d-dimensional manifold of constant sectional curvature —1, we

find x =d—1.
Theorem 1.1.1. We find a number & > 0, and two continuous decreasing functions

7:10,1] — [0,1], ¥ : (0,1] — Ry with 7(0) =1, ¥(0) = +oo, such that:
If vy is a semi-classical invariant measure, and

vy = / V5 dvg ()
STM

is its decomposition in ergodic components, then, for all § > 0,

I

(1) 2 X1 -09) 2 (755) 4= rto),

This implies that hg(vy) > 0, and gives a lower bound for the topological entropy of
the support, hiop(supp vo) > X.

What we prove is in fact a more general result about quasi-modes of order
h|log h|~1:
Theorem 1.1.2. We find a number & > 0, and two continuous decreasing functions
7:[0,1] — [0, 1], ¥ : (0,1] — Ry with 7(0) =1, ¥(0) = +o0, such that:
If (x1,) is a sequence of normalized L* functions with
[(=h*A = 1)¥nlr2ary < ch|logh| ™,

then for any semi-classical invariant measure vy associated to (), for any § > 0,
2

019(5)> — k.

+

o (o 0) = 0= 0)F) 2 (1= 70) 575 -

If ¢ is small enough, this implies that vy has positive entropy.
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Remark 1.1.3. The proof gives an explicit expression of ¥ and 7 as continuous
decreasing functions of §; they also depend on the instability exponents of the
geodesic flow. I believe, however, that it is far from giving an optimal bound. In
the case of a compact manifold of constant sectional curvature —1, an attempt to
keep all constants optimal in the proof would probably lead to & = 1, 7 any number

greater than 1—2, and ¥ = (2(7—(1-6/2))) ~' _ which still does not seem optimal.

The main tool to prove Theorems 1.1.1 and 1.1.2 is an estimate given in The-
orem 1.3.3, which will be stated after we have recalled the definition of entropy
in paragraph 1.2. The method only uses the Anosov property of the flow, and
should work for very general Anosov symplectic dynamical systems. In [ANO5] it
is implemented (with considerable simplifications) for the toy model of the (Walsh-
quantized) “baker’s map”, for which Quantum Unique Ergodicity fails obviously.
For that toy model we can also prove the following improvement of Theorem 1.1.1,

Conjecture 1.1.4. For any semi-classical measure vy,

1
hg(vo) >

/ log J*(v)dvg(v)| .
S1M

which we believe holds for any Anosov symplectic system. Conjecture 1.1.4, if
true, is optimal in the sense that the lower bound is reached for certain counterex-
amples to Quantum Unique Ergodicity encountered for the baker’s map or the cat
map. In the same paper [AN05], we also show that Theorem 1.1.1 is optimal for the
baker’s map, in the sense that we can construct an ergodic semi-classical measure
with entropy x/2, and whose support has topological entropy x/2. Thus, Theo-
rem 1.1.1 should not be interpreted as a step in the direction of Quantum Unique
Ergodicity, but rather as a general fact which holds even when Quantum Unique
Ergodicity is known to fail.

It seems that an improvement of Theorem 1.1.1 would have to rely on a control
of the multiplicities in the spectrum, which are expected to be much lower for eigen-
functions of the laplacian than in the case of the cat map or the baker’s map (where
they are of order (h|logh|)~! for certain eigenvalues). For a negatively curved d-
dimensional manifold, the number of eigenvalues in the spectral interval (h=2 —
c(h|logh|)=1,h=2 + c(h|logh|)~!) is bounded by (2¢ + K)h? !|logh|~!, where
2ch? Y log h|~! comes from the leading term in Weyl’s law and Kh?!|logh|~!
is the remainder term obtained in [Be77]. The possible behaviour of quasi-modes
of order ch|logh|™! depends in a subtle way on the value of ¢, which controls
the multiplicity and thus our degree of freedom in forming linear combinations of
eigenfunctions. The theorem only proves the positive entropy of vy when c¢ is small
enough. On the other hand, when ¢ is not too close to 0, it should be possible to
construct quasi-modes of order ch|logh|~! for which vy has positive entropy but
nevertheless puts positive mass on a closed geodesic. For the cat map, we note
that the counterexamples constructed in [FNDBO03] concern eigenvalues of multi-
plicity Ch|log h|~! for a very precise value of C (related to the Lyapunov exponent),
and that the construction would not work for smaller values of C. For (genuine)
eigenfunctions of the laplacian, such counterexamples should not be expected if the
multiplicity is really much lower than the general bound h?~!|logh|~! — however,
just to improve the multiplicative constant in this bound requires a lot of work (see
[Sa-hp] in arithmetic situations).
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In the next paragraph we recall the definition of metric entropy in the classical
setting. Then, in paragraph 1.3, we try to adapt the construction on a semi-classical
level; we construct “quantum cylinder sets” and try to evaluate their measures.
Theorem 1.3.3 proves their exponential decay beyond the Ehrenfest time, and gives
the key to Theorems 1.1.1, 1.1.2.

1.2. Definition of entropy. Let S'M = P, U...U P, be a finite measurable parti-
tion of the unit tangent bundle S'M. The entropy of vy with respect to the action
of geodesic flow and to the partition P is defined by

hg(vo, P)
: 1 — —-n — —-n
:nlr{ql-oo_ﬁ Z V9(PayNg™ Py, ..0Ng" " Py, ) 10g 1o (PayNg Py, ...0g " P,,)

(az)e{1,..., 1} +1
: 1 -1 -n -1 -n
= ilelg—ﬁ Z Vo(PayNg™ Pay...Ng " Py, ) log vg(PagNg™  Pay...Ng” " Py,,).
(ej)€f{L,.... 13+t
The existence of the limit, and the fact that it coincides with the inf follow from
a subadditivity argument. The entropy of vy with respect to the action of the

geodesic flow is defined as
hg(vo) = 51113p hg(vo, P),

the supremum running over all finite measurable partitions P. For Anosov systems,
this supremum is actually reached for a well-chosen partition P (in fact, as soon
as the diameter of the P;s is small enough). In the proof of Theorem 1.1.2, we
will use the Shannon-MacMillan theorem which gives the following interpretation
of entropy: if vq is ergodic, then for 1p-almost all z, we have

1

—log o (P (x)) e —hg(vo, P)
where PV"(z) denotes the unique set of the form P,,Ng~!P,,...Ng~" P, containing
x. It follows that, for any € > 0, we can find a set of vy-measure greater than 1 — ¢
than can be covered by at most e™(hs(*0:P)+2) gets of the form Py, N g~ ' Py, ... N
g "P,, (for all n large enough).

The entropy is non-negative, and bounded a priori from above; on a compact
d-dimensional riemannian manifold of constant sectional curvature —1, the entropy
of any measure is smaller than d — 1; more generally, for an Anosov geodesic flow,
one has an a priori bound in terms of the unstable jacobian, called the Ruelle
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inequality (see [KH]): hy(vo) < | [q1,, log J¥dig|, with equality if and only if vy is
the Liouville measure on S*M ([LY85]).

For our purposes, we reformulate slightly the definition of entropy. The following
definition, although equivalent to the usual one, looks a bit different, in that we
only use partitions of the base M: the reason for doing so is that we prefer to work
with multiplication operators in paragraph 1.3, instead of having to deal with more
general pseudo-differential operators.

Let P = (Py,...P,) be a finite measurable partition of M (instead of S1M); we
denote €/2, (¢ > 0) an upper bound on the diameter of the P;s. We consider P as
a partition of the tangent bundle, by lifting it to T'M.

Let ¥ = {1,...1}%. To each tangent vector v € S'M one can associate a unique
element I(v) = (o) jez € ¥, such that g/v € P, for all integers j. Thus, we defines
a coding map I : S'M — 3. If we define the shift o acting on ¥ by

o ((a))jez) = (ajt1)jez,
we have Jog! = oo .

We introduce the probability measure ug on X, image of vy under the coding
map I. More explicitly, the finite-dimensional marginals of g are given by

/Lo([am ...7an,1]) =1g(Pay Ng ' Pyy...Ng™ " P, ),

where we have denoted [«y, ..., ,—1] the subset of X, formed of sequences in ¥
beginning with the letters (aog,...,an—1). Such a set is called a cylinder set (of
length n). We will denote ¥,, the set of cylinder sets of length n: they form a
partition of X.

Since g is carried by the unit tangent bundle, and (g*)-invariant, its image g
is o-invariant. The entropy of pg with respect to the action of the shift o is

, 1
(1.2.1) holpo) = lim —— % yo(C)log po(C)
cex,
1
(1.2.2) = it S 0(C) g olC) = hy(vo, P).
" nCEZn

The fact that the limit exists and coincides with the inf comes from the remark that
the sequence (— > ccs #0(C)log o (C))nen is subadditive, which follows from the
concavity of the log and the o-invariance of ug (see [KH]). We have decided to work
with time 1 of the geodesic flow; it is harmless to consider partitions P depending
only of the base, if the injectivity radius is greater than one — which we can always
assume. If the diameter of the P;s is small enough, the partition P and its iterates
under the flow generate the Borel o-field, which implies that hy(v9) = he(p0)-

Note that the entropy (1.2.2) is an upper semi-continuous functional. In other
words, when a sequence of (g?)-invariant probability measures converges in the
weak topology, lower bounds on entropy pass to the limit. The difficulty here is
that we are in an unusual situation where we have a sequence of noncommutative
dynamical systems converging to a commutative one: standard methods of dealing
with entropy need to be adapted to this context.

1.3. The semi-classical setting; exponential decay of the measures of
cylinder sets.



1.3.1. The measure py. Since we will resort to microlocal analysis we have to re-
place characteristic functions Ip, by smooth functions. We will assume that the P;
have smooth boundary, and will consider a smooth partition of unity obtained by
smoothing the characteristic functions 1p,; that is, a finite family of C*° functions
A; >0 (i=1,...,1), such that

We can consider the A;s as functions on T'M, depending only on the base point.
For each i, denote €2; a set of diameter € that contains the support of A; in its
interior.

In fact, the way we smooth the Ip,s to obtain A; is rather crucial, and will
be discussed in paragraph 2.1. Let us only say, for the moment, that the A; will
depend on h in a way that

(1.3.1) Al 1
h—0

uniformly in every compact subset in the interior of P;, and
1.3.2 Al — 0
(1.2 r—

uniformly in every compact subset outside P;. We also assume that the smoothing
is done at a scale h" (k € [0,1/2)), so that the derivatives of A? are controlled as

ID"AY]| < C(n)h~".

This ensures that certain results of pseudo-differential calculus are still applicable
to the functions A (see Appendix A1).

We now construct a functional uj defined on a certain class of functions on X.
We see the functions A; as multiplication operators on L?(M); and we denote A;(t)
their evolutions under the quantum flow:

hA hA
Ai(t) =exp (- th) o A; oexp (zt7)
We define the “measures” of cylinder sets under up, by the expressions:

(13.3) ([0, @a]) = (Aa, (1) Ay (1) Aag (0) 4, 0 ) c2ar)

(1.3.4) = (e_i”%Aanei% Aan_lei% . ~ei%Aao Uh, Yn ) L2 (M)

For C = [ay, ..., ap—1] € £, we will use the short-hand notation Cp, for the opera-
tor Cp = Aa,_,(n—1)....Aq, (1)Ag, (0) = e7i =D A, " A, ' ... e A, .
The functional up is only defined on the vector space spanned by character-
istic functions of cylinder sets. Note that pj is not a positive measure, because
the operators Cp, are not positive. The first part of the following proposition is
a compatibility condition; the second part says that up is o-invariant if v, is an

eigenfunction. The third condition holds if 1/, is normalized in L?(M).

Proposition 1.3.1. (i) For every n, for every cylinder [ag, ...,an—1] € X,

Zu;t([ao, ey an]) = ,uh([ao, ...,ozn_l]).
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(ii) If |(=h*A — 1)plL2(ary < ch|log h|™!, then for every n, for every cylinder
C =lag, ..., an_1] € B, and for any integer k,

lpn(o™C) — pun(C)| = Z pn ([, —1, a0, ooy an—1]) — pa ([, -y —1])
< B (Cutn] + IG5 gall)
~ 2|log h| h¥h ne hil):

(i4i) For every n > 0,

Z /,Lh([()éo,...,()én_l]) =1.

[0, e yan—1]

We assume in the rest of the paper that we have extracted from the sequence
(Vn)—1/n2esp(a) @ sequence (vh, )ren that converges to v in the weak topology:
(O, (@)Yhy, Yy ) L2y — fSlMa dvy, for every a € C°(TM). To simplify

k—+00
notations, we forget about the extraction, and simply consider that vy, Vo

If the partition of unity (A;) does not depend on h, the usual Egorov theorem
shows that pj converges, as h — 0, to a o-invariant probability measure defined
by uéA) on X, defined by

/L(()A) ([ao, . ozn]) =1y (AaO.AOl1 ogt..A,, o0 g") .

Convergence here means that the measure of each cylinder set converges. Now,
suppose the partition of unity depends on h so as to satisfy (1.3.1), (1.3.2); we may,
and will also assume that vy does not charge the boundary of P.

Proposition 1.3.2. The family (un) converges to ug as h — 0.
Proof. Let C = [ay, ..., ap] be a given cylinder set. By the Egorov theorem 4.2.3,
(135)  1ICh = Opy (Aag Aay 06" Aa, 09" ) l2an) = O(h1 %),

The function A,, Aa, © g...A4,_, © g"" 1 is nonnegative, and, as h — 0, it
converges uniformly to 1 on every compact subset in the interior of P, ,Ng™!P,,...N
g "ttP, ., since A; converges uniformly to 1 on every compact subset in the

interior of P; (1.3.1). If we chose a positive quantization procedure Op,,, it follows
from (1.3.5) that

. . T . n—1
hhni%f un(C) = hhni%ﬂOph (Aao Apy 09 Aa,_, 09 )¢h, )

> liminf vy, (int(PaoﬁgflPal...ﬂg*”HPan_l)) > (int(PaOﬁgflPal...ﬁgf”“P&n_1

We have assumed that vy does not charge the boundary of the P;s, and thus the
last term coincides with vo(Pay N g™ Pa,...N g™ "' P,, ). Similarly, using (1.3.2)
one can prove that

lim sup pp (C) < v (Pom Ng=1P,,..N g—”+1Pan71).
h—0

This ends the proof since we assumed 1y does not charge the boundary of the
partition P. ([

))



The key technical result of this paper, proved in Section 3, is an upper bound
on pp, valid for cylinder sets of large lengths.

1.3.2. Decay of the measures of cylinder sets. Because the geodesic flow is Anosov,
each energy layer S*M = {v € TM,|v|| = A} (A > 0) is foliated into strong
unstable manifolds of the geodesic flow. The unstable jacobian J“(v) at v € TM
is defined as the jacobian of ¢!, restricted to the unstable leaf at the point g'v.
Given (g, 1), we introduce the notation

Ji (o, 1) 1= sup ({J“(vo),vo € Py, llvol € [1 —&,1+ e],g" (vo) € Py, } U {67)\}) ;

A >> y is an arbitrary number and the term {e~*} is only there in case the first
set is empty. Given a sequence («g, ..., &, ), we denote

T (g, ooy ) = T (o, 1) 5 (@, @) - T (@p—1, ap).

Theorem 1.3.3. (The main estimate) Let x € C°(T*M) be compactly supported
in a neighbourhood of the unit tangent bundle, {v € T*M,|v|| € 1 — 5,1+ §]}.
Consider the operators Ay, (n)Aa, _,(n —1)...A,,Op(x). For every K > 0, there
exists hxe > 0 such that, uniformly for all h < hy, for all n < K|log hl,

[ Aa, () Aa (0 = 1)1 A0, OPOO| 2 ary < 2270) =2 T (@0, o ) 2 (1+O(E)) "

In our notations, remember that ¢ is also an upper bound on the diameter of the
support of the A;s. It is fixed, but can be taken arbitrarily small.

Using Feynman’s heuristics, the kernel of the operator A,, _,e*2 A,, ‘2 ---e''2
can be written as a paths integral,

K(n7x7y;0407~~704n) = Z erhJo 2
v(0)=z,v(n)=y,7(i) € Pa, ,i=0,...,n

It is known how to obtain a semi-classical expansion of this kernel in powers of
h, for fixed n, if the flow has no conjugate points (which means that the critical
points of the action fon % are non degenerate). As shown in [AMB92], the Anosov
property implies that the inverse of the hessian of the action at critical points is
bounded, uniformly with respect to time n. This explains that we are able to make
a semi-classical expansion of K(n,z,y;q,...,ay) valid for large n. In a former
version of this paper we proved Theorem 1.3.3 using this idea of paths integrals.
This is, however, very delicate since it implies using the stationary phase method
on spaces of arbitrarily large dimension. The simpler proof presented here uses

WKB methods, and was elaborated with Stéphane Nonnenmacher.

In part 2 we admit Theorem 1.3.3 and prove Theorems 1.1.1, 1.1.2. Theorem
1.3.3 is proved in part 3.
The paper has two appendices. In Al we collect some facts about small scale

pseudo-differential operators. In A2 we give details about the partition of unity
Al
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2. PROOF OF THEOREM 1.1.1.

We show how to prove Theorems 1.1.1 and 1.1.2, using Theorem 1.3.3. We
prove, in fact, the following. Let F' C X be an invariant subset under the shift.
We define the topological entropy hiop(F) > 0 by saying that hyp(F) < X if
and only if, for every § > 0, there exists C such that F' can be covered by at
most Ce™*+9) cylinders of length n (for all n). We consider normalized quasi-
eigenfunctions, |[(=h?A — 1)ty || 2(ar) < ch|logh|™!, and we call iy a semi-classical
limit (transported on ¥ by the coding map).

Proposition 2.0.4. There exists a k > 0 such that, for all § > 0, we can find
¥ >0 and 7 € (0,1) such that, for every set F C ¥ with hyop(F) < %(1 —0), we
have
R 2
po(F) < (1=n)(1-(5-ct) J+7+em,
0 +
The proof gives 7 and ¢ as continuous decreasing functions of §. The proposition
directly implies the main theorems: consider the invariant set Is = {x, hy(uf) <
3(1 =9)} € TM. By the Shannon-McMillan theorem, if we are given any a > 0,
there exists a subset I§ C Iy, with vy(I5\I§) < o, and such that I (more precisely
its image under the coding map) can be covered by en(3(-6+a))
large n. Applying Proposition 2.0.4 for § — a;, we find that
_ 2
wo(I2) < (1—7(5 — a)) (1 - (19(5’10‘) — (5 — a)c>+) +7(6 — @) + R

n-cylinders, for

and, letting o — 0,
2

- 19(5)0) )+ 7(0) + e

+

w(ts) < (=) (1~ (505
in other words
_ 2
vo(STM\ Is) > (1 — 7(5)) (19?5) - 19(5)0) — CR.
+

The proof of Proposition 2.0.4 may be roughly explained as follows:

(a) Theorem 1.3.3 says that, for every cylinder C € %,,,
e—x/2
(27h)d/2
uniformly for n < K|logh| and h < hx (K can be taken arbitrarily large). Thus,
for any 6 € (0, 1), a set of pup-measure greater than (1 —6) cannot be covered by less

than (1 — 0)%6’”)(/2(1 + O(e))~™ cylinders of length n (see Paragraph 2.2).

1A (C)] <2 (1+0()";

(b) If I C ¥ is a o-invariant set of topological entropy strictly less than §(1—-¢),

there exists C' such that, for every n € N, F' can be covered by Ce”(%(175/2))
cylinder sets of length n (see Paragraph 2.3.)

The two observations (a) and (b) lead to the intuition that it is difficult for the
limit measure po to concentrate on a set of topological entropy less than y/2.

Sketch of the proof. We start with a variant of observation (b), proved in
paragraph 2.3:
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(b’) Let F' C X be a o-invariant set of topological entropy hiop(F) < §(1 —6).
Then we can find a neighbourhood W, of F', formed of cylinders of length n, such
that, for N large enough, for every 7 € [0,1],

ﬁZN(WnNT) < eN(%(1—6/4))6(1—7’)N(1+n1)logl’
where [ is the number of elements of the partition P. We denoted ¥ (W,,,,7) the
set of N-cylinders [ay, ..., an—1] such that
ﬂ{j €[0,N —nil, [0, e, 0jpmy—1] € Wnl}
N — N1 —+ ].

They correspond to orbits that spend a lot of time in the neighbourhood W,,, of
F.

> T.

If ¢ is small enough and 7 is sufficiently close to 1, one can find ¢ such that, for
N > ¥|logh|,

(1 _ 9)(27Th)d/2€NX/2(1 + O(E))n > eN(%(l—é/éL))e(l—T)N(1+n1)logl.
It follows from (a) and (b’) that
(2.0.6) ln (BN (Why, 7)) <16,

Then, using the o-invariance of uj; (say, in the case when the 1), are genuine
eigenfunctions), we want to write, for N = oJ|log h|,

N—-n1—1
COT) (W)l = I Y (W)

1 ki]i)f—nl—l
(2.0.8) = |,Uh<N o > In—kwm)l

k=0

(209) S Hh (EN(Wnl ) 7_)) +7 ﬂh(zN(Wn1 ) T)C>
(2.0.10) < (A=) (EN(Wa,, 7)) +7
(2.0.11) < (1-71(1-6)+7

Passing to the limit h — 0, we get pug(W,,) < (1 —7)(1 —6) + 7 hence
pwo(FY<(1-7)(1-0)+7<1.
For (2.0.9), we have used the fact that
| Nt

I,- <1
N —mny kZ:O T

in general, and that
1 N—ni—1

N i Z Io’*kWnl S T
k=0

on Yn(Wy,,7)¢ the complement of ¥n(W,,,7). Unfortunately, (2.0.9) is not

correct since pyp, is not a probability measure.

We know however that uj converges weakly to a probability measure, and we
may try to make this statement more quantitative. Semi-classical analysis tells us
that py, is close to being a probability measure when restricted to the set of cylinders
of length N < &|log h|, for & not too large. To sum up, the inequality (2.0.6) only
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holds for N > 9| log h| whereas the lines (2.0.7)—(2.0.11) are valid for N < &|log hl;
one cannot expect 9 to be smaller than 5. To pass from one time-scale to the other,
we use a sub-multiplicativity property stated in paragraph 2.2.

In paragraph 2.1 we give certain important precisions about the partitions of
unity we want to use. In 2.2, we come back to observation (a) and prove the
crucial sub-multiplicativity lemma. Paragraph 2.3 is dedicated to proving (b’). In
paragraph 2.4 we show that, until a certain time |log h|, the measure p, can be
treated as a probability measure. Finally, we conclude as in (2.0.7)—(2.0.11).

2.1. Partition of unity. For our purposes, we need to be more specific about our
partitions of unity (A4;). In order to apply semi-classical methods we need the A;
to be smooth, and on the other hand we would like the family A; to behave almost
like a family of orthogonal projectors: A? ~ A;, A;A; ~ 0 for i # j.

Take a finite partition M = P; U ... Ll P, by sets of diameter less than £/2. By
modifying slightly the P;s we may assume that the semi-classical measure vy does
not charge the boundary of the partition. Our partition of unity will be defined by
taking a convolution

1

(2.1.1) A (@) = 1o Tp x C(2/h7);

that is,
~ 1 Y
h _ 7 _
Atta) = - [¢() 1o~ v,

where ( is a nonnegative, smooth compactly supported function, of integral 1; the
convolution is to be unterstood in a local chart, and x > 0 will be chosen later.
Then, we take as a partition of unity the family

Al

The partition of unity (A;)1<i<; depends on h, and if x > 0 it converges weakly
to (Ip,)1<i<; when h — 0. It has the following properties:

e P C supp A; C B(P;,¢/2) for all 4, for h small enough. In accordance with

the notations of the previous sections, we denote Q; = B(P;,£/2).

o A2 =A,; except on a set of measure of order h”.

o for i # j, A;A; = 0 except on a set of measure of order h”.

We must choose k so that semi-classical methods still work: that is, k < 1/2
(see Appendix Al).

In addition, we need to assume that there exists some p > 0 such that

e For all 4, ||[(A? — A;)¢n | z2(ary = O(RP/?).

e For i #j, ||AiAj'(/1h||L2(M) = O(hp/Q).
In other words, the operators A; act on v almost as a family of orthogonal pro-
jectors. Because ||9n||z2(ar) = 1, it is always possible to construct the A;s in order
to satisfy all the requirements above; this requires to move slightly the boundary
of the partition P; (of a distance h%(%’p)) before applying the convolution (2.1.1).
The construction is described in detail in Appendix A2.

Ai
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2.2. A sub-multiplicative property. As already mentioned, we will have to face
anx/Q

the problem that the inequality | (C)| < 2W(1 + O(e))™ is only useful when
%(1 + O(e))™ < 1, that is, n > ¥J|logh| for a certain ¥. On the other

hand, observation (a) is only useful if py, is close to being a probability measure;
semi-classical analysis tells us that this is the case on the set of cylinders of length
< E|logh|. A priori, & < ¢, and to reconcile the two regimes n < &|logh| and
n > J|log h| we will need a certain sub-multiplicativity property (Lemma 2.2.3 and
2.2.4).

We introduce, as in Theorem 1.3.3, a cut-off function x which is compactly sup-
ported in a neighbourhood of size £/2 of the energy layer 1; and which is identically
= 1 on a smaller neighbourhood. It should be noted that, for such y, we have
0P, (X)¥n — ¥nllL2(ary = O(ch|logh|™') + O(h™), as follows from the identity
Op(1 — x) = A(—h?A — 1) + R where A is a pseudo-differential operator of order
0 and R is a smoothing operator (see Appendix Al).

Definition 2.2.1. (i) Let W be a subset of %,,, the set of n-cylinders in ¥; we
denote W¢ C %, its complement. For a given h > 0 and 6 € [0,1], we say that W
is a (h, (1 — 0),n)-cover of ¥ if

<.

(2.2.1) > CuOp,(X)¥n

cewe

L2(M)
(ii) We define
Np(n,0) = min {{W, W is a (h, (1 — 6),n)-cover of 3},

the minimal cardinality of an (h, (1 — ), n)-cover of X.

Remember the notation: for C = [ag, ..., ¥n_1] € X, Cy, stands for the oper-
ator Cp, = Aqa,_,(n —1)....A4,(1)An,(0). In some sense, (2.2.1) means that the
measure of the complement of W is small. Note that we consider the quantity

|| ZCeWC CAhOph(X)whHL?(M)a and not | chwc Mh(c)| = | ZCGWC <éh7/’ha 7/)h>L2(M)|'
The reason is that we need a sub-multiplicative property of Ny (n,0), stated below.
We will need the following lemma, proved in Appendix Al:

Lemma 2.2.2. There exist K and o > 0 such that, for all n < g|logh|, for every
subset W C 2,

Z éhOph(X)

cew

<1+0(h%).

L2(M)

Lemma 2.2.3. (Sub-multiplicativity 1) Suppose the (¢y,) are eigenfunctions, that
is (—h?A — 1)y, = 0.

If & and « are as in Lemma 2.2.2, then for every n < R|logh|,k € N and
0 €(0,1),

N, (k:n kO(1 + O(nha))) < Ny, (n,0)".
The lemma can be adapted for approximate eigenfunctions:

Lemma 2.2.4. (Sub-multiplicativity 2) Suppose the (v,) satisfy ||(7h2A71)¢h||L2(M) <
ch|logh|~t.
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If & and « are as in Lemma 2.2.2, then for every n < E|logh|,k € N and
0e€(0,1),

N, (lm (k0 + k2n cllog h| 1) (1 + O(nha))) < Ni(n,0)".

Proof. Given a (h, (1—8),n)-cover of 2, denoted W, we define W* C %, as the set
of kn-cylinders [ao, ..., gn—1] such that [y, ..., (y1)n—1] € W forall j € [0,k—1],
and we show that W¥ is a (h,1 — k@ — k?n c|log h| =1, kn)-cover:

Each C € (W¥)¢ may be decomposed into the concatenation of k cylinders of
length n, C = C°C'...C*~1, one of which is not in W. Thus, we have

(2.2.2) > ChOpy(x

ce(Wk)e L2(M)

=D 3 CE1((k — 1)n)...CJ (jn)...C2Op, (x)vn
J=0 ciew for i>jciewe,cies, for i<j
k—1

=2 > CE((k — 1)n)...C (1) Opy (xX)n

J=0ciew for i<jciewe
Using Lemma 2.2.2 to bound the norm of the operator » ...y for > é’;_l((k —
Dn)...CJ 7 ((j — Dn)Opp(x) by (1+O(h®))*~7, we see that (2.2.2) is less than

(1+0(h%) "ZH Y Chin)Op, ()¢l

j=0 Ciewe

= (140(h") "Z( > ClOp, ()¢l + O(in c|log h| 1) + 20(ch|log h|~ 1))

Jj=0 Ciewe
< (k0 + k*n c|log h| ") (1 4+ O(nh®)).

We used the fact that || (exp(ithA) — e%)whHLz(M) < tc|logh|~! and the fact that
10D, (X)¥n — ¥nllL2(ary = O(chllog h|~1) + O(h>). .

The next proposition is just an expression of Observation (a).
Proposition 2.2.5. For any KC > 0, there exists hic > 0 such that for h < hx and
N < K|loghl|, we have

1—46 x
Nu(N,8) > %(zwh)d/%%(l +0(@)™N
Proof. Let W be a (h, (1 — 6), N)-cover of ¥.. We have
| > (ChODL () %n, ) < | D ChOp, ()Yl < 6.

ceWe ceWwe
Using the fact that 3¢y (ChODL (X)¥hs ¥n) = (Opy, (X)n, ) = 14+0(ch|log | 71)+
O(h®>), we get

|3 {GuOPA ()W )| = 1~ 0+ O(ch] log h| ™).
cCew
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Thus,
-1 5 2~ N3 N
1 -0+ O(chllogh|™") < Z {ChOPy (X)¥n, Y1) | < W ——~—= (1 + O(e)) ™,
(27h)?/
cew
where the last line comes from Theorem 1.3.3. O

This immediately implies:

Lemma 2.2.6. Given any § > 0, we may choose ¥ large enough, and £ (the size
of the partition) small enough, so that, for N = J|log h|, we have

Nu(N,0) > (1—6)eN30-15).,

As we said, semi-classical analysis is usually only valid until a certain time
E|logh|, in general with £ < ¥. Lemma 2.2.4 is precisely the tool that will al-
low us to reduce the time scale: starting from Lemma 2.2.6, it tells us that, for
N =FR|logh|, 0 <& <9,

(2.2.3) Nu(N, 50— c0) 2 (1= )/ 2N 30 ),

2.3. A combinatorial lemma. Let us now put a precise statement behind obser-
vation (b). If F' is a set of small topological entropy, Lemma 2.3.1 below says that
the set of orbits spending a lot of time near F' also has a small rate of exponential
growth.

Let us consider an invariant subset F' C X of topological entropy hyp(F) <
3(1 —0). By definition, there exists ng such that I’ can be covered by (at most)
e"(htOP(FH‘XTé) < en3(1-6/2) cylinders of length n, for all n > ng. We denote
W, C X, a cover of minimal cardinality of F' by n-cylinders. Given N € N, n < N

and 7 € [0, 1], we denote X n(W,,, 7): the set of N-cylinders [ay, ..., n—1] such that
ﬁ{] S [0, N — TL}, [ij7 ‘..704j+n71] S Wn}
N-—-n+1
The next lemma bounds the cardinality of ¥y (W, 7).

> T.

Lemma 2.3.1. (Counting cylinder sets) There exist ny > ng, and Ny such that,
for every N > Ny and for every T € [0,1],

45N (W, 7) < GN%ethp(F)eu—T)N(Hnl)1ogz.

Proof. Take ny > ng large enough so that
1 N X0
li —1 < L
N N Og(uflj) =100’

n is now fixed.
Given a sequence [ag...,any_1] € X, define a sequence of “stopping times”:

T = inf {0 S] <N — ni, [O[j, ...,ijJrnl,l] S Wnl},
o =1inf {19 <j < N —ny, [0, ..., %jsny—1) & W, |,
71 = inf {Té —1+4+n <j<N-—ny,og,..,qj4n, 1] € T/Vm}7
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and so on:
Th4+1 = inf {TIQ —14+n <5< N—nl, [OZj,...,OéjJrnl,l] € Wnl}a
Thyr = inf {Tk <j<N—nq,[a,. . Qjsn—1] & Wnl}.

The sequence (7) becomes stationary, equal to N — nq, for k > l%J Define the
intervals Iy = 19,79 —1+mn1 —1],....Ix, = 1%, 7, — 14+n1 —1]. If C = [, ..., an—1] s
in ¥x(Wy,,7), then the complement of UIj has cardinality less than (1 — 7)(N —
n1+1)+n1 S (1—7)N+n1

A cylinder C = [ag,...,an-1] € En(Wp,,7) is completely determined by the
following data:

(i) the intervals (Ix)o<i<|N/n,|

(ii) the restriction of C to the union of the Is.

(iii) the values of C outside the Ijs.

Let us count in each case the number of possibilities:

(i) There are at most (L N]/Vm J)2 possibilities, corresponding to the choices of the
endpoints of the intervals Ii; by our choice of ny, for IV large enough this is less
than eV 33 .

(ii) Each Ij can be split into a disjoint union of intervals of length n; and at most
one interval of length less than n;. The intervals of length (exactly) n; thus obtained

are at most N/ny, and they correspond to cylinders covering F': there are at most
N/ny
(W, )V/™ possibilities. If ny > ng this is less than (e”l(htvP(FHXTé ) =

N (hop(F)+32)  For the remaining intervals, of length strictly less than ni, there
can be at most (1 — 7)N of them; this gives 1=Vt possibilities.

(iii) For the values of « outside the Ijs, the number of possible choices is bounded
by [(1=7)N+n71 Choose Ny such that ™ < eNoX5 |

This ends the proof of the lemma.

Remark 2.3.2. This estimate is very crude, since we argued as if all choices in (i),
(ii) and (iii) were independent.

O

We can now choose 7 € (0, 1) close enough to 1 so that

o 5
hiop(F) + (1 = 7)N(1 4+ nq1)logl + 3% < %(1 - g)’
so that we have
(2.3.1) 45N (W, 7) < eNFA-8),

for all N large enough.

Comparing (2.3.1) with (2.2.3), for h small enough and N = &|logh|, we have
necessarily:

(2.3.2) Z ChODP, () ¥n| = =0 — cv.

CEZN(Wnl 7T)C

S| =

L2
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This tries to say that the measure of the complement of ¥y (W,,,,7) cannot be too
small. We now have to relate (2.3.2) with

|n (BN (W, 7)) = > (Ctbn )| -

CESN (W, ,7)e

This is done in the next two paragraphs, and goes roughly as follows:

Imagine that the operators é;LOph(X) were orthogonal projectors, with orthogo-
nal images for distinct cylinders C. Ideally, this would be the case if:

— the operators A; were a family of orthogonal projectors (that is, if the functions
A; were characteristic functions of disjoint sets);

— the operators A;(t) commuted with one another for all ¢.

If so, we could write

(2.33) > (ChOP,(0)n, ¥n) = D ICLODL()¢nlI72 = | Y ChOPL() w72

CESN (Way,7)° CeSN (Why ,7)e CESN (Way,7)°

so that (2.3.2) would imply the lower bound

K 2
|/1’h(EN(Wn1 y T)C)‘ > (50 — C’l9)+ .

The A;s, unfortunately, are not characteristic functions of disjoint sets, they form
a smooth partition of unity; and the operators A;(t) do not commute. However,

— we have constructed the A; so that they act on 1 almost as an orthogonal
family of projectors.

— there exists & > 0 such that the operators A;(t) almost commute for [t| <
R|loghl:

Proposition 2.3.3. There exists A > 0 such that, for all & > 0 for every N <
2r|log h|, for every permutation T of {0, ..., N}, for every sequence to,...,tn such
that |t;| < k|loghl, for every sequence «y, ..., an,

0P, (X)* Aay (EN)---Aa, (t1) Aag (t0) Opy, (X)
= O0p,(X)*Opy,(X) Aa, x (trN ) Ay (t‘rl)AaTo (t‘rO)”LQ(M) = O(hli%igAR)

The proof is given in Appendix A1l. This gives hope to prove (2.3.3), at least up
to a negligible remainder term:

2.4. Relating || 3 C,Op, (x)¢n| and X (Chton. ¥n)-
Remember that we constructed the partition of unity (A%) in such a way that:
There exists p > 0 such that
1(A? = A ¥nllzary) = O(RP?) and || AsAjionl 2y = O(hP'?),

for all 4 and all j # i. Let us choose the parameter & so that the conclusion of
Proposition 2.3.3 holds. This ensures that there is no harm in treating the Cp as
orthogonal projectors in (2.3.2). Using Proposition 2.3.3, which allows commutation
of the operators A4;(¢) and Op,,(x), for |t| < &|log h|, we find that, for N < &|log k|,
for C,C' € ¥n,C £,

|(ChOPL ()¢, CLOPL (X)¥n)| = O(R' 2+ 34%) +- O(h?7?),
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and

1(CrOPy, (X)¥n, Opy, (X)¥n) —(ChOPL (X)¥n, ChODP, (X)¥n)| = N (O(h' ~25734%) L O(hP/?)).
Then, for N < &|logh|,

Yo HCOPL(X)¥n, CLOPL ()¥n)| = (O(R' 2+ 734%) + O(hP/2))4E%,
C.C'€S N, C#C!

and

> 1{ChOPL(X)¥n, 0P, () ¥n) — (CrOD, (X)¥n, ChOPy, (xX)¥n)| = N (O(h!~25734%) L O(hP/?) ).

CexXn

Since the cardinality of 3y grows exponentially, we take & small enough so that,
for N < &|loghl,
|<CAhOph(X)wh7CA;LOph(X)’(/}hH = O(h")

C,C'€S N, CA£C!

and

>~ 1(ChOpy (X)¥n, Op (X)¥on) — (CrOPy, (X)¥n, ChOP (X)¥n)| = O(hF).

CeEXN

Remember also that ||(Opy,(x) —1)¥nll2(ar) = O(ch)+O(h™). For k small enough
and N < g|loghl, we find for every subset S C Xy,

(2.4.1) S n©)] = 1> un(€)]+ O(hF)
cesS ces
(2.4.2) = > 1ChOp, () n|* + O(h%)
ces
(2.4.3) = | > ChOp () ¥nll* + O(h").
ces

The point is that, when working on cylinders of size &|log h|, the measure py, is
non-negative, up to a negligible remainder term. The first line implies in particular
that

(24.4) S lun(©)] = 1+ 0(h")

CeEXN
Coming back to (2.3.2), we get for N = i|logh|, and ny as in Lemma 2.3.1,
> m©l= (50— 019) +O(h")
CGEN(Wnl,T)C
and, because of (2.4.4),

(2.4.5) Y m©@l<1- (59 _ cﬁ) + O

CGEN(Wnl ,‘r)
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2.5. End of the proof. We use the o-invariance of up, (Proposition 1.3.1 (ii)), and
we get, for N = &|logh,

N—n1—1
1 _ _
(2.5.1)  |un(Wn)| < |N _— Z pn (e FBS(W, )| + &
k=0
1 N—n1—1
(2.5.2) - |’“‘(N o S Igfm(wnl))| + ek
k=0
(2.5.3) < Yoo lm@l+r Y (O] + R
CeESN (W, ,7) CEEN (W, ,7)
(2.5.4) < (=7 Y |u(©)|+ 7+ ck+ O(RF)
CEEN(Wnl,T)
= 2
(2.5.5) < (1-71) (1 (gﬁfcﬁ) >+T+Cﬁ+0(hﬁ).
+
For (2.5.3), we have used the fact that
1 N*?‘Ll*l
N Z L-isow, ) <1
k=0
in general, and that
1 anlfl
N —ny Z IU_ICZ(WM) =7
k=0

on X n(Wy,,7)¢ In the next line, we have used (2.4.4); and we conclude thanks to
(2.4.5). Thanks to Proposition 1.3.2, we can pass to the limit in (2.5.5), and obtain

po(Wn,) < (1—=17) (1 — (g@— cﬁ)j) + T+ ck.

Since F' C W,,,, we obtain finally

jo(F) < (1—7) (1 - (%9 - w)j) 47+ cR.

Noting that this last estimate holds for every 6 < 1, we get

1o(F) < (1—7) (1 _ (g _ w)i) T

which proves Proposition 2.0.4.

3. THE MAIN ESTIMATE.

We prove Theorem 1.3.3 about the norm of the operator A, (n)...Aq,Op(x) =
U"Aa,UAq,_,..UAs,Op(x) (where we denote for simplicity U' = exp(ith5)
andU = U'). Since U' is unitary, the norm of this operator is the same as the
norm of A,, UA,, _,..UAw,Op(x)-

The pseudo-differential operator Op() is defined as (see Appendix A1)

Op(x) = Y _ %1 OP(x) i
l
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where (¢;) is an auxiliary partition of unity on M (3, ¢i(x)? = 1) such that the
support of each ¢; is endowed with local coordinates in R?. In local coordinates in
the support of ¢;, OP(x) is then defined by the usual formula,

(3.0.6) OP()S(w) = (2h) ™" [ ()T (2, p)dzdp,

The function y will be chosen of the form x(z,p) = x1(||p|lz) where x1 is a smooth
function on R supported in [1 — /2,1 + ¢/2] with x; = 1 in a neighbourhood of
1. For z € Q,,, we can write

(3.0.7) Op(x)u(z) = /u(z)dz(a:)dz,

where we denote ¢, the function

i(pe—z) dp
(3.0.8) 6.(x) = /e  x(z,p) Grh)e
To be more precise, we should use an auxiliary partition of unity as in (3.0.6), and
write Op(x)u(z) = >, wi(z) [ i(2) (x)dz; expressions such as (3.0.8) should

then be understood in local coordmates in the support of each ¢;. For simplicity,
and because these ; will play no role in the estimates, they won’t appear any more
in the formulae.

If we can estimate the norm of A, UA,, _,...UAs,0, for any z, we can use (3.0.7)
to estimate the norm of A, UA,, _,...UAs,Op(x)u for arbitrary u. The estimates
will be done by induction on n: we will propose an Ansatz — that is, an approximate
expression — for A,, UA,, ,..UAq0., valid for “large” n.

3.1. The Ansatz for n = 1. This first step is very standard, but we recall the
main ideas in order to fix our notations. We look for an Ansatz for Ut.A,,d., in
the form

N-1
LENCEHCH )} p)) A dp
(3.1.1) u(t,z, z) :/ ZO h¥ai(t, z, (z, p)))x(z,p)m.
If we want u to solve
Ju _ gpRsu
o 2

up to order A, the unknown functions Sy and aj, should solve the partial differential
equations

aSO + H(z,d,;Sp) = 0 (Hamilton-Jacobi equation)
(3.1.2)

% = ma% — (day, dSp) — akATSO (transport equation)

with initial conditions

S0(0,, (2,p)) = (p,x — 2)
ao(O,J?, (Zap)) = AOéo (.Z‘)

ar(0,z,(z,p)) =0 for k& > 1.

The Hamiltonian is, of course, given by the Riemannian metric, H(z,p) = 5
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Remark 3.1.1. Since the base point z is fixed in all the following calculations, we
will omit it in the notations until Lemma 3.2.1.

Let us introduce the notation 72" (s < t) for the unitary “flow” giving the

So(p) _
solutions of the time dependent equation % = —(dya,d,So(t,z,p)) — aw
with initial data a(s). The explicit expression is

_(t_S) 7dflj5’ t? b
o1 o) 220 )
So(p) st (x)
So(p)

where g¢ is the geodesic flow; the function Jg;t(p) defined on M is itself the solution
of

s,t s,t Q
O T5(@) | (dodg, ), deSolt,,p)) AuSolt,2.p)
s,t s,t x I
T3 (@) T3 (@)
with initial condition JZ° . = 1. The solution of this equation is

So(p)
t
(314) Jg';t(p) (gt*S(x’deO(s,m7p))) = exp/s ASO(Ta gTis(xadl'SO(vaap)))dT;

the interpretation is that Jg;t(p) (gt’s(x, dzSo (s,x,p))) is the jacobian of the flow
t—s

g'~* restricted to the lagrangian submanifold generated by Sy(s, p), namely £ S
{(I’, szO(S7 :E,p))}

Remark 3.1.2. To give a meaning to formulae such as (3.1.3) or (3.1.4), we see func-
tions on M as functions on the cotangent bundle, depending only on the position.
In other words, when we consider the function x — g¢'(z,dS(z)) we actually have
in mind z — 7g*(x,dS(z)), where 7 is the projection T*M — M.

We have

sp) T

aop (t7p) = Tg(;t(p)AOéoa

and by the Duhamel formula,
¢ s iAak—l
onttn) = [ T3, (SF s

The function u(¢,x) (3.1.1) now satisfies the approximate equation
, , dp
— =th— —1 ;
ot 2 2 (2rh)d
the difference with the actual solution (with the same initial data) is bounded by
RN=4Aay_1||2 < AV Ay llcon in L? norm.
At this stage, the Ansatz reads

A iSg(t,z,p A _
5 - hN/e S 2L G p)v(p)

iSg(tip) k dp
(3.1.5) u(t,x) = /e R (Z h ak(t,x,p))x(p)w-
k=0

For ¢t away from 0, we can use the stationary phase method with respect to p and
replace (3.1.5) by an expression of the form

. N-1
u(t,@) = (2mh) /2 (Z h’“bi(uac))

k=0
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up to an error O(hV)|| Ay, ||c2v, where
SO(tax) = So(t,l‘,p(t,l'))

bo(t, ) = ao(t,x, p(t, 2))x(p(t, x));
p(t, x) is the vector based at z, and allowing to reach x in time ¢ (unique if we ask
x(p(t,z)) # 0). More generally, b (¢, x) is a linear combination of ngao(t, x,p(t, z))x(p(t, x)),
Dg(k_l)al(t,o:,p(t,:z:))x(p(t,x)), oy ag(t, z, p(t, ) x(p(t, x)), and hence involves 2k
derivatives of A, :

(3.1.6) A0 (t, )| < C(m + 2k) h=r(m+2k),

(with C(0) =1).
Taking ¢t = 1, we find the expression

N—-1
(3.1.7) u(l,z) = (2rh) 2T (30 RFH (1, 2)
k=0
as approximate expression for UA,, 9., the difference with the actual solution being
bounded by hN~4||A,, ||c2n. Geometrically, the function So(t,x) (when restricted
to x € €y, ) is the generating function of the lagrangian manifold

Ly = {(x,dzSo(t,2)), 7 € Qu, }
={(z,6) e T*M,x € Qqu,,Ip € T M s.t. ||p||. € [1—¢/2,14+€/2], (z,€) = g'(2,p)},

which is a union of “spheres” centered at z.

3.2. The Ansatz for n > 1. By induction on n, we now propose an Ansatz for
UtAq, .. UAs,UAu 0. (0 <t <1). Starting from (3.1.7) we need to find an Ansatz
for

) L N—-1
UlAg, .. Aa,UA, <ei's°i' (3 h’“b%(l,x))) .

k=0
iSg(1,z)
h

We will use ®(z) =e ( ,ICV:_Ol R*bY(1,2)) as a short-hand notation.

3.2.1. The functions Sy. The function Sy(t) (0 < t < 1) was defined in the previous
paragraph. We define S, by induction Given Si_1(t) (0 < ¢ < 1), we define Si(t)
as solution of the Hamilton-Jacobi equation

a8
a +H($,dm5) =0

with initial data S (0) = Sg_1(1); by the assumption about the injectivity radius,
no caustics are met for ¢ < 1, thus Sk(t) is well defined as a smooth function on
Q If we denote

Q41
Ls, ) = {(w,deS(t, 7)), 2 € Qo }

the lagrangian manifold generated by Sk(t) , we have

Ls(t) € 9" Lsy0) = 9' L, (1)-

For an Anosov flow, the sphere bundle is transverse to the weak stable foliation.
The lagrangian Lg (1) C T*M is a union of (pieces of) spheres centered at z: as
a consequence, Lg, (1) becomes exponentially close, as k — +o00, to a union of
(pieces of) unstable leaves.



23

3.2.2. The Ansatz. By induction on n, we define a sequence of functions, b} (¢, x)
(neN, k< N,z e M,te|[0,1]) such that an Ansatz for U'A4,,...Aq,UAy, . @
reads

LS“(t )

Uldg, . Aa,UAy, @ ~ e Z RROE(t, ) + Ry (t, @)
k=0
with a remainder term of order h"Y. We can make explicit the recurrence relation
giving (b} )r=o,...N—1 in terms of (bzfl)kzo ~N—1, as well as the remainder term

.....

Ry
Suppose that the Ansatz found at the previous step gave the expression
n 1(t x) Nl
UtAa, o Aa,UAa, ® = ¢ (> rRopt(t,2) + Ry (¢, @)
k=0

where RRFI is a remainder term which we know how to control in L? norm. Then

N—-1

Ut A, o A, U A, & = U ( S Z hk e > + U An, (RS ) (2)

n—1 _ n—1 t Sno1 () N—-1;k n—1
where ¢ (t,x) = Aq, (2)b;; " (t,2). We now propose an Ansatz for U (e » (>, h¥c, " (1,2))

in the form
(3.2.1) ot x) = e Z )

For v to be an approximate solution of d,v = ih% the coefficients should be

solutions of
9u 4 H(z,d,S,) =

by iAbR_,
ot — 2
with initial conditions

— (db, dS,) — %5
Sn(0,2) = S, —1(1, z),

br(0,z) = ¢ (1, ).

Then v™ solves %(t,x) = ihA;’" (t,z) — e M. By the Duhamel
formula,
t( i8Sy _1(1,3) N-1 b nel > N t i(t—s)hA iSp (s,x) Ab’]i,_l(s,x)
U'fe (Z hfep™(1,z) | = v"(t, x)+ih / e 2 (e z > ds.
k=0 0 2

We find the recurrence relation for the remainder terms:

t i(t—s)h iSp (s, Abn ,
Ry () ZUtAan(R%’l)(rf:)ﬂhN/ e (e Saf >N21(”>>
0

This gives
(3.2.2)
IR Nl z2an) < RN Hlzzcany + AV IAGK [l < IRY lzzan + AV IADY [l

The recurrence relations for the coefficients b} can be written

(3.2.3) br(t,x) =Tg'cp™ 1(1,m)+/0 Ts! <2A no (s ,x)) ds
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(cpt = A, b

where

aog (=9 (m, d. S (t, x))

Téta(x) = —
JS;L ()

and Jg, is the jacobian of the geodesic flow acting on the lagrangian manifold
generated by S, (defined as in (3.1.4) with Sy(p) replaced by S,,). Since a cut-off
function A,, is inserted at each recurrence step, no caustics are ever met, and
formula (3.2.1) defines a smooth function on M.

In vectorial notations, we can write b" = (b3, ...,b% ) € C>=([0,1], M)N. The
recurrence relation becomes (I—L7)b™ = L2b" ! where Ly, L} act on C°°([0,1), M)V
as follows,

E™ 0
n 0 K « 13 9 :
Lj = (a “diagonal” matrix)

0 0 E"
and

0 0

LY = A (a “nilpotent” operator),

0 F"A 0

with

t
(B"1)(0) = T8 (Ao, (1) and (F"1)(0) = 5 | 75 $(5)ds.
0

The recurrence relation can be inverted,

N—-1

b= (Z [L?]’“) Ly bt

k=0

It is easy to iterate this formula. We note that
(5] LG (Ey g (LR Ly =0

unless k1 + ... + k, < N — 1. Thus, the formula expressing b” in terms of b° is

D DI 23 L0 71 Uy F N 17 S AR
k14...+k, <N—1

In the end, the formula expressing b7 in terms of ) (k= 0,..,N — 1) is
bz — Z Z (FnA)k"En(Fn_lAyC"’lEn_l -~-(F2A)k1E1 b?
§=0,... N=1 \ki4...4+kn=k—j<N

We see in particular that the total number of derivatives of b involved is never
more than 2N.
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3.2.3. Higher derivatives. We need to control the derivatives d™b} for m < 2(N —
k). Using the previous ideas we write a recurrence relation giving
B" =B"(t,x):= ( by(t,z),dby(t,x),......... L d*Non (¢, ),
b (t, x),db} (L, x), ..., d* N Db (t,x),
D1 (t @), AP0 (¢, 93))

in terms of B"~! (z € M,t € [0,1]). In accordance with this disposition in array,
we will denote By, ) = d™b (0<k <N —1,m <2(N — k)).

Differentiating the recurrence relation (3.2.3) with respect to x, we get a relation
of the form
(3.2.4)

dmbp(ta) = > T Al (1,2).00( +Z/ TS 200 (s, 2).0m, (s, x)ds.
ji<m j<m
(cZ_1 = Aunb};_l).
In this formula we denote
@ g t=0) (2,48, (1,2))

Std] ( ) ,
UHC

O, (x) is a m-linear form sending (T, M)™ to (Ty—+(q,as, (t.0)) M)’
ozmj(s z) is a m-linear form sending (T, M)™ to (Ty- (-2 (4,as, (t,0)) M)’ 7>
The functions # and « are uniformly bounded. We don’t need to know their

explicit expression, except for ;) .: the latter can easily be shown to be
e;nnm(x) = (dg(_xfdsn(t’m)))g)m

In these formulae, x +— g(_xfds (t.2)) is seen as a function from M to itself, see
Remark 3.1.2.

In vectorial form, the recurrence relation (3.2.4) can be written as (I — M7 )B" =
(Mo + Mg )B™~!, where M} is the nilpotent operator of order N,

MPB" = Z/T”dﬁ?b (5, 2).0m (s, 2)ds ,
jsm 0<k<N-—1, 0<m<2(N—k)

M is the diagonal operator

n n—1 m n
Mg oB = (Tg,d (17x)'0mm(x))0§k§N—1,0§m§2(N—k~)’

and My ; is the nilpotent operator of order < 2N,

n-1 _ Z 0t 77 .n—1 gn
Mo’lB = Tn d]Ck .am]—
J<m 0<k<N—1, 0<m<2(N—Fk)

As before, the recurrence relation can be inverted:

B = | Y [M{)F | (Mg, + Mg,) B™,
k<N
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then iterated,
(3.2.5) B = Y My Mg M) M, B

k1,.oiskn,€1,...,€n
Because of the special forms of M{" and Mg, the only terms that contribute to
B}, ;) are those for which > ki <k, 3 e < m+2(3 ki) (hence } ki < N and
Call C a uniform bound for the differential forms # and «. Remember that
= A, bp 7 with [|[D™A,, || < C(m)h=*™. Tt follows easily that the operators
of type My and My, satisfy bounds of the form

sup |(M1B(t,7))@x,m)| < C sup  sup \B(t,:I:)(k,l’m/)\C(m+2—m’)h_"(m+2_ml)

te[0,1] te[0,1] m/ <m+-2
and

sup [(Mo,1B(t,)),m)| < C sup  sup \B(t,ac)(k,m/)C(m—l—m’)|h_”(m_1_m/)
te[0,1] te[0,1] m’ <m—1

For My, we have, for every (k m) (0<k<N-1,m<2(N —k)) and every z,

If we put this estimates in (3.2 5) and use the composition property for the jacobian,
J&N (@)L (g7 (z, dSk(@, 1) = JE ™ (2), we find

’(MO OB(t ) (k:m ‘B (1,97 (=, dS,(t, x)))(km (dg(x dSn(t, x))) "

~ 1
(326) |Bn(1,$)(k7m)| < O(kj,m)i Z OZ kit €
TG () 5 ki <h, S e <met2k

( sup K= g (0, 67, S, (1, 2))| [dg s, )
k' <k,m/<m+2k)
N 1 m’
S C(k‘ m) 1) Cm+3kh—ﬁ(m+2k) sup ‘dg(;nds (1.2))
/Sm 9 n )

JEM@) S ki<k S e<m 2k

We used (3.1.6) in the last line. Although it does not really matter, we note that
C(0,0) =

Let us inspect the behaviour of each term when n gets large. The term ngn(a:)
is the same as the product

TN @) I8 (g7 (@, dSn(L,2))).. Je (g7 (2, dS, (1, 2))) ... T8 (97" (2, dSa (1,

Note that (Jg’ln(w))_l is the jacobian of g™, going from the lagrangian Lg, (1)
to Lg,(0), evaluated at (x,dS,(1,2)). As we saw Lg, (1) converges uniformly to a
weak-unstable leaf as k gets large, so that (Jg’k1 (g~ =P (z,dS,(1,))) - converges
to J¥ (g_("_k“'l)(:v,dSn(l,x)) for large k. Taking Cesaro means, we have

logJS1 ZlogJ“ _(" K (2, dS,, (1, z))) — 0.
"=

It follows that we can bound (Jg, ()72 < J¥(ag, ..., an)/2(1 4+ O(e))™ for large
n.
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The next point is to note that |dg(_m " " Sn(l,m))‘ grows polynomially in n (uniformly
in x € M): if L is a d-dimensional submanifold, transversal to the strong stable
foliation, then dg~" is bounded on ¢" L, independently of n. We apply this principle
to L = Lg, (o). There is a polynomial correction due to the fact that L is not
contained in a fixed energy layer; the energy can vary in the interval [1—¢/2, 1+¢/2],
so we also have to take into account the derivative of g" with respect to energy,
which grows linearly in n.

Finally we note that the number of terms (3 s~y <k s ¢, <mor 1) I (3.2.6) is

polynomial in n, it is at most C (k,m)n™*3% We have proved the following esti-

mates (we reinsert the variable z that was omitted in the calculations, see Remark
3.1.1):

Lemma 3.2.1. For all k < N, for allm < 2(N — k), for all n,
|d™ b (1,2, 2)| < C(k,m)n™ 38 T (ag, ..., an) V2 (1 + O())Ph = (m+2k)

if x is such that g~*(x,dS,(1,x,2)) € Qapiry, for all k = 0,...,n. Otherwise,
br(1,z,2) =0.

Comparing with (3.2.1), (3.2.2), we find

Lemma 3.2.2.

N-1
[v™ (1,2, 2)| < J¥ (o, ...,an)l/Q(l +0(e)"™ C(k, 0)n3khk(1—2ﬂ);
k=0
IR | L2ary < nh™ sup |d™b0| < nhNC(N)h=25N

E<N—1,m<2(N—Fk)
We can now prove:

Corollary 3.2.3. For any K > 0, there exists hi such that, for all h < hx, we
have

|UAa,UAa, ,..UAayOp(x)d. || L2(ar) < 2027R) =2 0% (0, .y an) /2 (1 + O())"
uniformly for n < K|logh| and z in M.
Proof. We have
|UAa, UAg, ,-+-UAayOp(x)8:—(2mh)~u™ (1, 2) || L2ary < (27h) 2| R [| 22 ar)-
Let K > 0 be given. We can choose N large enough, and hy such that
(27h) =¥ 2nC(NYAN =20 << J% (g, ...y 0 )2 (1 + O ()"

for n < K|log h| and h < hx. This ensures that the remainder term RY; is negligible.
We also choose hi such that 30" C(k,0)n?*hF(1-26) < 2 if h < hy. O

Theorem 1.3.3 is now a direct consequence of this corollary and of the decom-
position (3.0.7).
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4. APPENDIX Al: SMALL SCALE DIFFERENTIAL CALCULUS

4.1. Definition of Op,. Let Q C R? be an open set, and U = Q x Q. The space
of symbols of order m is defined as:

YU x RY) = {a € C>*(U xR%C)/
for every compact K C U, for all «, (3, there exists C,
|DgDla(z, )] < C1+ )y for all (2,) € K x R}

We denote X7°° = N,,ezX™ the space of regularizing symbols — it contains in
particular the space of smooth compactly supported functions, C°(U x R?).

Semi-classical symbols of order m and degree | (depending on a small parameter
h) are defined as follows:

57 = {an(z,€) = by Waj(2,€), a; € 7 77)
j=0
This means that ap(x,£) has an asymptotic development in powers of h, in the

sense that
N-1

a—h'">" ha;eptNgmN
j=0
uniformly in h. In this context, the space of regularizing symbols is 17T =
ﬂm2027m7m.

Let a = a(z,y;£) € X7(Q x Q x R?). The subscript . means that the support
of a in © x € is proper, in other words, for every compact K C €, there exists a
compact K’ € Q such that a(x,y,£) = 0forz € K and y € K'. Define OP(a)u(z) =
(2rh)~¢ [ en@¥IOa(z,y, &)u(y)dydé, well defined if u is smooth. Denote W (Q)
the space of these operators, called (proper) pseudo-differential operators of degree
[ and order m; ¥ °>°°(Q) consists of regularizing operators, which means here
that the kernel is smooth and all its derivatives are O(h°°) uniformly on compact
sets. An operator in W2°(Q) acts continuously from L*(Q) to L7 (), uniformly
in h. There exists an integer Ny depending on the dimension d such that, for all
a € £29, for every compact set K, |OPy(a)| z2(r) < (lallo,x +h'/?||Dalo,x + ...+
hNa/2|| DNagl|o k).

Let now M a smooth compact d-dimensional manifold. Choose a finite partition
of unity ¢; (3°¢7 = 1), such that the support of each ¢; is endowed with local
coordinates in RY; for @ € X™9(T* M), we define :

Opy,(a) = Y OP(pi(z)pi(y)alw,£)) ,
l

where each term in the sum is defined in local coordinates thanks to the previous
formula. The map a — Opy,(a) thus defined depends on the choice of the partition of
unity, and of local coordinates. Its image, however, is well defined up to regularizing
operators. The algebra ¥™°(M) of pseudodifferential operators on M is thus well
defined, modulo regularizing operators.

4.2. Small scale symbols. We defined Opy,(a) when ap(x, &) is smooth and has
a nice behaviour when £ — oo, h — 0. However, a more careful study shows
that certain aspects of the theory are still valid if the derivatives of the symbols are
allowed to explode at a reasonable rate, when h — 0. The theory is developed in
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detail in [DS]; we just point out a few facts that are useful in the paper. The main
tool is the following variant of the stationary phase method.

Lemma 4.2.1. Let (a(h))he(o,u be a family of C> functions on R? x R, with a
fixed compact support, and satisfying the following estimates on the derivatives:

”Dna(h)”O < Cnhfnn

for all m € N, for some k € [0,1/2) and some sequence of positive real numbers
(Cr). i(€,w)

(i) The integral [pa. pa a™ (z,€)e 3 dxdé obeys the following asymptotics as
h— 0:

1

(2mh)d
One can even write an asymptotic development to all orders in powers of h.
(i) If, for all h, 0 & supp a™, then
1 i(g,w)
(h) 2h dxdé = O(h°).
it o, o 0 5 e = 0h)
It follows that certain results of pseudo-differential calculus still hold if the deriva-
tives of the symbols do not explode faster than powers of h™" (k < 1/2). For
instance:

/ a(h)(x’é)eué;f” dwdt = a® (0,0) + O(h!=2%).
R4 x R4

Theorem 4.2.2. (Calderon-Vaillancourt Theorem,)
On a d-dimensional compact manifold, that there exists an integer Ng such that,
for alla € C(T*M),

10p4 ()l z2(ary < (llallo + B2 Dallo + ... + hN4/2| DNeal|o).
In particular, if a™ depends on h in a way that
1D"a ™o < Cuh
for alln € N, for some k € [0,1/2) and some sequence of real numbers (Cy,), then
the operators Op,, (a™) are uniformly bounded in L?(M).

One can then show:

Theorem 4.2.3. Let (a™) and (b)) be two families of C* functions on T*M,
with a common compact support, and satisfying estimates of the form
ID"a™ o < Cph="*
and
D™ ||g < C b=
Then
()
|0p;,(a™)Op,, (™)) = Opy, (b)) L2(ar) = O(R' ).
(ii)
104 (a!™), Opy (0™))] | L2ar) = O(R' "),
(ii) If, for all h, supp a™ N supp b") =0, then

10D, (a™)Op,, (0") [ L2(ar) = O(R™).
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(iv) (Egorov Theorem) For any given t,
HOph(a(h))(t) - Oph(a(h) o gt)HLQ(M) _ O<h1—25>.

Remember the notation: A(t) = e =T Ae#, for any operator A.

We will also need a result about the range of validity of the Egorov theorem.

Theorem 4.2.4. (Ehrenfest time for the evolution of observables, from [BR02])

There exists A > 0 such that, for every x € [0,1/2), if (a"M) is a family of C*
functions on T*M, with a common compact support, satisfying estimates of the
form

ID"a™llo < G,
then for & > 0

sup | Opy, (a™)(t) = Opy(a™) 0 g")llL2(ar) = O(R~2<724%),
|[t|<F|log

for all h € (0,1].

This follows directly from the arguments in [BR02]; the assumptions that the
symbol a(® and its derivatives are bounded can be relaxed to | D"a™ || < C,,h~™".
For the number A we can take an upper bound for the Lyapunov exponents of the

geodesic flow.
Putting together Theorem 4.2.3 and Theorem 4.2.4, we obtain:

Corollary 4.2.5. For every x € [0,1/2), If (a™), (b") are families of C*° func-
tions on TM, with a common compact support, and satisfying estimates of the
form

ID"a™ o < G,
D6 lo < Cph™"",
then there exists a constant C such that
11Oy (@™)(#), Opy, (0" )] [ 2(ar) < CRI 727207
for all & > 0 and all |t| < &|logh|.
We can prove Lemma 2.3.3:

Corollary 4.2.6. Let x be an energy cut-off, supported in a neighbourhood of
the energy layer {||v|]] = 1}. For all & > 0 for every N < 2&|logh|, for every
permutation T of {0,..., N}, for every sequence to,...,tx such that |t;| < K|logh/,
for every sequence ay, ..., an,

0P, (X)" Aay (E ). Aa, (t1) Aag (t0) Opp (X)
= Op,(X)"Opy (X) Aa, n (trN ) Aay (Er1) Aag (tT0)||L2(M) = O(hl_zﬁ_gAE)

Proof. In the case when 7 is a transposition of two consecutive integers, the proposi-
tion follows directly from Corollary 4.2.5, since the functions A,, satisfy ||[D™ A4 |0 <

C(n)h="r".
Otherwise, the result can be proved noting that one can write any permutation
of {0, ..., N} as the product of at most (N + 1)? such transpositions. O

As a corollary we can prove Lemma 2.2.2:



31

Corollary 4.2.7. Let x be an energy cut-off, supported in a neighbourhood of the
energy layer {||v|| = 1}. There exist & and « > 0 such that, for all n < E|loghl,
for every subset W C X,

1Y~ CrOpL ()2 ary < 1+ O(R®).

cew
Proof. Define B; = +/A;. By Corollary 4.2.6, we have
> €O,y = D [Ba, (n)--BayOpp (X 2)lIZ(ar) HEW-O(R~2734%).
cew [ag,...,an]EW

We see that each operator éOph(X) is close to being a positive operator, and we
know their sum has norm less than 1 + O(h). Of course we should choose & small
enough so that the remainder term remains small, i.e. fIW.0(h!=2¢734%) = O(h?)
— this is possible since {WW grows exponentially with n.

[

5. APPENDIX A2: CONSTRUCTION OF THE PARTITION OF UNITY (Al).

The purpose of this Appendix is to show how to construct the A; so as to satisfy
the requirements of paragraph 2.1.
Of course, this holds if we have the property: There exists p > 0 such that

[ 1n@Pavol(w) = o).
B
where B is the tubular neighbourhood of size h"* of the boundary of the partition

P. Thus, we try to modify very slightly the partition P so that its boundary is
piecewise smooth, and the smooth hypersurfaces (S )x=1,... 1 forming the boundary
satisfy

(5.0.1) / o [EnPavol) = 00r)

where Vj,(h") is a tubular neighbourhood of Sy, of size h".

Starting with an initial partition P(0) = P whose boundary consists of a finite
number of smooth hypersurfaces (S*(0))r—1..1, we can deform it slightly to a
partition P(h), with boundary components (S*(h))x—1, 1 that satisfy (5.0.1). The
new partition will depend on h, but in a way that does not affect the proof of
Theorem 1.1.1: in our construction the boundary components (Sk(h))k:17,,_,L will
converge to the original (S* (0))k=1,....L-

We start with a simple remark. Consider an open subset U C M equipped with
a chart ® : U — R? that sends U to the cube (—2,2)%. Let § c [—1,1]¢1,
5(0) = S x {0} € (=2,2)%, and S(0) = ®'(S). And more generally, given
0<e<land0<s<1/4, we define

S.=f{ae (-2,2)"" d(.8) <} € (-2,
gs(m, h) = gs X {mhl/zfs}
‘N/a(m, h) = gs X [(m — 1/2)h1/2—s’ (m + 1/2)h1/2—s

and, finally, }
S.(m,h) = ®(S.(m, h))
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‘/e(mv h) = @71(‘75(7717 h))

(the latter is a tubular neighbourhood of size h'/2~% of the former); m is an integer
in [~h~1/2+2s p=1/2425) Since

2)12d Vol(z 1
3 /mm,h) i (2)2d Vol (x) <

mE[—h=1/2+2s p=1/2+25]

there must exist an mq € [—h~/2+25 h=1/2425] (depending on k) such that
/ o (@)Pd Vol(x) < hV/>~2.
Vs(mOvh)

This means that S (mo, h) satisfies (5.0.1) with k = 1/2—s and p = 1/2—2s (which
is even better than what we need). Besides, S.(mg, h) is at distance h® from S, (0).

We conclude that, even if S(0) did not satisfy (5.0.1), there is a hypersurface
h®-close to it that satisfies it.

Let us now consider a partition P(0), with boundary components (S*(0))x=1, 1.
For every k, we know that there exists a hypersurface S¥(h) h*-close to S¥(0) that
satisfies (5.0.1) with p = 1/2 — 2s. We need to show, in addition, that for each
k, there exists S¥(h) € S¥(h) such that the Sj(h)s form the boundary of a new
partition.

Although this is probably always true for general partitions with piecewise
smooth boundary, we will avoid a tedious combinatorial argument by considering
only special “cubic” partitions, that we describe below:

In the universal cover M, consider a polyhedral fundamental domain D(0) for
the action of T' = 71 (M), whose boundary is piecewise smooth; consider also an
open, relatively compact subset U C M, containing D(0), and equipped with a chart
® : U — R? that sends U to the cube (—2,2)?%. Given o > 0, one has a partition of
(—2,2)% into cubes of size ¢, delimited by the hypersurfaces %™ (0) = {z}, = me}
(k=1,...,d, m € Z, |/m| < 2/e). This partition gives a partition of U which,
restricted to the fundamental domain D(0), gives our partition P(0) of M. More
precisely, the boundary of P(0) is formed by the image in M of

— parts of the S¥™(0) = &~1(S%™(0);

— the boundary of D(0).

Most elements of P(0) are sent to cubes by the chart ®, except for those inter-
secting the boundary of the fundamental domain, which look like a cube cut by a
smooth hypersurface.

The boundary of the “polyhedra” D(0) consists of a finite number of smooth
hypersurfaces S*(0); applying the previous procedure, we can find some S¥(h)
satisfying (5.0.1) and such that

— for each k, we can find a subset S*(h) C S¥(h) such that the S*(h)s form the
boundary of a new fundamental domain D(h).

— Sk(h) is at distance h® from S*(0).

In the cube (—2,2)%, always by the same procedure, we can move the S*™(0)s
to

Sk’m(h) = {z = ma + mo(k, m)hl/%s}
(mo(k,m) € [~h~1/2+2s h=1/2%25] a5 previously) so that

Sk (h) = d(SF™(R))
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satisfies (5.0.1), for every k,m. Besides, the S¥™(h) still delimit a partition of
(—2,2)¢ into cubes and thus the S¥™ (h) delimit a partition of the open set U € M.

This partition of U, restricted to the fundamental domain D(h), gives our par-
tition P(h) of M. More precisely, the boundary of P(h) is formed by the image in
M of

— parts of the %™ (h) = =1 (§%™(0);

— the boundary of D(h).

The boundary of the new partition P(h) satisfies (5.0.1) and converges to the
boundary of P(0), in the C*° topology, when h — 0. The characteristic function of
P;(h) converges to the characteristic function of P;(0), uniformly on every compact
set not intersecting the boundary of P;(0) (for every i =1, ...,1).

We finally construct the smooth partition of unity A? by applying the convolu-
tion (2.1.1) to P;(h) instead of P;.
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