Quantum ergodicity on large regular graphs

Nalini Anantharaman and Etienne Le Masson

ABSTRACT. We propose a version of the Quantum Ergodicity theorem on large
regular graphs of fixed valency. This is a property of delocalization of “most”
eigenfunctions. We consider expander graphs with few short cycles (for in-
stance random large regular graphs). Our method mimics the proof of Quan-
tum Ergodicity on manifolds : it uses microlocal analysis on regular trees, as
introduced in [25].

1. Introduction and main results

It has been suggested by Kottos and Smilansky that graphs are a good ground
of exploration of the ideas of “quantum chaos” [22, 23]. This means that the spec-
trum of the laplacian, as well as its eigenfunctions, should exhibit universal features
that depend only on qualitative geometric properties of the graph. Whereas spec-
tral statistics have been extensively studied, both numerically and analytically, the
localization of eigenfunctions have (to our knowledge) only been investigated in a
few models : the star graphs (both metric and discrete) [3, 20], the large regu-
lar discrete graphs [33, 6, 9], and a family of metric graphs arising from measure
preserving 1-dimensional dynamical systems [2]. For the latter, a version of the
“Quantum Ergodicity theorem” (also known as Shnirelman theorem) has been es-
tablished. For star graphs, the paper [3] shows on the opposite that “Quantum
Ergodicity” holds neither in the high frequency limit nor in the large graph limit.
Furthermore it shows there are eigenfunctions that localise on two bonds of the
graph. Spectral properties of large regular discrete graphs have been studied in
[30, 24, 19, 35, 32] but eigenfunctions have attracted attention only recently. A
statistical study of the auto-correlations and the level sets of eigenvectors appeared
in the papers [10, 11] that introduce a random wave model (see also [18] for a
random wave model on metric graphs). The paper [6] has pioneered the study of
quantum ergodicity on large regular graphs — that is to say, the study of the spatial
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distribution of eigenfunctions of the laplacian. The result of [6] shows some form
of delocalization of eigenfunctions :

THEOREM 1.1. [6] Let (G,) be a sequence of (q¢ + 1)-regular graphs (with q
fized), Gy, = (Vy, Ey,) with V,, = {1,...,n}. Assume that' there exists ¢ > 0,5 >0
such that, for any k < clnn, for any pair of vertices x,y € V,,,

[{paths of length k in G, from x to y}| < qk(%).

Fiz e > 0. Then, if ¢ is an eigenfunction of the discrete laplacian on G, and

if ACV, is a set such that

S l@)? = e D o)),

z€A zeV,

then |A] > n® — where o > 0 is given as an explicit function of €, and c.

A similar form of delocalization (but on weaker scales) is established when the
degree ¢ = ¢, goes to infinity in [9, 36]. See also [17] and Remark 1.7 below for
fixed ¢q. We also point out the papers [14, 15, 13, 12, 5] where various forms of
delocalization have been established for eigenvectors of random Wigner matrices
and random band matrices.

In this paper, our aim is to establish for large regular graphs a result which reads
like an analogue of the “quantum ergodicity theorem” on manifolds. Compared to
Theorem 1.1 it pertains to a different definition of delocalization : delocalization is
now tested by averaging an observable and comparing with the average along the
uniform measure. As a motivation, let us recall the Quantum Ergodicity theorem
in its original form.

Quantum Ergodicity Theorem (Shnirelman theorem, [34, 7, 38]). Let
(M, g) be a compact Riemannian manifold, with the metric normalized so that
Vol(M) = 1. Call A the Laplace-Beltrami operator on M. Assume that the
geodesic flow of M is ergodic with respect to the Liouville measure. Let (¢, )nen
be an orthonormal basis of L?(M, g) made of eigenfunctions of the laplacian

Ay, = —Npihp, An < Apg1 —> +00.
Let a be a continuous function on M such that [, a(z)d Vol(z) = 0. Then
1
(1.1) Z |<wnaa1/)n>L2(1V[)|2 — 0

N()\) B €A A—r 400

where the normalizing factor is N(\) = [{n, A, < A}[. Here (¢, atn)r2(m)y =
Jar a(@)|ihn ()2 d Vol(z).

REMARK 1.2. Equation (1.1) implies that there exists a subset S C N of density
1 such that
(1.2) (Yn,atpn)  — a(z)d Vol(x).

n—+o00,n€S Jpr

(Note that (1.2) is true even for a function a with non-zero mean.)
In addition, since the space of continuous functions is separable, one can ac-
tually find S C N of density 1 such that (1.2) holds for all a € C°(M). In other

IThis assumption holds in particular if the injectivity radius is > clnn. The interest of the
weaker assumption is that it holds for typical random regular graphs [29].



QUANTUM ERGODICITY ON LARGE REGULAR GRAPHS 3

words, the sequence of measures (|1, (z)|?d Vol(z)),es converges weakly to the
uniform measure d Vol(x).

Actually, the full statement of the theorem says that there exists a subset S C N
of density 1 such that

0
(1.3) (zbn,Awn)nH;g’neS S*Ma (A)dL

for every pseudodifferential operator A of order 0 on M. On the right-hand side,
o9(A) is the principal symbol of A, that is a function on the unit cotangent bun-
dle S*M, and L is the normalized Liouville measure (uniform measure), arising
naturally from the symplectic structure of the cotangent bundle.

In this paper we consider a sequence of (¢g+1)-regular connected graphs (G, )nen,
G, = (Vp, Ey,) with vertices V,, = {1,...,n} and edge set E,,. The valency (¢+1) is
fixed. We denote by X the (¢+ 1)-regular tree and identify it with its set of vertices,
equipped with the geodesic distance dy, that we will simply denote by d most of
the time. We will denote by dg, the geodesic distance on the graph G,,. Each G,
is seen as a quotient of X by a group of automorphisms T'y, : G,, = T';\X, where we
assume that the elements of T',, act without fixed points. Accordingly, a function
f: Vi, — C may be seen as a function f : X — C satisfying f(y-z) = f(z) for
each x € X,y € I';,. We will denote by D,, a subtree of X which is a fundamental
domain for the action of I',, on vertices.

We consider the stochastic operator acting on I',,-invariant functions,

(14) M) = =5 3 )

r~Yy

where # ~ y means that = and y are neighbours in the tree?. It is related to the
discrete laplacian by M — I = A.

Whereas the Shnirelman theorem deals with the high frequency asymptotics
(A, — +00), there is no such asymptotic régime for discrete graphs since the
laplacian is a bounded operator. We will instead work (like in [6]) in the large
spatial scale régime n — +00.

We will assume the following conditions on our sequence of graphs :

(EXP) The sequence of graphs is a family of expanders. More precisely, there
exists B > 0 such that the spectrum of M on L?*(G,,) is contained in {1} U [-1+
B,1— ] for all n.

(BST) For all R, WLM — 0 where p(x) is the injectivity radius at x
(meaning the largest p such that the ball B(z, p) in G, is a tree).

(BST) means that our sequence of graphs converges to a tree in the sense of
Benjamini-Schramm. It is equivalent to saying that there exists R,, — +o0o0 and
a, —> 0 such that

{x € Vi, p(z) < Rp}| <a
n
In particular, it is satisfied if the injectivity radius goes to infinity (with R, taken
to be the minimal injectivity radius and «a,, = 0).

n-

2This is also the (normalized) adjacency matric of the graph Gp, but note that this definition
allows Gy, to have loops and multiple edges.
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Condition (EXP) replaces the ergodicity assumption in the usual quantum
ergodicity theorem.

ExaMPLE 1. The graph G, can be chosen uniformly at random among the
(g+ 1)-regular graphs with n vertices (see [4] section 2.4 for an introduction to this
model). We can then take R, = k and na,, = 40Akq" for any k = k(n) such that
kqkn=! T 0, and A = A(n) such that A > ¢ > 1 (see [29], Theorem 4). For

instance, we can take k = (1 — §)log,(n), with 0 < 6 < 1, and A = 2. In this
case we have R, = (1 — d)log,(n) and o, = 80(1 — §) log,(n)n=°. For this choice
of parameters, (BST) is satisfied with a probability tending to 1 when n — +o0.

1-6
—Cn "% for some constant C' > 0

More precisely, this probability is greater than 1—e
independent of n.

Condition (EXP) is also satisfied by these sequences of random graphs : [1]
proves an equivalence between having a uniform spectral gap and having a uniform
Cheeger constant. The latter condition was shown to hold generically in [31]. In

[16], a spectral gap estimate is established that is close to optimal.

EXAMPLE 2. An explicit example of sequence of (g+1)-regular graphs to which
our results apply is given by the construction of Ramanujan graphs of [26] for prime
g. The sequence obtained satisfies conditions (EXP) and (BST) even more strongly
than the sequences of random graphs of Example 1. A method for obtaining bi-
partite Ramanujan graphs of arbitrary degrees has appeared recently in [27].

Eigenvalues of M on a (¢ + 1)-regular graph may be parameterized by their
“spectral parameter” s thanks to the relation

(1.5) A=A(s) = ;ﬁ cos(slng).

+17 q+1
In that case we will usually choose s € [0, 7] (7 = %) The case s € i(—1/2,1/2)+

ik~ (k € Z) corresponds to A € [—1,1] \ _2va M), which is the untempered

The case s € R corresponds to A € [fm M}, which is the tempered spectrum.

In(q) q+17 g+1
spectrum. The result of this paper will only be of interest in the tempered part of
the spectrum.

In what follows, (r,) will be a sequence of integers such that r, — +oo,
satisfying r,, + 2 < R,, and ¢"a,, — 0. The sequence (4,,) will be assumed to
satisfy 6XrK—4 — 400, for some integer K. We also assume that 6, — 0,
although it is not necessary for the general proof of section 4.

Our aim is to prove the following :

THEOREM 1. Let (G,) be a sequence of (q + 1)-regular graphs, G,, = (V,,, Ey)
with V, = {1,...,n}. Assume that (G,) satisfies (BST) and (EXP). Fiz sg € (0,7)
and let I, = [so — On, So + 0n]. Call (sgn), cl, s;n)) the spectral parameters of M on
G, and ( %n), . ,@/},(L")) a corresponding orthonormal eigenbasis.

Let N(I,,,G,) = ’{] e{L,... ,n},sg-n) € In}’ be the number of eigenvalues in
I,.2 Finally, let a,, : V,, — C be a sequence of functions such that

3Note that with the assumptions on d,, we know that N(In,Gn) —> +oo (see Corollary
5.2).
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Z an(z) =0, sgp|an(aﬁ)| <1

zeV,
Then
v O [ aw™| — o
N(InyGn) (n)el 7 o¥n¥y n—>-+oo
55 n

REMARK 1.3. If a,, does not have zero mean, then by applying the theorem to
an — @ (where @, = %ZwEVn an(x)) we obtain

— 0.
n——+oo

REMARK 1.4. If we exclude the case sy = 7/2 in Theorem 1, a careful inspection
of the proof shows that we can assume, instead of (EXP), the following weaker
condition : there exists 8 > 0 such that the spectrum of A on L?(G,,) is contained
in {1}U[-1,1—g] for all n. In particular, the theorem applies for bipartite regular
graphs in this case.

We can also say something in the case sg = 7/2 for bipartite expander graphs,
that is if there exists 8 > 0 such that the spectrum of A on L?(G,,) is contained
in {-1,1}U[-1+ 8,1 — ] for all n. We need to strengthen the condition on the
functions a, () in the theorem for the conclusion to apply : if V,, = V.1 U V.2 is the
bi-partition of V,,, then we need that

Z an(x) = Z an(z) = 0.

zeV}! zeV?

The theorem then tells us that we have equidistribution of most eigenfunctions with
eigenvalue near 7/2 on each set V! and V2, without providing information on the
relative weight of these two sets.

REMARK 1.5. After proving a “quantum ergodicity result”, one may ask about
“quantum unique ergodicity”. A first difficulty is to define the question. A rea-
sonable formulation of “quantum unique ergodicity” would be to ask whether,
for any sequence of integers j, € [0,n] and for any observable a, as in Theo-

rem 1 we have <w§n), CLn’(/JJ(-n)> —>+ 0. Or we could ask for the stronger property
" "™ ' n—+oo

SUPj—1 . n <w§"), anw§")> n:m 0. For regular graphs we have no clue about the

proof of such a statement. Note that the recent paper [5] proves the first form of
quantum unique ergodicity for eigenvectors of random Wigner matrices.

Since random (g + 1)-regular graphs satisfy both (EXP) [31, 1, 16] and (BST)
[29], our theorem applies to them with the values of R,, a;, given in Example 1.

COROLLARY 1. Choose (G,) uniformly at random amongst the (q + 1)-reqular
graphs G, = (Vp, Ep,) such that V, = {1,...,n}. Choose j uniformly at random in
N(I,Gy).

Let ap, : V,, ={1,...,n} — C be a sequence of functions such that

Z an(z) =0, Slip|an(l‘)| <1

zeVy
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Then for any fixed € > 0,
(|6 st = ) —s0
when n — +00.

The statement of Theorem 1 is the exact analogue of the Shnirelman theorem in
its form (1.1). However, we do not have a statement analogous to the convergence
of measures (1.2), because our sequence of measures does not live on a single space;
instead, it is defined on the sequence of graphs G,,. We do not know of a notion
that would be adapted to describe the limit of the family (G,,) endowed with the
probability measure (|w§") (7)) zev, -

We can generalize Theorem 1 by replacing the function a with any finite range
operator :

THEOREM 2. Let (G,) be a sequence of (q + 1)-regular graphs, G,, = (Vy,, Ey,)
with V, = {1,...,n}. Assume that (G,) satisfies (BST) and (EXP). Fiz sg € (0,7)
and let I, = [sg — Op, S0+ 9n]. Call (sgn), cee sEJ‘)) the spectral parameters of M on
G, and ( Yl), .. ,1/}&")) a corresponding orthonormal eigenbasis.

Let N(I,,Gy) = ‘{j €{l,...,n},sM e In}‘.

Fiz D € N. Let A, be a sequence of operators on L?(G,,) whose kernels K, :

V., x Vi, — C are such that K, (z,y) =0 for d(z,y) > D.
Assume that sup, ,cy. |Kn(z,y)] < 1.

Then there exists a number A, (so) such that
2

S |@ 4wl = Aso)| — 0.

n—-+oo

With the notation of §3.2, we can write A, = Op(an), an € SP; and we have
the expression A, (sg) = %erDn Jo an(z,w, 50)dv, (w).

REMARK 1.6. Quantitative statements (i.e. rates of convergence) will be given
in Section 6. For instance, in the context of Theorem 1, what we prove is that, for
any n,

1 n n
N, G) Z ‘(711]( )aan¢§ )

Sg-n)eIn

2
<0 (387 0l + g el
where we can take r, = min {R, — 2, —(1 — €)log ()}, for any 0 < € < 1 and
8, in the definition of I,, is &, = r; '+

Here we denoted ||a,||3 = %ervn an(z)|? and ||an||co = sup, |an ().
We see in particular that we can weaken condition (EXP), by allowing the

| 2

—1/3
spectral gap B to decay with n “not too fast” (T"T — 0 is enough).
If the length of the shorted loop goes to infinity (in other word, if one can take
apn, = 0 in the quantitative version of assumption (BST)) then we see that

1 2: (n) (n) ’2 —1/3 4—1) .12
\ N <0 .
N(I,,Gy) ey Wﬂ »anty )| < (T" b ”“H2)

In other word the assumption that ||a|l. < 1 may be replaced by ||a|2 < 1.
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REMARK 1.7. For random regular graphs, and in the case where the “observ-
able” a,(x) in Theorem 1 is deterministic (or independent of the graph), it was
pointed to us by Charles Bordenave and Alice Guionnet that one can use the re-
sults of [17] or [9, 36] and the fact that the w§") (x) are identically distributed for
j €[0,n] and = € V,,, to prove that

R IRCIONE
E nzl\wj a0
j=
The strength of Theorem 1 is that it is a pointwise, deterministic statement; if
we apply it to random regular graphs, we can very well allow a,, to be correlated
with the graph. In addition, we do not know how to prove the version for general
operators (Theorem 2) for random regular graphs directly from [9, 17, 36].

Another look at the proof. For the reader’s convenience, let us sketch the
proof of Theorem 2 without using the quantization procedure Op.

Let us assume, without loss of generality, that A,, is an operator on L?(X) that
preserves the I',,-invariant functions. For fixed n, the quantity A, (s¢) appearing in
Theorem 2 turns out to be

_ e Te(xe(M = Mso))1a, An)
An(s0) = ilg%) Tr(xe(M — A(OSO))lGn)

where x. is a sequence of smooth functions converging to a Dirac mass as € — 0,
1¢, is the characteristic function of a set in the tree X that projects bijectively to
G, under the map X — G, = I',\X. Above we are taking the traces in L?(X).
Note that if A,, = f(M) is a (continuous) function of the adjacency matrix M, we
have A,,(s0) = f(A(s0))-

Let us introduced the Hilbert-Schmidt norm of an operator A on L?(G,,):
L1|A||%, . normalized so that the norm of Identity is 1.

The proof can be schematically seen as follows : without loss of generality we
can assume that A,(s) = 0 for every s (replace A, by A, — f,(M) where f, is
the function such that A4, (s) = f(\(s)), show that f,, (M) can be approximated by
operators of finite range in the normalized Hilbert-Schmidt norm). Then we are
able to write

(1.6) An =[A,Bo] + Ry,

where R,, is a family of operators that go to 0 in the normalized Hilbert-Schmidt
norm and B, is some operator on L?(G,). We prove (1.6) by providing explicit
expressions for B,, and R,. Once we have (1.6) it is obvious that

LSS ™ g g2

ng@;; (5™, AP = 0.
A slight refinement in this argument (replacing A,, by A, x» (M) where y,, shrinks
aroung an interval) allows averaging over shrinking spectral intervals

We see that this sketch of proof could, in principle, work for wide classes of
graphs. However, our explicit construction of B, and R, is specific to graphs
satisfying (BST), and the proof that R,, goes to 0 in the normalized Hilbert-Schmidt
norm uses the (EXP) condition.
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2. Theorem 1 : outline of the proof in the case sy = 7/2

We first give a proof in the special case sy = 7/2. The reason for treating this
case separately is that one can give a proof which is exactly parallel to that of the
Shnirelman theorem on manifolds [34, 7, 38, 39]. The case of arbitrary sy requires
additional arguments and will be treated in Section 4.

2.1. Upper bound on the variance. Fix an integer T > 0. Let x be a
smooth cut-off function supported in [—1,1] and taking the constant value 1 on
[—1/2,1/2]. We write

so that x, = 1 on I,. We use the pseudodifferential calculus and the notation
defined in Section 3, taking the cut-off parameter r equal to r, (from condition
(BST), as explained before the statement of Theorem 1).

To simplify the notation, we will write ¢; = w]("), 55 = syl), and a = ap.
The observable a is a function on G,,, in other words a I',,-invariant function on
X. Let ©Q be the boundary of X (see section 3), then a extends to a function on
X xQx[0, 7] that does not depend on the last two coordinates. The notation Op(a)
is then defined in section 3.

Let T be a positive integer. Let o : X x Q@ — X x  be the shift (see §3.4). We
apply the “Egorov property” Corollary 3.8 to the function ar(z,w)xn,(s) where

;] T=2
dT = ﬁ Z(T_l—k)aOO'Qk,
k=0
which satisfies @7 o 02 — @r = a7 — a, where
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Combining Lemma 3.9 and Corollary 3.8, we have*

3

)2 (@, a) | ” j a M+ nr® !
xn(53)2 (5, ) = 37 [{85, O, (axn) ) + 0((T5n)oo>

7=0 7=0

_ - . U,T ] ? nT‘S 1
= 3160 O+ o (are)

( )Z/'C‘”“Xnﬁdvx( )dpu(s)

€D,
+0 (¢"*?) [{z € Dy, pl) <r+2}|/uaT )2 (5)dus)
+ Y [0ls = s far (e )2 ()da)di(s)
€D,
= : ar 5 2 7’””3 1
= JZ::OKwJaOpGn( Xn)¢1>’ + O((T5n)°°>

0 (T )n [ @nts)
LO(T? ™) {x € Dy pla) < 7+ 2)] / 2 (5)du(s)
+O(T?)n / O(s — 5o (3)du(s)

Next, we use Lemma 3.3 to write

S (w5, 0pg, (@ xa)e)|” < 10pg, (@ xn)lls
7=0
< S [107 ) P @) (5)di(s)
x€D,
S / a7 (2, ) [P () (5) 2 s)
€Dy, p(x)<r
<

3 / 0 (2,w) Pdva(w) / Yo (32 (5)

z€D,

+q"[{z € Dy, plz) < 1} / X ()2 du(s).

We also know from the Kesten-McKay law (Section 5, Corollary 5.2) that

n

e / xn(5)2dp(s) = O(1).

4To prove the extended Theorem 2, we also need Lemma 3.10.



10 NALINI ANANTHARAMAN AND ETIENNE LE MASSON

We thus have

jVZ}iij‘j > g aiy)l? }E: J/Ia (2, W) 2y (w)

n s;€l, IED
{x € Dy, p(x) <r+ 2}

n
1

+ UZG)ﬁOwa >+O<W>+O@%%
D2 > [l o))

mGD

7,3
+0@%m%+mn%o<m$w)

+ O(TQ qr+2)

T2
+O< >+O@%%
Our choices of r = r, and §,, imply that the last four terms vanish as n goes to

infinity while T is fixed.

2.2. Expansion and ergodicity. We write, using (3.3)
T-1T-1

LY [ wwPdn@ = rm Y3 S [aco™ e wale)dnw)

wED,L k=0 j=0 z€D,,
For every x € X and k € N, define the partition of Q in (g + 1)g*~! sets®
Q(xay) = {w € | [(E,w) = (1’,1’1,1'2, e ) and Ty = y}v

where y € X and d(z,y) = k. Then w ~ a o o¥(z,w) is constant on Q(x,y) for

every y € X such that d(z,y) = k, and v, (Q(z,y)) = W. We have
Z / aoo”(x,w)a(z)dy,(w Z Z / aoo®(x,w)a(zx)dr, (W)
z€D, zeD, yex JUzw)
dx(z,y)=k
= Z Ska(z)a(x)
€D,

where Sy = Id and for all k£ > 1, Sj is the stochastic operator defined as follows by
its kernel on the tree X :

1
(2.2) Skf(x):W Z fy).
dx (z,y)=k
‘We thus have
T-1T-1
72/|a wade nTQZZZSQ‘k jla(z)a(z).
z€D, k=0 j=0 z€D,,

On the quotient G,,, the spectrum of S}, is the set {(bsj (k),j=1,... ,n} where
¢s is the spherical function,

N s

cos(ksIn(q)) + q— 1sin(k + 1)sln(q))

g+1 sinsln(q)

5See section 3 for a definition of the boundary € and of the notation [z, w).
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and {s;,j = 1,...,n} are the spectral parameters for the operator A defined by
(1.4).
Using the parameterization (1.5) of the spectrum, the eigenvalue A = 1 corre-
sponds to
. 1
is = 5.
Because of the (EXP) condition, the other untempered eigenvalues satisfy is €

(0, % —p) or is —HH € (0,3 1 ), for some B > 0 independent of n. It follows that

|ps, (k)| < Cq~ B w1th C, ﬁ independent of n. The eigenvalues of the self-adjoint

stochastic operator - 3 4 Z;‘tol So)k—;| are therefore bounded by

T—-1T-1 c

—2Blk—j| «

TQZZQ = 2T(1 — ¢q—2P)
k=0 j=0

C

TB* T8

n, T, 3 (the eigenvalue 1 has multiplicity 1, corresponding to the constant function).
Thus, if a satisfies ) .y, a(r) =0 and sup, |a(z)| < 1, we have

in modulus. They are contained in {1} U [ ] for some C, independent of

T-1T-1

k=0 j=0 z€D,

2.3. Conclusion. We obtain, using the results of the previous sections and
the Kesten—McKay law (Corollary 5.2),

(2.4) In’G 2; 8y, ath;) [ <(;;)OO> +0 <T2> +O(T262)
(2.5) +O(T?*q" ) + O (Tlﬁ)

If we choose the sequences r = r,, and §,, satisfying ¢"a,, — 0 and % —0
for some integer K, we finally have

1 1
s g 3 s =0 (7).

n— o0 n
Sj el,

As the left-hand side of the equality does not depend on T, we take the limit
T — oo to obtain

nlg{)l@ N In,G Sze; | ¢j;awj =

REMARK 2.1. If we had wanted to optimize all the estimates, we could have
used the property (EXP) to replace the crude bound

S [lartew, o) dunteo) < nOT)al,

zeD,,
in §2.1 by

5 [lartew i) <00 (5

xzeD,
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which would lead to replace the term O (%2) in (2.4) by O (BT>’ and O(T?52)
T52
by 0( ; )
3. Elements of pseudodifferential calculus

In §3.1-3.2 we recall some of the tools of pseudodifferential calculus that were
introduced in [25]. However, the following important remark has to be made : in
order for Theorems 1 and 2 to have full strength, we should not impose regularity
conditions on the symbols a that are too restrictive, which would have the effect of
making the theorems trivial consequences of the (EXP) condition. Thus, we pay
attention to only use from [25] the properties that do not require regularity of a
with respect to the x-variable.

In the following sections we try to construct a pseudodifferential calculus on
the quotient.

3.1. Definition of Op(a) on the infinite (¢+1)-regular tree. Let Q be the
boundary of the tree. It is the set of equivalence classes of infinite half-geodesics
of X for the relation : two half-geodesics (z1,x2,23,...) and (y1,¥2,¥s3,...) are
equivalent iff there exist k, N € N such that for all n > N, x4 = y,. For every
w € Q, we will denote by [z, w) the unique half-geodesic starting at « and equivalent
to w.

Let a : X x 2 x [0,7] — C be a bounded measurable function. In [25], the
operator Opy(a) was defined by

Opx(a Z// 1+is) (he(y)— (I))a(x’w,S)U(y)dyz(w)dﬂ(s)
yeX

for every u : X — C with finite support. Here h,(z) is the height function (or
Busemann function), du(s) is the Plancherel measure associated to the (¢ + 1)-

regular tree®, and v, is the harmonic measure on €2, seen from the point z. We

refer to [8] for more background. We will denote by

(e.ya // Lis) (i W =he@) g2, w, 8)dvy (w)dp(s)
the kernel of Opy(a).

3.2. Class of symbols. From [8], we know that the fact that Kx(x,y;a) =0
for dx(z,y) > D is equivalent to the four following conditions on a :

e ¢ is a continuous function;
e a(z,w,-) extends to a 27-periodic entire function of exponential type D
uniformly in w; i.e. for all « there exists C'(z) > 0 such that

la(z,w, 2)| < C(x)gP1SmE)] Yw € Q,Vz € X;

e ¢ satisfies the symmetry condition

/q<%fis>(hw<y>fhw<z>>a(x,w’S)d%(w) :/q@ﬂs)(hw(y)fhw(z))a(x,w’_s)d,,z(w)
Q Q

forall seC, z € X.

6du(s) = |c(s)|~2ds where ¢ is the Harish-Chandra function.
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e a is a D-cylindrical function, that is : if the two half-geodesics [z,w) =
(zo,1,22,...) and [2,w') = (xg, 7, 73, . ..) satisfy z; = 2 for 0 < j <
D, then a(z,w, s) = a(z’,w’, s).
We shall denote by SP(X) the class of such functions. In [25], another class of
symbols was considered :

DEFINITION 3.1. S(X) is the class of bounded functions a : X xQ x [0,7] — C
such that
e For every k € N, and every x € X, 9%a(z, -,-) is continuous on € x [0, 7],
and for every | € N, there exists C; > 0 such that, for all n € N, for every
(x’ w? s)’
G
(1+n)t
e For every k € N, and every (z,w), 0%a(z,w,0) = 0¥a(z,w,7) = 0.

l(a —EFa)(z,w,s)| <

Here £¥a(x,w, s) is the projection of a(x,w, s) on functions depending only on
the first n vertices of the half-geodesic [z, w) (see [25] for a formula). In particular,
Era(x, s) = a(z, s) if a does not depend on w.

It is proven in [25] that S(X) endowed with usual addition and multiplication
is an algebra. This makes it more suitable for semiclassical analysis than the class
SD(X). Tt also has the property, crucial for us, that

a€SX)=aoo € S(X)

where o is the shift, o(z,w) = (z1,w) if [z,w) = (xo,21,22,...). It is proven in
[25] that

M+1 qfw
(3.1) |Kx(a,y:a)| _c<|a||Q,M+ kZ:On@sall ) 0+ d@, )™

for any M, where [lallo,n = sup(, ., 5) Sup, (1 + n)M|a — £%a|(z,w, s), and that as
a consequence, Opy (a) extends to a bounded operator on L?(X) if a € S(X).

If a(z,w,s) = a(x) depends only on x, then Opx(a) is the operator of multi-
plication by a. At several places we will use the remark that

(3.2) Opx(a) Opx(¥) = Opx(ay)
if o = p(s) only depends on the last variable and a(z,w, s) € S(X), say.

In most of what follows, we will actually need very few conditions on the sym-
bols a(z,w,s). Essentially it will be required that a € L®(X x Q x [0,7]). For
convenience, we can assume that a € SP(X) for some D € N, or that a € S(X). In
Lemma 3.10 we use the condition a € SP(X).

3.3. Definition of Op, (a) on a finite graph. Recall that G, is written as
a quotient I',\X, where T', is a group of automorphisms of X, whose elements act
without fixed points.

Let us now assume that a is I',-invariant, meaning that a(y - z,7v - w,s) =
a(z,w, s) for all (x,w,s) and all v € T',, (where the action of T, on the boundary
Q is obtained by extending its action on X). For a I',-invariant symbol, we have

Kx(v- 2,7 y;0) = Kx(z,y;0)
for all z,y € X and v € I',,. The proof of this fact is identical to the proof of
Proposition 1.1 in [37].
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We now define Op(a) on the quotient.

DEFINITION 3.2. Assume (G,,) satisfies (BST). Fix n € N and let » = r,, be
a positive integer. In this section, it can be considered to be an arbitrary positive
integer, but later on it should be chosen according to the comment preceding the
statement of Theorem 1. If @ is I',-invariant, we define Opg, (a) to be the operator
with I',,-bi-invariant kernel

Ke, (z,y;a ZKxxvy7)<d(x7y))

vyely

Here y is a cut-off function that satisfies the conditions of §2.1 (although it needs
not be the same cut-off as in §2.1, we use the same notation).

Compared to the case of manifolds, a difficulty we meet is that we are not able to
prove that Opg (a) is bounded on L?(V,,) independently of n (actually, inspection
of simple examples shows that our conditions on a are not sufficient to ensure

this). Note however that we are only interested in Opg (a)w§") for A(s§”)) in the
tempered spectrum; more precisely, we shall only need to estimate quantities such

2
as W > Wer, ‘(d}(n) Opg, (a )w(")>‘ . For that purpose it will be sufficient
to know that the Hilbert-Schmidt norm of Opg, (a) does not grow too fast :

LEMMA 3.3. Ifa € L®(X x Q2 x [0,7]) is Ty -invariant, we have for every r > 0

IOpg, (@)lfs < D D |Kx(zyia)fP+4" ) Z |Kx(2,y;0)]

zeD, yeXx zeD,
p(x)>rd(y,z)<r p(z)<r d(y :r)<r
Z/|ast|duw( Ydu(s) +q" Z/|ast|duz( )dp(s)
rz€Dy, z€Dy,
p(z)<r

PrROOF. By definition we have

10pg, (@IEs = Y K, (z,y:0)

z,y€D,
2

= Y | > Kx(x,y-ya)x (M>

z,y€Dy, |vE

We split the sum into two parts, whether p(z) > r or not. If p(z) > r, then the
sum over vy € I',, is reduced to only one term, thanks to the cut-off function. If
p(x) < r, then there are at most ¢" terms in the sum over v € T',;, and we can use
Cauchy-Schwarz inequality to bound it as follows

IOpg, @lEs < > > Kzx(@wya)ff+¢ Y > |Kelzy;a)l

zeD,, yeXx zeD, yeX
p(x)>rd(y,z)<r p(x)<rd(y,z)<r

< DY Kz ya)P+q" Y D [Kx(wyia)
zeD, yeXx z€D, yeX

pla)=r p(a)<r
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Plancherel formula for the Fourier-Helgason transform, applied to y — Kx(z,y;a)
with x fixed, converts this last expression to

10, (@)|3s < Z/ 210, 8) 2dvy (w)dpi(s)
€D,

+q" E / z,w, 8)|%dvy (w)dpu(s).
z€D,
p(@)<r

O

3.4. “Egorov”-type properties. For Quantum Ergodicity on manifolds, the
Egorov theorem is a statement saying that the matrix elements (1;, Op(a);) re-
main almost invariant when transporting a along the geodesic flow, when 1); are the
eigenfunctions of the Laplace-Beltrami operator A. This is proven by showing that
taking the bracket [A, Op(a)] amounts to differentiating a along the geodesic flow
(up to some “negligible” error term). Here we try to perform a similar calculation.

We define a map 0 : £ x 2 — X x Q by o(z,w) = (¢/,w) where 2’ € X
is the unique point such that dx(xz,2’) = 1 and 2’ belongs to the half-geodesic
[z,w). If [z,w) = (z,21, 22,23, ...), then o(z,w) = (1,w), corresponding to the
half-geodesic [z1,w) = (z1,22,3,...). In symbolic dynamics, o is the shift, and
if we compare with Quantum Ergodicity on manifolds, o plays the role of the
“geodesic flow” on phase space X x 2. This map is not invertible, actually each
point has exactly ¢ pre-images. We shall denote by U the operator a — a o . For
a:X xQ — C, we define La : X x Q@ — C by

La(z,w) = E Z a(y,w).

1 yex o(ym=(z.w)

If @ and b are compactly supported functions, we have

Z/aooxw (7, w)dvy (w Z/ (2, w) Lb(z, w)dvy (w),

z€X zeX

in other words L is the adjoint of U on the Hilbert space L*(X x Q, > 6,dv,(w)).
In addition, we also have LU = I, reflecting the fact that U is an isometry of L?(X x
0, 6zdvy(w)). The operators U and L preserve the I',-invariant functions. If a
and b are a I',-invariant functions, we still have

(3.3) Z/aoozw (2, w)dvy (w Z/ (2, w) Lb(z, w)dv, (w).

z€D, zeD,,
Recall that D,, is a fundamental domain for the action of I';, on X.
In what follows, we extend the definition of U and L to functions on X x 2 x R,
by a trivial action on the last component. The crucial bracket calculation is the
following :

PROPOSITION 3.1. Ifa € L™ (X x Q x [0,7]) is Ty -invariant, then
[A,Opg, (a)] = Opg, () + R

where ¢ = c(a) is given by

/2

c(r,w,s) = ——
( ) qg+1

(¢*(aco —a)(z,w,5) + ¢ *(La—a)(z,w,3)),



16 NALINI ANANTHARAMAN AND ETIENNE LE MASSON

and R is a remainder such that

IRls <0 (%) ( S [l Pt

L / 0, w, 5) g (w)du(s >>

x€D,
p(x)<r+2

Since (Y, [A, Opg, (a)]j) = 0 for every laplacian eigenfunction ;, this implies

2|<wj,opayl<c>wj>2s0(;)< = [loto s terduts)
3 [ latww.s) v @)da(s >>

€D,
plx)<r+42

As indicated in the statement of the proposition, we shall write ¢ = ¢(a) when
we want to emphasize the dependence of ¢ on the original symbol a.

PROOF. Let us denote by K¢, (z,y;[.]) the kernel of [A,Opg, (a)]. We know
from [25] that Kx(z,y;c) is the kernel of [A,Opy(a)]. We are interested in the
difference K¢, (z,y;[.]) — Ka, (x,y; ¢), which is the kernel of the operator R.

We have

Kc:n(l%y;[-])zi1 Y Ko, (zyia)— Y Ke,(x,20)

¢+ d(z,z)=1 d(z,y)=1
1
3.5 — N Ke(z,7-),
(3.5) Y Kxlnr )
vEln

where

(3.6) Kx(x,y) = Kx(z,y;a)x <d(i’y)>— Y. Kx(z,za)x (d(zz)>

r
d(z,z)=1 d(z,y)=1

Because of the cut-off functions, the sum (3.5) only runs on those v € I';, for which
d(z,v-y) <r+1; and in (3.6) we have Kx(2,y) = Kx(z,y)la(zy)<rs1}-

In the first sum of the right-hand side of equality (3.6), d(z,y) = d(x,y) £ 1,
because x and z are neighbours. In the second sum d(z, z) = d(z,y) £ 1, because z

and y are neighbours. Since x is a smooth function, both x (@) and y (d(l z))
are equal to x (d(x’y)) + O (1), and we have
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Kalo) = [ ¥ Kxlearo = Y Kalosa) | x (422
d(z,z)=1 d(z,y)=1
1
I I SOV SR EE]) Frm—"
d(z,z)=1 d(z,y)=1
d(x,y
~ 0+ DRz o (122
1
o (r> > IKx(zya)+ > |Kx(z,za |) Va(zy)<re1y-
d(z,z)=1 d(z,y)=1
Now if we go back to (3.5) we get K¢, (z,v;]]) = Kg,(z,y;¢) + Kg, (z,y; R),

where K¢ (x,y; R) is the kernel of the operator R, given by

1
KGn(x,y;R) =0 (7“> Z Z |Kx(237'y;a)| + Z \Kx(ﬂfaz§a)| ]l{d(x,'y-y)gr—&-l}'

vel'y z€X z€X
d(z,z)=1 d(z,vy)=1

We estimate the Hilbert-Schmidt norm of R by first writing

Z Z Z |Kx (2,7 y;a)| + Z |Kx (7, 2;a)| ]l{dx(wn/-y)STJrl}

z,y€D,, |yET, zeX zeX
dx(z,2)=1 dx (z,7y)=1

< > D > 1Kz 7 30 Mg ety + DL 1 Kx(@,20) | May o) <r1)

z,y€D,y, |vET, z€X zeX
dx(z,z)=1 dx (z,v-y)=1

We then use the Cauchy-Schwarz inequality and reason along the same lines as in
lemma 3.3, to bound the latter expression by

q+1( YO Y aGadbs Y Y [Kalea)

zeD, yeX x€D, zeD, yeX z€X
p(z)>r+2 da, (z,2)=1 p(x)>r+1 dx(z,y)=1
AP VID YD VRLTEVTTEEED oD Db o S
zeD, yeXx €D, zeD, yeXx zeX
p(z)<r+2 dag, (z,2)=1 p(x)<r+1 dx (z,y)=1
S A (PP SIS S SRS
zeD, yeX zeD, z€X
p(2) 2742 p(2)2r 41
AP VD YIS VEED S SNBSS
zeD, yeXx rzeD, z€X

p(z)<r+2 p(w)<r 1
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4(qg+1)? Z/|ast|d1/x( Ydp(s) +q Z /|aa:ws|dl/x( Ydu(s).

x€D, z€Dy,
plx)<r+2

Finally we have

IRls <0 (5 )(2; /|ast\dux< i)
S [ latww.s) Pdva@)da(s >>

x€D,
p(w)<r+2

(]

In what follows, Proposition 3.1 will be translated into an invariance property
of the type

1
In N, Go) > (¥, 0pg, (a)¥ >|2Nm > (¥, Opg, (Ta);)|?

s]el " os;el,

for some operator T'. A key idea is then to take advantage of the spectral properties
of T and its iterates T* for k € N. In the special case where sy = 7/2 we can take
T = U? (Corollary 3.8), which makes this spectral value special. For general values
of sg, T is a linear combination with complex coefficients of the non-commuting
operators L and U, and its spectral properties are not so nice. The aim of the
successive operations done in Corollaries 3.4 to 3.7 is to replace T'a with Ua up to
some error term. We first replace a with ¢**a o o in (3.4) to obtain

COROLLARY 3.4. Ifa € L®(X x Q x [0,7]) is T'-invariant, then

> 1wy, Op (U = I)(¢**U — Ia) ;)|

1
<O\ 3 |a(z, w, 5)[*dv, (w)du(s)
<7’2> zeD, / e
+O(¢"){z € Dn,p(z) <7+ 2} /Ila(n - 8) || 2 dp(s)

where Ua = ao o

PROOF. Recall that the symbol ¢ = ¢(a) of Proposition 3.1 is given by

e »
cla) = (¢ (Ua—a)+q *(La—a)).

qg+1

If we replace a with ¢**Ua we have

0% gis o q
m(q (Uana)Jr(ana)):q_i_l

1/2

c(¢"Ua) = (U — I)(¢**U — I)a.
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It follows from (3.4) that
> 15, 0p (U = @V = Da) ;)

J

<0 (1) by [ et o) dn(s

20(%) X [WewsPan )

2EDy,p(z) <r+2

<o (1) > [ 1ot w.5) Pava()ants)

qT
+0 (L) o € Duplo) < 21 it o) eduts)
where we used the fact that U preserves the L? and L norms. ([

The idea is then to invert (¢**U — I). As the series >, ¢***U* is a formal
inverse to (¢**U — I), we apply Corollary 3.4 to a = lecv:—01 g¥FsURL = by_1,
where b € L*> and N is an arbitrary integer. We obtain

COROLLARY 3.5.

> 1w, Op (U = (I = gV UN)0) ) ?

<0 (1) > [ 1w-(a 9P, )duts)

2T

r2

where by_1 = Zg;ol ks UkD,
PROOF. We apply Corollary 3.4 to a = Y. n ' ¢**U*b := by_; and use the
identity
(q2isU _ I)bel _ (q2iNSUN o I)b
combined with the fact that U preserves the L? and L norms. ([l

If we apply Corollary 3.4 with a replaced by % lef:_ol b := Sn(b), we obtain

COROLLARY 3.6.
’2

> [ 00 (U= b= U = 1)) 4y)
J

<o(x) > [ 1500, P )aus)

+0 (Nrfr) [ € Dusp(o) <4 23] [ l-1v5) Bed(s)

where b(:N) = L Zg;ol g>sk Uk,
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Note that the “remainder term” ¢**U(U — I)b(*>N) is not small in the symbol
norm : in Section 4, the (EXP) assumption will be used to show that it is small
in the L2-norm. This is a major difference with the Egorov theorem on manifolds,
where no ergodicity assumption is needed.

PRrROOF. We know from the proof of the previous corollary that
(I _ quSU)bk _ (I _ q2i(k+1)sUk+1)b.
It follows that (I — ¢**U)+ iv:—ol by = b—¢**Ub>N) and

N-1
1 '
(U-1)(T- QQZSU)N E be = Ub — b — g2 U(U — I)bN),
k=0

Combining with the Hilbert-Schmidt estimate, Lemma 3.3, we get

COROLLARY 3.7. Ifb e L>®(X x Q x [0,7]) is T'-invariant, then we have

S 15 0p o =00 <0 () 5 [ 1w 0)(e009) P (@)t

J zED,

+0() Y [ 10, 00) P )ds)

zeD,,
+ OVl € Doy plo) <7+ 2} [ 10,9 edus)
Proor. We write
S 1405, 0p (U — b)) < 237 (s, Op (U — b — U — D)) )|
J J
+23 [ty 0p (01— 0 )|
J

The first term on the right-hand side is estimated by Corollary 3.6. We estimate
the last term thanks to Lemma 3.3, and we use the fact that U preserves the L?

norm :
2

> [, 0p (0 - 0 yy)
J

<Y [0 o) )t

x€D,,

+q Y (I = UM (2, w, 5)dv (w)dp(s)
zE€D,,,p(x)<r

<o) 3 [ 166 9P )dts)

zeD,

L AN?q|{z € Dy, p(z) < 1} / 16 8)|12dp(s).
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As already mentioned, the value so = 7/2 is special and the previous corollaries
may be replaced by the following, simpler one. In case the support of a shrinks
around so = 7/2, this is a closer analogue of the Egorov theorem on manifolds in
the sense that no ergodicity or expanding assumption is needed to show that the
remainder term goes to 0.

COROLLARY 3.8. Ifa € L>®(X x Q x [0,7]) is 'y -invariant, then we have

Z / la(z,w, 8)|*dvy (w)dpu(s)

z€D,

r2

J

> 1w, 0p(a — ac a®)i;) < O (1)

+0(¢2) |{a € Do pla) <7 +2}| / laC- -, )12 du(s)

+ > /O(|sfso|2)\a(x,w,5)|2dum(w)d,u(s)

€D,

PROOF. We replace the symbol a in Proposition 3.1 with ¢**aco. As L(aoo) =
a, we have becomes ¢(¢**a o o) = a — Ta, where

Ta(z,w,s) = —¢**a o o?(z,w, s) + 2¢" cos(sInq)a o o(z,w, s)

and we have Y, |{;, Op(a — Ta);)? < | Rll%s. where

Rlts <0 () X [ lao oo Pavswlduts

€D,

vo@) Y [laoolwws) Pdv(wldnts)

€D, ,p(x)<r+1

1
<0 (ﬂ) Z /\a(x,w,s)|2dux(w)du(s)
z€D,
+O () e € Dupla) < v+ 1)) [ ol 9)udu(s).
Now write Ta = a o 0 — b, with
b(z,w,s) = (14 ¢**)aoo?(x,w,s) +2¢" cos(slng)ao o(z,w,s)
and we can write

> [, 0p(a —aoa®)uy)* <2 (W, Op(b)yy)[* + 2| Rl7s
i j

< 2[0p(®) Iz + 2IIRIls-
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Recalling that sqg = we have

_m
2lngq’

I0p(®) 1 Fs < / [(1+¢**)a oo +2¢" cos(sIng)a o o) *dvy (w)dp(s)
zeD,,

+4q" Z |(1 4 ¢**)a o 0? + 2¢" cos(sInq)a o o) |2dv, (w)du(s)
x€Dp,p(x)<T

<> /O(|8—sol2)(\a002|+IaoU|)2($7w78)dvz(W)du(8)

€D,

+a Y O(|s = so*)(Ja 0 0®| + |a 0 o)) (2, w, 5)dvs (w)du(s)
€Dy, p(x)<r

< 3 [ Ols = sol)ale,w, ) Pdv, (w)du(s)

z€D,

+¢"[{z € Dn, p(z) <7} /O(IS — so/?) sup [a(z,w, 5)[*dp(s)

T,w

3.5. Two more formulas about Opg (Xn)-

LEMMA 3.9.
Opg, ()1l = A ™

with

(n) _ , 3 1
Aj —Xn(SJ)'i‘TO((T(;n)OO)

if s; € [0,7] (tempered eigenfunctions).

Proor. First note that z/;§”) is associated to a I',-invariant eigenfunction of

the laplacian on the tree X, that we will still denote by wj(-n). We have on the tree

OpGn (Xn)%(") (x) = Z Kx(z,y; Xn)X <d(:r7y)> 11/}3(”) (y)

r
yeXx

and Kx(x,y; Xn)X (M) depends only on d(z,y) because ¥, does not depend on
(z,w). We thus have

Opg, (x5 (@) = (7)™ ()
where f(s;) is given by the spherical transform of the kernel

Fs5) = 3 Kl xa)x (d(y)) s, ()

yex
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and ¢, is the spherical function associated with s; defined in (2.3). Now

f(sj) = Z K%(xa Y; Xn)d)sj (d(xv y))

yeX

=Y Kx(@,y; xn)os, (A2, 9)) <1 —x <d(f:y))>

yeX
= Xn(85)

— Y Kx (2,4 xn) 95, (d(2, ) (1 X <d(l;“y)>> '

yeXxX

Because x, € S(X), according to the rapid decay property of the kernel of
pseudodifferential operators (3.1), we have

M+1 _d(zy)
K,y xa)| < C <Z afxn|oo> Trde
for every M € N. Moreover, if s; is a tempered eigenvalue, then
(¢, (d(z, )| < Cq~
So, using also the fact that |[|[0%x, |l = O(6, %), we obtain that for every M € N

yeX
O (8 M) g

(14r)M=2 = (14 d(z,y))?
o) (5;<M+”) k

q
:WZ Z (1+ k)2

keN y:d(z,y)=k
—(M+1)
0 (5,40 v
(1+r)M=2 (1+k)?

keN

a(z,y)
pl

We thus have )
[£(55) = xn(s5)| = r°0 ((rén)M“)
for any M. (I

LEMMA 3.10. Fiz an integer D. Let a be such that Kx(x,y;a) = 0 for
dx(x,y) > D (in other words, a € SP (X)) and p = ¢(s). We have

Opg, (ap) = Opg, (a) Opg,, (v) + R
where

IRI%s <00 / S(8)du(s) (n + |{x € Vi, p(x) < 7+ DY)

PRrOOF. The kernel K¢, (z, 2; ap) of Opg, (ayp) is obtained by the periodization

de1.2))

K, (z,z00) = Y Kx(x,7~2;a<ﬁ)x< "

Y€,
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Because ¢ only depends on s, we note that

Kx(z,z700) = Y Kx(z,y:0)Kx(y, 21 9)

yeX
(see (3.2)) and
d(z, z) d(y
K ; =
x(xaz’aSD)X< r > ZK%xya )Kx ya'ZSDX( )
yeX
d(y, z
+Y Kx(z,y;a ny,z¢(< ) X<(i)
yeXx
d(y, z
= 3 Kl Kz o (147
yeX
+O Z |K_’£ T, Y5 a )HK.'{(yaZ (p)|]1d35(rz <r+D

yex

After I',-periodization, we note that 3°_ . > 5 Kx (2, y30) Kx(y, 725 9) X (M)
is the kernel of Opg_(a) Opg, (¢) (as soon as D < r). Using Cauchy-Schwarz and

the fact that Kx(x,y;a) is supported near the diagonal, the Hilbert-Schmidt norm
of the operator with kernel

Z Z |Kx (2, y; a)|| Kx(y,7 - 250) Ny (@,y-2)<r+D
YET, yEX

on L?(G,) can be bounded by

¢2P sup | K (2, ; 0) / G(s)du(s) (n + |{z € Vi p(x) < 7+ D}|g™+P) .

z,y

4. The proof for arbitrary s

4.1. Upper bound on the variance. As in section 2.1, fix an integer T > 0,
and let x be a smooth cut-off function supported in [—1, 1] and taking the constant
value 1 on [—1/2,1/2]. We write

Xn(s) = x (82_5:0>

so that x, = 1 on I,,. We use the pseudodifferential calculus and the notation
defined in Section 3, taking the cut-off parameter r equal to 7, (from condition
(BST), as explained before the statement of Theorem 1). To simplify the notation,
we will also write ¢; = w§n), sgn) and a = a,.

Let us first iterate the “Egorov property (Corollary 3.7) to put it in the form
that we will use. For any integer k£ > 1

k—

b—boo Zboa booltl),

=0

._.

~
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and by successively applying Corollary 3.7 to b,bo o,...,bo oF™1

generalization

, we have the

k—1

150, (b —boo™yy)|” < k)" R(boo') < KR(b).

=0

where R(b) is the remainder in Corollary 3.7, namely

R0 =0 () ¥ [ 1580w o) ()duts

zeD,,

+0(1) Y [ PN (2,0, 5)Pdve(w)dp(s)
z€D,

+O(N*q"){x € D, p(z) <7+ 2} /Hb(w )12 du(s)

Note the property that R(bo o) = R(b). We then write

T-1
- 15 Opg, (b= 6"))[* = 37 {4, Opg, (;; > (b—bo a‘“>> ¥)

2

k=0

where b7 := L S " ho ot
We use Lemma 3.9, apply the previous inequality to b = ax,, (writing explicitely
the remainder R(ay,)), and also use the fact that ||a|/» < 1 to obtain’

n 1
ZXn S] (5, C“/’J>| = Z |<7/’j’ OpGn(aXn)ijz +nrf0 <(T5)OO)

Jj=0

— O)Y (w5, Opg, (@)l + 0 ()

§=0
T2
+o (=
< r2 ) x€D,,
O NG|z € Dople) < 7+ 2)| [ xalsPdus)

+or?) 3 / 1) (2, 0) P () (8)2da(s),

zeD,

/|SN ), 0) Pl () xn ()2 s)

a(s,N) _ 1 N— 1q2zsk k

where N 2k=0 oo”.

REMARK 4.1. Up to now, we can summarize what has been done in the proof
of the Egorov property and in the lines above, by saying that we have found two
operators By and Rp such that

Op(axn) = Op(a”xn) + [A, Br] + Ry

"To prove the extended Theorem 2, we also need Lemma 3.10.



26 NALINI ANANTHARAMAN AND ETIENNE LE MASSON

where, for any fixed T', the operator Ry has a “small” Hilbert-Schmidt norm as
n — +oo. What remains to do is to show that Op(a®'y,) has a “small” Hilbert-
Schmidt norm if 7" is chosen large enough (uniformly in n).

We use Lemma 3.3 to write

Z’ "/%OPG a Xn)%>| < ||OpGn(aTXn)||2HS
7=0

< la” (2, w)[Pdvy (W) xn (s)2dp(s)
zeD, / ! "
+q" la™ (z,w)[2dv, (W) n(8)2du(s).
q meDan(r r/ /X M

We have seen in Section 2.2 that 3> ., [ laT (2, w)|?dv,(w) = O (Tﬂ) The same

proof shows that -, [ |a*N)(z,w)[dv,(w) = O (NLB) A major difference

here with the usual Quantum Ergodicity (and with the special proof of §2) is that
condition (EXP) is used already to show that the “remainder term” a(*™) of the
Egorov theorem is small in the L?-norm.

The estimate Y- ., [ la®N) (2, w)|2dvy (w) = O (NLB) also leads to

Z/\SN (z,w) [Py (w) = O (néV)

zeD,,

REMARK 4.2. For s staying away from 7/2, a more careful proof would show
that we only need to assume here that the spectrum of A is contained in {1} U
[-1,1 — 3]. Hence our Remark 1.4.

Recall also, from the Kesten-McKay law (Section 5, Corollary 5.2) that

/ X ()2 dpa(s) = O(1).

n

N(I,Gn)
We obtain finally

m > Ky ap)f = TgO(W)JFO(Z;TT;)

s;€ly,
22 1 T2 1
+O(N“T?q an)+O<Nﬁ>+O<Tﬁ>

and if we choose the sequences r = r,, and §,, as explained in section 5,

. T2 1
lmsup 7y zn,a Z'W% = (&)”( ﬁ)

As the left-hand side of the equality does not depend on T and N, we take the limit
N — oo and then T — oo to get

nlinéoNln,G 2 Ity i)l =

sJEI,L
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5. Kesten-McKay law for sequences of graphs satisfying (BST)

In this section we give an alternative proof of the Kesten-McKay law [21, 28],
which gives the spectral density for large regular graphs satisfying (BST) and is
analogous to the Weyl law for the spectral density of the laplacian on Riemannian
manifolds. Note that we consider the density of eigenvalues in intervals that are
allowed to shrink as n — 4o0.

In the definition of Opg_, we take r = 7, such that r,+2 < R, and ¢" o, — 0
(where R,, and o, are the quantities occurring in (BST))%. We also assume that
there exists an integer M such that

1

——— — 0.
M+1, M-3
6n+7"n

If x,, is the function defined in (2.1) with so € (0, 7), this ensures that
)™ = ol [ xaldu(s)).
0

THEOREM 5.1. Assume (BST). Let x = xn be a smooth function satisfying
185Xl < Cié,*,

with 8,1, — +00, such that W — 0 for some M.
Then we have

1 n T
) Xn(sj)QN/ Xn ()2 dp(s)
n- 0
J=1
when n — +o0.

Proor. Using Lemma 3.9, we have
Z Xn(sj)2 =Tr (OpG" (Xn)2) + O(W?l(%Tn)_“’)
j=1

= Z Z |Ka, (2,55 xn)|* + Oy, (6,72) ™)

xeD, yeD,

> D 1Kz (@, ys xa) P + O(nry (8urm) ™)

p(x)>r, ye€X

+O0(q™) > D K2,y xa)l

p(x)<r, yeX

= > D IEx(@yixa)l + O(nr) (8urn) ™)

reD, yeX

+(O(g™) =1) > D IKx(w,y;xa)l

p(x)<r, yeX

= n/OT Xn(S)QdM(S) + O(nri(énrn)_oo)

L (O(™) ~ 1) [{z € Dy, plx) < 7} / " ()2 du(s).

8We can take for example 7, = min {Rn —2,—(1— 6)%} ,for any 0 < e < 1.
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Thus, we get the desired result if

s r_ooon s)dp(s)).
26,7 = o | xa()ins)

COROLLARY 5.2. Under the assumptions of Theorem 1, we have

50+0n
N(I,,Gy) ~ n/ du(s) ~ 2n6,|c(s0)]| 2

S80—0n

where |c(s0)| =2 is the density of the Plancherel measure at sq.

6. Quantitative statement

In this section we will give explicit upper bounds on the rate of convergence,
first in terms of the parameters R, and «,, associated with the sequence of graphs
(G,) in condition (BST), then depending only on n for sequences of random graphs.

In the general case sg € (0,7), we have

LEMMA 6.1. If 6, = r; '€ for some 0 < e < 1, then we have

1 n n
NG > ’<¢§ ) angp)

(n)
85 el,

2 O (=130l + 18/3 47 2
=0 (r, lallz + 7 g™ anllall% ),
where we can take r,, = min {R,, —2,—(1 — €)log,(an)}, for any 0 < ¢ < 1.

PROOF. According to the proof of section 4 (and keeping track of the depen-
dence on a of the remainder terms), we have

! 2,3 1 5 NT? )
o X et <20 (e ) el + 0 () lal?

SjEIn
Lol + 0 (L) a0 (2
/1 oo BN 2 T3
Take N = r, and T = 7‘711/3 such that % = %2 = NT—ZZ = rﬁl/?’. For every

M > 0, we have O (%) =0 (r’g*M&;(l—HW)) =0 (,r,;ll—(l+M)e) and this
term can be made negligible in comparison with the other terms by taking M

sufficiently large. Finally N2T2%¢"™ oy, = 7‘?/3(]7’” Q- (|

REMARK 6.2. Here we kept the spectral gap [ fixed, but we see that the spectral
gap B, could be allowed to decay provided that lim, oo ™n /3 /Bn = 0.

For sequences of random graphs, we have

LEMMA 6.3. Let 6 > 1/2, ¢ > 0, and 6, = (logq(nl_‘s))l_e. If G, is chosen
uniformly at random among the (q + 1)-regular graphs with n vertices, we have

m 2 ‘<w§_”)7anw§n)> ZO(logq(n)—l/S),

(n)
s; el,

‘ 2

with overwhelming probability.
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PrROOF. Take R, and «, as in example 1. Let 1/2 < ¢ < 1, then R, =
(1 —4)log,(n) and oy, = 80(1 —4) logq(n)n*‘;. In this case, we take

log
r = min {Rn —2,—(1- e')(l)ogg?} —R, -2,

and apply Lemma 6.1. (]

7. Proof of Theorem 2

Without loss of generality, we assume that the operator A, in Theorem 2 is
an operator on L?(X) that commutes with the action of T',,, so that A,, defines an
operator on L*(G,). We write A,, = Op(a) where a(z,w,s) € SP(X) is invariant
under the action of T',, on half-geodesics [x,w) and note that most steps of the
proof carry over immediately to this case. Actually, all that needs modifying is the
treatment of the expression

N-1 2

1 ‘
(7.1) > / v > #Faco| (2w, s)dve(w)dp(s)
z€Dy, k=0
that is used in §2.2 (for s = 5~ and k even) and Section 4 (for s close to s).

Equation (7.1) is also

N—-1 k
= / > Zq2’”aoo—f (2, w, $)a(x, w, 8)dv, (w)dp(s)
ar"»EDn k=0 j=

N-1

k
Zq 2850 0 07 (2, w, 8)a(x,w, 8)dv, (w)du(s)

zGD k=0 j=1
In §2.2, the integral
Z /aoaj z,w)a(z,w)dv, (w)
reD,
was rewritten as > . Sja(z)a(z) using the fact that a did not depend on w —

thus establishing a link between the shift ¢ and the laplacian. We need to adapt
that argument to the case when a(z,w) depends on the first D coordinates of the
half geodesic [z,w) = (x, 21,29, .. .).

7.1. Proof when D = 1. When D = 1, a(z,w) = a(z,21) if [z,w) =
(z,x1,2,...). Thus a may be seen as a function on the set B of directed bonds of
G = G,. Note that B has cardinality n(q + 1) if G has n vertices and is (¢ + 1)-
regular. We use the notation of [32] : if e is an element of B, we shall denote by
o(e) € V,, its origin, t(e) € V,, its terminus, and é € B the reversed bond.

One sees that

Z/aoajxw (z,w)dv,(w) = ZM’”

xeD, eGB

where M? is a bistochastic matrix indexed by B, defined by
1
M ﬁ(6, €)=~
q
if o(e’) = t(e) and €’ # é; and M*(e, ') = 0 otherwise. This is (up to normalization)
the matrix appearing in §3 of [32]. It is the (normalized) adjacency matrix of the
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g-regular directed graph, whose vertices are the directed bonds of GG, and where
we draw an edge between two bonds if they are consecutive without allowing back-
tracking. What we need is an explicit relation between the spectrum of M* and
the spectrum of the discrete laplacian on G, in other words, of the matrix A. The
relation between the eigenvalues is formula (44) in [32], but since we also need
relations between the eigenfunctions, we shall be more explicit below. We did not
write all the detailed calculations because they are lengthy but basic. We assume
these relations must already be known but did not find any reference.

(o) Both A and M* have 1 in their spectrum, corresponding to the constant
eigenfunction. The matrix A has —1 in its spectrum iff the graph G is
bi-partite, in which case M* also trivially has —1 in its spectrum.

(i) each eigenvalue A # £1 of A gives rise to the two eigenvalues

2

4
(q+D<Ai,M2—@ﬁ?)
of M*;

(ii) in addition, M* admits the eigenvalue 1/¢ with multiplicity b := |E,| —
[Vi| + 1 (the rank of the fundamental group of G); and the eigenvalue
—1/q with multiplicity b — 1 if —1 is not an eigenvalue of A, or b if —1 is
an eigenvalue of A.°

In particular, the eigenvalue 1 of M* has multiplicity 1. The tempered spectrum
of A corresponds to eigenvalues of M* of modulus 1/ v/@; the untempered spectrum
of A contained in [~1,1 — 8] gives rise to real eigenvalues of M* contained in
[-1,1 — f’] with

2
1-§ =

(a+1) (1-8-/0-82 - 4z)

Since M* is not normal, the knowledge of its spectrum is not sufficient to control
the growth of M*¥ in a precise manner (we need a bound that is independent of the
size of the matrix, in other words, independent of n). Below, we describe explicitly
the eigenvectors of M* in terms of those of A; these eigenvectors do not form an
orthogonal family but this is compensated by the fact that one can compute their
scalar products explicitly.

(i) an eigenfunction ¢ of A for the eigenvalue A # +1 gives rise to the two
eigenfunctions of M?,

file) = o(tle)) —erg(o(e));  fale) = d(t(e)) — e26(0(e)),
where €1, €5 are the two roots of ge2 — (¢ + 1)Ae + 1 = 0 (in what follows
we index them so that |e1| < |ez|). Special attention has to be paid to the

case A = i%, for which €; = €3 (see below).

(ii) the eigenvalues 41/q of M* correspond, respectively, to odd and even'
solutions of 3., _, f(e) = 0 (for every vertex x). For the eigenvalue 1/q,
an explicit basis of eigenfunctions is indexed by generators of the funda-
mental group, (v1,...,7) : every closed circuit v made of consecutive

0

90r, equivalently, if the graph is bi-partite.
100dd means f(é) = —f(e) and even means f(&) = f(e), for every bond e.
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edges (eq,...,ex) gives rise to an odd eigenfunction

k
fr = 0c, — 0.
j=1

If G is bi-partite, then all circuits have even length and we have an explicit
basis of even eigenfunctions for the eigenvalue —1/q, again indexed by
generators of the fundamental group :

k
9y = Z(—l)k(5€j + 5éj)
j=1
if v is a closed circuit made of consecutive edges (eq,...,ex). If G is not

bi-partite, there are closed circuits of odd lengths, in which case g, is
not an eigenfunction of M*. Nevertheless, if v, are two circuits of odd
lengths, g, — g, is now an eigenfunction of M* for the eigenvalue —1/q.
The eigenfunctions of the family (ii) are automatically orthogonal to those of the
family (i). In (i), eigenfunctions of M* stemming from different eigenvalues A of A
are orthogonal; however, the two eigenfunctions fi, fo stemming from the same A
are not orthogonal.
To evaluate the norm of a matrix, it is safer to work in an orthogonal basis,
and thus we shall consider, instead of a pair (f1, f2), the pair

fie) = o(tle)) — erg(o(e)), f3(e) = d(t(e)) — ne(o(e))
which can be checked to be orthogonal for
arx—1
€1 — A
), M?* has matrix

‘LL:

In the plane generated by (IIfil\’ Hfé”
2

(M8 )

where x is a number that can be calculated explicitly in terms of €1, €2 and A, and
which is uniformly bounded (since the norm of M £, anyway, is bounded indepen-
dently of n).

2va ~ R
T @ special case where €; = €5 = i\/é'

To summarize, the spectrum of M* is contained in [~1,1 — 3] U {1} (resp.
[-1+ 75,1 —p']U{1}) if the spectrum of A is contained in [—1,1 — B U {1} (resp.
[~1+4 8,1 —BJU{1}). We can find an orthonormal basis of L?(C?) in which M* is
block diagonal, each diagonal block being an upper triangular matrix of size < 2,
and the non-diagonal coefficients are uniformly bounded.

This implies that the operator

This discussion is also valid for A = +

N—1 k&
% Z Zq%stﬁj _ %(qusMﬁ71)72 (qus(N+1)Mﬁ(N+1) — Mt — N(q2isMﬁ _ I))
k=0 j=0

has norm O (4;) on the orthogonal of the constant function (for any real s if the
spectrum of M* is contained in [~1+ ;1 — B'] U {1}, or for ¢*** away from —1 if
the spectrum of M* is contained in [—1,1— 3]U{1}). This tells us that (7.2), and
hence (7.1), is O ().
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7.2. Case D > 2. We indicate how to modify the previous discussion when
D > 2. To keep the notation simple, and because the extension to higher D is
quite clear, let us take D = 2. When D = 2, a(z,w) = a(z,z1,22) if [z,w) =
(,21,x2,...). Thus a may be seen as a function on the set B(2) of pairs of bonds
(e1,e2) of G = G, such that M*(e;,e3) # 0. Note that B(2) has cardinality
|Blg = n(q+ 1)q if G has n vertices and is (g + 1)-regular.

Now one sees that

Z /aoaj(x,w)a(a:,w)dl/z(w) B Z M(ﬁg)a(el,eg)a(el,eg)

1
z€D,, (q + )q (e1,e2)€B(2)
where M ?2) is a bistochastic matrix indexed by B(2), defined by

1
M (er,€2), (¢, ) =

if eg = ¢ and M(uQ)((el, e2), (€], ¢e5)) = 0 otherwise.

It turns out that L?(B) can be embedded into a n(q+ 1)-dimensional subspace
of L*(B(2)), by the map

jiv € LA(B) = jy

where jy(e1,e2) = (ez). It is easily seen that M(ﬁz)7 restricted to the image
j(L*(B)), coincides with M¥.

Notice now that M(ﬁz) sends L?(B(2)) to j(L?(B)). The conclusion of the
previous section thus holds with M¥ replaced by M, (ﬁg)’ and hence the analysis done
for D =1 carries over to D = 2 (and similarly for higher D).
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