On the convergents to algebraic numbers

Yann BUGEAUD (Strasbourg)

À K. F. Roth, pour son quatre-vingtième anniversaire

Abstract. Let ξ be an irrational, algebraic number and denote by (p_n/q_n)_{n≥1} the sequence of its convergents. We give several results on the arithmetical properties and on the growth of the sequences (p_n)_{n≥1} and (q_n)_{n≥1}. For coprime integers a and b with a > b > 1, we study the length of the continued fraction expansions of the integral powers of the rational number a/b. Most of the results surveyed here are consequences of Roth’s theorem or of one of its relatives.

1. Introduction

The first result on the rational approximation of algebraic numbers goes back to 1844, when Liouville [19, 20] showed that an algebraic number of degree d cannot be approximated by rationals at an order greater than d. Liouville’s theorem has been subsequently improved upon by Thue [44], Siegel [40], Dyson [12], Gelfond [15] and, finally, by Roth [36], who established that, like almost all real numbers (throughout the present paper, ‘almost all’ refers to the Lebesgue measure), the algebraic irrational numbers cannot be approximated by rationals at an order greater than 2.

Theorem (Roth, 1955). Let θ be an algebraic real number. Let ε be a positive real number. Then there are only finitely many rational numbers p/q with q ≥ 1 such that 0 < | | |θ − p q | | | < 1 q^{2+ε}

· (1.1)

The same year, Davenport and Roth [11] gave a totally explicit estimate for the number of rational solutions to (1.1). Shortly afterwards, Ridout [34, 35] established two different generalizations of Roth’s theorem which incorporate non-Archimedean valuations. In the sequel, for any prime number ℓ and any non-zero rational number x, we set |x|_ℓ := ℓ^{−u}, where u is the exponent of ℓ in the prime decomposition of x. Furthermore, we set |0|_ℓ = 0. With this notation, the main result of [34] reads as follows.

2000 Mathematics Subject Classification : 11J68, 11J70. Keywords : Algebraic number, convergent, continued fraction.

Theorem (Ridout, 1957). Let S_1 and S_2 be disjoint finite sets of prime numbers. Let θ be a real algebraic number. Let ε be a positive real number. Then there are only finitely many rational numbers p/q with q ≥ 1 such that | | |θ − p q | | | · ∏ ℓ∈S_1

|p|_ℓ · ∏ ℓ∈S_2

|q|_ℓ < 1 q^{2+ε}

· (1.2)

A partial result towards an improvement of Roth’s and Ridout’s theorems has been obtained in 1958 by Cugiani [8] (see also [9, 10] and Appendix B of Mahler’s book [26]). We refer the reader to Section 4 for a precise statement of a recent strengthening of this result, now called the Cugiani–Mahler theorem.

The purpose of this survey is to show different applications of Roth’s theorem and its relatives to various questions on the sequence of convergents (p_n/q_n)_{n≥1} to an algebraic number. Section 2 is devoted to the arithmetical properties of (p_n)_{n≥1} and (q_n)_{n≥1}. It includes an application of Ridout’s theorem and one of Baker’s theory of linear forms in logarithms. The rate of growth of the sequence (q_n)_{n≥1} is investigated in Section 3 by means of a modern version of the theorem of Davenport and Roth that gives an explicit upper bound for the number of rational solutions to (1.1). Finally, Section 4 deals with the continued fraction expansions of the rational numbers (a/b)^n, with 1 < b < a and n ≥ 1. It includes an application of Ridout’s theorem and a new application of the Cugiani–Mahler theorem.

Notation. Throughout the present paper, ξ is an arbitrary irrational, real algebraic number and (p_n/q_n)_{n≥1} denotes the sequence of its convergents. The constants implied by ≪ and ≫ depend at most on ξ, and we write ≪_{eff} and ≫_{eff} to emphasize that the implicit constant is effectively computable.

2. Arithmetical properties of convergents

In this section, for an integer x with x ≥ 2, we denote by P [x] its greatest prime factor and by Q[x] its greatest square-free factor. Without mentioning it, we assume that the arguments of the function log (resp. log log, log log log, . . .) are greater than e (resp. e^e, e^{ee} , . . .).

Before considering algebraic numbers, we mention that Erdős and Mahler [13] proved that for almost all real numbers θ with 0 ≤ θ ≤ 1 we have

P [s_n] ≥ exp { log s_n 20 log log s_n } , (2.1)

for every sufficiently large n, where s_n denotes the denominator of the nth convergent to θ. With the same notation, Shorey and Srinivasan [43] proved that for any positive real number δ, for almost all real numbers θ with 0 ≤ θ ≤ 1 we have

Q[s_n] ≥ s_n(log s_n)^{−1−δ}, (2.2) for every sufficiently large n. Perhaps, (2.1) and (2.2) hold for any irrational algebraic θ, but we are very far away from being able to confirm this.

In the sequel of this section, ξ is a real, irrational, algebraic number, and (p_n/q_n)_{n≥1} denotes the sequence of its convergents. Using his p-adic version of the Thue–Siegel theorem, Mahler [23] proved that the greatest prime factor of p_nq_n tends to infinity with n. He also established that the greatest prime factor of p_n (and also that of q_n) is unbounded. Subsequently, by working out a p-adic version of a result of Dyson [12] on rational approximation to algebraic numbers, Mahler [24] showed that, when ξ is either quadratic or cubic, then both P [p_n] and P [q_n] tend to infinity. Ridout’s theorem [34] allows one to extend the latter result of Mahler.

Theorem R. For every irrational, real algebraic number, both P [p_n] and P [q_n] tend to infinity with n.

Proof. We know from the theory of continued fractions that |ξ − p_n/q_n| < q^{−2}_n for n ≥ 1. If there exist an infinite sequence of positive integers n_1 < n_2 < n_3 < . . . and an integer P such that P [q_{nj} ] < P for j ≥ 1, then we get a contradiction from Ridout’s theorem with ε = 1 by taking for S_1 the empty set and for S_2 the set of prime numbers less than P . This shows that P [q_n] tends to infinity with n and a similar proof yields the same conclusion for P [p_n].

Theorem R is ineffective, and it would be very desirable to get an effective estimate for the growth of P [p_nq_n], P [p_n], and P [q_n].

Using Baker’s theory, Shorey [41] established a quantitative form of Mahler’s result.

Theorem S. For every irrational, real algebraic number we have

P [p_nq_n]≫_{eff} log log q_n.

It turns out that it is possible to slightly improve upon Theorem S, by using Matveev’s recent estimate for linear forms in logarithms. We denote by ⌊x⌋ the integer part of the real number x.

Theorem 1. For every irrational, real algebraic number ξ we have

P [q⌊qξ⌋]≫_{eff} log log q · log log log q log log log log q · Proof. We follow Shorey’s proof. Without any loss of generality, we assume that q is large enough. Set p = ⌊qξ⌋ and observe that 0 < |ξ − p/q| ≤ 1/q. To shorten the notation, for any positive integer j, we write log_j for the jth iterate of the function log. Assume that

P [pq] ≤ δ log_2 q log_3 q log_4 q

is satisfied for any δ with 0 < δ < 1. We will arrive at a contradiction for a certain value of δ depending only on ξ. Let m be the number of distinct prime factors of pq. By the Prime Number Theorem, we have

m ≤ 2 δ log_2 q log_4 q ·

Denoting by ℓ_1, ℓ_2, . . . the increasing sequence of all the prime numbers, there exist positive integers i_1 < . . . < i_k with k ≤ m and non-zero integers a_{i1} , . . . , a_{ik} such that Λ := |ξℓ^{ai1}_{i1} . . . ℓ^{aik}_{ik} − 1|≪_{eff} 1/q. (2.3) By assumption, Λ is non-zero. Check that ℓ_{ij} ≤ ℓ_{ik} ≤ δ(log_2 q/ log_4 q) log_3 q, |a_{ij} |≪_{eff} log q (j = 1, . . . , k).

It then follows from Matveev’s theorem [27] that there exists an effectively computable constant c_1, depending only on ξ, such that log Λ > −c^m_1 (log_3 q)^m (log_2 q). (2.4) We then infer from (2.3) and (2.4) that log_2 q ≪_{eff} m log_4 q + log_3 q ≪_{eff} δ log_2 q + log_3 q.

Selecting δ small enough, we get a contradiction.

Corollary 1. For every irrational, real algebraic number we have P [p_nq_n]≫_{eff} log log q_n · log log log q_n log log log log q_n · Corollary 1 does not give any effective lower bound for P [q_n], nor for P [p_n]. When ξ is a quadratic surd, then its continued fraction expansion is ultimately periodic and the sequences (p_n)_{n≥1} and (q_n)_{n≥1} are binary recurring sequences. Using again Baker’s theory, we get in this case the effective lower bounds P [p_n]≫_{eff} (log p_n)^{1/3}, P [q_n]≫_{eff} (log q_n)^{1/3}, Q[p_n]≫_{eff}

(log log p_n)^2 log log log p_n

, Q[q_n]≫_{eff}

(log log q_n)^2 log log log q_n , as proved by Győry, Mignotte, and Shorey [17].

Problem 1. To give an effective lower bound for P [q_n] (resp. for P [p_n]) when ξ is an algebraic number of degree at least three.

To conclude this section, let us mention that Erdős and Mahler [13] established that P [q_{n−1}q_nq_{n+1}] tends to infinity with n. However, their result is not effective. Using Baker’s theory of linear forms in logarithms, Shorey [42] proved that P [q_{n−1}q_nq_{n+1}]≫_{eff} log log q_n and log Q[q_{n−1}q_nq_{n+1}]≫_{eff} log log q_n.

3. On the growth of the denominators of convergents

Let ξ be a real, irrational, algebraic number, and denote by (p_n/q_n)_{n≥1} the sequence of its convergents. It immediately follows from the theory of continued fractions that the rate of increase of (q_n)_{n≥1} is at least exponential. Our purpose in the present section is to estimate it from above. Recall that Lévy [18] established in 1936 that, for almost all real numbers θ, we have log s_n n −→ n→+∞

π^2 12 log 2 , where s_n denotes the denominator of the nth convergent to θ.

It is well known that, when ξ is quadratic, then the sequence (q^{1/n}n )_{n≥1} is bounded and, even, converges. One generally believes that (q^{1/n}_n )_{n≥1} also remains bounded when the degree of ξ is greater than two. However, we seem to be very far away from a proof (or a disproof).

The first general upper estimate for the rate of increase of (q_n)_{n≥1} follows from Liouville’s theorem, which easily yields that

log log q_n ≪ n.

A slight sharpening, namely the estimate

log log q_n = o(n),

can be deduced from Roth’s theorem.

In Roth’s joint work with Davenport [11], some steps from [36] are made totally explicit in order to get an explicit upper estimate for the cardinality N (θ, ε) of the set of rational solutions to (1.1). This enabled Davenport and Roth [11] to prove that

log log q_n ≪ n √ log n

, (3.1)

see also Mignotte [30].

A much better upper bound for N (θ, ε) was established by Bombieri and van der Poorten [3] (see also Luckhardt [22], who used his result to improve upon (3.1), and Locher [21]) and subsequently slightly refined by Evertse [14]. Before stating a result extracted from the end of Section 6 of [14], we recall that the Mahler measure of an algebraic number equals the leading coefficient of its minimal polynomial over the integers times the product of the moduli of its complex conjugates of modulus at least 1.

Theorem E. Let θ be an algebraic number of degree d with 0 < θ < 1. Let ε be a positive real number with ε < 1/5. The inequality | | |θ − p q | | | < 1 q^{2+ε} has at most N_1(θ, ε) := 2 · 10^7 ε^{−3}(log ε^{−1})^2 (log 4d) (log log 4d)

rational solutions p/q with q ≥ max{4^{2/ε}, M(θ)}.

Theorem 4 of Mueller and Schmidt [31] implies that, regarding the dependence on d, Theorem E is best possible up to, maybe, the factor (log log 4d).

In [1], Theorem E is used to strengthen (3.1). We give below the proof of the following (very) slightly refined version of Theorem 4.1 of [1].

Theorem 2. Let ξ be an arbitrary irrational, real algebraic number of degree d and let (p_n/q_n)_{n≥1} denote the sequence of its convergents. Then we have

log log q_n ≤ 4 · 10^7 n^{2/3} (log n)^{2/3} (log log n) (log 4d)^{1/3} (log log 4d)^2, (3.2)

for all positive n with n ≥ max{60, 4 log M(ξ), d}.

We point out that Theorem 2 is fully effective, although Roth’s theorem is not. The constant 4 · 10^7 in (3.2) can be replaced by a smaller one: our aim was to state a fully explicit upper bound and we made no effort for lowering this constant.

Clearly, inequality (3.2) holds with q_n replaced by the nth partial quotient of ξ. This strongly improves upon a result of Wolfskill [46] valid only for cubic irrationals.

Proof of Theorem 2. We follow the proof of Theorem 4.1 from [1] and we make every step explicit. The basic idea is to introduce more parameters in the proof of Theorem 3 of [11]. Recall that we have | | |ξ − p^n q_n | | | < 1 q_nq_{n+1}

, (3.3)

for n ≥ 1.

Let N be an integer with N ≥ max{60, 4 log M(ξ), d}. Let h be the smallest positive integer with h ≥ 6 and q_h ≥ max{16^{N 1/3} , M(ξ)}. Since q_h ≥ 2^{h/2}, we have

h ≤ max{8N^{1/3}, 3 log M(ξ)}.

Put S_0 = {h, h + 1, . . . , N}. Let k ≥ 3 be an integer and ε_1, . . . , ε_k be real numbers with

0 < N^{−1/3} < ε_1 < ε_2 < . . . < ε_k < 1,

that will be selected later on. For j = 1, . . . , k, let S_j denote the set of positive integers n such that h ≤ n ≤ N and q_{n+1} > q^{1+εj}n . Observe that S_0 ⊃ S_1 ⊃ . . . ⊃ S_k. It follows from (3.3) that, for n in S_j , the convergent p_n/q_n gives a solution to | | | |ξ − p q | | | | < 1 q^{2+εj} . By our choice of h, the cardinality of S_j is at most N_1(ξ, ε_j).

Write S_0 = (S_0 \ S_1) ∪ (S_1 \ S_2) ∪ . . . ∪ (S_{k−1} \ S_k) ∪ S_k.

Let j be an integer with 1 ≤ j ≤ k. The cardinality of S_0 \ S_1 is obviously bounded by N and, for j ≥ 2, the cardinality of S_{j−1} \ S_j is at most N_1(ξ, ε_{j−1}). Furthermore, for every n in S_{j−1} \ S_j , we get log q_{n+1} log q_n

≤ 1 + ε_j .

Recall that d denotes the degree of ξ. The Liouville inequality as stated by Waldschmidt [45], p.84, asserts that | | | |ξ − p q | | | ≥ 1 M(ξ) · (2q)^d

, (3.4)

for every rational number p/q. Consequently, we infer from (3.3) that

log q_{n+1} log q_n

≤ 2d

holds if q_n ≥ M(ξ) and n ≥ h.

Combining these estimates with the fact that S_k has at most N_1(ξ, ε_k) elements, we obtain that log q_N log q_h = log q_N log q_{N−1} × log q_{N−1} log q_{N−2}

× . . . × log q_{h+1} log q_h

≤ (1 + ε_1)^N k∏ j=2 (1 + ε_j )^{N1(ξ,εj−1)} (2d)^{N1(ξ,εk )}.

Taking the logarithm and using the fact that log(1 + u) < u for any positive real number u, we get

log log q_N − log log q_h ≤ N ε_1 + k∑ j=2 ε_j N_1(ξ, ε_{j−1}) + N_1(ξ, ε_k) · (log 2d). (3.5)

We now select ε_1, . . . , ε_k. For j = 1, . . . , k, set

ε_j = N^{−(3k −3j−1)/(3k+1−1)} (log N)^{2/3} (log 4d)^{(3k−j +1)/3k+1−j} .

We check that 0 < N^{−1/3} < ε_1 < . . . < ε_k < 1, and we easily infer from (3.5) and Theorem E that

log log q_N − log log q_h ≤ 2k10^7 N^{2/3} N^{2/3k} (log N)^{2/3} (log 4d)^{1/3} (log log 4d) + N^{2/3} N^{2/3k} (log N)^{2/3} (log 4d)^{(3k−1+1)/3k} .

(3.6)

Choosing for k the smallest integer greater than (log log N) · (log^+ log log 4d), we get from (3.6) that log log q_N log q_h

≤ 3 · 10^7 N^{2/3} (log N)^{2/3} (log log N) (log 4d)^{1/3} (log log 4d) (log^+ log log 4d).

Here, the function log^+ is defined on the set of positive real numbers by setting log^+ x = max{log x, 1}.

Our choice of h implies that q_{h−1} < M(ξ) + 16^{N 1/3} . Combined with (3.4), this gives

log log q_h ≤ log(4d) + 2 log N + 2 log log M(ξ).

Since M(ξ) ≤ 2^N and d ≤ N, we get

log log q_N ≤ 4 · 10^7 N^{2/3} (log N)^{2/3} (log log N) (log 4d)^{1/3} (log log 4d)^2.

This concludes the proof.

As a consequence of our theorem, we get an estimate for the maximal growth of the sequence of denominators of convergents to algebraic numbers of bounded degree.

Corollary 2. Let θ be an irrational, real number and let (r_n/s_n)_{n≥1} denote the sequence of its convergents. Let d ≥ 2 be an integer. If

lim sup

n→+∞

log log s_n n^{2/3}(log n)^{2/3} (log log n) (log 4d)^{1/3} (log log 4d)^2

> 4 · 10^7,

then θ is transcendental or algebraic of degree greater than d.

Corollary 2 improves the Corollaire of Mignotte [30].

4. On the continued fractions of powers of rational numbers

Let a and b be coprime integers with 1 < b < a. Let ε be a positive real number. Applying Ridout’s theorem, Mahler [25] proved that ‖ ‖ ‖ ( a b )_n‖ ‖ ‖ ≥ 2^{−εn}

holds for every sufficiently large integer n. Here, ‖ · ‖ denotes the distance to the nearest integer. This implies that the first partial quotient of ‖(a/b)^n‖ is less than 2^{εn} when n is sufficiently large. As we shall see below, Ridout’s theorem also yields some information on the other partial quotients of ‖(a/b)^n‖.

A rational number r has exactly two continued fraction expansions. These are [r] and [r − 1; 1] if r is an integer and, otherwise, one of them has the form [a_0; a_1, . . . , a_{n−1}, a_n] with a_n ≥ 2, and the other one is [a_0; a_1, . . . , a_{n−1}, a_n − 1, 1]. In the sequel, we denote by L(r) the length of the shortest continued fraction equal to r.

In 1973, Mendès France [28] asked whether

sup_{n≥1} L ( (a/b)^n ) = +∞

holds for all coprime integers a and b with 1 < b < a. In a series of notes, Choquet [5] gave an affirmative answer to this question. Independently, Pourchet [33] applied Ridout’s theorem to obtain a stronger statement, quoted below.

Theorem P. For all coprime integers a and b with 1 < b < a, for any positive real number ε, the partial quotients of ‖(a/b)^n‖ are all less than 2^{εn} when n is sufficiently large. In particular, we have lim n→+∞ L ( (a/b)^n ) = +∞.

Pourchet never published his result. Although some details of the proof have been given by van der Poorten [32] (see also [7] and [47], Ex. II.6), we include below a proof of Theorem P. The function field analogue has been solved by Grisel [16].

Notice that the trivial upper bound L ( (a/b)^n ) ≤ 3n log b

is valid for all positive integers a, b, n with 1 < b < a. Theorem P does not provide any information on the speed of growth of L((a/b)^n). This is due to the ineffectiveness of Ridout’s theorem. However, it turns out that the use of another strengthening of Roth’s theorem, namely the Cugiani–Mahler theorem, allows us to get some additional information.

Theorem 3. For all coprime integers a and b with 1 < b < a, there exist a positive constant C and arbitrarily large integers n such that

L ( (a/b)^n ) > C ( log n log log n

)_{1/4} . We will use the following version of the Cugiani–Mahler theorem, that we extract from Bombieri and Gubler [2] (see also Bombieri and van der Poorten [3]).

Theorem BG. Let S be a finite set of prime numbers. Let θ be a real algebraic number of degree d. For any positive real number t set

f(t) = 7 (log 4d)^{1/2} ( log log(t + log 4) log(t + log 4)

)_{1/4} · Let (r_j /s_j )_{j≥1} be the sequence of rational solutions, written in reduced form, to | | |θ − r s | | | · ∏ ℓ∈S |rs|_ℓ ≤ 1 s^{2+f(log s)}

ordered such that 1 ≤ s_1 < s_2 < . . . Then either the sequence (r_j/s_j )_{j≥1} is finite or

lim sup

j→+∞

log r_{j+1} log r_j

= +∞. (4.1)

Proof. This follows from Theorem 6.5.10 of [2].

Proof of Theorem P. Let p/q be a solution to | | | ( a b )_n − p q | | | < 1 q^2 , with p and q coprime. Let ε be a positive real number. Let S_1 (resp. S_2) be the set of prime divisors of a (resp. b). By Ridout’s theorem, there exists a positive real number C(ε) such that C(ε) ≤ 1/4 and | | |1 − qa^n pb^n | | | · a^{−n} · b^{−n} ≥ 2 C(ε)p^{−2}b^{−2n}a^{−εn}, (4.2)

since pb^n ≤ a^{2n}. The integers qa^n and pb^n may not be coprime, but this does not matter since the integers p and q occurring in the statement of Ridout’s theorem are not assumed to be coprime. If | | | ( a b )_n − p q | | | ≤ 1 2 , (4.3)

then pb^n ≤ 2qa^n, and it follows from (4.2) that | | | ( a b )_n − p q | | | ≥ C(ε) q^{−2} a^{−εn}. (4.4)

Since (4.4) also holds if (4.3) is not satisfied, it implies that the partial quotients of (a/b)^n are all less than a^{εn}/C(ε), thus less than a^{2εn} if n is sufficiently large. Consequently, we get that L((a/b)^n) ≥ 1/(2ε) for n large enough. This proves Theorem P.

Proof of Theorem 3. Let S be the set of prime divisors of ab. We may assume that the (ordered) sequence (r_j/s_j )_{j≥1} of rational solutions (written in their lowest form) to | | |1 − r s | | | · ∏ ℓ∈S |rs|_ℓ ≤ 1 s^{2+f(log s)}

is infinite. By (4.1), there exist arbitrarily large integers j and n such that r_{j+1} > a^{2n} and r_j < a^{n/2}. By Theorem P, if n is sufficiently large, then there exists a convergent p^′_n/q^′_n to (a/b)^n with a^{n/3} < p^′_n < a^{n/2}. Any convergent p/q to (a/b)^n with p ≤ p^′_n is a convergent to p^′_n/q^′_n. Write qa^n/(pb^n) = r/s with r and s positive and coprime. Write rs = tt^′, where t^′ is the largest integer coprime with ab. Since a^{n/2} ≤ r ≤ a^{2n}, the rational number r/s does not belong to the sequence (r_j /s_j)_{j≥1}, thus | | |1 − qa^n pb^n | | | · t^{−1} ≥ s^{−2−f(log s)},

that is, | | | ( a b )_n − p q | | | ≥ p q t s^{−2−f(log s)}. (4.5)

We may assume that (4.3) holds (which is the case if q ≥ 2) and, since t^′ ≤ pq, we infer from (4.5) that | | | | ( a b )_n − p q | | | | ≥ 1 2q^2 s^{−f(log s)}.

Since s ≥ a^{cn} for some positive real number c, there is a positive constant κ, depending only on a, such that | | | ( a b )_n − p q | | | ≥ q^{−2} a^{−κn(log log n)1/4(log n)−1/4} . (4.6)

Observe that (4.6) remains true when (4.3) does not hold. Then, we get that every partial quotient of p^′_n/q^′_n is less than a^{κn(log log n)1/4(log n)−1/4} . Consequently, the length of the continued fraction expansion of p^′_n/q^′_n is at least equal to some constant times (log n)^{1/4} · (log log n)^{−1/4}. Since p^′_n/q^′_n is a convergent to (a/b)^n, this is also a lower bound for the length of the continued fraction expansion of (a/b)^n.

Theorem 3 is a small step towards the resolution of the following question.

Problem 2. To give an effective lower bound for L ( (a/b)^n ) . Theorem P has been extended by Corvaja and Zannier [7] to quotients of power sums.

Recall that the continued fraction expansion of a real number θ is eventually periodic if, and only if, θ is a quadratic surd. Mendès France [29] asked whether for every real quadratic irrational ξ and every positive M, there exist integers n such that the length of the period of the continued fraction expansion of ξ^n exceeds M. This question was completely solved by Corvaja and Zannier [6]. Furthermore, results on the length of the period of the continued fraction for values of the square root of power sums have been given by Bugeaud and Luca [4] and by Scremin [39].

The key tool for the proofs of the results from [4, 6, 7, 39] is a powerful, deep generalization of Roth’s theorem, namely the Schmidt Subspace Theorem [38] (and, more precisely, its non-Archimedean extension, worked out by Schlickewei [37]). However, it does not seem to us that the Subspace Theorem and its relatives could be of some help for improving upon Theorems 1 to 3 from the present paper.

References

[1] B. Adamczewski and Y. Bugeaud, On the Maillet–Baker continued fractions, J. reine angew. Math. To appear.

[2] E. Bombieri and W. Gubler, Heights in Diophantine Geometry. New mathematical monographs 4, Cambridge University Press, 2006.

[3] E. Bombieri and A. J. van der Poorten, Some quantitative results related to Roth’s theorem, J. Austral. Math. Soc. Ser. A 45 (1988), 233–248.

[4] Y. Bugeaud and F. Luca, On the period of the continued fraction expansion of √ 2^{2n+1} + 1, Indag. Math. 16 (2005), 21–35.

[5] G. Choquet, θ-fermés et dimension de Hausdorff. Conjectures de travail. Arithmétique des θ-cycles (où θ = 3/2), C. R. Acad. Sci. Paris Sér. I Math. 292 (1981), 339–344.

[6] P. Corvaja and U. Zannier, On the rational approximations to the powers of an algebraic number: solution of two problems of Mahler and Mendès France, Acta Math. 193 (2004), 175–191.

[7] P. Corvaja and U. Zannier, On the length of the continued fraction for values of quotients of power sums, J. Théor. Nombres Bordeaux 17 (2005), 737–748.

[8] M. Cugiani, Sull’approssimazione di numeri algebrici mediante razionali, Collectanea Mathematica, Pubblicazioni dell’Istituto di matematica dell’Università di Milano 169, Ed. C. Tanburini, Milano, pagg. 5 (1958).

[9] M. Cugiani, Sull’approssimabilità di un numero algebrico mediante numeri algebrici di un corpo assegnato, Boll. Un. Mat. Ital. 14 (1959), 151–162.

[10] M. Cugiani, Sulla approssimabilità dei numeri algebrici mediante numeri razionali, Ann. Mat. Pura Appl. 48 (1959), 135–145.

[11] H. Davenport and K. F. Roth, Rational approximations to algebraic numbers, Mathematika 2 (1955), 160–167.

[12] F. J. Dyson, The approximation to algebraic numbers by rationals, Acta Math. 79 (1947), 225–240.

[13] P. Erdős and K. Mahler, Some arithmetical properties of the convergents of a continued fraction, J. London Math. Soc. 14 (1939), 12–18.

[14] J.-H. Evertse, The number of algebraic numbers of given degree approximating a given algebraic number. In: Analytic number theory (Kyoto, 1996), 53–83, London Math. Soc. Lecture Note Ser. 247, Cambridge Univ. Press, Cambridge, 1997.

[15] A. O. Gelfond, Approximation of algebraic irrationalities and their logarithms, Vest.

Mosk. Univ. 9 (1948), 3–25 (in Russian).

[16] G. Grisel, Length of the powers of a rational function, J. Number Theory 62 (1997), 322–337.

[17] K. Győry, M. Mignotte, and T. N. Shorey, On some arithmetical properties of weighted sums of S-units, Math. Pannonica 1/2 (1990), 25–43.

[18] P. Lévy, Sur le développement en fraction continue d’un nombre choisi au hasard, Compositio Math. 3 (1936), 286–303.

[19] J. Liouville, Remarques relatives à des classes très-étendues de quantités dont la valeur n’est ni algébrique, ni même réductible à des irrationnelles algébriques, C. R. Acad. Sci. Paris 18 (1844), 883–885.

[20] J. Liouville, Nouvelle démonstration d’un théorème sur les irrationnelles algébriques, C. R. Acad. Sci. Paris 18 (1844), 910–911.

[21] H. Locher, On the number of good approximations of algebraic numbers by algebraic numbers of bounded degree, Acta Arith. 89 (1999), 97–122.

[22] H. Luckhardt, Herbrand-Analysen zweier Beweise des Satzes von Roth: Polynomiale Anzahlschranken, J. Symbolic Logic 54 (1989), 234–263.

[23] K. Mahler, Ein Analogon zu einem Schneiderschen Satz, Nederl. Akad. Wetensch.

Proc. 39 (1936), 633–640; 729–737.

[24] K. Mahler, On the continued fraction of quadratic and cubic irrationals, Ann. Mat.

Pura Appl. (4) 30 (1949), 147–172.

[25] K. Mahler, On the fractional parts of the powers of a rational number, II, Mathematika 4 (1957), 122–124.

[26] K. Mahler, Lectures on Diophantine approximation, Part 1: g-adic numbers and Roth’s theorem, University of Notre Dame, Ann Arbor, 1961.

[27] E. M. Matveev, An explicit lower bound for a homogeneous rational linear form in logarithms of algebraic numbers. II, Izv. Ross. Akad. Nauk Ser. Mat. 64 (2000), 125–180.

[28] M. Mendès France, Sur les fractions continues limitées, Acta Arith. 23 (1973), 207– 215.

[29] M. Mendès France, Remarks on problems on finite and periodic continued fractions, Enseign. Math. 39 (1993), 249–257.

[30] M. Mignotte, Quelques remarques sur l’approximation rationnelle des nombres algébriques, J. reine angew. Math. 268/269 (1974), 341–347.

[31] J. Mueller and W. M. Schmidt, On the number of good rational approximations to algebraic numbers, Proc. Amer. Math. Soc. 106 (1989), 859–866.

[32] A. van der Poorten, Some problems of recurrent interest. In: Topics in classical number theory, Vol. I, II (Budapest, 1981), 1265–1294, Colloq. Math. Soc. Jnos Bolyai, 34, North-Holland, Amsterdam, 1984.

[33] Y. Pourchet. Private letter to Mendès France, 1972.

[34] D. Ridout, Rational approximations to algebraic numbers, Mathematika 4 (1957), 125–131.

[35] D. Ridout, The p-adic generalization of the Thue–Siegel–Roth theorem, Mathematika 5 (1958), 40–481.

[36] K. F. Roth, Rational approximations to algebraic numbers, Mathematika 2 (1955), 1–20; corrigendum, 168.

[37] H. P. Schlickewei, The p-adic Thue-Siegel-Roth-Schmidt theorem, Arch. Math. (Basel) 29 (1977), 267–270.

[38] W. M. Schmidt, Norm form equations, Ann. of Math. 96 (1972), 526–551.

[39] A. Scremin, On the period of the continued fraction for values of the square root of power sums, Acta Arith. 123 (2006), 297–312.

[40] C. L. Siegel, Approximation algebraischer Zahlen, Math. Z. 10 (1921), 173–213.

[41] T. N. Shorey, Some applications of linear forms in logarithms, Séminaire Delange– Pisot–Poitou, 17e année: 1975/76. Théorie des nombres: Fasc. 1, Exp. No. 3, 8 pp. Secrétariat Math., Paris, 1977.

[42] T. N. Shorey, Divisors of convergents of a continued fraction, J. Number Theory 17 (1983), 127–133.

[43] T. N. Shorey and S. Srinivasan, Metrical results on square free divisors of convergents of continued fractions, Bull. London Math. Soc. 19 (1987), 135–138.

[44] A. Thue, Über Annäherungswerte algebraischer Zahlen, J. reine angew. Math. 135 (1909), 284–305.

[45] M. Waldschmidt, Diophantine Approximation on Linear Algebraic Groups. Transcendence properties of the exponential function in several variables. Grundlehren der Mathematischen Wissenschaften 326. Springer–Verlag, Berlin, 2000.

[46] J. Wolfskill, A growth bound on the partial quotients of cubic numbers, J. reine angew.

Math. 346 (1983), 129–140.

[47] U. Zannier, Some applications of Diophantine approximation to Diophantine equations. Forum Editrice, Udine, 2003.

Yann Bugeaud Université Louis Pasteur U. F. R. de mathématiques 7, rue René Descartes 67084 STRASBOURG Cedex (FRANCE)

bugeaud@math.u-strasbg.fr