METRIC DIOPHANTINE APPROXIMATION
ON THE MIDDLE-THIRD CANTOR SET

YANN BUGEAUD AND ARNAUD DURAND

ABSTRACT. Let p > 2 be a real number and let M(u) denote the set of real
numbers approximable at order at least p by rational numbers. More than
eighty years ago, Jarnik and, independently, Besicovitch established that the
Hausdorff dimension of M(u) is equal to 2/u. We investigate the size of the
intersection of M(u) with Ahlfors regular compact subsets of the interval [0, 1].
In particular, we propose a conjecture for the exact value of the dimension of
M(p) intersected with the middle-third Cantor set and give several results
supporting this conjecture. We especially show that the conjecture holds for
a natural probabilistic model that is intended to mimic the distribution of
the rationals. The core of our study relies heavily on dimension estimates
concerning the set of points lying in an Ahlfors regular set and approximated
at a given rate by a system of random points.

1. INTRODUCTION

In Section 2 of his paper Some suggestions for further research, Mahler [29] posed
the following problem.

Mahler’s Problem. How close can irrational elements of Cantor’s set be approxi-
mated by rational numbers

(i). in Cantor’s set, and
(ii). by rational numbers not in Cantor’s set?

Here, Cantor’s set is the middle-third Cantor set, that is, the set of all real
numbers of the form a1371 4+ a2372 + ... + ;37" + ..., with a; € {0,2} for every
integer 4 > 1. This set is denoted by K, and is just called the Cantor set, in
all what follows. Let us emphasize that we do not make the explicit distinction
between the two items in Mahler’s Problem, i.e. we do not distinguish between the
intrinsic and the extrinsic approximation problems. Accordingly, we interpret here
Mabhler’s Problem as merely asking whether there are elements in the Cantor set
with any prescribed irrationality exponent; see also [9, Problem 35]. Recall that the
irrationality exponent p(€) of an irrational real number £ is defined by

w() =supqp eR ‘5—5‘ <qiﬂfori.m. (p,q) €EZ xN ;|
where “i.m.” stands for infinitely many. The irrationality exponent of every irra-
tional number is greater than or equal to two and it is precisely equal to two for
Lebesgue almost all real numbers, see [33] Section 1]. Furthermore, when ¢ is a
rational number, we set pu(€) = 1.

As a first step towards Mahler’s question, Weiss [30] established that the irra-
tionality exponent is also equal to two for almost every point in the Cantor set
K, with respect to the standard measure thereon. Levesley, Salp and Velani [20]
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constructed explicit elements of K having a prescribed irrationality exponent: for
 greater than or equal to (3 4 1/5)/2, they showed that

p Y2370 =, (1)
=1

where | - | denotes the integer part function. Subsequently, Bugeaud [11] used the
theory of continued fractions to prove that also holds for all i > 2 and that there
are uncountably many elements in K with any prescribed irrationality exponent
greater than or equal to two. This gives a satisfactory answer to Mahler’s question:
irrational elements of the Cantor set can be approximated by rational numbers
at any prescribed rate. However, unfortunately, the method does not yield any
information on the size of the set of points in the Cantor set whose irrationality
exponent is at least equal to a given real number p > 2. The starting point of the
present paper is to investigate this problem, by considering the Hausdorff dimension
of the intersection set M(u) N K, where

M(p) ={§ e R p(§) > p};

we refer to Section below for the necessary recalls on the notion of Hausdorff
dimension. The size of the two sets forming the above intersection is very well
known. First, the Hausdorff dimension of the Cantor set K satisfies

~ log2
~ log3

dimgpK =k  with & = 0.6309298.. ., (2)
see for instance [I7]. Second, a famous result established independently by Jarnik [20]
and Besicovitch [5] asserts that

Vaz2  dima M) = - (3)
Furthermore, for every p > 2, the set of all real numbers with irrationality exponent
exactly equal to p has the same Hausdorfl dimension as the set M () ; this follows
from finer results subsequently obtained by Jarnik in [21].

Besides the irrationality exponent, we also consider the exponents v, which first
appeared in [I], but were already implicitly used in [26]. They provide information
on the lengths of blocks of digits 0 (or of digits b — 1) occurring in the expansion of
an irrational real number ¢ to the integer base b > 2, and are defined by

vp(§) = sup {v cR ‘ |07€]| < b7 for im. j € N} ,

where || - || denotes the distance to the nearest integer. When & is rational, it is
convenient to adopt the convention that v,(§) = 0. For any irrational real number
&, it follows from the definition of u(€) and v,(&) that

1(&) = vp(§) + 1. (4)

However, these inequalities are rarely sharp. As a matter of fact, an easy cover-
ing argument shows that the exponent v, vanishes for Lebesgue almost every real
number. Furthermore, for any real number v > 0, the Hausdorff dimension of the
set

Vo(v) = {§ € R | vp(§) > v} (5)
is equal to 1/(v + 1) ; this follows from a general result of Borosh and Fraenkel [6],
see also [1].

The triadic analog of the above question is then to determine the Hausdorff
dimension of the intersection of sets V3(v)NK. This has been performed by Levesley,
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Salp and Velani [26], thereby shedding some new light on Mahler’s problem. To be
specific, Corollary 1 in [20] asserts that
K

(6)
which can be seen as the product of the dimension of K by that of Vs(v). It is
also proved in [26] that (G) still holds when V3(v) is replaced by the set of all real
numbers ¢ such that v3(§) = v. This shows that there exist points in the Cantor
set that can be approximated at any prescribed order by rational numbers whose
denominators are powers of three, and gives a very satisfactory answer to the triadic
analog of Mahler’s problem. Note however that things are much easier with the
exponent vg than with the irrationality exponent p, mainly because of the following
reason: if a point £ € K is approximated at a rate v > 1 by a triadic number p/37,
that is, if
p —vj
e gl <3.

then this triadic number p/37 necessarily lies in K. Let us also mention that, as
recently pointed out by Fishman and Simmons, @ may be extended to the more
general situation where the sets V3(v) are replaced by Vy(v) for an arbitrary prime
value of b, and the Cantor set K is replaced by the fractal set composed of all the
real numbers whose b-ary digits belong to some fixed subset of {0,...,b—1}; we
refer to [I9] for details and related results.

With the help of (4)), let us now remark that the set M(u) contains the set
V3(u — 1) for any value of p > 2. Along with @, this readily implies that

dimg (M(p) N K) > dimp(Vs(u — 1) N K) = ; (7)

Thus, in view of and , the Hausdorff dimension of the intersection of the sets
K and M(u) is bounded from below by half the product of their dimensions. As
regards the upper bound, Pollington and Velani [3T] used a covering argument due
to Weiss [36] to establish that for every u > 2,

dimp (M(p) N K) < % (8)

so that the dimension of the intersection is bounded from above by the product of
the dimensions. We also refer to the work of Kristensen [25] for a similar result.

In view of the aforementioned results, Levesley, Salp and Velani [26] speculate
at the end of their paper that the dimension of the intersection of the sets K and
M(u) is equal to the product of their dimensions, namely,

dimgs (M(p) N K) = 27 (9)

They also believe that the following weaker statement holds:
11?21 dimg(M(p) N K) = k. (10)
“w

The starting point of the present work is to discuss the validity of @ and . We
agree with but disagree with @ As a matter of fact, we now propose another
conjectural dimension for the intersection set M(u) N K.

Conjecture 1. For any real number p > 2, the set of points in the Cantor set
whose irrationality exponent is at least u satisfies

dimH(M(u)ﬂK)maX{ZJrﬁl,Z}. (11)
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dimg (M(p) N K)
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FIGURE 1. The solid curve shows the conjectured value of
the Hausdorff dimension of the set M (u) N K. The dashed curves
represent the known bounds and . The critical value p. is

defined by .

We refer to Figure [1| for a graph representing the conjectured value (11) of the
Hausdorff dimension, along with the known bounds and . We believe that
a proof of Conjecture [I]is very difficult, and requires a deep understanding of the
distribution of rational points near the Cantor set. Note that, according to this
conjecture, the Hausdorff dimension of the intersection set M(u) N K exhibits a
“phase transition” at the critical value

_2—r _ log(9/2)
C1-k  log(3/2)

e =3.709511. ... (12)

The approach that we develop hereunder actually suggests the following behaviors:

e Below this critical value, the rational numbers that belong to the Cantor
set, or are very close thereto, do not play a privileged role in the approxi-
mation of the points of the Cantor set; as in many generic situations where
there is no particular interplay between two sets, the codimension of their
intersection is thus the sum of their codimensions, namely,

codimp (M (p) N K) = codimy M () + codimp K =2 — % — K,
see e.g. [I7, Chapter 8] for such generic situations.

e Above the critical value, the aforementioned rational numbers become pre-
dominant when approximating the points of the Cantor set; the dimension
is thus equal to the lower bound obtained by Levesley, Salp and Ve-
lani [26] which corresponds to restricting the approximating rationals to
being the triadic endpoints of the intervals occurring in the construction of
the Cantor set.

Various arguments supporting Conjecture[I]are given in Section[2|below. Therein,
we begin by giving heuristic arguments, and we also present a doubly metric point
of view that yields further evidence for Conjecture[ll We also present a randomized
version of the above problem; this consists in replacing the approximating rational
numbers by random points that are intended to mimic the distribution of the ratio-
nals while taking into account the fact that some rationals fall into the Cantor set
exactly, or are very close to it. In particular, we show that Conjecture [1|is verified
for this random model, see Section
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The motivation behind the study of such randomized models starts from the
following observation. From the viewpoint of the metric theory of Diophantine
approximation, the points with rational coordinates and a sequence of random
points chosen independently and uniformly in a given nonempty compact set share
a lot of properties: for example, they both give rise to homogeneous ubiquitous
systems and the sets of points that they approximate share the same size and large
intersection properties, see [I3} [I5] and the references therein. Pushing further the
analogy, we also put forward a conjecture for the exponents v, when b is not a
power of three.

Conjecture 2. Let us assume that the integer b > 2 is not a power of three. Then:
(1) for any real number § € K,
K

O<wp(§) < 73

(2) for any real number v € [0,x/(1 — K)],

+rk—1.

dimg(Wy(v) N K) = "
In case b is not a power of three, we expect that there is so little interplay between
the expansions to the bases b and 3 that we are in the generic situation where the
codimension of the intersection of the sets K and V4 (v) is equal to the sum of their
codimensions. This is of course in stark contrast with the formula @ obtained by
Levesley, Salp and Velani in the case where b = 3. The probabilistic arguments
supporting Conjecture [2] are given in Section [2.5
In Section [3] which is actually the core of this paper, we put the study of the
probabilistic counterparts of the aforementioned number theoretical open questions
in a more general context. Specifically, for convenience we place ourselves on the
circle T = R/Z, endowed with the usual quotient distance d, and we develop a
general theory for the size of the intersection sets £(X,r) N G, where

EX,r) ={eT|d(& X,) <7y forim. n>1}

and G is a nonempty compact subset of T. Here, X = (X,,),>1 is a sequence of
random variables in T and r = (ry,),>1 is a sequence of real numbers in (0,1]. In
particular, we give the probability with which the random set £(X,r) intersects
the compact set G, and we analyze the value of the Hausdorff measures of the
intersection £(X,r) N G for general gauge functions. The random points X,, are
chosen according to the Lebesgue measure on the circle, and are often supposed to
have very few dependence on each other.

In Section 4, we consider the particular case where the approximating points X,
are stochastically independent. This is what ultimately enables us to establish the
probabilistic counterpart of Conjecture [1| mentioned above. In Section [5, we allow
some weak dependence between those points, namely, we assume that X, is the
fractional part of a, X, where X is chosen according to the Lebesgue measure on
[0,1) and (ay,)n>1 is a sequence of positive integers that grows sufficiently fast. Our
findings lead to the following metrical statement: if the sequence (a,)n>1 grows fast
enough, for instance if a, 1 > n'°81°8"q,, for n > 2, then for Lebesgue almost every
real number « and for every real number v > 1,

1 1
dimH{feK‘||ana—£||<fori.m.nzl}:—k/@—l
nv v

if this value is nonnegative; otherwise, the above set is empty. We refer to Theo-
rem 8] for details. If the real numbers £ are not restricted to the Cantor set, then
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one recovers a much easier situation already studied by various authors includ-
ing Bugeaud [§], Schmeling and Troubetzkoy [32], Fan, Schmeling, and Troubet-
zkoy [18], and also by Liao and Seuret [28]. Most of the proofs are postponed to
Sections [7] and [8] while Section [6]is devoted to concluding observations and a brief
discussion on further problems.

2. VARIOUS ARGUMENTS SUPPORTING THE CONJECTURES

We begin by giving heuristic arguments to support Conjecture [l We then intro-
duce a doubly metric point of view that shows further evidence for this statement
to hold. We also put forward a randomized version of the problem, and we show
that Conjecture |1| holds for this probabilistic model. Finally, we present an analo-
gous random model meant for supporting Conjecture 2l Before proceeding, we first
need to set up some notation and recall some facts that will be used throughout
the paper.

2.1. Notations and recalls. For convenience, we shall almost always place our-
selves on the circle T = R/Z. As a matter of fact, the function £ — u(€) that maps
a real number to its irrationality exponent is one-periodic, so we may consider it
just on the interval [0,1). With a slight abuse, we shall identify the elements of
this interval with those of the circle. Accordingly, if £ is a rational number in the
circle, then p(§) = 1. Likewise, the irrationality exponent of an irrational point
¢ € T may be written in the form

1) =sup {p € R|d(& p/q) < g * for im. (p,q) € R},

where d is the usual quotient distance on the circle. The set R appearing in the
above formula is defined by

R={(p.q) €EZxN|0<p<qand ged(p,q) =1}, (13)

so that every rational number in the circle T may be written in the form p/q for
a unique pair (p,q) € R. Then, the intersection of the set M(u) with the interval
[0,1) may be identified with the set of all points & € T such that u(¢) > u. For
simplicity, this subset of the circle will still be denoted by M (u); this is also the
image of the original set under the projection modulo one. Plainly, the same kind
of analogy holds for the exponents v,(£) and the sets Vy(v). In addition, we still
denote by K the image of the Cantor set under the projection modulo one.

Let us now give a brief account of the notion of Hausdorff and packing measures
and dimensions; we refer for instance to [I7, [30] for further details. Let m be
a positive integer. Let g denote a gauge function, that is, a nondecreasing right-
continuous function defined on [0, 00) which vanishes at zero, and only at zero. The
Hausdorff g-measure of a subset E of T™ is defined by

HI(E) = lim 1 HI(E)  with  HI(E) = inf Zlg(|Un|),

where |U| denotes the diameter of the set U. Here, the infimum is taken over all
sequences (Up)p>1 of subsets of T™ verifying £ C (J,, Uy, and |Uy| < 0 for all n > 1.
Moreover, the symbol 1 indicates that the value HJ(E) is nondecreasing when §
decreases to zero. We shall sometimes assume that the gauge function is doubling,
that is, satisfies g(2r) < Cg(r) for all » > 0 and some C > 0.

We shall also make use of the packing g-measures. Recall that the packing
premeasure associated with a gauge function ¢ is defined by

PI(E) = lim | P{(E)  with  P{(E)=sup)_g(|Bal),
n=1
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where the supremum is taken over all sequences (B, )n>1 of disjoint closed balls of
T™ centered in F and with diameter less than §. Here, the symbol | indicates that
the value P{(E) is nonincreasing when ¢ decreases to zero. The packing g-measure
of a set F is then defined by

pg(E):ECiLIJlfU > PIU,).
I E |

It is know that P9, as well as HY, is a Borel measure on the torus T™. However,
the premeasures PY are only finitely subadditive.

When the gauge function g is of the form r — r® with s > 0, it is customary to
let H®, P® and P?® stand for HY9, P9 and PY, respectively. These gauge functions
give rise to the notion of Hausdorff and packing dimensions. To be specific, the
Hausdorff dimension of a nonempty set £ C T™ is defined by

dimyg F = sup{s € (0,m) | H*(E) = oo} = inf{s € (0,m) | H*(E) = 0},

with the convention that sup® = 0 and inf @ = m. Likewise, the packing dimension
dimp F is defined by replacing the Hausdorff measure H® by the packing measure
P? in the above formula. Moreover, one recovers the upper box-counting dimension
dimp F by considering the premeasures P? instead of H®. All these dimensions thus
enable one to give an abridged description of the size properties of E. When the
set F is empty, we adopt the convention that these dimensions are all equal to —oo.

Finally, so as to make some of our statements more tangible, we often work under
the following regularity assumption when considering compact subsets of the circle.

Definition 1 (Ahlfors regularity). A compact subset G of the circle is Ahlfors
regular with dimension -y € (0, 1] if there exists a real number ¢ > 0 such that

.
Yre G Vr>0 LSH’Y(GQB(Z‘,T))SCT’Y,
c
where B(z,r) is the open arc centered at z with length 2r.

In view of the mass distribution principle for Hausdorff and packing measures,
if a compact set G is Ahlfors regular with dimension 7, we then have

0<H'(G) < PY(G) < PV(G) < oo,

so that the Hausdorff, box-counting and packing dimensions of G coincide and are
all equal to v, see [I7), B0]. We refer to [12] for more details on Ahlfors regularity
and important examples of regular sets; in particular, it is clear that T is regular
with dimension one and it is well known that the set K is regular with dimension

K given by .

2.2. Heuristic arguments supporting Conjecture [1} Prior to stating rigorous
results, let us begin by giving some loose arguments towards Conjecture Note
that for large values of p, i.e. values that are larger than the critical p. defined
by , the conjectured dimension coincides with the lower bound (|7]) resulting from
the work of Levesley, Salp and Velani [26]. Therefore, the chief novelty brought by
Conjecture[I]concerns the small values of the approximation rate; the main purpose
of our discussion is then to explain why we expect to hold, especially for small
values of u. We actually focus our heuristic arguments towards the upper bound
on the Hausdorff dimension, because it is certainly the easiest to get a feel on.

To begin with, note that the density of a given subset R’ of the set R defined
by may be measured by means of the parameter

1 .
o(R’) = limsup 7 logs #(R' NRY). (14)

Jj—o0



8 YANN BUGEAUD AND ARNAUD DURAND

Here, log; is the base three logarithm and R’ is the set of pairs (p,q) € R such
that 39 < ¢ < 37T, Using standard estimates on the growth of Euler’s totient
function [2, Theorem 13.14], one easily checks that logs #R7 is equivalent to 2j as
j goes to infinity. Thus, o(R’) is bounded from above by two, and the closer o(R’)
is to this bound, the denser R’ is in R.

To make the connection with Conjecture [1} let us consider the set RY% formed
by the rational numbers that belong to the Cantor set K, namely,

Ry ={(p.q) e R|p/q e K}. (15)

For any integer j > 1, it is easy to see that the set RY% N R’ contains the pairs
(2+3a1 +...4+ 3" ta;_y,37), for all possible choices of ai,...,a;_1 € {0,2}. Asa
consequence, 0(R%) > k, where k is the Hausdorff dimension of K, see . A recent
conjecture of Broderick, Fishman and Reich asserts that there are not considerably
much more elements in RY NR7 than those specified above. To be precise, basing
themselves on computer simulations, these authors made the following conjecture:
for all € > 0,

#(RY% NRI)=0021+9)7) as oo, (16)

see [7, Conjecture 1]; we also refer to [I9] for heuristic arguments supporting this
conjecture. The validity of would straightforwardly imply that

o(R%) = k. (17)

Moreover, let us consider a point £ in the Cantor set K and a pair (p, ¢) in the set
R7, and assume that d(£,p/q) < ¢~*. Then, it is clear that the pair (p, q) belongs
to the set

R ={(p,q) € R7 | d(p/q, K) < 371},

where d( -, K) denotes the distance to the Cantor set K. The points at a distance
less than 37/ from K form a set with Lebesgue measure of the order of (37#7)~~1;
this is due to the fact that K is Ahlfors regular with dimension x. Thus, assuming
that the rational numbers p/q, for (p,q) € R’, are evenly spread in the circle,
this value of the Lebesgue measure should give the proportion of pairs in R7 that
belong to R%’. This would imply that #R%?’ is of the order of 32=(1=%1i yup
to logarithmic factors. However, this estimate is too stringent when p is large; we
must indeed take into account the fact that R%? necessarily contains RY NR7,
which gives a lower bound on its cardinality. Combined with , the previous
arguments result in the following conjecture:

lim sup 1 logs #RM7 < max{2 — (1 — k), K}. (18)
j—oo J
Verifying this conjecture would of course require a very good understanding of the
distribution of the rational numbers lying near the Cantor set. The conjecture sug-
gests that when p is larger than the critical value u. defined by , the condition
defining R‘;gj becomes so strict that the 37#J-neighborhood of K cannot contain
considerably more rational numbers than K itself. This is probably what lies at
the root of the “phase transition” phenomenon mentioned in Section
Finally, for any real number € > 0 and any integer jo > 1, we clearly have

Mwpnrc ) U Bw/a3 ).

J=J0 (p,q)ERY

We may then apply the Hausdorfl-Cantelli lemma, and deduce that the Hausdorff
dimension of M(u) N K is bounded from above by any positive real number s for
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which the series
o

> #RG 3y

j=1
converges. Assuming that the conjectured estimate holds, and letting € go to
zero, we end up with the formula given in Conjecture

2.3. A doubly metric point of view: rotating the Cantor set. In view of ,
the intersection of the sets M(u) and K cannot be too small, because the rational
endpoints of the Cantor set contribute to its Hausdorff dimension in a very special
way. We believe however that these rational endpoints lose their privileged status
in the approximation when the exponent pu is small. A drastic way of artificially
removing this privileged status is to rotate the Cantor set by a generic angle «;
indeed, the endpoints of the set a + K are generically not rational anymore, and
thus may not be used in the approximation. Here, o« + K denotes the image under
the circle rotation with angle a of the set K. In order to study the size of the
intersection of the set M(u) with the rotated Cantor set a + K, we may adopt a
doubly metric point of view: we analyze the set of pairs (£, ) in the torus such that
¢ belongs to M(u) N (a+ K). We also develop the same approach for the exponent
vp, related to the expansion to a given base b > 2. In both cases, the formulae that
we obtain for the dimension are similar to those expressed in Conjectures [I] and 2]

2.3.1. The irrationality exponent. A straightforward adaptation of the arguments
of Weiss [36] and Kristensen [25] implies that the bound (8] holds uniformly after
rotating the Cantor set by an arbitrary angle; specifically, for every real number

© > 2 and every angle a € T,
2
dimg (M () N (o + K)) < f

However, the next result gives a generic upper bound that is much more stringent
than the above uniform one.
Theorem 1. The following holds for Lebesgue almost every angle o € T
(1) for any irrational point £ € a + K,
2
2 < < ;
<€) = 7

(2) for any real number p € [2,2/(1 — k)],

dimgg (M) 1 (o + K)) < % Fr—1.

Theorem shows that codimension of the intersection of the sets M(u) and a+K
is generically at least the sum of their codimensions. As mentioned previously, such
a situation is expected to occur when there is no particular interplay between the
two sets whose intersection is being taken, see e.g. [I7, Chapter 8]. In other words,
the points of the generically rotated Cantor set do not have a specific status with
respect to the approximation by rationals. For small values of the exponent pu,
we expect that this observation remains valid when the Cantor set is not even
rotated. As a matter of fact, the bound given by Theorem [I| then matches that of
Conjecture [T}

The situation is very different for large values of . Indeed, the above result
ensures that the Hausdorff dimension of M(u) N (a+ K) is at most zero for generic
values of o, but shows that the dimension is positive when « vanishes. Therefore,
when p is large, the rationals that belong to the Cantor set, or are very close thereto,
become predominant when approximating the points of the Cantor set. Still, they
lose their privileged status when the Cantor set is rotated in a generic manner.



10 YANN BUGEAUD AND ARNAUD DURAND

Let us now establish Theorem [I} This result actually follows from the general
statements that we give in Section below. To be more specific, let (py, gn)n>1 de-
note an enumeration of the set R for which (gy)n>1 is nondecreasing. Furthermore,
let r = (rp)n>1 be the sequence defined by r, = 1/¢,, and let X = (X,,)n>1 be
the circle valued sequence defined by X,, = p,/¢, — a. Note that when « is chosen
according to the Lebesgue measure, the points X, are uniformly distributed in the
circle. It is now clear that we are in the framework considered in Section [3} Indeed,
observe that for any real number £ > 0,

M) N (e + K) Ca+ (EX,1"°) N K), (19)

where the set £(X, r#~¢) is defined as in and r*~° denotes the sequence formed
by the real numbers r#~%. Given that K is Ahlfors regular with dimension x, we
have P*(G) < oo, and we may apply Theorem 5| on page In this way, we find
that with probability one:

2
,U/>€+m — E(X,r”_s)ﬁK:@

and for every real number s > 0,
2
S>ﬁ+/€71 — HS(E(X,rﬂfg)ﬂK):().

Along with , these two implications straightforwardly lead to Theorem

For the sake of completeness, let us also give a proof of the above theorem that
does not call upon the general results stated in Section We actually obtain a
slightly weaker statement than Theorem [l} namely, for every real number p > 2
and Lebesgue almost every angle a € T,

dimH(M(u)ﬁ(aJrK))gmax{iJrﬂ1,0}. (20)

However, the advantage of this alternative proof is that it exhibits a connection
with a doubly metric statement which has its own interest. To proceed, observe
that for any angle a, the set M(u) N (o + K) may be regarded as the intersection
of the set

M*(p) = {(§; ) e T* | € a+ K and p(€) > p} .

with the line of T? formed by the points whose second coordinate is equal to .
Thus, applying a classical slicing result such as [17, Corollary 7.10], we deduce that
for Lebesgue almost every angle o € T,

dimpg (M (p) N (a+ K)) < max{dimyg M* () — 1,0}.

In order to obtain , we are thus reduced to estimating the Hausdorff dimension
of M* (), which is the purpose of the next statement.

Proposition 1. For any real number u > 2,
2
dimpg MX(,[L) = —+ K.
I
Proof. To begin with, let us observe that the mapping ¥ : (¢, ) — (£ — «, «) from
T2 onto itself is bi-Lipschitz and satisfies
Y(M* (1) ={(a)eT?|{ € Kanda € =+ M(p)}.

Hence, M* () has the same Hausdorff dimension as the above set, which is easier
to handle. Moreover, the set K is Ahlfors regular with dimension x, so we may
adapt the proof of [I7, Proposition 7.9] to show that for all s > &, there exists a
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constant ¢ > 0, depending only on K and s, such that for any Borel subset E of
T2,

H(E) > ¢ / H (B 0 Ley) HE(do),

where L, is the set of points (£,a) € T? such that £ = &. We now apply this
result to the set W(M*(u)). It is easy to see that for each £, € T, there is a simple
isometry which maps the intersection with L¢, of this last set onto the product set
{0} x M(u). Consequently,

HA (WM () = cH " (M(p)) 1" (K).

If s — k is less than 2/p, we deduce from (3 that H~*(M(u)) is infinite, so that
the Hausdorff measure appearing in the left-hand side is infinite as well. It follows
that the Hausdorff dimension of M* (1) is bounded from below by 2/u + k.

For the reverse inequality, it suffices to find an appropriate covering of W(M > (u)).
To proceed, let us consider a positive real number ¢, and a point (€, «) in this last
set. The irrationality exponent of o + & is then larger than u — €, so that for any
integer go > 1, there is a rational number p/q with denominator at least ¢o such
that d(a + &,p/q) < g *T¢. Moreover, let j(q) be the integer part of the base
three logarithm of ¢#~¢/2. The set K is naturally covered by 27(9) closed arcs with
length 377(9); let Tj(g),05- -+ Tj(q),29(—1 denote their centers. Given that £ belongs
to K, we have d(§, zj(q),x) < 379() /2 for some k. Furthermore, making use of the
triangle inequality, we deduce that

—i(q
d(a,g - xj(q),k> < d(g - a,f) +d(& wjqn) <q "+ 3T() <379,

If T? is equipped with the product distance, it follows that the point (£, ) belongs
to the open ball with radius 377(2) centered at (T(q),k,P/q — Tj(q),k), Which is
denoted by By p . As a result, for any e > 0 and go > 1,

o g—12/(0_1
U(M*(n) € U U U By p.k-
q=qo0 p=0 k=0
Let s and ¢ denote two positive real numbers. For gg large enough, we deduce from
the above covering that

H3(T(M* (1)) < Z qzj(q)(g . 3—j(Q))S < 3s92s—r Z q1+(u—6)(ﬁ—8)7
9=4qo 9=4o0
and the last series converges when s is larger than 2/(u—e)+x. The required upper
bound on the Hausdorff dimension of M* (1) now follows straightforwardly. O

2.3.2. The exponents v,. Given an integer b > 2 and a real number v > 0, the
above method enables one to study the size properties of the set

Vi) ={( o) eT*| ¢ €a+ K and vy(£) > v},

which is the analog of the set M (u) for the exponent v, related to the expansion
to the base b. To be precise, making the obvious changes to the last proof, one
easily checks that the Hausdorff dimension of this set is given by
1
dimyg V) (v) = o1 + K.
As a consequence, for almost every angle o € T in the sense of Lebesgue measure,
we also plainly have

v+

dimpg(Vy(v) N (o + K)) gmax{ ! T —&—n—l,O}. (21)
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Again, this bound is much more stringent than the uniform bound which follows
from the arguments of Weiss [36] and Kristensen [25], specifically,
K
VaeT di V N K) < ——.
o img (Vo(v) N (@ + K)) < -
Finally, making use of the results of Section[3] we may establish the following analog
of Theorem 1| thereby obtaining a slightly more precise statement than .

Theorem 2. Let b > 2 be an integer. The following holds for Lebesgue almost
every angle o € T:
(1) for any point £ € a + K,
K

0 <wp(§) < ;
11—k

(2) for any real number v € [0,x/(1 — K)],

dimp (Vy(v) N (o + K)) < S (22)

v+1

When b is equal to three, the above result is of course in stark contrast with
the formula @ obtained by Levesley, Salp and Velani, which corresponds to the
case of the original Cantor set where o = 0. This is again due to the fact that the
endpoints of the Cantor set, which are triadic rational numbers, lose their privileged
role in the approximation when the Cantor set is rotated.

When b is not a power of three, it is expected that there is very little interaction
between the expansions to the bases b and three. Hence, the points of the Cantor set
should not satisfy particular properties with respect to the approximation by b-adic
rationals. Therefore, the Hausdorfl dimension of the intersection set Vj,(v)N(a+K)
should be the same for o = 0 as for a generic value of a. Conjecture [2] is thus
equivalent to the fact that Theorem [2]is still valid when « vanishes, and that
is not only an upper bound, but an equality.

2.4. Conjecture [1] holds for a probabilistic counterpart of the irrational-
ity exponent. As mentioned in Section [I] from the viewpoint of metric number
theory, the points with rational coordinates and a sequence of random points cho-
sen independently and uniformly in a given nonempty compact set share a lot of
properties: they both lead to homogeneous ubiquitous systems, and to a variety of
sets which share the same size and large intersection properties, see [13, [I5] and the
references therein. Starting from this remark, we shall replace the approximating
rational numbers by a sequence of random points which is intended to mimic the
distribution of rational numbers and to take into account the fact that some ratio-
nal numbers fall into the Cantor set exactly, or are very close to it; we shall then
show that Conjecture [1]is verified for this random model.

Let us now detail our model. Let Ry denote a subset of the set R defined
by . To make the connection with Conjecture [l we intend the set Ry to
contain the pairs (p,q) in R such that the rational number p/q is exactly in K,
or very close thereto. In particular, we intend Ry to contain the set R defined
by . For this reason, and in view of , we assume from now on that Ry is
a subset of R that satisfies

oc(Rk) = k. (23)

We may now consider a family (Y, )

the circle such that:

o if (p,q) € Rk, then Y}, , is distributed uniformly in K, that is, according
to the x-dimensional Hausdorff measure restricted to K;

o if (p,q) € Rk, then Y, , is distributed uniformly in T, that is, according to
the Lebesgue measure.

(p.q)er of independent random variables in
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Instead of considering the approximation by rational numbers, we shall study the
approximation by these random points Y, 4. Specifically, we are interested in the
size properties of the random subsets F(u) of T defined by

F(p)={£€T|d( Y, <q*forim. (p,q) € R}. (24)

The mapping p — F(u) is obviously nonincreasing, and for any point £ € T, we
may define

(&) = sup{p = 0[¢ € F(u)}, (25)

which is the analog of the irrationality exponent for the approximation by the
random points Y, 4.

The philosophy behind the above random model is the following. We believe that
the pairs (p,q) € R such that p/q is exactly in, or very close to, the Cantor set K
form a set with density parametrized by k. Thus, we choose a subset R of R that
is intended to contain those pairs, and we assume that holds. In particular,
R has low density in R. We then randomize the situation: we replace the vast
majority of the rational numbers by random points that are chosen uniformly in the
circle T, and we also introduce a slight bias in the distribution in the sense that the
rational numbers that are indexed by a pair in R are replaced by random points
that are chosen uniformly in K. The rate of approximation ¢—* is left unchanged.

With the help of the results obtained in Section |4 below, we may now establish
Conjecture above in this randomized situation. This amounts to proving that
holds when the set M(u) is replaced by its random counterpart

M* () = {€ € T | p*(€) = 1}
this results in the following statement. Note that we may apply the results of
Section [f] because the set K is Ahlfors regular with dimension .

Theorem 3. The following holds with probability one:
(1) for any point £ € K,
p* (&) = 2;
(2) for any real number p > 2,

dimp (M*(p) N K) = maX{z + K- 1,;}.

The remainder of this section is devoted to the proof of Theorem [3, modulo

Proposition [2] on page and Proposition [3| on page Let Fr(u) and Fo(p)
denote the sets obtained when replacing R by Ry and its complement RE(, respec-

tively, in the definition of F(u). Then, we may decompose this last set in the
following manner:

F(p) = Fre(p) U Free ()

Note that the two sets forming the above union are not necessarily disjoint. This
enables us to rewrite the exponent p®(£) in the form

1® (&) = max{py (§), uyc(€)},

where the exponents % (§) and pf.¢(§) are defined by replacing F (1) by Fr (i)
and Fyc(p), respectively, in . The proof of Theorem [3|now reduces to showing
the next two lemmas.

Lemma 1. The following holds with probability one:
(1) for any point £ € K,
nE(€) = 1;
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(2) for any real number p > 1,

dimp{¢ € K [ uk (§) = p} = m
Proof. Let X = (X,,)n>1 be a sequence of random points that are independently and
uniformly chosen in the Cantor set K, and r = (r,),>1 be the sequence defined
by 7, = 1/¢,, where (pn,@n)n>1 is an enumeration of Ry for which (g,)n>1 is
nondecreasing. Note that holds with p = 0(R k), because of the definition
of this parameter. It is now easy to see that the sets Fx (u) are distributed as the
sets £(X, r*) defined as in . As a consequence, the exponent p(£) is distributed
as vx,:(§). The result follows from Proposition [3] below, along with (23). O

Lemma 2. The following holds with probability one:
(1) for any point £ € K,

2
11—k

2 < pye(é) <

(2) for any real number p € [2,2/(1 — k)],

dima (¢ € K | ifo(€) > ) = = + 5= 1.

Proof. The proof is very similar to that of Lemma Let X = (X,)n>1 denote
a sequence of random points that are independently and uniformly chosen in the
circle T, and let r = (7,)n>1 denote the sequence defined by r, = 1/¢,, where
(Pn, Qn)n>1 1s an enumeration of R[}( for which ¢, is nondecreasing. One easily
checks that holds with p = 2 and that the sets Fjc(p) are distributed as the
sets £(X,1#). Hence, the exponent u$.(¢) is distributed as vx .(£), and it just
remains to apply Proposition [2] below. O

The above approach is quite flexible in the sense that may be adapted
in order to fit the true value of o(R%). In accordance with Broderick, Fishman
and Reich [7], we conjectured above that o(RY%) is equal to k. This lead us to
assume (23), and then to prove Conjecture [1| above for the present random model.
However, the authors of [7] formulated a weaker conjecture than for which they
have even stronger evidence, namely, there exists a real number ¢ < 2 such that

#RYNRIH)=0(29) as  j— oo,

see [7, Conjecture 2]. The last bound would readily imply that o(R%) is between
x and k¢. This entices us to relax by just assuming that the set Ry satisfies

k <o(Rk) < 2k.

Inspecting the above proofs, it is easy to see that Theorem still holds under
this weaker assumption, whereas Theorem [3|[2)) has to be replaced by the following
statement: for any pu > 2,

3

dimp (M*® (1) N K) = max {2 +kK

PR U(ZK)}'

In particular, the validity of Conjecture [1| for the random model is equivalent to

that of .
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2.5. A probabilistic counterpart of the exponents v, and its connections
with Conjecture |2} Let us now modify the preceding ideas in order to put forward
a randomized situation that is adapted to the exponents v,. In this way, we shall
derive an analog of the dimension result @ of Levesley, Salp and Velani [26] when
b is a power of three, and give some probabilistic arguments leading to Conjecture
otherwise.

For any integer j > 1, let K7 denote the set of all integers k € {0,...,/ — 1}
such that ged(k,b) = 1. Furthermore, let K- denote the set of all integers k € K7
for which the rational number kb~ is in the Cantor set K. Now, given j > 1 and
k € K7, we consider a random point Y; 1. that is distributed uniformly in K when
ke IC%(, and uniformly in T otherwise. We also assume that the points Y} are
independently distributed. This enables us to introduce the sets

Fo(v) = {€ € T|d(&Yx) <b T for im. j > 1 and k € K7},
as well as, for any point £ € T, the exponent

vy (§) =sup{v € R|§ € Fyp(v)},

which may be seen as a probabilistic counterpart of the exponent v,. Thus, in this
randomized setting, the analogs of the sets V,(v) defined by are merely the sets

Vi (0) = {§ € R|v(§) = v}

2.5.1. Case where b is a power of three. In that situation, for any integer j > 1,
there are 207 /3 integers in the set 7. Moreover, there are exactly b*/ rational
numbers with reduced denominator b7 in the Cantor set K. In other words, the set
K3 has cardinality b"/. Making the obvious changes to the proof of Theorem [3| we
easily deduce the following statement.

Theorem 4. Let b be a power of three. The following holds with probability one:
(1) for any point £ € K,
vp(€) > 0;
(2) for any real number v > 0,
K
v+ 1
When b = 3, we thus recover the same formula for the Hausdorff dimension as

in the original context of the approximation by the triadic rational numbers, that
is, the formula for the mere exponent vs, see @

dimg(Vy(v) N K) =

2.5.2. Case where b is not a power of three. Here, the cardinality of the set K7 is
again of the order of b7; specifically, it is equal to b’ times the product of 1 —1/p
when p ranges over the prime factors of b. However, we do not know the cardinality
of the set IC}; anymore. It is believed that the base b representation is essentially
independent of that in base three, on which the construction of K heavily relies;
this entices us to make the following conjecture: for all € > 0,

#KI. =0(2%) as  j— oo (26)
Assuming that holds, and adapting the proof of Theorem |3} we then infer that

almost surely, for any point £ € K, the exponent v} (£) is nonnegative. Moreover,
with probability one, for any real number v,

1
<w< i . - 4kl
O_U_l—n — dimg (Vs (v) N K) v+1+l€ 1 (27)
and .
v > —  dimg(Ve(v)NK) <0. (28)

11—k
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In particular, with probability one, the set of points £ in K for which the exponent
vp () is at least equal to k/(1 — k) is nonempty. Moreover, the discussion that
precedes Proposition [2] actually implies that this set is dense in K.

The above approach does not enable us to determine whether or not the dimen-
sion in is equal to zero, that is, whether or not there exists a point £ € K
such that v} (£) > v, when v is larger than x/(1 — k). However, a straightforward
adaptation of the proof of Theorem 3| implies that

K

Z#IC% < o0 == as. VeeK w6 <

, 1—k
Jj=1

Thus, under a much stronger assumption than (26), our method shows that the
dimension in (28)) is equal to —oco. In any case, deciding whether or not the dimen-

sion is zero in (28) certainly requires much more information on the sets K7}, than

the mere .

As regards the original exponent vy, we suspect that the dimension in is
equal to —oo, meaning that v, is bounded from above by k/(1 — k) on the Cantor
set K. Combined with , this is what lead us to Conjecture [2] above.

3. APPROXIMATION BY UNIFORM RANDOM POINTS: GENERAL RESULTS

The purpose of this section is to study the situation in which the sequence of
approximating points is chosen at random. For convenience, we work again on the
circle T = R/Z, endowed with the usual quotient distance d. Given a sequence
X = (Xp)n>1 of random variables in the circle T and a sequence r = (r,)p>1 of
real numbers in (0, 1], let us consider the random subset £(X,r) of T defined by

EX,r)={¢eT|d(¢X,) <ry forim n>1}, (29)

and consisting of the points that are approximated at a rate given by r, by the
random points X,,. Our purpose is to study the probability with which the random
set £(X,r) intersects a given nonempty compact set G C T, and to describe the
size properties of the intersection in the situation where it is nonempty. Such a
description will be obtained by studying the value of the Hausdorff measures of
the intersection £(X,r) N G. Throughout this section, we assume that the random
points X, are chosen according to the Lebesgue measure £ on the circle T.

3.1. Size of the intersection with a compact set: upper bounds. At this
point, we do not make any assumption on the correlations between these random
points. Our first result gives an upper bound on the size of the intersection of the
random set £(X,r) with a fixed compact set G whose size is controlled in terms of
the finiteness of certain packing premeasures. We refer to Section for its proof.

Theorem 5. Let G denote a nonempty compact subset of the circle, and let g be a
doubling gauge function such that P9(G) < oo.

(1) The following holds:

oo

Z g(T:n) < oo — a.s. EX,r)NG =0.

n=1
(2) For any doubling gauge function h, the following holds:

oo

Z%%@ — s HMEXD)NG) =0,

n=1
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3.2. Size of the intersection with a compact set: lower bounds under a
weak dependence condition. Our purpose is now to give a converse to The-
orem , under the assumption that the random approximating points X,, are
independent or somewhat close to being so, in the following sense. First, for any
sequence B = (B,),>1 of Borel subsets of the circle T with positive Lebesgue
measure, let us set

P(X, € By,...,X, € By)
0(X,B) = su .
(X, B) S P(X, € By) ... P(X, € By)

Clearly, 8(X, B) is always at least one, and is equal to one regardless of the choice
of the sequence B when the variables X,, are independent. A way of relaxing the
independence assumption is then to impose a control on the maximal ratios (X, B)
by supposing that

O(X,B) =sup §(X,B) < oo, (30)

BeB

where B denotes an appropriately chosen collection of sequences of Borel sets. Note
that the above condition is more stringent as B becomes larger.

The collection on which we shall impose a control is denoted by B(r) and is
defined as follows in terms of the sequence r that gives the approximation rate.
For any k € {0,...,q, — 1}, let I, ;, denote the image of the interval [k/gn, (k +
1)/g») under the projection modulo one. Here, we choose ¢, to be equal to [1/r,],
where [ -] stands for the ceiling function. Then, B(r) is defined as the collection of
all sequences of the form (I, x, )n>1, where (k,)n>1 is a sequence of nonnegative
integers satisfying k,, < gy.

Our assumption on the joint law of the points X,, is finally that ©(X, B(r))
is finite. When the points X,, are independent, this condition is clearly satisfied
because O(X, B(r)) is then equal to one regardless of the choice of the sequence r.
Furthermore, if the series ), converges, then the above finiteness assumption is
equivalent to the existence of a positive real number C' such that

P (ﬁ {X, € InJgn}) <C ﬁ Tn,
n=1 n=1

for any integer v > 1 and any choice of the integers k,, € {0, ..., ¢, — 1}, because
the points X,, are uniformly distributed. Our converse to Theorem [5{|1]) is now the
following result, which is proven in Section

Theorem 6. Let G denote a nonempty compact subset of the circle T, and let g
be a gauge function such that H?(G) > 0. Then,

{@(X,B(r))<oo — s EX1)NG£D.

Zn Tn/g(rn) =0

The last result of this section gives a partial converse to Theorem , under
the same assumption as in the preceding result, i.e. the finiteness of O(X, B(r)).
Before stating this result, let us consider a compact subset G of the circle with
positive Hausdorff g-measure for a given gauge function g. The set £(X,r) NG is
clearly smaller than G. Thus, in order to describe the size properties of this set in
terms of generalized Hausdorff measures, we may restrict our attention to the gauge
functions h that increase faster than g in the sense that g/h monotonically tends
to zero at the origin. An expected converse to Theorem is then the following:

i % = - a.s. Hh(é'(X,r) NnG) > 0. (31)

n=1
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Theorem [7] below gives a slightly weaker form of this statement. In fact, we make
the additional assumption that h increases faster than g, with respect to a third
gauge function ¢ which is used as a proxy for g/h in the divergence condition above.
To be more precise, given three gauge functions g, h and ¢, we say that h increases
p-faster than g, and we write h <, g, when g/h monotonically tends to zero at the
origin and satisfies

— 9277 [ 1 1
, — — , . 32
256 \pe) ~ paomy) < 32)
In that case, note that g/h coincides with a gauge function near zero.

Theorem 7. Let G denote a nonempty compact subset of the circle T, and let g
be a gauge function such that H9(G) > 0. Then, for any gauge functions h and ¢
such that h <, g,

O(X,B(r)) < o0
Zn Tn/@(rn) = o0

Theorem [7] follows straightforwardly from Theorem [6] with the help of Lemma
below. Indeed, in view of this lemma, it suffices to show that £(X,r) intersects
every compact subset of the circle with positive Hausdorff ¢-measure, a fact that
follows from Theorem @ since ©(X, B(r)) is finite and ), r,/¢(ry) diverges.

= a.s. HMEX,T)NG) > 0.

Lemma 3. Let us consider a random subset E of the circle and let us assume that
there exists a gauge function @ such that for any compact set G C T,

HY(G) >0 = a.s. ENG#N0.
Then, for any compact set G CT and any gauge function g,

HI(G) >0 — Vh<,9 as. H'(ENG)>O0.

Lemma [3| can be seen as an extension of [22, Lemma 3.4] to general Hausdorff
measures. Its proof, given in Section [7.3] relies on the remarkable properties sat-
isfied by a family of compact sets obtained via a variant of Mandelbrot’s fractal
percolation process that we introduce and study in Section

Let us point out a very simple situation in which the condition h <, g defined
by is satisfied: it suffices to assume that the gauge function h increases faster
than g in the sense that h/g is monotonic near zero and satisfies

1

/ hir) 7(dr) = oo
o 9(r)

for some probability measure 7 on (0, 1]. Note that the function h may nevertheless

be very close to g near zero because the probability measure m may well concentrate

its mass near this point: for instance, if h(r) = g(r)(log®”(1/r))® for some € > 0

and p > 1, where log®” denotes the p-th iterate of the logarithm, then the gauge

functions verify the above condition. Now, it is straightforward to check that
holds if ¢ is a gauge function such that

U S T
o o) /re(s,u g(r) ")

for all s € (0,1]. Moreover, when ¢ is chosen as above, the Fubini-Tonelli theorem

ensures that
> 7 1h(7“) >
> — ol <p | w(dr).
;w") /0 g(r) ,;1 o<y |
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As a consequence, assuming the finiteness of ©(X, B(r)) and considering a compact
set G with positive Hausdorff g-measure, Theorem [7] implies that

/1 Z((r; (i Tn]l{’fn<7.}> m(dr) =00 = as. H"(EX,1)NG)>0.
o 9\T) \, =51

Note that the divergence of this integral implies that of the series arising in the
statement of Theorem . The above result is therefore slightly weaker than the
expected converse to this theorem. To be specific, our approach leaves open
the case in which the series diverges, but the above integral is convergent for every
possible choice of the probability measure 7.

4. APPLICATION TO THE APPROXIMATION BY INDEPENDENT POINTS

4.1. Uniform distribution in the circle and intersection with a regular set.
As before, we suppose that the approximating points X,, are uniformly distributed
in the circle T, that is, are chosen according to the Lebesgue measure £. In addition,
we assume that these points are independent random variables. In particular, the
maximal ratios ©(X, B) defined by are equal to one, and the weak dependence
assumption that we made in order to derive the lower bounds in the previous section
is plainly satisfied. As a consequence, all the results stated in Section [3] apply in
the present setting.

Our purpose is now to deduce from these results simpler statements that only
involve Hausdorff dimensions and a probabilistic analog of the irrationality expo-
nent that is defined as follows. To proceed, let us make two additional assumptions
on the sequence r = (ry,)p>1 of approximation radii. First, since the joint law of
the approximating points X, is invariant under rearrangement, there is no loss of
generality in assuming that the sequence r is nonincreasing. Second, we suppose
that there exists a critical value p € (0,00) such that

{V<p = > . Th=00

(33)
v>p = Yy i <00

For any real number v > 0, let r¥ denote the sequence formed by the numbers 7, so
that £(X,r") is the set obtained by replacing r, by ¥ in the definition of the
set £(X,r). Observe that the mapping v — £(X,r”) is nonincreasing. Therefore,
for any point £ € T, we may define

vxe(§) =sup{v > 0] £ € E(X,1")};

this may be seen as the analog of the irrationality exponent for the approximation
by the random points X,, with the rates r,.

Given that the points X,, are independently and uniformly distributed, we may
apply Shepp’s theorem on Dvoretzky’s covering problem [34], thereby inferring
that with probability one, the set £(X,r") coincides with the whole circle when v
is smaller than the critical value p defined by . As a result,

as. VEeT vx (&) > p. (34)

Moreover, Corollary 1 in [I5] yields the value of the Hausdorff dimension of the set
E(X, "), specifically, with probability one, for all v > p,

dimyg (X, 1) = g,
from which it is straightforward to deduce that

as. Yv>p dimp{€ € T|vx.(§) > v} = 5 (35)
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In order to make our statements even more concrete, we further assume that
the compact set G with which the intersections are taken is Ahlfors regular with
dimension ~ in (0, 1], see Definition |1l Applying Theorems [5[ and @ we infer that

1 f(1—9)r<p
PEX,r") NG #0) = (36)

0 if (1—~)v>np.
Moreover, Theorems [5| and [7] ensure that if (1 —~)v < p, then with probability one,
dimy (£(X,1¥) N G) = 5 fy- L (37)

Here, we recover two results obtained recently by Li, Shieh and Xiao in [27]. More
precisely, building on the study of the limsup random fractals performed in [22],
these authors computed the hitting probabilities of the random set £(X,r"), and
the Hausdorff and packing dimensions of its intersection with a fixed analytic set,
see in particular Theorem 1.1 and Corollary 1.5 in [27].

When (1—7)v # p, we straightforwardly deduce that the right-hand side of
gives the probability that vx ,(§) > v for some point £ € G. The critical case
where (1 —~)v = p does not explicitly follows from either Theorems [5| and [§] above
or the results of [27]. However, inspecting the proof of Theorem [6] we see that
the sets £(X,r¥7¢) N G, for £ > 0, are almost surely dense in the complete metric
space G. Taking the intersection of these sets over a sequence (e,,),>1 converging
to zero, and applying the Baire category theorem, we deduce that the set of points
¢ € G such that vx ,(§) > v is almost surely dense in G as well, thereby being
nonempty. Furthermore, one easily checks that the right-hand side of also
gives the Hausdorff dimension of these set of points. Thus, we end up with the
next statement.

Proposition 2. Let G be a compact subset of the circle T, and assume that G
is regular with dimension v € (0,1]. If the variables X,, are independently and
uniformly distributed in T, then
a.s. YEe€G p <wx.(§ < £
-y
Moreover, for any real number v > p such that (1 —~v)v < p,

as.  dimuf§ € Gluxa(©) 2 v} =Z 4y -1,

The above result shows that the maximal rate at which the points of a regular
set may be approximated by a sequence of independently and uniformly distributed
points is directly controlled by the size of the set; indeed, the value of v induces a
specific limitation on the rate with which the points in G may be approximated.

In addition, combined with , the previous result ensures that if (1 —~)v < p,
then the Hausdorff codimension of the intersection of the set of all £ € T with
vx () > v and the set G is the sum of their codimensions. Such a behavior is
expected to be somewhat generic and is in stark contrast with the special situation
of sets with large intersection (sometimes also termed as intersective sets) where
the Hausdorff dimension of the intersection of the sets is equal to the minimum of
their dimensions; we refer to Chapter 8 in [I7], and to [10, [I3] [I6] for details. Let
us mention here that the set of all £ € T with vx ,(§) > v is known to be almost
surely intersective, as a consequence of Theorem 2 in [I5]. In addition, when v < 1,
the set G' cannot be intersective (because an intersective subset of R has packing
dimension equal to one, see [16]), and this is consistent with the observation that

dlmH{f eG | VX,r(g) > V} = dlmH{f eT | me(g) > V} +dimg G — 1
< min {dimy{¢ € T | vx,(§) > v}, dimy G}
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with probability one, under the further assumption that v > p.

4.2. Uniform distribution in a regular set. We now suppose that the variables
X, are uniformly distributed in a given compact subset G of the circle that is
assumed to be regular with dimension v € (0,1]. The common law of the random
variables X, is thus the normalized y-dimensional Hausdorff measure restricted to
G. Tt is clear that the sets £(X,r") are contained in G, so that vx ,(£) = 0 when
the point £ does not belong to G. In addition, we have the following lower bound
on vx »(§) when the point £ is in G:

as. YEeG vx r(€)

= I

This bound generalizes and follows directly from the next lemma.
Lemma 4. If yv < p, then E(X, 1) = G with probability one.

Proof. Let € denote a positive real number with yv(14¢) < p. In view of , there
exists an infinite set A/ of integers n such that r,, > n=1+e)/r Given n € N, let us
now consider a collection of points &1, ..., &, in G such that the arcs B(¢;, n=1/7/2)
are disjoint, and assume that u,, is maximal for this property. The arcs B(&;, n-t 7)
then cover G, so that

Gz JBXir) = 3 &¢|UBXr),

i=1 i=1

v

where 1, =¥ — n~1/7. Since the random points X; are independent, this yields

P (G ¢ B(Xian-”)> < ZH (1=P(& € B(Xi,m7))) - (38)

i=1 j=li=1

Moreover, the points X; are uniformly distributed in the regular set G, so that

_H(GNBE, ) o ()

n

#H1(G) = HI(G)

The fact that G is regular with dimension ~ also implies that u,, < ¢'n for some
constant ¢’ > 0. We deduce that the right-hand side of is bounded from above
by

P(¢; € B(Xi, )

)Y
c'nexp (-(%) < dnexp(—'ntmrA+e)/py

for some other constant ¢’ > 0. Finally, letting n tend to infinity through N, we

deduce that
P (G zJ B(Xi,r;’)> =0.

i=1
In other words, the arcs B(X;,rY), for i > 1, cover the set G with probability one.
For any fixed ig > 1, we can obviously reproduce the same reasoning when only
considering the arcs indexed by i > ig, thereby obtaining that these arcs also suffice
to cover G almost surely. The result follows. O

The case in which vy > p is not covered by the previous result, and it is then
natural to ask for the size of the set £(X,r”). The purpose of the next statement
is to give a simple answer to this question.

Lemma 5. If yv > p, then dimy E(X, 1) = p/v with probability one.



22 YANN BUGEAUD AND ARNAUD DURAND

Proof. The upper bound follows from the obvious fact that the set £(X,r") is
covered by the arcs B(X,,,r), for n larger than any given integer. To be specific,
for e > 0 and np € N such that 27} < e, it is clear that HZ(E(X,r")) is bounded
from above by ZHZHO(QT;’L)S. In view of (33), this series converges for vs > p.
Letting ng tend to infinity and e go to zero, we then deduce that H*(E(X,r")) = 0.

In order to prove the lower bound, let us consider a positive real number s such
that vs < p. By virtue of Lemma the set £(X,17*/7) coincides with the whole set
G with probability one. Given that G is regular with dimension -y, the general mass
transference principle of Beresnevich and Velani then ensures that the set £(X,1")
has Hausdorff dimension at least s, see [4, Theorem 3. O

It is now straightforward to deduce from the previous lemma the following gen-
eralization of and 7 which has to be compared with Proposition

Proposition 3. Let G be a compact subset of the circle T, and assume that G
is regular with dimension v € (0,1]. If the variables X, are independently and
uniformly distributed in G, then

a.s. VéEe€@ vx (&) >

=D

Moreover, for any real number v > p/~,

a.s. dimpy{¢ € G|vx,(§) > v} = g

5. APPLICATION TO THE APPROXIMATION BY FRACTIONAL PARTS

Let {-} stand for the fractional part function. Identifying the circle T with the
interval [0, 1), we may also regard the mapping x — {2} as the projection modulo
one from R onto T. The purpose of this section is to apply the general results stated
in Section [3] to the situation where the approximating points X,, are of the form
{a» X}, where a = (ay)n>1 is a sequence of positive integers and X is a point chosen
uniformly in the interval [0, 1), that is, according to the Lebesgue measure thereon.
It is easy to see that we match the general framework of Section [3} the random
points X,, = {a, X} are clearly distributed according to the Lebesgue measure on
the circle. This is due to the well known fact that, for any integer m > 1, the
transformation x — {max} preserves the Lebesgue measure on [0, 1).

Given a sequence r = (r,,),>1 of real numbers in (0, 1], the random subset of the
circle defined by is now of the form

Gla,r) ={€ € T|d(¢ {anX}) <ry forim. n>1}.

All the hypotheses of Theorem [5] are fulfilled, so we may directly apply this result
to the above set G(a,r). In order to apply the other results of Section [3, we need
to show that the weak dependence condition is satisfied.

We shall show that if the sequence a = (an)n>1 grows sufficiently fast, then the
random points {a, X} are close enough to being independent to ensure that all
the results of Section [3| apply. Specifically, using the notations of Section this
amounts to showing the finiteness of ©(({a,X})n>1, B(r)), when the integers a,
grow fast enough. This is the purpose of the next result.

Proposition 4. For any sequence a = (a,)n>1 of positive integers and any sequence
r = (rp)n>1 of real numbers in (0, 1],

Qn

O(({anX})n>1,B(r)) < 3exp <4Z > :

n=1 ’rnan-&-l
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Proof. Making use of the notations of Section let ¢, = [1/r,] and let I,
denote the image of the interval [k/qy,, (k + 1)/qyn) under the projection onto the
circle. We now have

O(({anX}nz1, B(r)) = supsup P (ﬂ {{anX} € In,kn}> 1o

v21 n=1

where the outer supremum is taken over the set of sequences k = (k,,),,>1 of nonneg-
ative integers less than ¢,. The random variables {a, X } are uniformly distributed
on the circle; the probability arising above is thus equal to

e 2N+ /(1 2a,
| 1T Y an.ons1) 70y {ana}) da < (14 o 11 ot :
n=1 n

a
ne—1 n+1

We conclude by remarking that ¢, < 2/r, for any n > 1, and that 1 4+ z < e* for
any real number x. (|

Proposition [4] directly shows that when the sequence of integers (a,)n>1 grows
fast enough to ensure the convergence of the series > an/(rpnan41), then the de-
pendence between the random points {a, X} is sufficiently weak to guarantee that
all the results of Section [3|are applicable. In that situation, this leads us to a rather
precise description of the size of the intersection of the random set G(a,r) with a
fixed compact subset of the circle. By way of illustration, we shall now determine
the Hausdorff dimension of such an intersection in the case where the compact set
is regular, keeping in mind that the results of Section [3] actually yield much finer
statements.

To this end, let G denote a compact subset of the circle T, and let us suppose
that G is regular with dimension v € (0, 1]. Let us also assume that the sequence r
satisfies for some real number p > 0. The convergence of the aforementioned
series is then guaranteed when

lim inf 108000/ @nt1) (39)
n—00 og Ty

In that situation, we may apply all the results of Section [3] Therefore, when
p+ v < 1, Theorem [5 ensures that the intersection G(a,r) N G is almost surely
empty. When p + 7 is equal to one, the intersection is empty with probability one
or zero, according to the convergence or divergence of the series ), rf, respectively;
this is due to Theorems [§ and [6} Finally, when p +~ > 1, Theorem [f] implies that
the intersection is almost surely nonempty; by virtue of Theorems [5] and [7] its
Hausdorff dimension then satisfies

a.s. dimy (G(a,r) N G) = min{p, 1} +~v — 1.

In order to establish a connection with existing results from metric number
theory, let us consider the particular case where the radii r,, are of the form n=",
where v is a positive real number. The critical exponent coming into play in
is then given by p = 1/v. Furthermore, the condition is verified regardless of

the value of v when the integers a,, grow superexponentially fast, in the sense that

li O8(@ns1/an) (40)

n—00 logn
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which we assume in what follows. In view of the above discussion, we deduce that
with probability one,

¥ ifr<i1

dimy (G(a, (n™")n>1) NG) = lv+y-1 ifl<v<1/(1-7)
—00 ifv>1/(1-7).

An emblematic situation is when the compact set G is the Cantor set K, which is
regular with dimension x given by . Furthermore, in the mere situation where
G is the whole circle T, considering sequences a = (a,),>1 that grow superexpo-
nentially fast is also new. In those two cases, adopting notations that are more
customary in the metric theory of Diophantine approximation, we may rewrite the
previous result as follows.

Theorem 8. Let (a,)n>1 be a sequence of positive integers such that (@) holds.
Then, for Lebesgue almost every real number oo and for every real number v > 1,

v

1 1
lana — &l < — for im. n > 1} ==
nl/

and

dimy {g €K

1 1

lana —=¢|| < — forim. n> 1} ST |
nY v

if this value is monnegative; otherwise, the latter set is empty.

Note that a simple example of a sequence (a,)n>1 for which (39) is verified is
given by a, = Ln(1+p+5)"J for n > 1, where ¢ is any fixed positive real number.
In addition, one easily checks that the more stringent condition is satisfied for
instance by the sequences of the form a, = n"", where (b,),>1 is an auxiliary
sequence of positive integers that monotonically diverges to infinity.

Our approach fails when the condition is not verified, because there may be
too much dependence between the fractional parts {a,a}, n > 1, for typical values
of .. This is the case in particular when (ay),>1 has a linear or geometric growth.
In those cases, however, the situation is well understood if one is not interested
in taking the intersection with the Cantor set. In fact, when a, = n, it is shown
in [8, [32] that, for every irrational real number « and every real number v > 1,

1 1
dimpg {f ER’ [lna — €|l < — for im. n > 1} =—.
nv v
The case in which a,, = 2" has been investigated by Fan, Schmeling, and Troubet-
zkoy [18], and also by Liao and Seuret [28]. In particular, these authors determined

the value of

1
[2"a — €| < — for im. n > 1}
nl/

when the real number « is chosen according to a variety of invariant Gibbs measures
associated with the doubling map.

6. CONCLUDING REMARKS AND FURTHER PROBLEMS

6.1. Approximation by algebraic numbers of bounded degree. One natural
way to extend the theorem of Jarnik and Besicovitch is the study of the approxi-
mation to real numbers by algebraic numbers of bounded degree. For n > 1, the
accuracy with which real numbers are approximated by algebraic numbers of de-
gree at most n is measured by means of the exponents w, introduced in 1939 by

n’
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Koksma [24]. (Although we do not introduce Mahler’s exponents w,,, we prefer to
keep the standard notation w, for Koksma’s exponents.)

Recall that the height H(P) of an integer polynomial P(X) is the maximum
of the moduli of its coefficients, and the height H(a) of an algebraic number a is
the height of its minimal polynomial over Z. For any integer n > 1 and any real
number &, the exponent w (§) is defined as the supremum of the real numbers w*
for which the inequality

0<|6—a|<H(a)™ ! (41)
is satisfied for infinitely many algebraic numbers a of degree at most n. Clearly,
every real number ¢ satisfies

n() = wi(€) + 1.

This shows that the exponents w; with n > 2 extend in a natural way the irra-
tionality exponent p.

The introduction of the exponent —1 in is explained on [9] p. 48]. The reader
is referred to this monograph for results on the exponents w;;. We only mention here
that w? (§) = min{n,d — 1} for every real algebraic number ¢ of degree d and that
Lebesgue almost all real numbers ¢ satisfy w}(§) = n for all n > 1. In 1970, Baker
and Schmidt [3] extended the theorem of Jarnik and Besicovitch to the exponents
w} . They established that, for every integer n > 1 and every real number w* > n,
the set

Un(w*) ={§ € R|wy(§) = w"}
satisfies
n+1
w*+ 1
Note that and coincide, as expected, for n = 1. Some further metric
properties of the sets U, (w*) were obtained in [I0} [13]; in particular, it is proven in
those two papers that the above sets are intersective in the sense of Falconer [16].

The result due to Weiss that is mentioned at the very beginning of Section [1| was
extended to the exponents w;, by Kleinbock, Lindenstrauss and Weiss; they proved
that, with respect to the standard measure on the Cantor set, almost all points &
satisfy

dimyg U, (w*) =

(42)

vn >1 wy (§) = n,

n

see [23] Proposition 7.10]. This motivates the following open question.

Problem 1. Let n > 1 be an integer and w* > n be a real number. To determine
the Hausdorff dimension of the set

Un(w*) MK = {€ € K | wi () = w.

As regards this problem, we believe that the following natural extension of Con-
jecture [T] holds.

Conjecture 3. For any integer n > 1 and any real number w* > n, the set of
points in the Cantor set which are approximable at order at least w*+1 by algebraic
numbers of degree at most n satisfies

n+1 K
-1, — . 43
w*—l—l—’_kc 7w*—i—l} (43)

A noteworthy result towards this conjecture was established by Kristensen [25].
Specifically, extending the covering argument used in [31] [36], he proved the follow-
ing upper bound:

dimyg (U, (w*) N K) = max {

2nk
w*+1°

dimy Uy (w*) N K) < (44)
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Furthermore, when n is fixed and h varies, the number of algebraic numbers with
degree at most n and height equal to h that belong to the circle T is of the order of
h™. Therefore, in the light of the approach developed in Section [2:3] the following
extension of Theorem [1| plainly holds: for Lebesgue almost every angle o € T, we
have both

n+1
* < —1
wi(e) < T
for all points £ € a + K, and
n+1
dimg (U, (w*) N K)) < -1
imyg (U, (w*) N (o + ))_w*+1+m

for all real numbers w* between n and (n + 1)/(1 — k) — 1. Note that this last
generic bound is much more stringent than (44)).

Let us mention that virtually all the ideas developed in this paper may be
adapted to the setting of the approximation by algebraic numbers. In particular,
as in Section [2.4] one may define an appropriate probabilistic counterpart of the
exponents w;; and establish the corresponding version of Conjecture Likewise,
the same heuristic arguments as those put forward in Section suggest that
can be extended to

1 ..

limsup - logg #A%" 7 <max{n+1— (1 — k)(w* +1),x},
Jj—o0 Vi

where A?“’*’j denotes the set of all algebraic numbers a € T with degree at most

n that satisfy both 3/ < H(a) < 3/*! and d(a, K) < 3~ +17. Such an upper

bound would obviously be in favor of the validity of Conjecture

6.2. A more general framework. All the number theoretical problems discussed
above can be put in a same general framework. We consider the following question.
Let x = (2n)n>1 be a sequence of points in T. Given a real number v > 1, let us
consider the set

H(x,v)={£eT|d x,) <n~" for im. n > 1}.
When the sequence x forms a regular system in the sense of [9, Chapter 5], we have

1
dimpg H(x,v) = ~

Note that this general statement includes after having suitably numbered the
algebraic numbers in T of degree at most n, see [9, Lemma 5.4].

The general problem that we are concerned with is the estimation of the Haus-
dorff dimension of the set

Hx,v)NG={{ € G|d§ z,) <n™" for im. n > 1},

where G is a compact subset of the circle T which, for simplicity, is supposed to
be regular with dimension v € (0,1). Here, we take the intersection of two null
sets of very different nature. The set G is compact and nowhere dense, whereas
when x forms a regular system, the set H(x,v) is an intersective set in the sense of
Falconer [16], see [I0, [13]. Even giving an accurate upper bound on the Hausdorff
dimension of the intersection set H(x,v) N G is challenging.

Problem 2. Find reasonable conditions under which one can prove either of the
upper bounds
dimyg (H(x,v)NG) <

or dimg(H(x,v)NG) < —+v—1.

R

1
v
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Note in passing that the latter bound is more stringent than the former. More-
over, a preliminary step towards the first bound in Problem [2| would be to under-
stand for which sequences x one can apply the arguments of [31], [36]. As regards
Problem [2| the only general result that may be deduced from the present paper is
again an extension of Theorem [I| namely: for Lebesgue almost every angle o € T,

dimg(H(x,1) 0 (0 +C)) < L 47— 1;

in particular, the intersection set is empty if the last bound is negative. This means
that the second bound in Problem [2] holds when the compact set G is rotated in
a generic manner. Moreover, inspecting the proof of Theorem [T} we see that the
above result still holds when G is not regular but only satisfies P9(G) < oo.

Restricting to the case where G is the Cantor set K, one may also point out the
following question.

Problem 3. Compare the values of the Hausdorff dimensions
dimpy H(x,v) and dimy (H(x,v) N K).

The following two examples show that there is no hope of getting a general
answer to Problem [3} we in fact have two extremal cases:

(1) Assume that x = (z,,)n,>1 denotes the natural enumeration of the rational
numbers in T of the form p/37 such that ged(3,p) = 1 and p has only digits
0 and 2 in its ternary representation. Then, the denominator of z,, is of
the order of n'/#, and Corollary 1 in [26] implies that for all v > 1/x,

dimyg H(x,v) = dimg(H(x,v) N K) = %
Note that we even have H(x,v) N K = H(x,v).

(2) Now, assume that x = (2,,)p>1 is the natural enumeration of the rational
numbers in T of the form p/37 —1/(2-37) such that ged(3,p) = 1 and p has
only digits 0 and 2 in its ternary representation. Then, the denominator of
x,, is still of the order of n!/# and for all v > 1/k,

1

dimpg H(x,v) = —.

v
However, each point x, is very far from K, namely, at a distance of the
order of n'/*. Thus, in this case, the set H(x,v) N K is empty for v > 1/k.

7. PROOF OF THE MAIN RESULTS

7.1. Proof of Theorem Recall that the set I,, ;. is defined in Section as the
image of the interval [k/qn, (k+1)/¢,) under the projection modulo one. Through-
out the proof of Theorem |5, we choose ¢, to be equal to the integer part of 1/r,,
that is, ¢, = |1/r,]. The circle T may thus be seen as the disjoint union over
k € {0,...,q, — 1} of the sets I, . Then, let K,,(G) denote the set of integers
k for which the compact set G intersects I,, ;. In addition, let I;%k be the closed
subinterval of T which has the same midpoint as I, ;, and is three times larger. It

is now easy to check that

Vn>1  BXapra)NGC |J L (45)

keKn (G)

’
X”eln,k

where B(X,,,r,) denotes the open interval centered at X,, with radius r,,.
Furthermore, note that for any k¥ € K, (G), there exists a point & € G N I, .

Thus, there exists a subset K/ (G) of K,(G) with cardinality at least #K,(G)/2

such that d(&, &) > 1/g, for any distinct k& and k¥’ in K/ (G). In view of [35
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Lemma 4], the finiteness of P9(G) ensures that there exists a finite Borel measure
x such that x(B(z,r)) > g(r) for all x € G and r € (0,1). As a result,

Mz Y amen /e > HE, ()

keK! (G) 2qn
Since the gauge function ¢ is nondecreasing and doubling, we deduce that

C
g(rn)

We may now prove the second statement of the theorem. Let us consider a
doubling gauge function h such that the series ) h(ry)r,/g(rn) converges. For
any real number 6 € (0,1/2) and any integer ng > 1, the inclusion ensures that
the set £(X,r) NG is covered by the intervals I, , indexed by the integers n > ng
and k € K,,(G) for which X,, € I} . All these intervals have diameter 1/g,,, which
is smaller than § for n large enough, due to the convergence of the aforementioned
series. As a consequence,

> 1
HEEX,1)NG) < Z h() Z Lix.er )
n=ng n k€K, (G)

From , the fact that the variables X,, are uniformly distributed, and the fact
that h is doubling, we deduce that

AC>0 Yn>1 #K,.(G)< (46)

sicarars £a(3)onio s 525

where C’ depends on h only. We may now let ng tend to infinity, and then let §
tend to zero. Fatou’s lemma then implies that #"(£(X,r) N G) has mean zero, and
the second part of the theorem follows.

The constant function equal to one is not, strictly speaking, a gauge function in
the sense of our definition. However, this function may be used instead of h above,
thereby leading to the first statement of the theorem. Indeed, in that situation, the
Hausdorff measure is just the counting measure, and the previous arguments imply
that #(€(X,r) N G) has mean zero.

7.2. Proof of Theorem @ By virtue of Frostman’s lemma, see for instance [30
Theorem 8.8], the positivity of H9(G) implies that there exists a Borel measure x
such that

VeeT Vre(0,1) x(B(z,r)) < g(r). (47)

Moreover, the support of the measure y is a nonempty compact subset of G that
is denoted by G’ in what follows.

Thanks to a Baire category argument appearing in [22] p. 12], we only need to
show that for any fixed open interval I of the circle that intersects G’, the event

Er ={d(X,,G'nI) <r, forim. n>1}

holds with probability one. Here, d(X,,, G'NI) denotes the distance from the point
X, to the set G’ N 1. Indeed, assuming that this holds and letting I run through a
countable base of open intervals that generate the topology on T, we deduce that,
with probability one, all the events Ey, for V running through the open sets that
intersect G’, hold simultaneously. As a result, with probability one, for any open
subset V' of the circle and any integer u > 1,

G'NV#D — G’ﬂVﬂUB(Xn,rn);é@,

n=u
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which means that the above union is dense in the complete metric space G’. The
Baire category theorem then ensures that the set £(X,r)NG’ is almost surely dense
in G’, and therefore nonempty. It follows that the set £(X,r) N G is almost surely
nonempty as well.

Let us now consider an open interval I that intersects G’ and show that the
event E; holds with probability one. We shall make use of the same notations as in
the proof of Theorem [5] except that we choose g, to be equal to [1/7,], where [ -]
stands for the ceiling function. In addition to these notations, let I,,(G) denote the
union over k € K,,(G) of the intervals I,, ;. On easily checks that for every n > 1,

X, €L(G) =  d(X,,G'NI) <rp,.

Therefore, it suffices to show that with probability one, X,, € I,,(G) for infinitely
many integers n > 1.

To this purpose, let us begin by observing that the complement of the set I, (G) is
the union over k € K, (G)C of the sets I,, », where K, (G)¢ denotes the complement
of K,,(G) in {0,...,g, —1}. Thus, for u < v,

P (ﬂ (X, ¢ In(G)}> = > P (ﬂ {X, e In,kn}>
n=u Kaseooskn n=u

where each index k,, arising in the sum runs over the set Kn(G)E. All the terms
in this sum are bounded from above by ©(X,B(r))/(qy - - - .- ¢v), so that the whole
sum is bounded from above by

v C
o(X,B(r)- [[ #KZ%.

Using that 1 —y < e™¥ and ¢, < 2/r,, we get

v [} v
nl;[u #KZ:G) < exp (—; ;#Kn(G) 7"”> .

In addition, recall that the intersection of the sets G' and I,, ;. is nonempty if and
only if k£ belongs to K,,(G). Moreover, in that situation, this intersection contains
a point z, ; and is therefore included in the closed interval E(xnyk, r,) with radius
ry, centered at this point. With the help of , we deduce that

XM= > xXCNLx)< Y xB@nkra) < #Kn(G) g(ra).
keK, (G) keK, (G)

As a consequence, the cardinality of the set K, (G) is bounded from below by
x(T)/g(ry). We infer that

LA > X(T) & 7n
P ( U {Xn ¢ [n(G)}> < Z exp (2 Z > =0,

no=1n=ngo no=1 n=ng g(T’ﬂ)

in view of the divergence of the series ) 7,/g(r,). The result follows.

7.3. Proof of Lemma [3] The proof relies on the existence of a family of compact
sets (4 indexed by the gauge functions such that Proposition below holds. These
compact sets are obtained through a slight generalization of Mandelbrot’s fractal
percolation process that we introduce and study in Section[§] In the next statement,
we make use of the notation h <, g defined by , and we also write h < g to
indicate that two gauge functions g and h satisfy
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Proposition 5. There exists a family of compact sets Qg C T indezed by the gauge
functions such that for any set E C T, and any gauge function g, the following
properties hold:

(1) Let us assume that HI(E) = 0. Then,
a.s. ENQy,=10.

(2) Let us assume that E is Borel and HI(E) > 0. Then, for every gauge
functions h and ¢,

h<g — P(ENQn#0)>0
{ h<e9 = P(H?(ENQp) > 0) > 0.

The above result is established in Section [ this is actually a straightforward
consequence of Lemmas [6Hg] therein. Let us now give the proof of Lemma[3] Let ¢
denote a gauge function, and let E be a random subset of the circle which intersects
almost surely every fixed compact set having positive Hausdorff ¢-measure. Now,
let G denote a compact subset of the circle, and let g be a gauge function such that
H9(G) > 0. In addition, let h be a gauge function such that h <, g. Our purpose
is now to show that H"(E N G) > 0 almost surely.

To proceed, let (Q}),>1 denote a sequence of independent copies of the fractal
percolation set (05, that are also independent of the random set F, and let

Qn=J Q-
n=1

Proposition [5|[2]) ensures that each set G N @} has Hausdorff p-measure zero with
a probability which does not depend on n and is smaller than one. Thus, in view
of the subadditivity of Hausdorff measures, we have

as.  HPGNQp) > 0.

Therefore, in view of [I7, Theorem 4.10], the set G N @h almost surely contains a
compact set with positive Hausdorff p-measure. This compact subset thus intersects
the random set E with probability one. Therefore,

a.s. EﬂGﬁ@h;ﬁ@.

On top of that, if H*(ENG) = 0, then Proposition |5{(1) ensures that the probability
that the set ENG intersects any of the copies Q} is equal to zero. As a consequence,

as. ENGNQL#£0 = HM'ENG)>D0,

and Lemma [3] follows.

8. A GENERALIZED FRACTAL PERCOLATION PROCESS

This section is devoted to the construction and the study of the family of compact
sets (), that we use in the proof of Lemma 3| see Section above. These sets
are obtained by dint of a slight generalization of Mandelbrot’s fractal percolation
process. To begin with, recall that the infinite complete binary tree may naturally
be encoded by the set

o0
T = [J{0.1}.
j=0
Here, we adopt the convention that {0,1}° is reduced to the singleton containing
only the root &. Specifically, every node u € T with generation (u) = j may be
seen as a finite word w = wy...u; over the alphabet {0,1}, with child nodes the
two words uy ...u;0 and uy ... u;1, and with parent node the word u = Uy .. U1
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in the case where j is positive. The tree structure is then recovered by endowing
the vertex set 7 with the arcs (%, u), for u # @.

Now, given a gauge function g, let us consider the following inhomogeneous per-
colation process on the edges of the above tree: the edge connecting a given node
u # @ to his parent is retained with a probability equal to g(2~ (%) /g(2~(w)+1),
independently of the other edges. Then, we say that a node u survives the perco-
lation if all the edges between u and the root @ are retained. We always assume
that the root itself survives the percolation. The random subtree of 7 composed
by the nodes that survive the percolation is denoted by 7,. Note that every given
node u survives the percolation with probability g(2~(*)/g(1).

Furthermore, recall that the vertices of the tree 7 lead to a natural parametriza-
tion of the dyadic intervals of the circle T. In fact, the dyadic interval associated
with a node u = w;...u; in 7 is the image, denoted by A(u), of the interval
(u127' + ...+ u;2779) 4 [0,277) under the projection modulo one. In addition, the
interval associated with the root is chosen to be the whole circle, that is, A(&) = T.
This enables us to consider the random compact subset of the circle

ngn\l/ U ma
j=1

uwETy

(w)=j
where ~ stands for closure. The set (), may be seen as an extension to the in-
homogeneous setting of the compact set obtained through Mandelbrot’s fractal
percolation process, see [14] and the references therein.

Let us recall that Proposition [5| above contains all the important properties
satisfied by the sets (), that we use in the proof of Lemma This proposition may
naturally be split into three separate lemmas that we now state and prove. The
first two lemmas discuss the probability with which the random set @), intersects
a given subset of the circle.

Lemma 6. For any set E C T and any gauge function g,
HI(E)=0 = as. ENQy=790.

Proof. Let § > 0 and let (Uy,)n>1 be a sequence of subsets of T such that £ C | J,, Up,
and |U,| < 6 for all n > 1. Let Ay be the set of all integers n > 1 for which the
diameter of U,, vanishes, and let N; denote its complement in N. Then, the set E
may be decomposed as the union of the sets

Ey=En |J U, ad E=En ] U.
neNy neNy

On the one hand, it is easy to check that any point of the circle that is fixed in
advance belongs to the set (), with probability zero. Since the set Ey is at most
countable, it follows that its intersection with @, is almost surely empty.

On the other hand, for any integer n € N7, the set U, is contained in four dyadic
intervals of length at most |U,|. Accordingly, there exists a family of nodes u™? in
T, with n € N7 and 7 € {1,2,3,4}, such that

{ U, € Mu™Y) UA(u™?) U X(u™?) U X(u™?)
max{[A(u™ )|, A2, A @), M)} < |Un]

for all n € Ny. As a result, By N Q, is covered by the sets A(u™%) N Q, for n € N}
and i € {1,2,3,4}. Note that, with probability one, the set (), cannot contain any
dyadic point, that is, any point of the form k277. Thus, this last intersection is
empty if u™* does not survive the percolation. This implies that one of these nodes
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necessarily survives the percolation when the set £ N @, is nonempty. Hence,

| () 00
PENQ AN L Puten) = Y )< S .

neNy neNy g(l)
i€{1,2,3,4} i€{1,2,3,4}

n=1

Taking the infimum over all the possible coverings (U, )n>1, and then letting ¢
go to zero, we deduce that

P(ENQ, 4 0) < P(EoNQ, £ 0) + B(E\ N Q, £ 0) < ﬁww),
and the result follows. O

Lemma 7. For any Borel set E C T and any gauge function g,
HI(E) >0 = Vh < g P(ENQ,#0)>0.

Proof. Since HY(FE) is positive, Frostman’s lemma implies that there exists a Borel
measure x with support included in E such that holds. For any node u € T,
set ¥(u) = x(A(u)). Moreover, for any integer j > 0, set h; = h(277) and

1

J u€Tp,
(u)=j

and let G; denote the o-algebra generated by the events {u € T} for (u) < j.
It is then easy to check that (Z;);>0 is a nonnegative martingale with respect to
the filtration (G;);>0, thereby converging almost surely to some random variable
Zs € L'. Furthermore, for any integer j > 1,

1
E[Z;] =2 E ()Y (v)P(u € Tp, and v € Tp).
J u,vET
(uy=(v)=j

The probability that two nodes u and v both survive the percolation is clearly equal
to (hwyhwy)/(hoh(uaw)), where u A v denotes their lowest common ancestor in the
tree 7. As a consequence,

21
E[Zj] = ; ol M;;):j P(u)ip(v)

(w)<j wAv=w

Note that the inner sum is equal to v(w)? if the node w has generation j, and to
2¢(w0)tp(wl) if w has generation less than j. Therefore,

1
E[ZJQ] = Z hohiiu) (V(w)? = L{y<j13 (W(W0)* + P(wl)?)),

(w)<j

from which it follows that

o V(@21 L/ 1 1
Elzil = R ho ; vw) <h<w>_h<w>—1)'

0<(w)<j

In view of and the fact that h < g, we deduce that

5 X(T)Q x(T) = -3 1 1

This ensures that the martingale (Z;);>0 converges to Zo, in L?. In particular,
the expectation of Z, is equal to that of Zy, specifically, x(T)/h(1), so that Z, is
positive with positive probability. On top of that, note that if Z., is positive, then
for any integer j > 0, there is a node u € 7}, with generation equal to j such that



DIOPHANTINE APPROXIMATION ON THE CANTOR SET 33

A(u) intersects the support of the measure y. In that case, Cantor’s intersection
theorem ensures that the limit set @)}, intersects F, and the result follows. O

The third and last lemma about the sets ()4 concerns the size of their intersection
with a given Borel subset of the circle.

Lemma 8. For any Borel set E CT and any gauge functions g and o,
HI(E) >0 = Vh <, 9 PH?P(ENQR) >0)>0.

Proof. Let us assume that the set E has positive Hausdorff g-measure, and that
h <, g. Then, g/h coincides with a gauge function 1 satisfying ¢ < 1. In
particular, hyp <« g and Lemmamimplies that the random set @)y, intersects £ with
positive probability. Furthermore, it is easy to see that the set Q) is distributed
as QnLNQy, where @y, and @, are independent. Thus, the set Q, intersects ENQp,
with positive probability as well. The result now follows from Lemma [6] O
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