On simultaneous inhomogeneous Diophantine approximation

Yann Buceaup & Nicolas CHEVALLIER

Abstract. Let (aq,...,ar) be a real k-tuple with k > 2. We study
the Hausdorff dimension of sets of real numbers & for which there are
infinitely many integer k-tuples (ny, ..., ny) such that nyoy+. . .+ngog—
¢ is very close to an integer. We further investigate sets of real k-
tuples (&1,...,&k) for which there are infinitely many integers n such
that nay — &1, ..., nag — & are all very close to an integer.

1. Introduction

Let ¢ and 7 be real numbers. A pair («, §) of real numbers is called (¢, 7)-approximable
if there exist infinitely many integers g such that ||ga—£|| < ¢|q|™". If o and £ are irrational
real numbers such that £ is not of the form & = ma + n for integers m,n, then a theorem
of Minkowski (cf. e.g. Casl, p. 48) asserts that there exist infinitely many integers ¢ such
that

1
ga =& < 57—,
oo =€l < -
where || - || denotes the distance to the nearest integer. Thus, almost all pairs (a, &) are

(1/4,1)-approximable. Here and throughout the present paper, ‘almost all’ refers to the
Lebesgue measure on the ambient space.

Dodson [7] proved that the set of pairs (, &) in R? which are (1, 7)-approximable for
some 7 > 1 has Lebesgue measure zero and Hausdorff dimension two. This is the so-called
‘doubly metric’ statement, and we may as well adopt two further points of view, which
are ‘singly metric’. The first one consists in considering that ¢ is fixed and in looking at
the set of real numbers « for which («, &) is (1, 7)-approximable. This is the most classical
point of view in inhomogeneous Diophantine approximation, which has been considered
by many authors. For instance, Levesley [13], extending a classical result of Jarnik [10]
and Besicovitch [3] dealing with the homogeneous case £ = 0, proved that, for any 7 > 1
and any fixed &, the Hausdorff dimension of the set of a such that the pair (o, &) is (1, 7)-
approximable is equal to 2/(1 + 7). We stress that this value does not depend on &.
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The second point of view has been investigated by Bernik and Dodson [2], p. 105.
Their results have been improved upon by Schmeling and Troubetskoy [14] and, indepen-
dently and at the same time (by means of a different approach), by Bugeaud [4] who
showed that, for any 7 > 1 and any fixed irrational number «, the set

1
T (o) := {§ ER:|na—¢&| < v holds for infinitely many n € Z21}

has Hausdorff dimension 1/7. We stress that this value does not depend on a.

These questions can as well be addressed in a multidimensional setting, by considering
either inhomogeneous approximation of linear forms, or simultaneous rational inhomoge-
neous approximation, or, even, simultaneous inhomogeneous approximation of linear forms.
In the ‘doubly metric’ case and in the first ‘singly metric’ case mentioned above, satisfac-
tory answers have been given by Dodson [7] and Levesley [13], respectively. However, no
multidimensional extension of the statements established in [14] and [4] has been studied
up to now, and it is the purpose of the present work to report various results on this
question.

Let £ > 1 be an integer and let & = (aq,...,ax) be a k-tuple of real numbers. For
real numbers v > 1 and w > 0, we set

C

(maxy <i<k{|nil})”

V(o) := {§ ER:|nar+ ...+ nrag —&|| <
holds for some ¢ > 0 and infinitely many (nq,...,ng) € Z’“}

and
— k. e ¢
Wale) = { (€10 6) € RS s (s — &) < 1
holds for some ¢ > 0 and infinitely many n € Z}.

Observe that, for £k = 1 and w = v > 1, both sets do not coincide with the set 7,(«).
Actually, it is much more natural to work with V,((«)) rather than with 7,(a), since, for
instance, the former set is clearly invariant by rational translations. In addition, there is
no reason for considering only the positive integers. However, it is easily seen that both
sets have the same Hausdorff dimension, namely 1/v.

First, we recall a result of Cassels, which describes the ‘almost everywhere’ situation.
According to [5], p. 92, a system L;(z) of n linear forms in m variables is singular if, for
every ¢ > 0, the set of inequalities

1L (@) < eX™™/" Ja < X

has a non-zero integer solution z for all X sufficiently large (in terms of ). Otherwise, the
system is called regular (see Section 6 below). It follows from the Borel-Cantelli Lemma
(see e.g. [5], p. 92) that the set of singular systems has Lebesgue measure zero in the
mn-dimensional space. The following result follows from [5], Theorem XIII, p. 93, by
takingn =1 or m = 1.



Theorem A. Let k > 1 be an integer. For almost all real k-tuples o = (a1, ..., ax), we
have

In the present work, we are mainly interested in exceptional k-tuples, that is, k-tuples
a = (ai,..., o) for which either Vi(a) is considerably smaller than R, or W, /;(a) is
considerably smaller than R*. These are necessarily singular tuples, and since singular
k-tuples only exist when k > 2 ([5], p. 94), k must be greater than or equal to 2. We
prove that, for £ = 2 or 3, there exist real k-tuples a = (aq,...,ax) with 1,aq,...,
linearly independent over the rationals and such that the Hausdorff dimension of the set
Vi () is equal to 1/k. In view of the results from [14] and [4], the dimension cannot be
smaller. Furthermore, we prove that, for any arbitrarily small positive w, there exist real
k-tuples a with 1, aq, ..., oy linearly independent over the rationals and such that the set
Wi () is small, in the sense that its Hausdorff dimension is at most equal to 1. This
considerably strengthens and generalizes a result of Khintchine, who proved [11] (see also
[5], Theorem XV) that, for k£ = 2 and w > 0 arbitrary, there exist pairs (a1, az) such that
the set W,, (a1, as) is not R2.

The present paper is organized as follows. Section 2 is devoted to the statement of
the results, together with some additional remarks. Theorem 1, concerning with inhomo-
geneous approximation of linear forms, is proved in Section 3. Section 4 is devoted to the
proof of Theorem 2, on inhomogeneous simultaneous rational approximation, and Section
5 to that of Theorem 3, which shows that, to some extend, Theorem 2 is best possible.
Finally, Theorems 4 and 5, which deal with metric results, are proved in Section 6.

2. Statement of the results

We begin by stating an application of the Hausdorff-Cantelli Lemma, that provides
us with upper bounds for the Hausdorff dimension by an easy covering argument.

Proposition 1. Let k > 2 be an integer and o = (aq,...,ax) be a real k-tuple. Let v
and w be positive real numbers. We then have

dim V,(a) < min{l, ﬁ} and dim W, (a) < min{k, i}
v w

Often, the upper bounds given by the Hausdorff-Cantelli Lemma coincide with the
exact value of the Hausdorff dimension, thus Proposition 1 (whose easy proof is postponed
to the beginning of Section 6) tells us what are the expected values for the Hausdorff
dimensions of the sets V,(a) and W, («).

We first turn our attention to inhomogeneous approximation of linear forms.

Theorem 1. Let k =2 or 3. Let v > 1 be real. There exist real k-tuples a = (a, . .., a)

such that 1, aq, ..., ap are linearly independent over the rationals and
i 1
dim V,(a) = —.
v



It follows from the result on the sets 7, («) recalled in the Introduction that, for any
real number v > 1 and any irrational number «;, the Hausdorff dimension of the set

Vu(a1) is equal to 1/v. Consequently, the Hausdorff dimension of any set V, (a1, ..., ax)
as in Theorem 1 is at least equal to 1/v.
The assumption that 1, aq, ..., a are linearly independent over the rationals (which

occurs in the statements of Theorems 1 to 3) ensures that the result is non-trivial, since
e.g. dim V,(a,2q,...,ka) = 1/v holds for any v > 1, any k > 2, and any irrational real
number «, by the results from [14] and [4].

Theorem 1 shows that there exist real k-tuples a for which the upper bound given by
Proposition 1 for the Hausdorff dimension of V,(«a) is considerably larger than the exact
value.

We are convinced that Theorem 1 holds for all integers £ > 2. However, we only
succeeded in establishing it for £ = 2 and for £ = 3. Our method of proof is quite technical
and it presumably works as well for k > 4.

Remark. An interesting question remains. For any real numbers v and d with v > 1 and
1/v < d < k/v, does there exist a k-tuple a for which dim V,(«) is equal to d?

We now consider inhomogeneous simultaneous rational approximation, and we state
a slightly sharper result than announced in the Introduction. For any function ¢ : Z>; —
R- and any k-tuple of real numbers a = (aq, ..., ax), set

We (@) = {(51, . &) € RV = max {[lna; — &1} < ¢(Inl)

1<i<k

holds for infinitely many n € Z }

With this notation, for any positive real number w, the union of the sets W, .p-w (a)
taken over the positive real numbers ¢ is simply W,, ().

Theorem 2. Let k > 2 be an integer. Let ¢ : Z>1 — R~ be a function tending to 0
at infinity. There exist real k-tuples o = (v, ..., ) such that 1,aq,...,«x are linearly
independent over the rationals and

dim W¢ (g) < 1.
Consequently, there exist k-tuples o for which
dim W, (e) < 1

holds for every w > 0.

We point out that, in Theorem 2, the function ¢ can tend to 0 arbitrarily slowly
(in particular, w can be taken arbitrarily close to 0), and that it is not assumed to be
non-increasing.

The existence of pairs (aq, az) of real numbers such that Wy(aq, as) is not R? is due
to Khintchine [11]. It follows from the proof of Theorem XV from [5]|, combined with
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metric results of Schmidt on badly approximable pairs [15], that there exist pairs (a1, as)
for which the complementary set of Wy (a1, a2) has Hausdorff dimension two (in R?). As
far as we are aware, the existence of pairs (aq,a2) such that Wy(a1, as) has Lebesgue
measure zero was not established up to now. Theorem 2 is even stronger.

We emphasize that the constructions given in the proofs of Theorems 1 and 2 are
effective, thus, it is possible to give explicit examples of k-tuples satisfying the conclusions
of these theorems. Obviously, such k-tuples are singular. They illustrate how the behaviour
of singular systems can differ from the behaviour of regular systems. In the light of Theorem
A, Theorems 1 and 2 may appear somehow surprising.

It turns out that the upper bound for the dimension obtained in Theorem 2 is sharp.

Theorem 3. Let k > 2 be an integer. For any real number w > 0 and any real k-tuple

a=(ay,...,a) with 1,aq, ..., o linearly independent over the rationals, we have
. 1 .
dim Wy (a) = — if w>1
w
and

dim Wy (a) > 1 if O<w<l1.

Actually, we prove a slightly sharper result than Theorem 3. The proof of Theo-
rem 3 follows from the application of the (easy half of) Frostman’s Lemma to a suitable
Cantor—type set, constructed inductively and contained in W,,(a)). This can be viewed as
a (difficult) extension of the proof of the main result from [4].

Unlike for the case of linear forms, the Hausdorff dimension of W,,(«) does not depend
on the k-tuple a, provided that w is large enough, namely greater than or equal to 1.

We complement Theorems 1 to 3 by two statements valid for almost all k-tuples.

Theorem 4. Let k > 2 be an integer and v > k be a real number. For almost every real
k-tuples o = (v, ..., ay), we have

dim Vy(a) = .
v

In view of Theorem 3, Theorem 5 below is interesting only in the range 1/k < w < 1.

Theorem 5. Let k > 2 be an integer and w > 1/k be a real number. For almost every
real k-tuples a = (o, ..., ), we have

dim W, (a) = 1
w
Theorems 4 and 5 are particular cases of a more general statement on systems of
linear forms (see Theorem 6 in Section 6). They show that the upper bounds given by
Proposition 1 are ‘almost always’ the exact values of the dimension.
Theorems 1 and 2 state that, for £ > 2, v > 1 and w < 1, the Hausdorff dimensions
of the sets V,(a) and W,,(a) depend on a. This is not the case for k = 1, as proved in [14]
and in [4]. This is neither the case when we consider the point of view taken by Levesley
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[13], who showed that, for any real number &, any real k-tuple (&3,...,&), and for any
real numbers v > k and w > 1/k, the Hausdorff dimension of the sets

1

(maxi<i<k{|nil})”

{(al,...,ak) e R* :njag + ...+ npap — €| <

holds for infinitely many (nq,...,nx) € Zk}

and
1

{(an o) € R g (hnes— 6} < 0

holds for infinitely many n € Z }

are equal to k— 1+ (k+1)/(v+1) and (k+1)/(w + 1), respectively, independently of the
real number ¢ and of the real k-tuple (&1,...,&k). To complement this result, we mention
that, in the ‘doubly metric’ case, Dodson [7] established that, for real numbers v > k and
w > 1/k, the Hausdorff dimension of the sets

1

(maxi<i<k{|ni|})

{(al,...,ak,f) € R* 1 i nyag + ...+ mpag — €| <

holds for infinitely many (n1,...,nx) € Zk}

and

1
{(011,---;0%51,---,5/4) € R” ilfélfg(k{ﬂnai — &} < Tl

holds for infinitely many n € Z }
are equal to k + (k+1)/(v+1) and k+ (E+1)/(w + 1).

Remark. In Theorems 1 and 2, we have given explicit constructions of real k-tuples
with non-typical behaviour. A natural extension of our present work consists in studying
the same questions, but for dependent k-tuples, that is, for instance, for k-tuples a =
(a,a?,...,a%), where a is a transcendental real number. It is known that, for almost all
real numbers «, the sets V, («) and W, («) satisfy dim V, (a) = k/v and dim W,,(«a) = 1/w,
for real numbers v > k and w > 1/k. Maybe, this statement even holds for all o with «
transcendental. We plan to investigate this problem in a further work.

Notation. Except in Section 5 (that is, for the proof of Theorem 3), we use the following
notation. Let k& > 2 be an integer. We endow R* with the supremum norm |- |, and, for
any z in RF, we set

|z]| = inf{|z — n| : n € Z*}.
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Clearly, || - || induced a distance on the k-dimensional torus T¥, which we also denote by
|-||. IfY is a subset of R¥ and z is a point in R*, we denote by d(z,Y’) the distance from
z to Y, defined by

d(z,Y) = inf{y € Y : ||z — y||}.

For the proof of Theorem 3, it appears to be more natural to endow R* with the
Fuclidean norm, as it is specified at the beginning of Section 5.

3. Proof of Theorem 1

Let v > 1 be real. We treat only the case k = 3, since the case k£ = 2 is much more
easy. Presumably, the argument works as well for any integer k£ > 4, but this is technically
much more complicated. We first prove the existence of triples a = (a1, aa, ag) for which
the set .

(maxi<i<3{ni})®

Vi(a) = {§ € R: ||niag +noas + ngaz — €| <
for infinitely many (nq,ne,n3) € Z321}

has Hausdorff dimension 1/v. At the end of this Section, we then briefly explain which
adaptations should be made to get Theorem 1.

Throughout the proof of Theorem 1, we work on the circle [0, 1], and we denote by
{-} the fractional part. In order to simplify the exposition we need to fix some notation.

Notation. Let a and b be real numbers. If {b} > {a}, then [a,b] denotes the interval
[{a}, {b}], otherwise [a, b] denotes the union [{a}, 1[U]0, {b}].

The proof of Theorem 1 essentially rests on the following elementary lemma.

Lemma 1. Let a4,...,a, be positive integers. Set p,/q, = [0;a1,as2,...,a,]. Let 7 and
v > 1 be real numbers. Let a = [0;aq,...,apn,Qnt1,...] be real and set ppi1/Gni1 =
[0;a1,a2,...,a,+1]. We then have
ql{i_(fv) q
U [ja+7T—¢,ja+T+¢] C U [ja+ T —2¢, ja+ 7 + 2¢]
=0 i=0
and
qiﬁ@ an
U [—ja+T—¢,—ja+T+e] C U [—ja+ 7 —2e,—ja+ T + 2¢]
j=0 §=0
—1/2

for any real number € > q,, 7"

Proof : The basic idea of the proof of Lemma 1 is the following. Let ¢, denote the denom-
inator of the n-th convergent of a real number a. Then the points {a},{2a},...,{¢g.a}
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are well distributed in the unit interval I: two consecutive points are distant by at least
1/(3¢,) and at most 3/¢,,. If the (n+1)-th partial quotient a,; of « is large, then for any
integer ¢ with e.g. ¢, < ¢ < qiéfl the point {ga} is very close to some point {ja}, with
1 < j < gp. This means that, for ¢ not too small, an interval centered at {ga} of length ¢
is contained in the interval centered at {ja} of length 2¢. We now turn to the proof.
Recall that, by the theory of continued fractions, we have ||¢,a|| < 1/¢n+1. Let m be
1/(2v)

an integer with ¢, <m < ¢, ;. Performing the Euclidean division of m by ¢,, there are

non-negative integers b and r with b < q,lbg_(f v) , 0 <r < qn, and m = bg,, +r. Consequently,

we get
1/(2v —1+1/(2v —1/2
l{ma} — {ra}|| < gt/ lanal < g it/ < g1 <,

since € > q;i{z. The lemma follows. O

We construct inductively the sequences of partial quotients of the real numbers aq,
as and ag, in such a way that we know an enumerable covering of the set V. (a1, oo, as).
The basic idea consists in building numbers a4, as, and ag such that their sequences of
denominators of convergents increase very rapidly and are far from each other.

For j = 1,2,3, we denote by a; = [0;a4,j,a2;,...] the continued fraction expansion
of aj, and by (pn,;j/qn,j)n>1 the sequence of its convergents. In the course of the proof, we
adopt the following convention. For any set of triples of integers

X = {(j17j27j3) .72 € le = 172;3}7

we define the union of close intervals X by

Y _ . ) ) _ v ) ) v
U [j1a1 + joaa + jsas 11‘2?}3{%} yJiag + Jaao + g3z + 1fgfl<5<3{]z} ]
(j1,J2,73)EX T o

Assume that a11,...,a,,1, @12,...,ap2 and a1 3,...,a,3 have already been con-
structed and that we have

2 —1)2 2un2 20n2
i > T3 e > T s > 25 (I,)

It will be implicit that we take 41,1, @n+1,2, and a,41 3 large enough in order that (7,,41)
holds.
By Lemma 1 applied with jo and j3 fixed, the union of intervals

UV = U Jriar + jeas + jsas — 4j3%, jion + jac + jsas + 4757
0<ii<ia/™.0<ip<is/™

qﬁ, 1593 Sqi{q-(f,?
contains

[ARES U o + jaae + jaas — 2457, jron + jaca + Jzas + 2j5 ]
0<i1<a,/ T 0<ia<iy/ "

C_1/(2v)
n
qn,1§‘73sqn+1,1



and thus as well the union

(1) _ . . . _ Y —v . . -
X U 1o + jaaz + jsas fglgxg{]z} yJion + J2a2 + J3az + @%{Jz} ],

taken over the set of triples
S (1 . 1/(2 . 1 . 1/(2
(X) 0<ji <5, 0<i<i/™ @y <z <a) T
Furthermore, applying Lemma 1 to Vysl) with j; and j3 fixed, we see that V,El) contains

U a1 + joag + jaas — j3 ¥, jioq + jaa + jzag + jg 7]
0<ir<al/ %) 0<iz<al/ V)

no<s 1/(2v)
4y 157354, 5

and thus as well the union

(1) _ . . . B N . . N
Vi =Jlhen + g2z + jsas = max {5} 7, jron + jas + jsas + max {5} 7).

taken over the set of triples
= (1 . 1/(2 . 1/(2 . 1/(2
(V) 0<i <Y, 0<i<al™, d<i<as.
In the same way, interverting the roles played by j» and j3, we have

Wi = U 1o + jeas + sz — 4757, jion + jac + jsas + 475 ]

2v)

L _1/n p . 1/(
<
0<j1 <3, ’qn,17725qn+1,1

0<iz<is/™
contains the union of intervals

(1) _ . . . _ —v s . . 1 —v
2 U a1 + jaaz + jsas 11212?1%(3{]1} yJ101 + J20i2 + J30i3 + 1%1%5(3{]1} ]

taken over the set of triples
(Z) 0<ih <5y, @< <alTY, 0<is<i™

n+1,1> n+1,1»

and the union

T = U 1o + joas + o — 121?53{.7'2'}%,]'1&1 + J202 + jzas + 112?%(3{]'1'}71)]
taken over the set of triples
(T 0<j <g®), gy <o <aq/$, 0<js<g/i*.
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Proceeding as above and letting 2 and 3 play the role of the index 1, we further define

finite union of intervals U7(L2), 7§2), ¢(L3) and WT(LS) taken, respectively, over the triples
defined by
. 1 . 1 . 1/(2
0<ji<jy’™ 0<jn<iy/" s <is <}y,
. 1/(2 . 1 . 1
¢y <h <alSY, 0<g <G 0< g <
. 1/(2 . 1 . 1
¢ty <i <alGY, 0<ja <" 0<js <™
and

. 1 ) 1/(2 . 1
0<ji<i/" ais<ir<ql39, 0<js<jp/™,
and of length, respectively, 855, 857, 8j; *, and 875 “.
Using Lemma 1 as above, they contained, respectively, the unions of intervals corre-
sponding to the sets of triples:

(2 . 1/n . 1/(2v . 1/(2v
(X2 0<ji<j3’", 0<js< qnﬁ(l,g), Ino <J3 < qnﬁ(l,g),

(2 . 1/(2v . 1/(2v . 1/n
(Z7(l )) qg,2 <n< qnﬁ-(l,Q); 0< J2 < qn{|_(172)7 0< 73 < ]1/ s

~(3 . 1/(2v . 1/n . 1/(2v
(X)) s < <ql59, 0<i <" 0<h<aq/TY
and

~(3 . 1 . 1/(2 ) 1/(2
) 0<ji<i/", ais<i<al9, 0<js<q/Sy.

They as well contain, respectively, the intervals corresponding to the sets of triples:

(V) 0<i <g/?), 0<jp <Py, qrs<is <3,
(T8 gy <1 < a0 <ga < g5, 0< s < g/,
(V) s < < a5, 0<g < gy, 0< s <aGY
and

(3 . 1/(2v n . 1/(2v . 1/(2v
(T8 0<i<afiy, aa<i<alSy, 0<i<q/Ty.

Lemma 2. The union

) ) . o . ) ) v
U [jioa + jocg + jzos — 71 Y, jion + Joce + 3o + 41 ]

q2’2§j1§q71/+(12j’2)

j123220,j12>53>0
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is included in Zﬁf) @] Y,§3) U YTEQ) U T7(12)' The union

U [jioq + joco + jzog — 317, jioa + jace + jzos + 41 ]

1/(2v) _ . n+1
nt1,9 919,19 5

Jj12>322>0,j12>253>0

is included in X{¥ U Ty(li)l. The union

U lhar +jeas +sas — j57°, jran + jocs + jzas + 5 ]

) 1/(2v)
n o<
O 159250,

j2237120,j2>53>0
is included in Zg) U Tr(b?’) U Yn(Q) U Tél). The union

U [jioa + joco + jzag — jg ¥y jiou + joca + jzas + jg ]

1/(20)_ . _ m41
<jo<
Int+1,1 57259, 411
j223120,52>532>0

is included in Yf’) U Z7(13). The union

U [jioa + jaco + jzas — j3 7, jion + jace + 3oz + g3 ¢

C_1/(2v)
n o<
O 159350,

j3>322>0,j3>51 >0
is included in Xﬁbl) U YT§2) U TT(Ll) U Y}El). The union

U [jioa + joco + jzag — js ¥, jioa + joca + jzas + 43 ]

1/(2v) _ . n+1
9pt1,1 SJ35%-;-1,1
j32>3220,53>512>0

is included in X7(12) U YTS?’).

Proof : We content ourselves to check the first assertion, since the proofs of the five

others are similar. Observe that the set of triples (j1, jo, j3) such that g 5 < ji < qiéffg),

J1 = j2 = 0, and j; > j3 > 0 is contained in
2P U (1o da) s dz < G S 440%9,0 < o < 1t < s < ik
The second of these two sets is contained in
VO U {(j1, 52, 35) : o <51 < @ty 0 < o < g5y " < s < n s
hence, in the union
YD UV, U {(j1, 2, 3) : @hs < 1 < 05,0 < G2 <ot < s < gl o)
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Since jl1 /s dn 2 @8 soon as ji > qg;, the last set of triples reduces to the set

e . 2 . . .1/n .
{(U1,72,73) * o < J1 < gp20<j2 < ]17]1/ <J3 < o}
Since gy 3 > qTQLf’Q”Q, this is included in T; Y(LQ). This completes the proof of the first assertion

of the lemma. O

Lemma 3. Let E be a Borelian subset of RF and {U;};>1 be a countable family of subsets
of R¥ such that
E c{{eR:£eU; for infinitely many j > 1}.

If s is a real number such that

Z (diam (U;))° < +o0,

Jj=1
then H*(E) =0 and dim E < s.
Proof : This is the Hausdorff-Cantelli Lemma, see e.g. [2]. O

Lemma 4. Forj = 1,2, 3, the setslim sup Uﬁj) and lim sup Wy(bj) have Hausdorff dimension
at most equal to 1/v.

Proof : We content ourselves to prove that dim lim sup Uél) < 1/v. Let s > 1/v be a
real number. For any positive integer ng, the s-measure of the set lim sup Up, ) is at most

equal to
Z Z 2/n + 2 —vs

n>no j=>qy 4

This double sum has the same behaviour as

Z qnl n(l vs),

n>ngo

which is convergent since s > 1/v. It then follows from Lemma 3 that dim lim sup Uy(Ll) <
1/v. O

Now, we complete the proof of the theorem. Let £ be in V) (a1, a2, ag) with aq, a2 and
a3 as above. Permuting o, as, and ag if needed, £ belongs to infinitely many intervals

[jron + jace + jzas — 31 Y, jion + jacg + 3oz + 51 7]

with j; > jo and j; > j3. In view of Lemma 2, this means that

£e U lim sup UY) U U lim sup W7,
0<5<3 0<5<3
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The desired result follows from Lemma 4.

To go from the case of the sets V. to that of the sets V,, we first have to slightly
increase the size of the intervals; basically, we replace j; ” by j; “(logj;). It is easily seen
that Lemma 4 remains true with these slightly larger intervals. Furthermore, to go from
the non-negative integers to the rational integers, we simply observe that, as a consequence
of the second part of Lemma 1, the above discussion applies not only to (ay, as, as), but
to any of the eight triples (taq, tag, +as).

To conclude, it only remains for us to prove that 1, ay, as and ag are linearly inde-
pendent over the rationals. Assume that there exist integers A4, ..., A4, not all zero, such
that

Ajaq + Asag + Asas + Ay = 0.

For any positive integer n, we have
A1Gn2qn100 + Aaqn 1Gn202 + A3Gn, 100,203 + qn1Gn,2 A4 = 0.

Classical results from the theory of continued fractions (see e.g. [16]) imply that

|A1gn 2qn 101l < gn26p 1

and
| A2Gn,10n,202] < Gn1Gr 1o

where, as below, the numerical constants implied in < depend only on Aq,..., Ay. If
As # 0, we get that

| A3Gn.1qn.203 < @n28nis 1 < (|A3|Gn,10n,2) ">,

for n large enough. Then, by Legendre’s theorem (see e.g. [16]), |A3|¢n,1¢n. 2 is the denom-
inator of a convergent to az. This is a contradiction, since

qn—1,3 < |A3\Qn,1qn,2 < @qn.3

holds for n large enough. Consequently, we have A3 = 0 and we argue in a similar
way to show that Ay = Ay = A4y = 0, in contradiction to our assumption. Thus, we
have established that 1, a1, ao and ag are linearly independent over the rationals. This
completes the proof of the theorem. O

4. Proof of Theorem 2

For sake of simplicity we only do the proof for £ = 3. This is much more illustrative
than the case k = 2, and slightly less technical than the general case. At the end of this
Section, we indicate which (slight) changes are necessary in order to treat the case k > 4.

Replacing ¢ by the function ¢ defined by gzg(n) = Sup,>, ¢(j) if necessary, we may
assume without any loss of generality that ¢ is non-increasing.

13



We aim to construct « such that the Hausdorff dimension of
Wy (o) = {(51,52753) R’ s max {[lna; — &l|} < ¢(n|)
holds for infinitely many n € Z>1 }

is less than or equal to 1. Indeed, since Wy (a) = W), (a) U (=W} (a)), this implies the first
statement of the theorem.
Let (f(n))n>0 be an increasing sequence of integers such that f(0) = 0 and set

a= (i 2—f(3n)7 i 3—f(3n—|—1), i 5—f(3n—|—2)>.

n=0 n=0 n=0

We construct inductively the sequence (f(n)),>o in order that the corresponding triple o
satisfies dim Wy (a) < 1.

In the following, # denotes an element of R3 and © its projection on the torus T3.
Consider the sequence (6,,),>0 of triples defined by

0y = (Q_f(o)’o’o), 0 = (2—f(0)’3—f(1)’0), 0y = (2—f(0)’3—f(1)’5—f(2))’

n n—1 n—1

03, = (Z 9= f(Bm) Z 3—fBm+1) Z 5—f(3m+2))’
m=0 m=0 m=0
n n n—1

03n+1 — (Z 2—f(3m)’ Z 3—f(3m+l)’ Z 5—f(3m+2))’
m=0 m=0 m=0

O3 i = (Z 9~ f(3m) Z 3—f(Bm+1), Z 5—f(3m+2))_
m=0 m=0 m=0

The sequence (0,,)n>0 converges to .
For any integer p > 2, the projection ©, of 6, is an element of T? of finite order
Qp = 2f(P0) 3/ (1) 5F(P2)  where p; denotes the largest integer < p of the form p; = 3m + i.
Observe that all the exponents f(m) occurring in 7,, := « —6,, are strictly larger than
f(n). Thus, we can choose the sequence (f(n))n>0 such that |n,| decreases arbitrarily
rapidly to 0. Further, we check that

70, + 73 = Z.(2=5 ) 0,0) + Z(0,377®) 0) + Z(0,0,57 /P2y = T,

holds for any integer p > 2. Therefore, the distance of any point x of R? to I', goes to
zero as p tends to infinity. For every integer ¢ in {0,...,Q,}, we have

d(qep,qg) < Q|77p| < Qp|77P|-

Thus, the distance of any point  in R? to Za + Z? is at most Q,|n,| + d(z,T',). Conse-
quently, Za + Z3 is everywhere dense in R?. This shows that 1 and the three coordinates
of a are linearly independent over the rationals.

The proof of Theorem 2 rests on the next three lemmas.
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Lemma 5. For any integer p > 2, the projection G, of T'), in T? is contained in a set D,
which is an union of segments of total length

3f(p—2)5f(p—1) if p=3n,
L,={ 5/e=22f(=1)  if p=3n+1,
2fp=2)3f(p=1)  if p=3n+2.

Furthermore, all these segments are of length 1.

Proof : We only treat the case p = 3n, since the two others are similar. We observe
that G, is included in the projection of the segments [0, 1] x {(a3=f®=2) 5= f =)l for
a:1,...,3f(p_2) andb:17...,5f(p—1). O

Lemma 6. The sequence (f(n))n>0 may be chosen in such a way that there exists a
sequence (P,),>0 of integers satisfying

Qn < Pn < Qn+1v
$Qu)<et  and  G(P) <e b, (1)
Qn 277D < %¢(Pn_1) and  P,2 /"D < %¢(Qn>, (2)

for any integer n > 1.

Proof : We proceed by induction. Assume that f(0),..., f(n) and Fp,..., P,—_; are

constructed. Since L,11 depends only on f(0),..., f(n), we can choose an integer P,, > @,
such that ¢(P,) < e fn+1, Taking f(n + 1) large, we get (2), ¢(Qni1) < e Ln+1 and
Qn+1 > Pn- g

Lemma 7. Let (¢,),>1 be a sequence of positive real numbers which tends to 0. If
(En)n>1 Is a sequence of sets such that ) -, HZ (E,) < co. Then, we have

H? ( lim sup En) =0,

n—-4oo

and the Hausdorft dimension of limsup,,_,, . F, is at most equal to s.

Proof : This is an easy consequence of the Hausdorff-Cantelli lemma (see e.g. [2], p. 68).
Since

Hi(limsup E,) < Y HE (Ey)
n—+00 n:e, <o
holds for any 6 > 0, we get H*(limsup,,_,, ., £n) = 0. O
For a subset F of T3 and a positive real number 7, we put
V(E,r)={xcT?:d(z,F) < r}.
Further, for a positive integer ¢, we set E, = {0,0,20,...,¢0}.
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Since Qn < Py < Qnt1 and ¢ is non-increasing, W (a) is included in

limsup V (Ep,,#(Qn)) U limsup V(Eq, .., d(Pn)).

n—oo n—oo

To establish that the Hausdorff dimension of W (a) is at most 1, it is sufficient, by Lemma
7, to prove that, for any s > 1, there exist two sequences (,),>1 and (£),),>1 which
decrease to 0 and are such that the series

Y M (V(Ep,,¢(Qn) and Y H (V(Eqg,,.,¢(Pn)))

converge.
Let ¢ < P,, be a positive integer. Performing the Euclidean division of ¢ by @,,, there
exist integers ¢ and a such that ¢ =¢Q, + a and 0 < a < Q,. Therefore,

1O — aO,|| = ||(£Qn+a)(@n +77n) —aB,|| < |(€Qn +a)77n| < Py |nnl -

Furthermore, by (2), we get P, |n,.| < ¢(Qy), thus

EPn - V({Ov ®nv ey (Qn - 1)@71}; (b(Qn))

It follows that

V(Ep,,(@n) CV({0,0n,...,(Qn —1)0n},2¢6(Qn)),

thus, by Lemma 5, we get

V(EPna Qb(Qn)) - V(Dnv 2¢(Qn))

Let s > 1 be a real number and n be a positive integer. Throughout the remaining
part of the proof, < means that there is an implied absolute positive constant. Setting

£ = 6(Qn), we have

length of D,,

- X &5 < Lpd(Qn) L.

1., (V(Dn, 26(Qn))) <
It then follows from (1) that

He (V(Ep,, $(Qy))) < Lne (DI,

This last inequality shows that the series ) HZ (V(Ep,,Q,")) converges. For the other
series, set e/ = ¢(P,). For ¢ < Qn+1, we have

140 — ¢Ont1|l < Qunt1 |Mnt1ls

and then, by (2),
1¢© — ¢On 1] < A(Py).
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Therefore, we get

V(EQn+17 (b(Pn)) - V({Oa @n—l—lv R Qn+l®n—|—1}; 2¢(Pn))
C V(Dn+172¢(Pn))

and
» length of D, 41

He (V(EQu 1, 0(Fn))) < X €y K Lpt1¢(Pa)* ™"

/
87’1/

Finally, by (1), we obtain that
g’n (V(EQn-H?Pn_U)) < Ln+1e_(s_1)Ln+1
which shows that the series ) H? (V(Ep,,#(Qn))) converges.
Consequently, the Hausdorff dimension of Wg/b () is at most 1.

Taking for ¢ a function tending to 0 more slowly than any function x — =% with
w > 0, we get the second statement of the theorem.

To conclude, we briefly explain how to proceed to deal with the general case. For an
arbitrary integer k > 2, we choose the first k prime numbers p; = 2, po = 3,...,px and

we set
0 [o@) 0
E : f(kn } : f(kn+1 Z f(kn+k—1
Q:( pl( )7 p2( ):"-7 pk( ))
n=0 n=0 n=0

We define a sequence (6,,),>0 in the same way as above, that is, such that for any i and j
in {0,...,k — 1}, the j-th coordinate of Oy,; is

n
Sop[ T i,
m=0

and
n—1 '
D A R P

m=0

The proof goes exactly as in the case k = 3. The main point is that in Lemma 6 the length
L,, depends only on f(0),..., f(p—1).
0

5. Proof of Theorem 3

In this Section, we use the following notation. Let k£ > 2 be an integer. We endow RF
with the Euclidean norm | - |2, and, for any z in R, we set

lz]l2 = inf{|z — n|> : n € Z*}.
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Clearly, || - ||2 induces a distance on the k-dimensional torus T*, which we also denote by
|| - []2. If Y is a subset of R* and z is a point in R¥, we denote by da(z,Y’) the distance
from z to Y, defined by

do(z,Y) =inf{y € Y : ||z — y||2}.

We could as well have worked with the supremum norm, as in the rest of the paper;
however, since geometric arguments are applied in the present case, it seems to us more
natural to use the Euclidean norm.

Furthermore, throughout this Section, the constants implied by =, < and > depend
only on the dimension k.

First, we introduce the notions of best approximation in R* and in the torus T* (see
e.g. [12]). These are needed to establish Lemma 9. As in Section 4, if § is an element of
R”. we denote by O its projection on the torus T*.

Definition 1. Let © be in T*. A positive integer ¢ is a best approximation of © if we
have ||pO||, > ||¢®O||,, for every integer p with 0 < p < g. Let 6 be in R*. A positive
integer q is a best approximation of @ if it is a best approximation of ©, that is, if we have
1pO|l5 > [|¢®||,, for every integer p with 0 < p < q.

Let 6 be in R*. Arranging the set of best approximations of @ in increasing order,
we get an increasing sequence (gn)n>0 of positive integers starting with ¢y = 1. For any
positive integer n, let ,, be the vector of R* and P, be the integer k-tuple such that

b = P, + ¢, and e,y = [|¢n O], -

Put ) .
0,=0—-—¢,=—P, and rn = |enly = [|¢nb]2.
dn adn

Then, 6,, is the rational approximation of 8 corresponding to the best approximation g,
and we have obviously ||gn8y|2 = 0. We consider the lattice

A, :=ZF +Z6,,

which is included in Q¥, since 6,, has rational coordinates. We denote by Moy ooy Men
the successive minima of A,,.

Lemma 8. The subgroup (6,,) of T, generated by ©,,, has exactly g, elements, that is,
k©,, is non-zero for any k = 1,...,q, — 1. Furthermore, for any p = 0,1,...,q, — 1, we
have

1p6 — pbnl| < 7.

Moreover, the lattice A, has determinant 1/q,, and its first minimum A, ,, satisfies
2rp1 2> Aip > 1n—1/2.

Proof : This follows from Lemme 2 from [6], since, with the notation of [6], the first
minimum of A,, is equal to d(0, (©,) \ {0}) and therefore to 7((©,)). O
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Lemma 9. The last minimum of A,, tends to 0 as n tends to infinity. The product q,r,_1
tends to infinity with n.

Proof : For any positive integer ¢, let F, denote the set ({0,0,...,¢0} + Z*). By Lemma

8, the distance of each point of F, _; to A, is less than r,, and

;rel%}i da(z, Ap) < Ao

Consequently, we have

Aen < max do(z, Fy,—1) + T,
zeRk

and, since Z# + Z* is dense in R*, we get

lim max do(x, Fy,—1) =0and lim A;, =0, (3)

n—oo xeRk n—oo

thus the last minimum of A,, tends to 0 as n tends to infinity.
By Minkowski’s second theorem on successive minima (see e.g. [5], p.156), we have

1
det Ay = — < Aipdom - Men < A (M) 7L

n
Combined with Lemma 8, this gives

1 1
= < (Agn)" N 4
qnTn—1 Qn)\l,n _( ks ) ( )

Since k > 2, it follows from (3) and (4) that g,r,—1 tends to infinity with n, as asserted. O

After these preliminaries, we turn to the proof of Theorem 3. Let w > 1 be a real
number and s be any real number in |0,1/w[. Let a = (aq,...,ar) with 1,a1,..., ax
linearly independent over the rationals. We shall prove that W, (a) contains a Cantor—
type set K whose Hausdorff dimension is greater than s. By the mass distribution principle
(see e.g. [9], p. 24; this is also called the Frostman lemma), it is sufficient to construct a
probability measure p on K such that

o H(B(@.7)

r—0 rs

=0

for all z in K. We divide our inductive construction into 6 steps.

Step 1. For any positive integer ¢, let Fj, denote the set ({0,¢,...,qa} + Z*) and put
E, = F,Nn[0,1]%. Let (¢,)n>0 denote the sequence of best approximations of a and, for

any positive integer n, put

An:z’wgpn,

n

where P, is the point of the lattice Z* for which ¢,a — P, is minimal.
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For any positive integer n, put

1
A, = {CL’ S [0, 1]k : dg(ZE,Eqn_l) < —}

a5

Let (nj);>1 be an increasing sequence of positive integers, which will be chosen in Step 6,

and put
K= An,.

Jj=1

First, we observe that K is a Cantor—type set. Indeed, the sets A, are made of closed
balls and, by the definition of best approximation, the distance between the centers of two
balls composing A,, is at least r,_1. Furthermore, it follows from Lemma 9 that, for n
sufficiently large, A,, is a disjoint union of balls of the same radius.

To simplify the notation, for any integer j > 1, we put

Qj = dn;, AJ = Anj7 Pj = Tn;—1,

and
Ki= () Au,
1<p<y
Step 2. Since 1,a1,...,a; are linearly independent over the rationals, the sequence

(ma)m>1 is uniformly distributed in the torus T*. Thus, we may select n;4+1 sufficiently
large in order that each ball of K; contains a number

N € [aQj11Q; " /2, 20:Qj11Q; "]

of balls of K1, where ¢, denotes the volume of the unit ball of R*. Dropping some
of these balls if necessary, we can suppose that each of the balls of K; contains exactly
N; = [ck Qj+1Qj_wk/2] balls of K 1. Let £; denote the set of centers of the balls composing
K;.

We define inductively a sequence of discrete probability measures (4;);>1 such that,
for any 7 > 1, we have:

(i)  The support of p; is equal to &;;

(27)  All the points of £; have the same mass m;.

Since the p; are probability measures, we get

m; 2 wk H—1
mjp1 =~ X m;—QY Q.
J N, Jep %1 it
The sequence (u;);>1 weakly converges to a probability measure p whose support is con-

tained in /C.
Step 3. Let x be in K. Let j > 1 be an integer. We wish to estimate u(B(x,r))r~—° for

rin [3Q714, 5Q; “]. There is a point P; in Eq, 1 such that the ball B; = B(P;,Q; ") of
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K; contains z. Call C; the set of centers of balls of K;; included in Bj. Since all balls of
K11 have the same radius Qﬁ_"l, we have

w(B(z, 7)) < pjpa (B, r + Q).

Therefore, in order to estimate u(B(x,r)), it is sufficient to count the number of points of
Cj lying in B(z,r + Q;1).

We begin with an obvious upper bound. By the definition of pj;ii, the distance
between any two points of Eg,,, 1 is at least p; 1 and since C; is contained in Fq, , 1,
we get

card B(a:,r)ﬂCj<<maX{1,< ! )k} (5)

Pj+1

When 7/p;y;1 is large, the previous estimate is useless and a sharper upper bound is
required. Since the set Eq, ,_1 is close to the lattice At we begin by counting the
points of A7 N B(z, 7).

Step 4. Let (e1,...,ex) be a reduced basis of A’T!. By ‘reduced’, we mean (see [1]) that
the following two properties hold true:

|€1|2 <...< |ek|27

and, fori =1,...,k,

sin(Z(e;, Vi) > (V/3/2)F,

where V; denotes the vector subspace spanned by the k—1 vectors ey, ...,€;—1,€i11,...,€k.
This last inequality implies that, for any real numbers ¢, ..., t;, we have

> (V3/2)F max{|t;| - les]o :i = 1,...,k}. (6)

k
E tiei
=1

Let y = Zle a;e; be in A7t N B(0,7). Assume first that there exists ¢ with 1 < i <
k — 1 such that r is in [(v/3/2)% |eily, (V/3/2)F |ei1], [ Then, by (6), we have
T

laj| < ———, j=1,...,i

(V3/2)% le;l,
and, since the a;’s are integers,
a; =0, j=1i+1,...,k.

Therefore, we get
i

card VTN B(0,r) €« ———.
lexly - - leil
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Assume now that 7 > (v/3/2)* |ex|,. Then, we get the upper bound

k k
d AP A B(O r L =k, 8
o ) < le1ly .. lekls Sqetait T @i, (®)

by Lemma 8. Furthermore, we observe that, for any = in R¥, we have

card AVt N B(z,r) < card A7 N B(0, 2r).

Step 5. Thanks to (5), (7) and (8), we are now able to bound p(B(x,r)) r~* from above.
We distinguish three cases.
Assume first that r is in [1/2Q;, |e1],]. With the ‘obvious’ estimate (5), we get

w(B(z,r)) - i1 (B(z,r + Q1))

/r-S
2r \* s
< mjpimaxq 1, [ —— r
le1l,
< mj+17“_5 < mj+1Q§$1 < mj@?kQ;‘Ujfl-

Assume now that r > |e;|s and that 7 is in [(v/3/2)%|e;s|2/6, (V/3/2)F|eir1|2/6], for
some i =1,...,k — 1. Then, we infer from (7) that

wu(B(z, 1)) < pi+1(B(z,m+ Q1))

/rns /r»S
. mjicard AVTEO(B(z,r+ Q1 + le1]2) ()
;’ﬂS
< M rl _ myr1rtleipfz - el
rs |61|2...|€A2 rs |€1|2---|€k|2

Since we have |e1]s. .. |exla > det AVT1 =1/Q 11, we get from (9) that

p(B(z,r))

s L M1 " Qj1leiril2 - - ekl

wk
< my~—leitily “Qjtileirilz- . lexl2
Qj+1
wk k—s
<L m; Qj ekl
< ij;-”k x (last minimum of AJT1)F~s,
Indeed, for each i, |e;|2 is greater than or equal to the i-th minimum and, since the basis
is reduced, the product of the norms of the vectors of the basis is of the same order of size

as the determinant of A7*! and, thus, as the product of the minima. It follows that, for
each i, |e;| is of the same order of size as the i-th minimum.
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Finally, if 7 is in [(v/3/2)")|ex|2/6, Q; "], we get from (8) that

w(B(z,7)) _ mij+1(B(z,r+ Q1)

/rnS

/rns
mjicard AT O (B(z, r + Q1 + leil2)

;r-S

wk
m; ;
J+1 K J k—s
> r Qj-l—l <L m; r Qj-H

Qj+1
Nwk —w\k—s ) wk sw—1
<<mng (Qj ) <mj—1 j—le .

<

Step 6. To conclude, it is sufficient to define inductively the sequence (n;);>1 such that:
- the uniform distribution condition stated in Step 2 holds;

- the sequence (m; Q;PkQ;-”jl_l) ; tends to zero as j goes to infinity;

- the sequence (m;Q¥* (last minimum of A7+1)5~%); tends to zero as j goes to infinity.
This is possible since we have ws — 1 < 0 and thanks to Lemma 9. Then, the results
obtained in Step 5 show that, for any x in K, we have

L u(B(r)

r—0 TS

=0.

Taking s arbitrarily close to 1/w, this proves that the Hausdorff dimension of W,,(«) is at
least equal to 1/w. Theorem 3 now follows from Proposition 1. O

6. Proof of Proposition 1 and Theorems 4 and 5

Theorems 4 and 5 are particular cases of a more general result on systems of linear
forms. For u > 0 and A in M, ,,(R), set

1
U, (A) = {§ € R": ||Az — {|| £ — holds for infinitely many z in Zm},

||

where |z| denotes the maximum of the absolute values of the entries of the integer m-tuple
z, and Az is the (usual) product of the matrix A by the column vector z.
This Section is devoted to the proof of the following assertion.

Theorem 6. Let n,m be positive integers and u > m/n be a real number. Then for
almost all A in M, ,,(R), we have

dim U, (A) =

m
u

Theorems 4 and 5 follow straightforwardly from Theorem 6. Actually, we prove a
slightly stronger result, since there is no positive constant ¢ involved in the definition of

Uy, (A) (in comparison with V, () and W, (a)).
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Let A be in M, ,,(R). The Hausdorff-Cantelli Lemma easily yields the upper bound
dim U, (A) < m/u. Indeed, for any positive integer n, we set

B U {eeriaz-gi< oo

|z]=n
zezZz™

and €, =n~". Let s > m/u be real. Observe that
Hf;n (En) < nm—l gfz < nm—l—us,

where the constant implied in < only depends on n and m. Since U,(A) N [0,1]" =
limsup,, ., ., E, and m — 1 —us < —1, we infer from Lemma 7 that

HE Uy, (A) N [0,1]7) = 0.

Consequently, the Hausdorff dimension of U, (A) is at most equal to m/u. The same
argument shows that, for any positive real number ¢, the Hausdorff dimension of the set

C

[

{é ceR":[[Az - {| < holds for infinitely many z in Zm}

is at most equal to m/u. This proves Proposition 1.

However, the reverse inequality is slightly more difficult to obtain. Our proof uses
on the one hand a classical result of Cassels [5], asserting that almost all matrices A in
M,,.m(R) share a same approximation property. On the other hand, we use the notion
of ubiquitous systems, introduced by Dodson, Rynne and Vickers [8] to get the expected
lower bound for the dimension of U, (A).

First, we recall some results about Diophantine approximation.

Definition 2. A matrix A in M, ,,(R) is regular if there exists § > 0 and infinitely many
positive integers X such that

inf{||Az| :z € Z™, 2 #0, |z| < X} > 6 X ™/",

It follows from the Borel-Cantelli Lemma that almost all matrices are regular (see
e.g. [5], p- 92]).

We further need a transference theorem between homogeneous approximation and
inhomogeneous approximation.

Theorem B. Let A be in M, ,(R). Suppose that for every non-zero x in Z™ with
|z| < Xo we have ||Az|| > c. Then, for all { in R", there exists z in Z™ such that

—_

Az — || < (X ™™+ 1)c and lz] < (X, ™e™™ 4+ 1)X,.

2
Proof : This is [5|, Theorem VI, p. 82. 0
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We shall get from Theorem B that the lower bound dim #,,(A) > m/u holds for every
regular matrix A.

We first recall some facts about ubiquitous systems. Let {2 be a bounded open subset
of R, (S4)acy, be a family of subsets of Q, u : J — R be a positive function, and
1 : RT™ — R be a non-increasing function tending to 0 as x tends to infinity. Finally, set

Sal(p) ={§ € Q:d(§, Sa) < p}
and
L(Sa,p, ) ={§ € Q:d(§, ) < ¥(u(a)) holds for infinitely many a in J}.

In the sequel, we denote by diam C the diameter of an hypercube C, that is, the supremum
of the distance between any two points of C. Assume that the following hypothesis is
satisfied. For each j, there exists a Lebesgue measurable subset E(j) and a positive
number A(j) such that
lim [0\ B(j)| =0, lim A(j) =0,

and for any hypercube C C Q with diam C = A(j) and $C N E(j) # 0, there exist a
real number d and « in J, with p(a) < j and 0 < d < j, such that for all p satisfying
0 < p < A(j), we have

IC N Sa(p)| > p"~%(diam C)4 (10)

and
IC'NCNS,(p)| < p™%(diam C")4, (11)

where C’ is any hypercube in Q with diam C’ < A(j). The system (S,, ) is called an
ubiquitous system relative to A\. The real number d is called the dimension of (S,). The
following result was proved Dodson, Rynne and Vickers [8].

Theorem C. Suppose that (S,, p) is an ubiquitous system with respect to A and that
¥ : R — R7T is a decreasing function. Let t = d + ~(n — d), where

~ = min {1, lim sup log /\(‘7) } .

We then have
dim L(Sq, p, ) > t.

Proof : This is Theorem 1 from [8]. O

We are now ready to prove Theorem 6.

Proof of Theorem 6. Let A be a regular matrix in M, ,,(R). There exist § > 0 and an
increasing sequence of integers (x,),>0 with x,, — 0o, such that for every p we have

inf{||Az] : z € Z™, 2 40, |a| < z,} = 6z,™/".
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By Theorem B, for any { € R" there exists x € Z™ such that

1 —-m —m/n\y—n -_m/n
| Az — €| §§(xp @z, ™™™ + 1) z,™

2 (12)
=5 (07" + 1)y = Aday ™

and )
|z| < 5(5771 + 1)z, = Az, (13)

where A = 1(6=™ + 1). For a positive integer p, set S, = {Az : |z| < Az,} + Z", and

1u(p) = p. We claim that (S, 1) is an ubiquitous system with respect to A(p) = Ada, ™™
(and Q =]0,1["). Indeed, by (12) and (13), any hypercube C of diameter at least A(p) =

Adxy, ™/ contains at least one point of S,; therefore, we have
CN{EeQ:dES,) < p}| > o

for any p satisfying 0 < p < A, and (10) holds with d = 0. As for (11), consider the sets
1
Ty(z) = Az + {Ag ry L™, ‘g‘ < 531:1,} +Z", xeZ™.

There exists an integer a depending only on é and n such that for all p there exist
Tq,y...,2, € Z™ with
Sp C Uiz Tp(;)-

Let C’ be an hypercube with diameter less than \(p) = Adz, m/™ " Since the distance

/

between two points of T, (z) is at least dx, """, the hypercube C’ contains at most A™"

points of T),(z). We get
C'N{g€Q:d(E Tp(z) < p}| < p"

and therefore
IC'N{E e d(ES,) <p}| < p™

Consequently, (11) holds for d = 0. Let ¢ : R™ — R™ be a non-increasing function such
that (p) = x,*. Theorem C yields the lower bound

. . : log A(p) }
dim L£(Su, t,%) > nmin< 1, limsu
(S, 9) { p—>oop log ¥(p)

. . log Adx;m/n . m
=nmin< 1,limsup ———— :mln{n,—}.
U

p—oo logzp "

Since we have

L(Sp, 1, ) CU,(A)U (AZ™ +Z7),
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the proof is finished. O
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