Sets of exact approximation order by rational numbers

YANN BUGEAUD (Strasbourg)

1. Introduction

Let Ψ : R_{>0} → R_{>0} be a decreasing function such that x → x^2Ψ(x) is non-increasing. In 1924, Khintchine [13] (see also his book [14]) used the theory of continued fractions to prove that the set of Ψ-approximable real numbers

K(Ψ) := { ξ ∈ R : | | |ξ − p q | | | < Ψ(q) for infinitely many rational numbers p q }

has Lebesgue measure zero if the sum ∑ x≥1 xΨ(x) converges and has full Lebesgue measure otherwise. A few years later, this result has been refined by Jarník [11] and, independently, Besicovitch [3], who established that, for any real number τ ≥ 1, the Hausdorff dimension of the set K(τ) := K(x → x^{−2τ} ) is equal to 1/τ. Moreover, Jarník [12] determined the Hausdorff H^f -measure of the set K(Ψ) for a general dimension function f (see Theorem J below, some background on the theory of Hausdorff measure is recalled at the beginning of Section 2). His precise results enabled him [12, Satz 5] to show that, if Φ : R_{>0} → R_{>0} is a positive continuous function such that Φ(x)/x tends monotonically to infinity with x, then the sets K(Ψ) \ K(Ψ ∘ Φ) and K(Ψ) have same Hausdorff H^f -measure.

In the same paper, Jarník [12, Satz 6] used the theory of continued fractions to show explicitly that if Ψ(x) = o(x^{−2}) then there exist real numbers in K(Ψ) which do not belong to any set K(cΨ) with 0 < c < 1. This means that the set

Exact(Ψ) := K(Ψ) \ ⋃ m≥2 K ( (1 − 1/m)Ψ )

of real numbers approximable at order Ψ and not better is non empty. In other words, Exact(Ψ) is the set of real numbers ξ such that

|ξ − p/q| ≤ Ψ(q) infinitely often and |ξ − p/q| ≥ c Ψ(q) for any c < 1 and any q ≥ q_0(c),

where q_0(c) denotes a positive real number depending only on c. Jarník’s method, however, provides no metric statements for this set.

2000 Mathematics Subject Classification : 11J04.

Recently, Beresnevich, Dickinson & Velani [1] applied a theorem of Dickinson & Velani [7] to establish very precise metric statements for sets of Ψ-well approximable systems of linear forms which extend earlier results of Jarník [12]. At the end of [1], they introduced the set Bad(Ψ) consisting of the real numbers ξ such that

|ξ − p/q| ≤ Ψ(q) infinitely often and |ξ − p/q| ≥ c(ξ) Ψ(q) for all rationals p/q, where c(ξ) > 0 is a constant dependent only on ξ. Clearly, the inclusions Exact(Ψ) ⊂ Bad(Ψ) ⊂ K(Ψ) hold. However, as pointed out in [1], no metric result is known for a general set Bad(Ψ) and the authors ask for its Hausdorff dimension. The purpose of the present work is to give a complete answer to this question: we show that the sets Exact(Ψ) and K(Ψ) have same ‘size’, inasmuch as they have same Hausdorff dimension. Furthermore, the sets Bad(Ψ) and K(Ψ) have same Hausdorff H^f -measure.

Acknowledgements. This work was done while I was visiting the University of Lund. I would like to thank the CNRS for the financial support and Jörg Schmeling for stimulating discussions.

2. Results

Throughout this paper, rational numbers are always written under their lowest form. We use [x] to denote the integer part of the real number x. Further, the Lebesgue measure is denoted by Leb and we often write |I| rather than Leb(I) for a bounded real interval I. We briefly recall the definition of the Hausdorff dimension of a real set E.

Let f : R_{>0} → R_{>0} be a dimension function, that is, a strictly increasing, continuous function such that f(x) tends to 0 as x tends to the origin. Let δ be a positive real number and set H^f_δ (E) := inf ∑ j f(|U_j|), where the infimum is taken over all enumerable families of intervals U_j of length |U_j | < δ which cover E. As δ decreases to 0, H^f_δ (E) increases to a finite or infinite limit H^f (E), called the H^f -measure of E. When f is the function x → x^s, with 0 < s ≤ 1, then H^f is the usual s-dimensional Hausdorff measure, and we write simply H^s rather than H^f . Then, the Hausdorff dimension of E, denoted by dim E, is the real number s_0 in [0, 1] defined by s_0 = inf{s : H^s(E) = 0} = sup{s : H^s(E) = +∞}.

For more results on the theory of Hausdorff measure, the reader is directed to the books of Falconer [9] and of Bernik & Dodson [2].

An indication of how a function g : R_{>0} → R_{>0} grows near infinity is provided by its lower order at infinity λ(g), which is defined by

λ(g) = lim inf x→+∞ log g(x) log x , and arises naturally in estimating the Hausdorff dimension of the sets K(Ψ), see e.g. Dodson [8] and Dickinson [6]. Clearly, λ(g) is non-negative when lim_{x→+∞} g(x) = +∞. Theorem 2 of [8] gives the exact value of the Hausdorff dimension of the set K(Ψ) in terms of the lower order at infinity of the function 1/Ψ. Our first result shows that, in terms of Hausdorff dimension, the sets K(Ψ) and Exact(Ψ) have same ‘size’. It answers the question asked by Beresnevich, Dickinson & Velani at the end of [1].

Theorem 1. Let Ψ : R_{>0} → R_{>0} be such that x → x^2Ψ(x) is non-increasing. Assume that the sum ∑ x≥1 xΨ(x) converges and let λ denote the lower order at infinity of the function 1/Ψ. Then we have

dim Exact(Ψ) = dim K(Ψ) = 2 λ . The assumptions on Ψ in Theorem 1 imply that the lower order at infinity of 1/Ψ is at least 2. Let us mention that Dodson [8] determined the exact Hausdorff dimension of K(Ψ) when x → xΨ(x) is non-increasing, which is slightly less restrictive than our assumption.

As for most of the metric problems in Diophantine approximation, the upper bound for the Hausdorff dimension follows easily from a covering argument ([8], Lemma 1). The main difficulty rests on establishing the lower bound. To this end, we construct a Cantor set C with a nice structure and contained in Exact(Ψ). More precisely, C is defined as an intersection ∩_{k≥0} E_k where each E_k is a finite union of disjoint compact intervals. For any k ≥ 0, we have E_{k+1} ⊂ E_k and each interval composing E_k contains ‘many’ intervals of E_{k+1}, which are ‘roughly equally spaced’. A classical result (see Proposition 1 in Section 3) shows that, under these assumptions, we get a lower bound for the Hausdorff dimension of ∩_{k≥0} E_k, hence of C. The inductive construction of the sets E_k is explained in Section 4.

As an immediate corollary, we display the following strengthening of the classical theorem of Jarník and Besicovitch.

Corollary 1. Let τ > 1 be a real number. Then, the set of real numbers ξ satisfying | | | |ξ − p q | | | | < 1 q^{2τ} for infinitely many rational numbers p q and, for any positive real number c < 1, | | |ξ − p q | | | ≥ c q^{2τ} for q sufficiently large,

has Hausdorff dimension equal to 1/τ.

Theorem 1 gives the Hausdorff dimension of the set Exact(Ψ) but provides no information regarding its Hausdorff measure. Concerning the set K(Ψ), Jarník ([12], Sätze 3 und 4) established the following very precise statement.

Theorem J. Let Ψ : R_{>0} → R_{>0} be such that x → x^2Ψ(x) is non-increasing. Let f : R_{>0} → R_{>0} be a dimension function such that f(x)/x tends monotonically to infinity when x tends to 0. Assume that the sum ∑_{+∞} x=1 xΨ(x) converges and that the function x → x^2f(2Ψ(x)) is non-increasing. Then H^f (K(Ψ)) = +∞ if the sum +∞∑ x=1 xf(2Ψ(x)) (1)

diverges, and H^f (K(Ψ)) = 0 otherwise.

No importance has to be attached to the 2 in (1) since, in view of the assumptions on f and Ψ, the sums ∑_{+∞} x=1 xf(2Ψ(x)) and ∑_{+∞} x=1 xf(Ψ(x)) have same behaviour.

The result actually proved by Jarník is more general and deals with simultaneous Diophantine rational approximation. Recently, Theorem J has been extended to systems of n linear forms of m variables by Dickinson & Velani [7]. In collaboration with Beresnevich [1], they applied their results to compute the Hausdorff measure of sets with exact ‘logarithmic’ order of approximation. In view of their results, it would be desirable to determine the Hausdorff measure of Exact(Ψ). Unfortunately, we are unable to get such a precise result, and we are led to introduce new sets of real numbers, which contain Exact(Ψ). For a given positive real number c < 1, we denote by Bad_c(Ψ) the set of real numbers ξ satisfying | | | |ξ − p q | | | < Ψ(q) for infinitely many rational numbers p q and | | |ξ − p q | | | ≥ c Ψ(q) for q sufficiently large.

Observe that we have Exact(Ψ) = ⋂ m≥2 Bad_{1−1/m}(Ψ)

and, for any c < 1, Bad_c(Ψ) ⊂ Bad(Ψ),

where Bad(Ψ) is the set defined in the Introduction. Theorem 2 below gives the Hausdorff measure of Bad_c(Ψ), thus it considerably improves upon Theorem 3 of [1] in the case m = n = 1.

Theorem 2. We keep the assumptions of Theorem J. For any positive real number c < 1, we have H^f (Bad_c(Ψ)) = +∞ if the sum +∞∑ x=1 xf ( Ψ(x) )

diverges, and H^f (Bad_c(Ψ)) = 0 otherwise.

It follows from Theorem 2 that for no dimension function f the H^f -measure of Bad_c(Ψ) is positive and finite. Thus, the set Bad_c(Ψ) is not an s-set.

The Hausdorff dimension of the set Bad_c(Ψ) easily follows from Theorem 1. However, we emphasize that this is not a consequence of Theorem 2, which yields that

dim Bad_c(Ψ) = inf { s : +∞∑ x=1 xΨ(x)^s < +∞}.

This result does not imply Theorem 1 when the lower and upper orders at infinity of 1/Ψ do not coincide.

The proof of Theorem 2 rests essentially on the same ideas as that of Theorem 1, but is more technically involved.

If the function Ψ is such that the sum ∑ x≥1 xΨ(x) converges, then the set K(Ψ) has full Lebesgue measure, according to Khintchine’s theorem. If Ψ(x) = o(x^{−2}), then Exact(Ψ) is non empty, as proved by Jarník ([12], Satz 6). However, no metric statement is known for Exact(Ψ), and the methods developed in the present paper are likely to be useless. We plan to return to this question in a further work.

3. Auxiliary lemmas

In this Section, we gather some well-known results in the theory of continued fractions.

Lemma 1. Every rational number p/q with 0 < p/q < 1 has a continued fraction expansion of the shape p/q = [0; a_1, . . . , a_n] with n even and a_j ≥ 1 for any j with 1 ≤ j ≤ n. Further, if c > b > 0 are real numbers, then

[0; a_1, . . . , a_n] < [0; a_1, . . . , a_n, c] < [0; a_1, . . . , a_n, b].

PROOF. See e.g. Chapter I of [17].

Lemma 2. For any irrational number ξ = [0; a_1, a_2, . . .] and any integer n ≥ 1, the n-th convergent p_n/q_n := [0; a_1, . . . , a_n] of ξ satisfies 1 3q^2_na_{n+1} ≤ 1 q^2_n(a_{n+1} + 2) < | | |ξ − p_n q_n | | | < 1 q^2_na_{n+1} . PROOF. See e.g. [14], inequalities (34).

Lemma 3. Let n ≥ 1 be an integer and let k = (k_1, . . . , k_n) be a n-tuple of positive integers. Denote by E_k the set composed by the real numbers in [0, 1[ whose partial quotients satisfy a_i = k_i for all 1 ≤ i ≤ n. Let S ≥ 3 be a real number and denote by E_S the subset of E_k composed by the real numbers in E_k with a_{n+1} ≤ S. Then, we have

Leb(E_S) ≥ ( 1 − 3 S ) Leb(E_k).

PROOF. It follows from inequalities (35) of Khintchine [14] that

Leb(E_S) Leb(E_k) ≥ 1 − +∞∑ s=[S]+1 2 s^2

= 1 − 2 [S] ≥ 1 − 3 S ,

since S ≥ 3.

Lemma 4. Let ξ := [0; a_1, a_2, . . .] be a real number and u/v be a rational number with |ξ − u/v| < 1/v^2. Then, there exists an integer n ≥ 0 such that u v ∈ {[0; a_1, . . . , a_n], [0; a_1, . . . , a_n, 1], [0; a_1, . . . , a_n, a_{n+1} − 1]}.

PROOF. This result is due to Grace [10], and its proof can be found in [15], Theorem I.10.

Lemma 5. Let Ψ : Z_{>0} → R_{>0} be a non-increasing function and assume that the sum ∑ x≥1 Ψ(x) diverges (resp. converges). Let c > 0 and M > 0 be real numbers. Then, the sum ∑ x≥1 M^x Ψ(cM^x) also diverges (resp. converges).

PROOF. This follows from the corresponding property of the integral ∫_∞ 1 M^xf(cM^x)dx = 1 c log M ∫_∞ cM f(y)dy, where f is monoton and continuous on {x : x ≥ 1}, and coincides with Ψ on Z_{>0}.

When a Cantor set C has a nice structure, it is often possible to determine its Hausdorff dimension. Let [0, 1] = E_0 ⊃ E_1 ⊃ E_2 ⊃ . . .

be a decreasing sequence of sets such that each E_k is a finite union of disjoint closed intervals. Assume further that each interval of E_k contains at least two intervals of E_{k+1} and that the maximal length of intervals in E_k tends to 0 as k tends to infinity. Then the set C := +∞⋂ k=0 E_k (2)

is a totally disconnected subset of [0, 1], and, under some extra hypothesis, we have a lower bound for its Hausdorff dimension.

Proposition 1. Suppose that in the general construction (2), for any integer k ≥ 1, each interval of E_{k−1} contains at least m_k intervals of E_k which are separated by gaps of at least ε_k, where 0 < ε_{k+1} < ε_k. We then have

dim E ≥ lim inf k→+∞ log(m_1 . . . m_{k−1}) − log(m_kε_k)

. (3)

PROOF. This is Example 4.6 of Falconer [9].

We keep the hypothesis of Proposition 1 and we assume further that the intervals of E_k are of length δ_k and ‘evenly spaced’ in the sense that m_kε_k ≥ cδ_{k−1}, where c > 0 is a constant. Then (3) becomes dim E ≥ lim inf_{k→+∞} (log m_k)/(− log δ_k). This observation appears to be crucial for the proof of Theorem 1.

A classical tool for obtaining a lower bound for the Hausdorff measure of an arbitrary set of real numbers is the mass distribution principle.

Proposition 2. Let μ be a probability measure with support in a bounded set E ⊂ R. Let f be a dimension function. Assume that there exist λ > 0 and δ > 0 such that μ(J) ≤ λf(|J|) for any interval J with length |J| ≤ δ. We then have H^f (E) ≥ 1 λ . PROOF. See e.g. [7].

4. Proof of Theorem 1

Let Ψ be as in the statement of the theorem. In view of the result of Dodson [8] and well-known properties of the Hausdorff dimension, it remains for us to prove that dim ( Exact(Ψ) ∩ [0, 1] ) ≥ 2/λ. For any positive integer k, set c_k = 1 − 2^{−k}. Our strategy is the following. We construct inductively a (rapidly increasing) sequence (Q_k)_{k≥1} of positive integers and, for any k ≥ 1 a set E_k, which is a finite union of disjoint closed intervals contained in [p/q + c_kΨ(q), p/q + Ψ(q)], where Q_k/10 ≤ q ≤ Q_k. Each component of E_{k+1} is contained in exactly one interval of E_k, and the length of the largest interval composing E_k tends to zero when k goes to infinity. Furthermore, we proceed in such a way that C := ∩_{k≥1}E_k is contained in Exact(Ψ). In order to facilitate the exposition, we introduce the following notation.

Notation. Let p/q be a rational number in ]0, 1[ and let k ≥ 1 be an integer. Then we set U_k(p/q) := [ [0; a_1, . . . , a_n, A_{n+1}], [0; a_1, . . . , a_n, B_{n+1}] ] , where n is even, [0; a_1, . . . , a_n] = p/q, A_{n+1} = [1/(c_kq^2Ψ(q))] − 3 and B_{n+1} = [1/(q^2Ψ(q))] + 1.

Lemma 1 shows that the notation U_k(p/q) is consistent. Further, A_{n+1} and B_{n+1} have been chosen such that U_k(p/q) ⊂ [p/q + c_kΨ(q), p/q + Ψ(q)] holds, as follows from Lemma 2. Moreover, there exists an integer Q_0 such that we have 2^{−k−1}Ψ(q) ≤ |U_k(p/q)| ≤ 2^{−k}Ψ(q), (4) for any q ≥ Q_0.

Let M ≥ 10 be an integer such that

M^2Ψ(M) ≤ 1/10 and ∏ j≥1 ( 1 − 9 · 2^j M^2 Ψ(2^{j/2}M) ) ≥ 1/2. (5)

The existence of M follows from Lemma 5 since x → xΨ(x) is non-increasing and the sum ∑ x≥1 xΨ(x) converges. These two assumptions imply that x^2Ψ(x) tends to 0 as x tends to infinity. Let Q_1 be a large integer with

Q_1 ≥ max{Q_0, 100M} and Q^2_1Ψ(Q_1) ≤ 1/100. (6)

Dirichlet’s theorem asserts that, for any ξ in [0, 1], there exists a rational number p/q such that | | |ξ − p q | | | < 1 qQ_1 and 1 ≤ q ≤ Q_1. (7)

The Lebesgue measure of the set A_1 of ξ in [0, 1] for which (7) is satisfied by a rational number p/q with q ≤ Q_1/10 is less than or equal to

[Q_1/10]+1 ∑ q=1 2 qQ_1 (q + 2),

which, by (6), is less than 1/4. Let {p_j /q_j }_{1≤j≤t1} be a maximal family of rational numbers in [0, 1] with Q_1/10 ≤ q_j ≤ Q_1 and |p_j/q_j − p_ℓ/q_ℓ| ≥ 1/Q^2_1 for 1 ≤ j ≠ ℓ ≤ t_1. The union of the intervals ] p_j q_j − 11 Q^2_1 , p_j q_j + 11 Q^2_1 [ , 1 ≤ j ≤ t, covers [0, 1] \ A_1, thus its Lebesgue measure is at least 3/4. Consequently, we get 3 4 ≤ 22 Q^2_1 t_1,

that is, t_1 ≥ (3Q^2_1)/88. We have proved that, up to a numerical constant, there are as many as one can expect rational numbers in [0, 1] of denominator between Q_1/10 and Q_1 which are evenly spaced.

We define the set E_1 as the union of the t_1 intervals U_1(p_j /q_j ), with 1 ≤ j ≤ t_1. We point out that we do not have put any restriction on the partial quotients of the rational numbers p_j /q_j . No importance is attached to the quality of the approximation of the elements of the Cantor set C by rational numbers of denominator less than or equal to Q_1.

By construction, each real number in E_1 is Ψ-approximable by a rational number of denominator between Q_1/10 and Q_1. We construct a rapidly increasing sequence (Q_k)_{k≥2} of integers and sets E_2, E_3, . . . such that, for any k ≥ 2, each element of E_k is Ψ-approximable by a rational number of denominator between Q_j /10 and Q_j for any 1 ≤ j ≤ k, and is not so well approximable by any other rational number of denominator between Q_1 and Q_k.

The inductive step is done thanks to the following lemma.

Lemma 6. Let k ≥ 1 be an integer and let I := U_k(p/q) denote a connected component of E_k. Assume that the equation | | |ξ − u v | | | < Ψ(v) (8)

for ξ in I has at least k solutions in rational numbers u/v with v ≤ Q_k. If k ≥ 2, assume further that the equation | | | |ξ − u v | | | | < c^{k−1}Ψ(v) for ξ in I has no solution in rational numbers u/v with Q_{k−1} < v ≤ Q_k. Then, for any integer Q with Q ≥ 1000|I|^{−1} log(1/|I|), there are [Q^2|I|/88] rational numbers p_j /q_j in I with the following properties. For any j and ℓ with 1 ≤ j < ℓ ≤ [Q^2|I|/88], we have Q/10 ≤ q_j ≤ Q and |p_j /q_j − p_ℓ/q_ℓ| ≥ Q^{−2}. Further, the interval

J_j := U_{k+1}(p_j /q_j )

is contained in I and, for any ξ in J_j , the equation (8) has at least k + 1 solutions in rational numbers u/v with v ≤ Q, while the equation | | |ξ − u v | | | < c^kΨ(v) (9)

has no solution in rational numbers u and v with Q_k < v ≤ Q.

PROOF. Write p/q = [0; a_1, . . . , a_n] with n even. Denote by (a_ℓ)_{ℓ≥1} the sequence of partial quotients of a real number in I and by (p_ℓ/q_ℓ)_{ℓ≥1} the sequence of its convergents. Let J denote the subset of I consisting of the real numbers ξ whose partial quotients satisfy a_{n+j+1} ≤ 1 3 · 2^j M^2 Ψ(2^{j/2}M)

, for j ≥ 1. (10)

Lemma 3 and (5) yield that Leb(J) ≥ |I| ∏ j≥1 ( 1 − 9 · 2^j M^2 Ψ(2^{j/2}M) )

and our choice of M implies that Leb(J) ≥ |I|/2. (11) Further, the sequence (q_{n+j} )_{j≥1} of the denominators of the convergents of ξ satisfies q_n ≥ Q_1/10, q_{n+1} ≥ Q_1/10 and q_{n+j+2} ≥ q_{n+j+1} + q_{n+j} for any integer j ≥ 0. Thus, an easy induction shows that we have q_{n+j} ≥ 2^{j/2}Q_1/100 for any j ≥ 0 and we infer from (6) that

q_{n+j} ≥ M 2^{j/2}, for any j ≥ 1.

Since the function x → x^2Ψ(x) is non-increasing, we have

q^2_{n+j} Ψ(q_{n+j} ) ≤ 2^j M^2 Ψ(2^{j/2}M), for any j ≥ 1.

Thus, if ξ is in J then (10) yields that a_{n+j+1} ≤ 1 3 q^2_{n+j} Ψ(q_{n+j} )

(12)

and we infer from (12) and Lemma 2 that | | | |ξ − p_{n+j} q_{n+j} | | | | > Ψ(q^{n+j} ), for any j ≥ 1 with ξ ≠ p^{n+j} /q^{n+j} .

Consequently, for ξ in J, we have | | |ξ − u v | | | ≥ Ψ(v) for any u/v with v > Q^k and u/v ≠ ξ. (13)

Let Q > 1 be a real number with

Q ≥ 1000|I|^{−1} log(1/|I|). (14)

By Dirichlet’s theorem, for any ξ in I, there exists a rational number p/q such that | | |ξ − p q | | | < 1 qQ and 1 ≤ q ≤ Q. (15)

The Lebesgue measure of the set A of ξ ∈ I for which (15) is satisfied by a rational number p/q with q ≤ Q/10 is less than or equal to

[Q/10]+1 ∑ q=1 2 qQ (q|I| + 2) ≤ |I| 4 , (16)

by (14). Further, for ξ ∈ (I \ A) ∩ J, there exists a rational number p/q such that | | |ξ − p q | | | < 1 qQ and Q/10 ≤ q ≤ Q. (17)

Let {p_ℓ/q_ℓ}_{1≤ℓ≤tI} be a maximal family of rational numbers in I ∩ J with Q/10 ≤ q_ℓ ≤ Q such that |p_h/q_h − p_ℓ/q_ℓ| ≥ 1/Q^2 for 1 ≤ h ≠ ℓ ≤ t_I . The union of the intervals ] p_ℓ q_ℓ − 11 Q^2 , p_ℓ q_ℓ + 11 Q^2 [ , 1 ≤ ℓ ≤ t_I , covers (I \ A) ∩ J. Indeed, for ξ in (I \ A) ∩ J, let p/q denote a rational number satisfying (17). In particular, we have |ξ − p/q| < 1/q^2 and, since ξ is in J, Lemma 4 implies that the partial quotients of p/q satisfy (10). Thus, p/q is in J. If p/q is not one of the p_j /q_j ’s, then by maximality, there exists ℓ with 1 ≤ ℓ ≤ t_I and |p/q − p_ℓ/q_ℓ| < 1/Q^2, hence, by the triangle inequality, satisfying |ξ − p_ℓ/q_ℓ| < 11/Q^2. By (11) and (16), we have Leb((I \ A) ∩ J) ≥ |I|/4, thus we get t_I ≥ Q^2|I| 88 , and we have proved that there are at least [Q^2|I|/88] evenly spaced rational numbers in I ∩ J of denominator between Q/10 and Q. Further, (13) asserts that, for any ℓ with 1 ≤ ℓ ≤ [Q^2|I|/88], the equation 0 < | | | | p_ℓ q_ℓ − u v | | | | < Ψ(v) has no solution in rational numbers u/v with v > Q_k, since p_ℓ/q_ℓ is in J. By construction, for any ξ in any of the [Q^2|I|/88] intervals U_{k+1}(p_ℓ/q_ℓ), equation (9) has no solution u/v with Q_k < v ≤ Q and equation (8) has at least k + 1 solutions u/v with v ≤ Q. Consequently, these intervals satisfy the conclusion of the lemma.

Now we use Lemma 6 in order to construct a system of nested intervals. Assume that we have constructed the set E_k as the union of t_k disjoint intervals U_j := U_k(p^{(k)}_j /q^{(k)}_j ), with 1 ≤ j ≤ t_k, of length at most 2^{−k}Ψ(Q_k/10) and at least 2^{−k−1}Ψ(Q_k). Let

Q_{k+1} ≥ 2^{k+11} Ψ(Q_k)^{−1} log ( 2^{k+1} Ψ(Q_k)^{−1} ) be an integer. By Lemma 6, for any j with 1 ≤ j ≤ t_k, there exist [2^{−k−8}Q^2_{k+1}Ψ(Q_k)] disjoint intervals

V^{(j)}_h := U_{k+1}(p^{(k+1)}_h /q^{(k+1)}_h ), 1 ≤ h ≤ [2^{−k−8}Q^2_{k+1}Ψ(Q_k)],

contained in U_j and mutually distant from at least Q^{−2}_{k+1}/2. Then, we set

E_{k+1} = t_k⋃

j=1

[2^{−k−8}Q^2_{k+1}Ψ(Q_k )] ⋃ h=1 V^{(j)}_h

and we define the Cantor set C by C = ⋂ k≥1 E_k. By construction, for any positive integer k and any ξ in E_k, the equation | | |ξ − u v | | | < Ψ(v) (18) has at least k solutions. Thus, (18) has infinitely many solutions for any ξ in C. Let ℓ be a positive integer. Again by construction, for any integer k > ℓ and for any ξ in E_k, the equation | | |ξ − u v | | | < c_ℓΨ(v) (19)

has no solution with Q_ℓ < v ≤ Q_k. Thus, (19) has no solution u/v with v > Q_ℓ for any ξ in C. Consequently, we have C ⊂ Exact(Ψ) and the structure of C allows us to apply Proposition 1 in order to get a lower bound for its Hausdorff dimension.

Let ε > 0 be given. Up to now, we have made no requirement on the sequence (Q_k)_{k≥1}, excepted that it has to tend quite rapidly to infinity. By definition of the lower order of the function 1/Ψ, there exists a strictly increasing sequence of real numbers (X_k)_{k≥1} tending to infinity such that

− log Ψ(X_k) ≤ (λ + ε) log X_k, for every k ≥ 1. (20)

Since Ψ is monoton, we may assume that (X_k)_{k≥1} is an increasing sequence of distinct integers.

Taking a sequence (Q_k)_{k≥1} which increases sufficiently rapidly and which is a subsequence of (X_k)_{k≥1}, the definition of C and Proposition 1 yield that

dim C ≥ lim inf k→+∞ (2 − ε) log Q_k − log(1 − c_k) − log Ψ(Q_k)

≥ lim inf k→+∞ 2(1 − ε) log Q_k − log Ψ(Q_k) , hence, by (20), we get

dim C ≥

2(1 − ε) λ + ε . Since ε is positive and arbitrarily small, it follows that dim C ≥ 2/λ, as claimed.

5. Proof of Theorem 2

In Section 5, we have constructed inductively a Cantor set which was sufficiently ‘big’ in order to yield the exact Hausdorff dimension of the set Bad_c(Ψ). However, this approach is not precise enough to determine its Hausdorff measure. Proposition 3 below allows us to construct a much bigger Cantor set contained in Bad_c(Ψ). It should be compared with Proposition 1 of [4] and to Proposition 1 of [5].

Proposition 3. Let m ≥ 2 be an integer. Let I denote the interval [0, 1] or an interval of the form U_m(p/q) satisfying the assumption of Lemma 6. Let f be a positive, strictly increasing function such that the sum ∑ x≥1 xf(Ψ(x)) diverges and x → x^2f(Ψ(x)) is nonincreasing and tends to 0 as x goes to infinity. Let a and Q^′ be positive real numbers. Then there exist rational numbers u_1/v_1, . . . , u_t/v_t in I, of denominators greater than Q^′, such that the intervals U_m(u_j /v_j ) for 1 ≤ j ≤ t satisfy the assumption of Lemma 6. Further, the intervals [u_j/v_j − af(Ψ(v_j )), u_j/v_j + af(Ψ(v_j ))], 1 ≤ j ≤ t, are included in I, pairwise disjoint, and a t∑ j=1 f(Ψ(v_j )) ≥ 10^{−6} |I|. (21)

PROOF. We first deal with the case I ≠ [0, 1]. By assumption, there exist an integer k ≥ 1 and a rational number p/q such that I = U_m(p/q). Let Q be an integer with Q ≥ max{Q^′, 2000|I|^{−1} log(1/|I|)}. (22) Since the sum ∑ x≥1 xf(Ψ(x)) diverges and the function x → x^2f(Ψ(x)) is monoton, Lemma 5 yields that ∑ h≥1 Q^{2h}f(Ψ(Q^h/10)) = +∞. (23)

Let ℓ be a positive integer such that

ax^2f(Ψ(x)) ≤ 10^{−3} and af(Ψ(x)) ≥ Ψ(x), for any x ≥ Q^ℓ/10. (24) By (23) and (24), there exists a positive integer N with 1 8 ≤ ℓ+N∑ h=ℓ aQ^{2h}f(Ψ(Q^h/10)) ≤ 1 4 . (25)

Applying Lemma 6 with the integer Q^ℓ (this is possible by (22)), we get a set A(0) of [|I|Q^{2ℓ}/100] rational numbers u/v with Q^ℓ/10 ≤ v ≤ Q^ℓ such that the intervals [u/v − af(Ψ(v)), u/v + af(Ψ(v))], u/v ∈ A(0), are contained in I (actually, Lemma 6 gives [|I|Q^{2ℓ}/100] rational numbers, but for at most two of them, the corresponding interval may not be contained in I) and, by (24), contain U_m(u/v). Further, these intervals are pairwise disjoint. Indeed, on the one hand, we infer from (24) that af(Ψ(v)) ≤ 10^{−3}v^{−2} ≤ Q^{−2ℓ}/10, while, on the other hand, we have |u/v − u^′/v^′| ≥ Q^{−2ℓ} for any distinct u/v, u^′/v^′ in A(0).

We now repeat this process with Q^{ℓ+j} for 1 ≤ j ≤ N. Since we want to end up with disjoint intervals, we have to discard some rationals at each step. To do this, we proceed by induction, assuming that, for some 0 ≤ j ≤ N − 1, we have already constructed disjoint sets of rational numbers A(0), . . . , A(j) such that the intervals [u/v − af(Ψ(v)), u/v + af(Ψ(v))], u/v ∈ A(0) ∪ . . . ∪ A(j), are pairwise disjoint.

Applying Lemma 6 with the integer Q^{ℓ+j+1}, there is a set Ã(j+1) of [|I|Q^{2(ℓ+j+1)}/100] rational numbers with

|u/v − u^′/v^′| ≥ Q^{−2(ℓ+j+1)} for any distinct u/v, u^′/v^′ in Ã(j + 1). (26)

and such that the intervals [u/v − af(Ψ(v)), u/v + af(Ψ(v))], u/v ∈ Ã(j + 1), are contained in I and pairwise disjoint. Recall that at each step h, with 0 ≤ h ≤ j, we have constructed not more than [|I|Q^{2(ℓ+h)}/100] intervals of length at most equal to 2af(Ψ(Q^{ℓ+h}/10)). Hence, to be sure that the new intervals have empty intersection with the intervals constructed previously, we have, by (26), to remove at most

N_j := j∑ h=0 2 · 10^{−2}|I|Q^{2(ℓ+h)} ( af(Ψ(Q^{ℓ+h}/10)) Q^{2(ℓ+j+1)} + 1 )

rational points in Ã(j + 1).

By (22), (25) and j ≤ N, we have

N_j ≤ 2 · 10^{−2}|I|Q^{2(ℓ+j+1)} (_N∑ h=0 aQ^{2(ℓ+h)}f(Ψ(Q^{ℓ+h}/10)) + ∑ h≥1 Q^{−2h} )

≤ |I|Q^{2(ℓ+j+1)}/150. Thus, by (22), there are at least |I|Q^{2(ℓ+j+1)}/500 points in Ã(j + 1) such that the corresponding intervals are pairwise disjoint and do not intersect any of the intervals constructed previously. We denote by A(j + 1) the set of these points, and this completes the induction step.

Since the function x → x^2f(Ψ(x)) is non-increasing, the total length of all the intervals of the form [u/v −af(Ψ(v)), u/v +af(Ψ(v))] centered at a rational u/v in A(0)∪· · ·∪A(N) is, by (24) and (25), at least 2a 500 N∑ h=0 |I| Q^{2(ℓ+h)}f ( Ψ(Q^{ℓ+h}) ) ≥ |I| 25000 N∑ h=0 a Q^{2(ℓ+h+1)}f(Ψ(Q^{ℓ+h+1}/10)) ≥ |I| 25000 ( 1 8 − aQ^{2ℓ}f(Ψ(Q^ℓ/10)) )

≥ |I| 25000 ( 1 8 − 1 10 ) ≥ 10^{−6} |I|.

This implies that a ∑ u/v∈A(0)∪...∪A(N) f(Ψ(v)) ≥ 10^{−6} |I|, as asserted.

If I is the interval [0, 1], we proceed exactly as above, excepted that, instead of applying Lemma 6, we argue as we did below (7).

Let c < 1 be a positive real number. The fact that H^f (Bad_c(Ψ)) = 0 when the sum ∑ x≥1 f(Ψ(x)) converges follows from Theorem J (actually, this is an easy covering argument). Proposition 3 is the key tool for constructing a Cantor set C̃ contained in Bad_c(Ψ) and a probability measure with support in C̃. The main idea goes back to Jarník [12] and Dickinson & Velani [7] have followed a similar (but, in their context, much more complicated) approach. We describe the inductive process and the key steps: slightly more details are given in the proofs of Theorem 1 of [4] and Theorem 3 of [5], which rest in the same idea.

Let λ be a positive real number. We start the inductive process with the compact K(0) := [0, 1]. Our aim is to construct a nested sequence of compact sets K(ℓ), which are finite unions of disjoint intervals, and a measure μ with support in ∩_{ℓ≥0}K(ℓ). Actually, the sets K(ℓ) depend on c and on λ, but we prefer not to indicate this dependence in order to simplify the notation.

Let m be a positive integer with c < 1 − 2^{−m} < 1. Recall that, for any rational number p/q in ]0, 1[, we have U_m(p/q) ⊂ [p/q + (1 − 2^{−m})Ψ(q), p/q + Ψ(q)] ⊂ [p/q + cΨ(q), p/q + Ψ(q)]. (27) Set μ(K(0)) = 1. We apply Proposition 3 with a = 10^{−6}λ and Q^′ large enough in order that x → f(x)/x is strictly decreasing on ]0, Ψ(Q^′/10)]. We get a set A(1) of rational numbers such that the intervals U_m(u/v) with u/v in A(1) satisfy the assumptions of Lemma 6. Denote by K(1) the union of these intervals U_m(u/v). By (21), we have ∑ u/v∈A(1) f(Ψ(v)) ≥ 1/λ, (28)

and we distribute the mass μ(K(0)) between the connected components of K(1) by setting μ ( U_m(u/v) ) = f(|U_m(u/v)|) ∑ u^′/v^′∈A(1) f(|Um(u ′/v^′)|) , for u/v ∈ A(1). It follows from (4), our choice of Q^′ and (28) that μ(U_m(u/v)) ≤ 4λf(|U_m(u/v)|), for any u/v ∈ A(1). (29)

Assume that for some integer ℓ ≥ 1, we have constructed a set A(ℓ) of rational numbers such that the intervals U_m(u/v) with u/v in A(ℓ) satisfy the assumptions of Lemma 6, and denote by K(ℓ) the union of these intervals U_m(u/v). Take Q^′ larger than the denominators of any rational number in A(ℓ) and, for u/v ∈ A(ℓ), apply Proposition 3 with a = 2^{−m−1} 10^{−6}|U_m(u/v)|/f(|U_m(u/v)|) (30) to the interval U_m(u/v). We then get a set A(ℓ + 1, U_m(u/v)) of rational numbers x/y in U_m(u/v) such that the intervals U_m(x/y) with x/y in A(ℓ + 1, U_m(u/v)) satisfy the assumptions of Lemma 6. We set

A(ℓ + 1) := ⋃ u/v∈A(ℓ) A(ℓ + 1, U_m(u/v))

and K(ℓ + 1) := ⋃ x/y∈A(ℓ+1) U_m(x/y). For any u/v in A(ℓ) we distribute the mass μ(U_m(u/v)) between the connected components of K(ℓ + 1) contained in U_m(u/v) by setting μ ( U_m(x/y) ) = f(|U_m(x/y)|) ∑ x^′/y^′∈A(ℓ+1,U_m (x^′/y^′)) f(|Um(x ′/y^′)|) μ ( U_m(u/v) ) . (31)

We deduce from (4), (21) and (49) that ∑ x/y∈A(ℓ+1,U_m(u/v)) f(|U_m(x/y)|) ≥ ∑ x/y∈A(ℓ+1,U_m(u/v)) 2^{−m−1} f(Ψ(y)) ≥ 2^{−m−1} 10^{−6} a^{−1} |U_m(u/v)| ≥ f(|U_m(u/v)|). (32)

Further, it follows from (32) and the definition (31) of μ that μ ( U_m(x/y) ) f(|U_m(x/y)|) ≤ μ(U_m(u/v)) f(|U_m(u/v)|) . (33)

An easy induction based on (33) and (29) yields that for any ℓ ≥ 1 and any connected component U_m(u/v) of K(ℓ) we have μ(U_m(u/v)) ≤ 4λf(|U_m(u/v)|). (34) Then, we define the Cantor set

C̃ :=^{+∞} ⋂ ℓ=0 K(ℓ), which, by (27) and Lemma 6, satisfies C̃ ⊂ Bad_c(Ψ).

The measure μ defined as above has support in C̃ and, for any Borelian set F contained in K(0), it satisfies μ(F ) = inf_{J∈J} μ(J), where the infimum is taken over all the coverings J of F by intervals J belonging to the union of the K(ℓ), ℓ ≥ 0 (see e.g. [9], Proposition 1.7).

Moreover, if J is an interval in [0, 1] of length sufficiently small, then we have μ(J) ≤ 2^{m+4} 10^6 λ f(|J|).

Indeed, if J does not intersect C̃, then μ(J) = 0. If for any positive integer ℓ the interval J intersects exactly one component of K(ℓ), then we have also μ(J) = 0, by (34). Thus, we assume that there exists an integer ℓ such that J intersects exactly one interval from K(ℓ), which, according to the preceeding notation, we denote by U_m(u/v), and at least two intervals from K(ℓ + 1), which we denote by U_m(x_1/y_1), . . . , U_m(x_s/y_s), with s ≥ 2. By Proposition 3, the s intervals [x_j /y_j − af(Ψ(y_j)), x_j/y_j + af(Ψ(y_j))], 1 ≤ j ≤ s, where a is as in (30), are pairwise disjoint and contained in U_m(u/v). Furthermore, we infer from (30) and (34) that |J ∩ U_m(u/v)| ≥ 1 2 s∑ j=1 af(Ψ(y_j))

≥ 2^{−m−2} 10^{−6} |U_m(u/v)| f(|U_m(u/v)|) s∑ j=1 f(|U_m(x_j /y_j)|)

≥ 2^{−m−4} 10^{−6} λ^{−1} |U_m(u/v)| f(|U_m(u/v)|) s∑ j=1 μ(U_m(x_j/y_j ))

≥ 2^{−m−4} 10^{−6} λ^{−1} |U_m(u/v)| f(|U_m(u/v)|) μ(J ∩ U_m(u/v)) ≥ 2^{−m−4} 10^{−6} λ^{−1} |J ∩ U_m(u/v)| f(|J ∩ U_m(u/v)|) μ(J ∩ U_m(u/v)), since x → x/f(x) is non-decreasing in a neighbourhood of the origin. Thus, we get μ(J) = μ(J ∩ U_m(u/v)) ≤ 2^{m+4}10^6λ f(|J ∩ U_m(u/v)|) ≤ 2^{m+4}10^6λ f(|J|), as claimed. Then, Proposition 2 applies and yields that

H^f (C̃) ≥

2^{−m−4} 10^{−6} λ . (35)

Since λ can be chosen arbitrarily small and C̃ ⊂ Bad_c(Ψ), the theorem follows from (35).

References

[1] V. Beresnevich, H. Dickinson and S. L. Velani, Sets of exact “logarithmic order” in the theory of Diophantine approximation, Math. Annalen 321 (2001), 253–273.

[2] V. I. Bernik and M. M. Dodson, Metric Diophantine approximation on manifolds, Cambridge Tracts in Mathematics 137, Cambridge University Press, 1999.

[3] A. S. Besicovitch, Sets of fractional dimension (IV): on rational approximation to real numbers, J. London Math. Soc. 9 (1934), 126–131.

[4] Y. Bugeaud, Approximation par des nombres algébriques de degré borné et dimension de Hausdorff, J. Number Theory 96 (2002), 174–200.

[5] Y. Bugeaud, An inhomogeneous Jarník theorem. Submitted.

[6] H. Dickinson, A remark on the Jarník–Besicovitch theorem, Glasgow Math. J. 39 (1997), 233–236.

[7] H. Dickinson and S. L. Velani, Hausdorff measure and linear forms, J. reine angew.

Math. 490 (1997), 1–36.

[8] M. M. Dodson, Hausdorff dimension, lower order and Khintchine’s theorem in metric Diophantine approximation, J. reine angew. Math. 432 (1992), 69–76.

[9] K. Falconer, Fractal Geometry : Mathematical Foundations and Applications, John Wiley & sons, 1990.

[10] J. H. Grace, The classification of rational approximations, Proc. London Math. Soc.

17 (1918), 247–258.

[11] V. Jarník, Diophantischen Approximationen und Hausdorffsches Mass, Mat. Sbornik 36 (1929), 371–382.

[12] V. Jarník, Über die simultanen Diophantische Approximationen, Math. Z. 33 (1931), 505–543.

[13] A. Ya. Khintchine, Einige Sätze über Kettenbrüche, mit Anwendungen auf die Theorie der diophantischen Approximationen, Math. Annalen 92 (1924), 115–125.

[14] A. Ya. Khintchine, Continued Fractions, University of Chicago Press, 1964. [15] S. Lang, Introduction to Diophantine approximations. Second edition. Springer– Verlag, New York, 1995.

[16] C. A. Rogers, Hausdorff Measures, Cambridge University Press, Cambridge, 1970. [17] W. M. Schmidt, Diophantine Approximations and Diophantine equations, Lecture Notes in Math. 785, Springer, Berlin, 1980.

Yann Bugeaud Université Louis Pasteur U. F. R. de mathématiques 7, rue René Descartes 67084 STRASBOURG (France)

e-mail : bugeaud@math.u-strasbg.fr