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ABSTRACT. We provide irreducibility criteria for some classes of compositions of polynomials
with integer coefficients of the form F o G, with F' being a quadratic irreducible polynomial

and G a polynomial of arbitrary degree.

1. INTRODUCTION

The composition FoG of two polynomials F, G with integer coefficients, with F' irreducible,
is by no means necessarily irreducible, as one may see by taking for instance F(X) = X2 +
X +1 and G(X) = X?, or, more generally, F'(X) = aX?+ (2a — 1)X +a and G(X) = aX?,
where a is a nonzero integer. In these cases, we have FoG(X) = (X?+ X +1)(X? - X +1)
and F o G(X) = a(aX?+ X + 1)(aX? — X + 1), respectively.

However, there are some conditions on the roots of GG that ensure the irreducibility of
F o G for some particular classes of irreducible polynomials F'. In [6] Brauer, Brauer and
Hopf posed the question of the irreducibility of FoGif G(X) = (X —ay) - - - (X —a,), where the
a;’s are distinct integers. Dorwart and Ore [9] gave several answers for classes of quadratic
polynomials. According to one of their results, for any irreducible polynomial F(X) =
boX? + b1 X + 1 with integer coefficients and any polynomial G(X) = (X —a;)--- (X — a,)
with ay,...,a, distinct integers, n > 5, the polynomial F' o G is irreducible over Q. They
also proved that for any polynomial F/(X) = ¢X?+ 1 with ¢ an integer such that —c is not a
square, and any polynomial G(X) = (X —ay)--- (X — a,) with ay,...,a, distinct integers,
the polynomial F o GG is irreducible over QQ, except when it is equivalent to

—8(X —12XHX +1)2 +1=(2X? - 1)(—4X* +6X% —1).

Here two polynomials with integer coefficients are said to be equivalent if one can be
obtained from the other one by a transformation of the type X — X —a or X — —X —a,
where a is an integer. Similar results for certain quartic polynomials F' and for G having
distinct roots in an imaginary quadratic field have been also obtained in [9]. From the
results Wegner [20] obtained for polynomials F' of the fourth degree we mention only one,
asserting that for any polynomial F'(X) = X%+ d with d > 0 an integer, d # 3 (mod 4) and
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any polynomial G(X) = (X —ay)--- (X — a,) with ay,...,a, distinct integers, n > 5, the
polynomial F' o (G is irreducible over QQ.

Variations of the Brauer-Hopf problem have been investigated by Gyoéry in a series of
papers ([12]-[15]), where the author considers much more general situations, relaxing the
requirements on both intervening polynomials. In [12] he studied the case when the roots of
G are not necessarily integers, but instead G/(X) has a divisor G;(X) € Z[X] with distinct
real roots, the root field of F' is not real and its maximal real subfield is a normal extension
of Q. Under these hypotheses he proved that if the pairs (o, a;) of roots of G; satisfying
N(a; —aj) > {248 F F2(0)}[L:U/dee ' (where L is the splitting field of G; F) form a connected
graph with k elements, then the degrees of all the irreducible factors of F'o G(X) are at least
kdeg F', so in particular F' o G(X) has at most % irreducible factors. This shows that
if all the roots of G are real and distinct and min;;|a; — a;| > 2|F(0)[¥ 4 F then F o G
must be irreducible over Q. Moreover, Gyory found all the exceptional polynomials F' and
G such that F(0) =1, G(X) = (X —ay)--- (X — a,) with distinct integers a; such that
F o G(X) is reducible over Q. In [14] he studied the irreducibility of polynomials F' o G(X)
over an arbitrary but fixed totally real algebraic number field L, assuming that F' and G are
both monic with integer coefficients in L, F' is irreducible over L, and its splitting field is
a CM-field. One of the consequences that can be drawn from the main result in [14] states
that if I is fixed, then apart from certain exceptional polynomials G of bounded degree, the
polynomial F' o G(X) must be irreducible over L for all the polynomials G that have distinct
roots in a given totally real number field. In [15] he studied the case when the splitting field
of F'is a CM-field, and described explicitly some examples such that apart from these, there
exist only finitely many pairwise inequivalent monic polynomials G with integer coefficients
and distinct zeros in a totally real algebraic number field, for which the polynomial F'o G(X)
is reducible over Q.

In [17] Gy6ry, Hajdu and Tijdeman proved the following elegant result (Theorem 7.1) on
the irreducibility of compositions of polynomials F' o G for quadratic polynomials F' and
polynomials G of the form G(X) = (X —ay)--- (X — a,) with ai,...,a, distinct rational
integers.

Theorem A Let F(X) be an irreducible polynomial of degree at most 2 with integer coeffi-
cients, F(0) # 0, and G(X) = (X —a1) - - - (X —a,) with ay, ..., a, distinct rational integers.
If

n > 27(F(0))(2 + [logy [F(0)]]),

then the polynomial F o G is irreducible over Q.

Here 7 is the usual divisor function. A different idea exploited in the study of irreducibil-
ity of compositions of polynomials over integers is to take into consideration properties of
the leading coefficients. Thus, in [16] the reader can find irreducibility results for integer

polynomials whose leading coefficients have a fixed number of distinct prime factors. There
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are also some conditions on the leading coefficient of a polynomial F' that will ensure the
irreducibility of F' o G for large classes of polynomials G, as one can see from the following
irreducibility criteria proved in [3].

Theorem B Let F(X) = Y " a; X" and G(X) = > b X" € Z[X] be non-constant
polynomials of degree m and n respectively, with F irreducible and ag # 0. If a,, = pq with

X
o ()
g™/ {bn "

then the polynomial F o G is irreducible over Q.

p a prime satisfying

Theorem C Let F(X) = Y " a; X" and G(X) = > b; X" € Z[X] be non-constant
polynomials of degree m and n respectively, with ag # 0. If a,, = pq with p a prime satisfying

X X
p > max{|q|m_1L1 (F (—)> g™ o™ Ly (F ( njm n)) } ’
4l g1/ by

then the polynomial F o G is irreducible over Q.

Here L;(F') stands for the sum of the moduli of the coefficients of F', not counting the
leading one. These results were proven by adapting some ideas introduced in [7], [8] and [4],
where several irreducibility criteria for linear combinations of relatively prime polynomials
have been provided. Similar results have been also provided for multiplicative convolutions
of polynomials with integer coefficients [1] and [2].

The aim of this paper is to complement Theorems A,B and C, by providing irreducibility
conditions for some particular classes of compositions of polynomials F' o GG, where F' is an
irreducible quadratic polynomial whose leading coefficient has a prime factor that does not
divide the constant term of F. This choice for F' will allow us to explicitly compute some
resultants and use their properties to prove the irreducibility of F' o G for some classes of
polynomials G with integer coefficients, with restrictions only on the factorization of their
leading coefficients. Our irreducibility conditions will not ask the prime p to exceed a certain
lower bound depending on the coefficients of F' and G, as in Theorems B and C. Instead,
the prime p will be asked not to divide the leading coefficient of G and the constant term of
F, thus allowing one to also consider some small primes that are excluded by the conditions
in Theorems B and C above. In principle, the procedure that we will use might be also
applied to irreducible polynomials F' of degree 3 and 4, but with considerable more involved
computations. It would be however nice to obtain by a similar procedure divisibility condi-
tions on the coefficients of F' and G with respect to a given prime number, that ensure the
irreducibility of F' o GG for irreducible polynomials F' of arbitrary degree.

For the proof of our results we will adapt some of the ideas employed in [3] and [8], and

we will use the following classical theorem of Capelli.
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Theorem [18, Theorem 22| Let K be a field, G € K[X] be irreducible over K, G(f) =0,
H e K[X]. If
H(z) - & const H Pp(x)r
p=1

K(B)
then

G(H(z)) C% const H Nk g))xPp(x)%.

p=1

We will also use the following lemma [5] that relies on a Newton polygon argument, that

was crucial in the proof of the results in [5] and [1].

Lemma 1.1. Let f, g € Z[X] be two polynomials with degg =n and deg f =n—d, d > 1.
Let also p be a prime number that divides none of the leading coefficients of f and g, and
let k be any positive integer prime to d. If f(X) + p*g(X) may be written as a product of
two non-constant polynomials with integer coefficients, say fi1 and fo, then one of the leading
coefficients of f1 and fo must be divisible by p*.

We will first prove the following effective results, that provide divisibility conditions on the
coefficients of F and G that force F' o GG to be irreducible over Q.

Theorem 1.2. Let F(X) = aX?+bX +c be an irreducible quadratic polynomial with integer
coefficients, with a = pq, where p is a prime number and q is an integer such that p 1 cq.
Then for any non-constant polynomial G with integer coefficients and leading coefficient not

divisible by p, the polynomial F o G is irreducible over Q.

For quadratic irreducible polynomials F' with leading coefficient divisible by a prime power
we will prove the following result.

Theorem 1.3. Let F(X) = aX? + bX + ¢ be an irreducible quadratic polynomial with
integer coefficients, with a = pFq, where p is a prime number, k is a positive integer and q is
an integer prime to p. Then for any polynomial G of degree n > 1 with integer coefficients
and leading coefficient not divisible by p, the polynomial F o G is irreducible over Q in each
one of the following situations:

i) ptb, p*1c andk is prime to n;

ii) b =0, ptc and k is prime to 2n.

We note here that for £ = 1 Theorem 1.3 provides a result weaker than Theorem 1.2, since,
as we shall see in the proof of these results, for £ = 1 and b # 0 we do not actually need to
assume that p{ b. The condition p t b for b # 0 is required for £ > 2 in order to apply Lemma
1.1 to deduce that one of the alleged factors of F' o GG has leading coefficient prime to p.

We will also prove the following similar irreducibility criteria for compositions of polyno-
mials F' o G, where F' is an irreducible quadratic polynomial that may be expressed in the
form F(X) = (aX +b)(cX +d) + (eX + f)(gX + h) with a,b,¢,d, e, f,g,h € Z.
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Theorem 1.4. Let F(X) = (aX+b)(cX+d)+(eX+f)(gX+h) witha,b,c,d,e, f,g,h € Z,
aceg # 0 be an irreducible quadratic polynomial. Assume that ac + eg = pq, with p a prime
number and q an integer prime to p, and that at least one of the integers (af — be)(ah — bg),
(cf —de)(ch — dg), (af — be)(cf — de), (ah — bg)(ch — dg) is not divisible by p. Then for
any non-constant polynomial G with integer coefficients and leading coefficient prime to p,

the polynomial F o G is irreducible over Q.

For the case when the leading coefficient of F' is divisible by a prime power we will prove
the following result.

Theorem 1.5. Let F(X) = (aX+b)(cX+d)+(eX+f)(gX+h) witha,b,c,d,e, f,g,h € Z,
aceg # 0 be an irreducible quadratic polynomial. Assume that ac + eg = p¥q, with p a prime
number, k a positive integer, and q an integer prime to p, and also assume that at least one
of the integers (af — be)(ah —bg), (cf —de)(ch —dg), (af —be)(cf — de), (ah —bg)(ch — dg)
is not divisible by p*. Then for any polynomial G of degree n > 1 with integer coefficients
and leading coefficient prime to p, the polynomial F o G is irreducible over Q in each one of
the following situations:

i) ptad+bc+eh+ fg and k is prime to n;

it) ad+bc+eh+ fg=0, ptbd+ fh and k is prime to 2n.

Here too, for k = 1, Theorem 1.5 provides a result weaker than Theorem 1.4, since for
k =1 and ad + bc + eh + fg # 0 the condition p { ad + be + eh + fg is no longer necessary.

The proofs of the main results are presented in Section 2 below. At the end of Section 2
we will show that the method employed in the proof of our results may be also used to prove
the classical Schonemann-Eisenstein irreducibility criterion ([19] and [11]).

A series of examples will be provided in the last section of the paper.

2. PROOF OF THE MAIN RESULTS

Proof of Theorem 1.2. We will adapt some of the ideas in [3] and [8]. First of all, let us note
that since F' was assumed to be quadratic and irreducible, we have ac # 0 and A = b? — 4ac
is not a perfect square. Let now G(X) = a9+ a1 X + -+ - + a, X" € Z[X], a,, # 0, n > 1, and
let us assume on the contrary that F' o GG is reducible, that is

FoG(X)=aG(X)*+bG(X)+c=F(X)F(X),
with (X)), F»(X) € Z[X]| and deg F; > 1, deg F;, > 1, say
(X)) = to+t X+ +1,X°
(X)) = uy+w X+ +u,X

to, ... ts,Ug, ... Uy € L, tsu, #0,and s > 1, v > 1, s + v = 2n. By equating the coefficients,

one finds that

tsu, = aa’ = pqa’. (1)
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Since by our hypothesis p { ga,,, we deduce that precisely one of the leading coefficients t
and u, is divisible by p, while the other is prime to p, say p | v, and p t 5, hence t5 must be
a divisor of qa?. We have so far proved that

ts | ga’. (2)

Now we are going to estimate the resultant R(G(X)?, F1(X)). Since G(X)? and F;(X) are

2

algebraically relatively prime, the resultant R(G(X)? F1(X)) must be a non-zero rational

integer.
On the other hand, if we decompose Fi, say Fi(X) = t(X — 601)--- (X — 65), with
01,...,05 € C, then

[R(G(X)?, F(X)] = 6" T] |G@;)°]- (3)

1<j<s
Fortunately, since G(6;) is a root of F', and hence
[Pl

one may compute exactly |G(6;)?|. We distinguish two cases:

1G(0,)*

Case 1. Here we assume that the discriminant A is negative, so the roots x; and x5 of F
must be complex conjugated, and hence bx; 4 ¢ and bxy + ¢ must have the same modulus,
which by direct computation is easily seen to be equal to

2ac — b? + ibv/4ac — b?

2a

el = lazj] = [ba; + c| =

In view of (3), this shows us that
ol
ps‘q‘s
Finally, in view of (2), our assumptions that p { qa,, and p t ¢ show that R(G(X)?, Fy(X))

can not be an integer, which is a contradiction.

|R(G(X)?, Fy(X))] = [t

For use in the proof of later theorems, we note that since F' is irreducible, by Capelli’s
Theorem, deg F1(X) = s must be a multiple of deg F’, that is s must be an even positive
integer, so in this case we actually have

|R(G(X)*, Fi(X)] = [t <—2 2> 7
pq
for some positive integer m.

Case 2. Here we assume that A > 0, so the roots x; and x5 of F' are real, and hence
G(0;) is real for each j € {1,...,s}. Moreover, in this case we have either

2ac — b* + bv/A

bG (0, =
| G( ])+C| 2|CL| )
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or
2ac — b2 — bv/A
2|al ’

1bG(0;) + | =

according to which root of F' we consider. However, since R(G(X)? F;(X)) must be an
integer, each of the two above possible expressions (which are algebraically conjugated) must
appear in the product in the right side of (3) with exactly the same multiplicity. Therefore,
this product must be a power of

|(2ac — %) — *(b* — 4ac)|

4&2p2 q2 p2 q2 ’

so we deduce again that

RGEO% R = ()
pq
for some positive integer m. Recalling now the fact that t, | ga?, and using the fact that
p 1 qca,, we conclude as in Case 1 that R(G(X)? Fi(X)) can not be an integer, again a

contradiction. This completes the proof of our theorem. []

Proof of Theorem 1.3. i) Here we note that b # 0, and since
FoG(X)=aG(X)*+bG(X) + ¢,

we may write F o G(X) as f(X) 4+ p*§(X) with f(X) = bG(X) + ¢ and §(X) = ¢G(X).
Now, since deg g — deg f = n, p { qa,b and k is prime to n, we deduce by Lemma 1.1 that if

F oG may be written as a product of two non-constant polynomials with integer coefficients,
say F'o G(X) = F1(X)Fy(X) with

Fi(X) = to+t X+ +t,X5
(X)) = w+wX +-- +u, X,

then one of the leading coefficients ¢, and w,, must be divisible by p*, while the other must
be prime to p.

For ii), since b = 0 we may write F' o G(X) as f(X) + pF§(X) with f(X) = ¢ and
§(X) = qG(X)?. Here degg — deg f = 2n, so in order to apply Lemma 1.1 we have to ask
k to be prime to 2n, and p { ga,c. In this case too, one of the leading coefficients ¢ and
u,, must be divisible by p¥, while the other must be prime to p. In both cases i) and ii), we
may assume without loss of generality that p* | u, and p { ¢, hence ¢, must be a divisor of
qa?. The rest of the proof is similar to that of Theorem 1.2, and we deduce in this case that
|R(G(X)?, F1(X))| must be of the form

|R(G(X)?, Fy(X))] = [t (pzi(f) !
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for some positive integer m. The desired contradiction is obtained in case i) by observing
that since p { ga,, and p* 1 ¢, the resultant R(G(X)?, F1(X)) can not be an integer. The same
conclusion is obtained in case ii) using the fact that p t gca,. O

Proof of Theorem 1.4. We will use the same notations as in the proof of Theorems 1.2 and
1.3. First of all, let us note that since F' was assumed to be quadratic and irreducible, we
have ac+eg # 0, af # be, ah # bg, cf # de, ch # dg, and A = (ad +bc+eh+ fg)* — 4(ac+
eg)(bd+ fh) is not a perfect square. Let now G(X) =ap+a1 X +---+a, X" € Z[X], an, # 0,
n > 1, and let us assume to the contrary that F' o GG is reducible, that is

FoG(X)=(aG(X)+b)(cG(X)+d)+ (eG(X) + f)(9G(X) + h) = F1(X)F5(X),
with F(X), F»(X) € Z[X]| and deg F; > 1, deg F; > 1, say

Fl(X) = t0+t1X+"'+tSXS,
(X)) = upy+wmX+-+u,X",

to, ... ts, Uy, ... .Uy €E L, tsu, #0,and s > 1, v > 1, s+ v = 2n. By equating the coefficients,
one finds that

tau, = (ac+ eg)a’ = pga?. (4)
Since by our hypothesis p t qa,, we deduce again that precisely one of the leading co-

efficients ¢, and u, is divisible by p, while the other is prime to p, say p | u, and p 1 i,
hence
ts | gay,. (5)

Let us first assume that p 1 (af — be)(ah —bg). Now we are going to estimate the resultant
R(aG(X)+b, F1(X)). Suppose first that aG(X)+b and F;(X) are not algebraically relatively
prime, so they have a non-constant irreducible common factor H(X), say. Then H will be
also a factor of (eG(X) + f)(9G(X) + h), so at least one of eG(X) + f and gG(X) + h will
be divisible by H. Consider first the case that H is a factor of eG(X) + f. Then H will
be also a factor of a(eG(X) + f) — e(aG(X) +b), that is H(X) must divide af — be, which
is a non-zero constant, and this is a contradiction. Similarly, since ah # bg, H can not be
a factor of gG(X) + h, which shows that in fact aG(X) + b and F;(X) must be relatively
prime, and hence the resultant R(aG(X) + b, F1(X)) must be a non-zero rational integer.

If we decompose Fi, say F1(X) =1t,(X —0y)--- (X —0y), with 6;,...,0, € C, then

[R(aG(X) +b, i (X)) = [t,|" ] laG(6;) +bl. (6)
1<j<s
Since G(6;) is a root of F, one may compute exactly |aG(6;) + b|. We distinguish again
two cases:
Case 1. Here we assume that the discriminant A is negative, so the roots z; and x5 of F

must be complex conjugated, and hence ax; + b and axs + b must have the same modulus,
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which by direct computation is easily seen to satisfy the equalities

axry + = |(axy +0)(axs + = |a"T1x9 + ab(r1 + x2) +
| bl I( b)( b)| = |a® b ) + 07|
_ GQ.bd—l—fh_ab_ad—i-bc—i-eh-l-fg_'_bz
ac +eg ac +eg
_ |(af = be)(ah — bg)
lac + eg]| ’
SO
—be|-|lah —b
oy 4 1] — 1o = el Jah =]
|ac + eg
In view of (6), this shows us that
R@GX) + b, B(X)| = [ [ /L=l leh = b
i lac + eg|
. |n,(|af—be|-lah—bg|)s/2
B lac + eg| )

Since F' is irreducible, by Capelli’s Theorem, s must be a multiple of deg F', that is s must

be an even positive integer, say s = 2m with m € N\ {0}, so we have

laf — be| - lah — bg|)m
lac + eg| '

RGO + 0 A0 =l

Finally, in view of (5), our assumptions that p t qa, and p { (af — be)(ah — bg) show that
R(aG(X) + b, F1(X)) can not be an integer, which is a contradiction.

Case 2. Here we assume that A > 0, so the roots x; and x5 of F' are both real, and hence
G(0;) is real for each j € {1,...,s}. Moreover, if we let I' := ad + bc + eh + fg, then in this
case we have either

‘2b(ac +eg) —al' + a\/Z‘
2]ac + eyg|

?

laG(0;) +b| =

or
‘Qb(ac +eg) —al — a\/Z’
2]ac + eg|

9

according to which root of F' we consider. However, since R(aG + b, F1(X)) must be an
integer, each of the two above possible expressions (which are algebraically conjugated) must
appear in the product in the right side of (3) with exactly the same multiplicity. Therefore,
this product must be a power of

2b(ac + eg) — al +av/A| - |2b(ac + eg) = al = aVA| (o1 pel . ah — byl
4lac + eg|? N |lac + eg]

b
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so we deduce again that

(af —be) - (ah —bg) "

X)+0b, (X)) =|ts|™ -
[R(@G(X) + b, Fi(X))| = I e

I

for some positive integer m. Recalling now the fact that t, | ga?, and using the fact that
p1qay(af —be)(ah — bg), we conclude as in Case 1 that R(aG(X) + b, F1(X)) can not be an
integer, again a contradiction.

For the remaining three cases that p t (¢f — de)(ch — dg), p t (af — be)(cf — de) and
p 1 (ah—bg)(ch —dg), all we need to do is to repeat the above computations with aG(X)+b
replaced by ¢G(X) + d, eG(X) + f and gG(X) + h, respectively. This completes the proof
of the theorem. []

Proof of Theorem 1.5. i) Here we note that ad 4+ bc + eh + fg # 0, and since
FoG(X) = (ac+eg)G(X)* + (ad + bc + eh + fg)G(X) + bd + fh,

we may write F o G(X) as f(X) + p*§(X) with f(X) = (ad + bc+ eh + f¢)G(X) + bd + fh
and §(X) = ¢G(X)2. Now, since degj — deg f = n, p 1 qan(ad + bc + eh + fg) and k is
prime to n, we deduce again by Lemma 1.1 that if F o G may be written as a product of two

non-constant polynomials with integer coefficients, say F' o G(X) = Fy(X)Fo(X) with

Fl(X) - t0—|—t1X+"'+t5XS,
FQ(X) = UO+U1X+"‘+UUXU,

then one of the leading coefficients ¢, and w,, must be divisible by p*, while the other must
be prime to p.

For ii), since ad + bc + eh 4+ fg = 0 one may write F o G(X) as f(X) + p*§(X) with
f(X) = bd + fh and §(X) = qG(X)2. Here deg § — deg f = 2n, so in order to apply Lemma
1.1 we have to ask k to be prime to 2n, and p t qa,(bd + fh). In this case too, one of the
leading coefficients ¢, and u,, must be divisible by p*, while the other must be prime to p. In
both cases i) and ii), we may assume without loss of generality that p* | u, and p{t,, hence
t, must be a divisor of ga?. The rest of the proof is similar to that of Theorem 1.4, and we
deduce again that |R(aG + b, F})| must be of the form

laf — be| - |ah — bgl)m
P*lq| ’

RGO + 0 R0 =l

for some positive integer m. In this case we obtain the desired contradiction by observing
that since p { qa,, and p* | (af — be)(ah — bg), the resultant R(aG(X) + b, F1(X)) can not be

an integer. [

Remark 2.1. We note here that the case ii) of Theorems 1.3 and 1.5 may be also proved

by using the famous irreducibility criterion of Dumas [10]:
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Irreducibility criterion of Dumas Let f(X) =ap+ a1 X + -+ a, X" be a polynomial

with integer coefficients, and let p be a prime number. If
i) —V”(iai) > —V”(S") fori=1,...,n—1,
ii) vp(ag) = 0,
i) ged(vp(an),n) =1,

then f s irreducible over Q.

Here for an integer n and a prime number p, v,(n) stands for the largest integer i such
that p* | n (by convention, v,(0) = 00).

Remark 2.2. We end this section by noting that the method employed in the proof
of Theorems 1.2 and 1.3 may be also used to prove the classical Schénemann-Eisenstein
irreducibility criterion. To see this, let F(X) = a, X" + -+ + a1 X + a¢ be a polynomial
with integer coefficients, and assume that p is a prime number such that p t ag, p | a; for
i=1,...,n and p*t a,. We therefore may write F as F(X) = p- F(X) + ao with

F(X)=2xm4 ...+ 22X e z]X).
p p

Let us assume now that F' is reducible, that is

F(X) =p- F(X) +ao = F1(X)F3(X),
with F(X), Fo(X) € Z[X]| and deg F; = s > 1, deg F, = v > 1, say

Fl(X) = t0+t1X+"‘+tSXS,
FB(X) = w+wX 4+ +u, X",

to,...ts, Uy, ... Uy € Z, tsu, # 0, and s + v = n. By equating the coefficients, one finds that
a, = tsu,, and since p* f a,, precisely one of the leading coefficients ¢, and wu, is divisible
by p, while the other is prime to p, say p | u, and p { ts. Since the polynomials F and F,
are relatively prime, their resultant must be a non-zero integer. On the other hand, if we
decompose Fi, say F1(X) =t,(X —0y) -+ (X — 0s), with 0, ...,0; € C, then

[R(F), B(0) = [6," T] 1E®))].

1<j<s
Now, since 6, is also a root of F', we have pF(Qj) +ag =0, so F’(Hj) = —%0 forj=1,...,s,
which shows that
It ool
pS

which can not be an integer, since p t tsa9. This completes the proof.

[R(F(X), R (X))|

Y
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3. EXAMPLES

1) For any prime number p, any non-constant polynomial F € Z[X| with leading coefficient
not divisible by p, the polynomial pF(X)? + F(X) + p + 1 is irreducible over Q.
The result follows immediately by Theorem 1.2.

2) For any prime number p, any non-constant polynomial F' € Z[X] with leading coefficient
not divisible by p, any positive integer k prime to deg F', and any integer s with 0 < s < k,
the polynomial p*F(X)? + F(X) + p® is irreducible over Q.

The proof follows by Theorem 1.3, since the polynomial p*X? + X + p* is irreducible and
its constant term is not divisible by p*.

3) For any odd prime number p, any non-constant polynomial F € Z[X] with leading
coefficient mot divisible by p, the polynomial pF(X)? + (p*> — 2p + 4)F(X) + p is irreducible
over Q.

Note that one can not apply Theorem 1.2, since the constant term of the polynomial
pX2+ (p* — p+4)X + pis divisible by p. On the other hand, this polynomial is irreducible,
since its discriminant (p — 2)%(p? + 4) can never be a perfect square for odd primes p, and

one may also write it as
pX?P+ (P —p+ )X +p=(aX +b)(cX +d)+ (eX + f)(9X + h)

witha=d=p—1,b=c=e=f=g=h=1. Since (af —be)(ah —bg) = (p—2)?, which is
not divisible by p, one can apply Theorem 1.4 to conclude that pF(X)?+(p*—2p+4)F(X)+p
is irreducible over Q. We also note here that for p = 2 our polynomial is 2(F(X)+1)?, which
is obviously reducible.

4) For any polynomial F' of odd degree with integer coefficients and leading coefficient not
divisible by 3, the polynomial 9F (X )? + 73F(X) + 36 is irreducible over Q.

Here we can not apply Theorem 1.3 with p = 3 and k = 2, since the constant term of the
irreducible polynomial 9X?2 + 73X + 36 is divisible by 9. Instead, one may write

9X? + 73X +36 = (8X +4)(X +8) + (X + 1)(X +4),
so by Theorem 1.5 with a =8, b=4,¢c=1,d=8,e=f=¢g=1 and h =4, since
(af —be)(ah — bg) = 112,
which is not divisible by 9, we conclude that 9F(X)? + 73F(X) + 36 is irreducible over Q.
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