Mahler’s classification of numbers compared with Koksma’s, II

YANN BUGEAUD (Strasbourg)

À Wolfgang Schmidt, pour son soixante-dixième anniversaire

1. Introduction

Mahler [7], in 1932, and Koksma [6], in 1939, introduced two related measures of the degree of approximation of a complex transcendental number ξ by algebraic numbers. Following Mahler [7], for any integer n ≥ 1, we denote by w_n(ξ) the supremum of the exponents w for which 0 < |P (ξ)| < H(P )^{−w}

has infinitely many solutions in integer polynomials P (X) of degree at most n. Here, H(P ) stands for the naïve height of the polynomial P (X), that is, the maximum of the absolute values of its coefficients. Following Koksma [6], for any integer n ≥ 1, we denote by w^∗_n(ξ) the supremum of the exponents w for which

0 < |ξ − α| < H(α)^{−w−1}

has infinitely many solutions in complex algebraic numbers α of degree at most n. Here, H(α) stands for the naïve height of α, that is, the naïve height of its minimal defining polynomial over Z. Clearly, the functions w_1 and w^∗_1 coincide.

For any integer n ≥ 2 and any complex transcendental number ξ we have

w^∗_n(ξ) ≤ w_n(ξ) ≤ w^∗_n(ξ) + n − 1. (1)

The first inequality in (1) is easy (see e.g. [4, Section 3.4]), and the second one is due to Wirsing [11]. Furthermore, Sprindžuk [10] established that w_n(ξ) = w^∗_n(ξ) = (n − 1)/2 holds for all n ≥ 1 and almost all ξ (in the sense of the Lebesgue measure on the complex plane). This raises the question whether there exist complex numbers ξ such that w^∗_n(ξ) < w_n(ξ) for some integer n ≥ 2. In 1976, R. C. Baker [1] gave a positive answer to this problem by proving that for any integer n ≥ 2 the function w_n − w^∗_n can take any value in the interval [0, (n−1)/n]. This has been subsequently improved upon by Bugeaud [2], who showed that, for any integer n ≥ 3, the set of values taken by the function w_n −w^∗_n contains the interval [0, n/4]. Like Baker’s, his approach originates in two papers by Schmidt [8, 9],

2000 Mathematics Subject Classification : 11J04.

where the existence of T -numbers is established (these are transcendental numbers ξ for which lim sup_{n→+∞} w_n(ξ)/n = +∞ and w_n(ξ) is finite for any n ≥ 1). The main novelty introduced in [2] is the use in the inductive construction of integer polynomials having two zeros very close to each other.

The above quoted results from [1] and [2] have been obtained by constructing suitable real numbers ξ for which w_n(ξ) and w^∗_n(ξ) differ. In the present paper, we are mainly interested in the approximation of complex non-real transcendental numbers ξ. In this case, (1) can be replaced by the sharper inequalities

w^∗_n(ξ) ≤ w_n(ξ) ≤ w^∗_n(ξ) + n − 1 2 , (2)

see [11] or Section 9.1 of [4]. Furthermore, we have w_n(ξ) = w^∗_n(ξ) for 1 ≤ n ≤ 3. Now, we may ask whether there are complex non-real numbers ξ such that w^∗_n(ξ) < w_n(ξ) for some integer n ≥ 4. A positive answer has been given by Baker [1] when n is even, but his method does not seem to extend to the case of odd n. In the present paper, we show that the approach followed in [2] can be adapted to prove, for any odd integer n ≥ 5, the existence of complex non-real transcendental numbers ξ with w^∗_n(ξ) < w_n(ξ). This confirms a guess made at the end of [2]. Our main tool is the construction of families of irreducible integer polynomials of odd degree having two complex non-real roots very close to each other.

We further show how to use the integer polynomials introduced in [5] to improve upon some of the results established in [2].

2. Results

We begin by pointing out a direct consequence of our main result, given in Theorem 2 below.

Theorem 1. Let n ≥ 4 be an integer. Then, there exist complex non-real numbers ξ such that w^∗_n(ξ) < w_n(ξ).

For even values of n, Theorem 1 is due to Baker [1]. However, his method does not seem to extend (at least straightforwardly) to the case of odd values of n.

Theorem 1 is an immediate consequence of [1] and Theorem 2 below, which asserts the existence of complex non-real numbers with special properties.

Theorem 2. Let n ≥ 5 be an odd integer and set F (n) = (5n^3 + 5n^2 + 5n − 3)/2. Let w_n and w^∗_n be real numbers such that

w^∗_n + 1 2 ≤ w_n ≤ w^∗_n + n + 5 16 , w_n > F (n), (n = 5, 7),

w^∗_n + 1 − 9 2n ≤ w_n ≤ w^∗_n + n + 5 16 , w_n > F (n), (n ≥ 9). (3)

Then there exist complex non-real numbers ξ such that

w^∗_n(ξ) = w^∗_n and w_n(ξ) = w_n.

The main tool for establishing Theorem 2 is the construction of integer polynomials of odd degree having two complex non-real roots very close to each other, and not close to the real axis (thus, two pairs of complex non-real roots). Then, denoting by γ_j one of these roots, we construct ξ as the limit of a suitable sequence ξ_j = (c_j + γ_j)/g_j, where the c_j ’s and the g_j ’s are positive integers tending to infinity. To ensure that ξ_j is sufficiently far away from the real axis, we have to choose γ_j with a strong dependence on g_j. The integer polynomials we are using are the polynomials

P_{n,a,b}(X) = X ( X^2 − 2X + b^2 + 1

)_{(n−1)/2} + 2 ( a^2X^2 − 2a(a + 1)X + 2a + 1 + a^2 + a^2b^2

)_2

defined in Lemma 1 below, which have two roots very close to 1 + ib + a^{−1}. They have been constructed by suitably modifying the polynomials X^n − 2(aX − 1)^2 used in [2]. As far as we know, no example of integer polynomials with two complex non-real roots very close to each other appeared previously in the literature.

A result similar to Theorem 2 can be proved for even integers n ≥ 6 by using in the inductive construction the polynomials ( X^2 − 2X + b^2 + 1

)_{n/2} + 2 ( a^2X^2 − 2a(a + 1)X + 2a + 1 + a^2 + a^2b^2

)_2 , instead of the polynomials P_{n,a,b}(X). However, a slightly sharper result follows by combining ideas from [1], [2] and results from [5], see Theorem 4 below.

We take the opportunity of the present paper to point out how the results from [2] can be improved by using families of polynomials introduced in [5], where Theorem A below is established.

Theorem A. Let n ≥ 6 and a be integers with n even. Set

P̃_{n,a}(X) := (X^{n/2} − aX + 1)^2 − 2X^{n−2} (aX − 1)^2.

If a is large enough, then the polynomial P̃_{n,a}(X) is irreducible and has two real roots in the disc of center a^{−1} + a^{−1−n/2} and of radius 3a^{−n}.

Using Theorem A instead of Lemma 3 from [2], it is possible to improve Theorem 1 from [2] as follows.

Theorem 3. Let n ≥ 6 be an even integer. Let Δ be in [1 − 1/n, n/2). Set μ := (nΔ − n + 1)/(n − 2Δ) and G(n) = n(n + 1)(n + 2μ) + 3n − 1. Let w_n be a real number with w_n > G(n). Then there exist real numbers ξ such that

w_n(ξ) = w_n and w_n(ξ) = w^∗_n(ξ) + Δ.

The proof of Theorem 3 follows exactly the same lines as that of Theorem 3 from [2] combined with Section 6 of that paper. However, we work with algebraic numbers γ_j having large heights, thus we have to modify the lower bound given in inequality (6) from [2]. This is the reason why G(n) in Theorem 3 above is much larger than F (n) occurring in Theorem 1 from [2].

The following corollary is an immediate consequence of our Theorem 3 and Theorem 1 from [1].

Corollary 1. For any even integer n ≥ 6, the set of values taken by the function w_n − w^∗_n contains the interval [0, n/2).

Using similar ideas as in [1], it is easy to adapt the proof of [2] to construct complex non-real numbers ξ for which w_n(ξ) and w^∗_n(ξ) differ for some even integer n ≥ 6. Indeed, we construct ξ as a limit of algebraic numbers of degree n of the form ξ_j = (c_j +id_j +γ_j )/g_j, where i^2 = −1, the c_j ’s, d_j ’s and g_j’s are positive integers and the γ_j ’s are real algebraic numbers of degree n/2. As in [2], we can take for the γ_j’s roots of the polynomials X^{n/2} − 2(aX − 1)^2 or X^{n/2} − 2a^{n/2}, for a suitable positive integer a. To improve upon the results obtained in this way when n is divisible by 4 (as Theorem 3 above improves Theorem 1 from [2]), we can take for the γ_j ’s roots of the polynomials P̃_{n/2,a}(X). Baker [1] established that, for any even integer n ≥ 4, the set of values taken by the function w_n − w^∗_n on complex non-real numbers includes the interval [0, (n − 2)/(2n)]. Proceeding as described above, we improve upon Baker’s result for n ≥ 6.

Theorem 4. For any even integer n ≥ 6, the set of values taken by the function w_n − w^∗_n on complex non-real numbers contains the interval [0, n/16]. If, moreover, n is divisible by 4, then this set contains the interval [0, n/8].

Theorems 2 to 4 show that inequalities (1) and (2) are close to be best possible. However, we are unable to solve completely the following question.

Problem. Let n ≥ 2 be an integer, and let Δ be in [0, n − 1]. Does there exist a real number ξ with w_n(ξ) = w^∗_n(ξ) + Δ? Let n ≥ 4 be an integer, and let Δ be in [0, (n − 1)/2]. Does there exist a complex non-real number ξ with w_n(ξ) = w^∗_n(ξ) + Δ?

The above Problem has been (nearly completely) solved for n = 2 and n = 3. Namely, it is established in [3] that the set of values taken by the function w_2 − w^∗_2 (resp. w_3 − w^∗_3 ) contains the half-open interval [0, 1) (resp. [0, 2)).

Presumably, it is possible to extend the range of values in (3) and to prove that, when n ≥ 6 is congruent to 2 modulo 4, the set of values taken by w_n − w^∗_n on complex non-real numbers include the interval [0, n/8]. Indeed, by a suitable modification of the polynomials P̃_{n,a}(X) defined in Theorem A above, we can construct families of integer polynomials of even degree having two complex non-real roots very close to each other, even closer than in Lemma 1 below. However, we failed to prove that these polynomials are irreducible.

It is apparent from [1, 2] and the present work that Schmidt’s construction offers much flexibility to confirm the existence of transcendental numbers with special properties of approximation. In this respect, there remain many interesting unanswered problems, including the following one. Recall that, for almost all real numbers ξ, the quality of approximation to ξ by algebraic numbers of degree at most n is the same as the quality of approximation to ξ by algebraic integers of degree at most n + 1. Is it possible to construct real numbers which are strictly better approximable by algebraic integers of degree n + 1 than by algebraic numbers of degree at most n ?

The sequel of the paper is organized as follows. In Section 3, we establish the key lemma. Afterwards, in Section 4, we formulate Theorem 5. Its proof is given in the same

Section. In Section 5 we derive Theorem 2 from Theorem 5. Finally, Section 6 is devoted to the proof of Theorem 3, whereas Theorem 4 is established in Section 7.

3. An auxiliary result

The key ingredient for the proof of Theorem 2 is the following lemma, which asserts the existence of irreducible, monic integer polynomials having two (pairs of) complex roots very close to each other.

Lemma 1. Let n ≥ 5 be an odd integer. Let a and b be positive integers with a ≥ b/10 and b odd. If a is sufficiently large, then the polynomial

P_{n,a,b}(X) := X ( X^2 − 2X + b^2 + 1

)_{(n−1)/2} + 2 ( a^2X^2 − 2a(a + 1)X + 2a + 1 + a^2 + a^2b^2

)_2

is irreducible and has two complex non-real roots very close to each other, namely

δ^+(n, a, b) := 1 + ib + a^{−1} + √ 1 + ib 2 √ 2 (1 + i)^{(n−1)/2} a^{−(n+7)/4} b^{(n−5)/4} + ε^+(n, a, b) and δ^−(n, a, b) := 1 + ib + a^{−1} − √ 1 + ib 2 √ 2 (1 + i)^{(n−1)/2} a^{−(n+7)/4} b^{(n−5)/4} + ε^−(n, a, b),

where |ε^+(n, a, b)|, |ε^−(n, a, b)| ≤ c_1(n) a^{−(n+9)/4} b^{(n−5)/4} for some constant c_1(n), depending only on n. Furthermore, we have | P^′_{n,a,b} ( δ^+(n, a, b) )| ≍ a^{−(n−9)/4} b^{(n+5)/4}. (4)

Proof : Since b is odd, the irreducibility of P_{n,a,b}(X) follows from the Eisenstein criterion applied with the prime number 2. Then, we study the function x → P_{n,a,b}(1+ib+a^{−1} +x) in a neighbourhood of the origin and we use the inequality a ≥ b/10 to show that P_{n,a,b}(X) has two roots which can be expressed as stated above. The estimate (4) is a straightforward calculation.

Actually, Lemma 1 holds under a slightly weaker condition than a ≥ b/10, namely it is enough to assume that a ≥ c_2(n)b^{(n−3)/(n+3)}, for a suitable positive constant c_2(n). Taking this into consideration yields a (very) slight improvement of Theorem 2. However, to avoid additional technical difficulties, we choose to keep the weaker assumption a ≥ b/10.

We direct the reader to our previous work [2] for the other auxiliary results used in the proof of Theorem 2.

4. The inductive construction

Theorem 5 below gives an explicit inductive construction of sequences (ξ_j)_{j≥1} of complex non-real algebraic numbers of odd degree n. It will be proved in Section 5 that such sequences converge to complex non-real numbers having the property stated in Theorem 2. We use in Theorem 5 the same notation as in Lemma 1, namely we denote by δ^+(n, a, b) the root of the polynomial P_{n,a,b}(X) defined in this lemma.

For any real numbers a, b, c, d with a < b and c < d, the set of complex points

{x + iy : a < x < b, c < y < d}

will often be called the rectangle (a, b) × (c, d) and will be denoted by (a, b) × (c, d).

The norm of an algebraic number means the product of its conjugates over Q.

Theorem 5. Let n ≥ 5 be an odd integer. Let μ, ν be real numbers with 1 ≤ μ ≤ n − 1 and ν > 5. Set H(n) = (5n^3 + 5n^2 + 3n + 1)/2 and let χ > H(n) be a real number. Then, there exist a positive real number λ < 1/3, prime numbers g_1 ≥ 11, g_2, . . ., positive integers c_1, c_2, . . ., and positive even integers d_1, d_2, . . . such that the following conditions are satisfied. Writing γ_j := δ^+(n, [g^μ_j ], g_j + d_j ) for j = 1, 2, . . ., we have

(I_j ) g_j does not divide the norm of c_j + γ_j (j ≥ 1).

(II_1) ξ_1 = (c_1 + γ_1)/g_1 ∈ (1, 2) × (5, 6).

(II_j) ξ_j = (c_j + γ_j )/g_j belongs to the rectangle

I_{j−1} = ( ℜe ξ_{j−1} + 1 2 g^{−ν}_{j−1}, ℜe ξ_{j−1} + 5 8 g^{−ν}_{j−1} ) × ( ℑm ξ_{j−1} + 1 2 g^{−ν}_{j−1}, ℑm ξ_{j−1} + 5 8 g^{−ν}_{j−1} ) .

(III_1) |ξ_1 − α| ≥ 2λ H(α)^{−χ}

for any algebraic number α ≠ ξ_1 of degree ≤ n.

(III_j) |ξ_j − α| ≥ λ H(α)^{−χ}

for any algebraic number α /∈ {ξ_1, . . . , ξ_j} of degree ≤ n (j ≥ 2).

Observe that, under the assumption of Theorem 5, we have g_j + d_j ≤ 10[g^μ_j ] and g_j + d_j is odd for any j ≥ 1. Thus, we can indeed apply the results established in Lemma 1. Furthermore, setting s = 4n, we check that there exists a positive constant c_3(n) such that H(γ_j) ≤ c_3(n) g^s_j , for any j ≥ 1. (5)

Since we will also deal in the present work with other families of algebraic numbers playing the same role as the γ_j ’s, it is convenient to introduce the parameter s, see Section 6 and the remark at the end of the present section.

To simplify the notation, in what follows we denote by α a complex algebraic number of degree less than or equal to n. By the definitions of H(n) and of s, there exists a positive real number ε such that

2χ > n(n + 1)(n + s) + 3n + 1 + 5n^2sε. (6)

In order to prove Theorem 5, we add three extra conditions (IV_j ), (V_j) and (V I_j ), which should be satisfied by the numbers ξ_j . We denote by Leb the Lebesgue measure on the complex plane.

Let J_j denote the subset of I_j consisting of the complex numbers z = x + iy ∈ I_j satisfying max{|x − ℜe α|, |y − ℑm α|} ≥ 2λ H(α)^{−χ}

for any algebraic number α of degree ≤ n, distinct from ξ_1, . . . , ξ_j, z and of height H(α) satisfying H(α) ≥ (λg^ν_j )^{1/χ}.

The supplementary conditions are the following.

(IV_j) ξ_j ∈ J_{j−1} (j ≥ 2).

(V_j ) If H(α) ≤ g^{2/(n+1+ε)} j , then we have |ξ_j − α| ≥ 1/g_j (j ≥ 1).

(V I_j ) The measure of J_j satisfies Leb(J_j ) ≥ Leb(I_j )/2 (j ≥ 1).

We construct the sequences c_1, c_2, . . ., d_1, d_2, . . ., g_1, g_2, . . . by induction. At the j-th stage, there are two distinct steps. Step (A_j ) consists in building an algebraic number

ξ_j = c_j + γ_j g_j

of degree n satisfying conditions (I_j) to (V_j ). In step (B_j ), we show that the number ξ_j constructed in (A_j) satisfies (V I_j ) as well, provided that g_j is chosen large enough in terms of n, μ, ν, χ, ε, λ, ξ_1, . . . , ξ_{j−1}. (7)

The symbols o, ≫ and ≪ used throughout Steps (A_j ) and (B_j ) mean that the numerical implicit constants depend (at most) on the quantities (7). Furthermore, the symbol o implies ‘as g_j tends to infinity’.

Step (A_1) is rather easy. Let g_1 > max{11, n} be a prime number. There are ≫ g^2_1 numbers ξ_1 = (c_1 + γ_1)/g_1 in the rectangle (1, 2) × (5, 6), since for any fixed d_1 there are ≫ g_1 suitable choices for c_1. Observe that condition (I_1) is satisfied if, and only if, g_1 does not divide P (−c_1), where P (X) denotes the minimal defining polynomial of γ_1. Thus, by Lemma 5 from [2], there are ≫ g^2_1 numbers ξ_1 = (c_1 + γ_1)/g_1 in the rectangle

(1, 2) × (5, 6) that satisfy condition (I_1). These ≫ g^2_1 numbers have mutual distances at least g^{−1}_1 and, since there are only o(g^2_1) algebraic numbers α of degree at most n satisfying H(α) ≤ g^{2/(n+1+ε)}

1 , one can choose ξ_1 such that (V_1) is satisfied. Furthermore, we point out that there are ≫ g^2_1 suitable choices for the pair (c_1, d_1), where the constant implicit in ≫ depends only on n. Further, by Lemma 2 from [2], we have

|ξ_1 − α| ≥ 2λ H(α)^{−n},

with λ = (n + 1)^{−2(n+1)} H(ξ_1)^{−n}/2, for any algebraic number α ≠ ξ_1 of degree at most n. Thus (I_1), (II_1), (III_1) and (V_1) are satisfied.

Let j ≥ 2 be an integer and assume that c_1, . . . , c_{j−1}, d_1, . . . , d_{j−1}, g_1, . . . , g_{j−1} have been constructed. Step (A_j) is much harder to verify, since we have no control on the set J_{j−1}. Thus, it seems difficult to check that the condition (IV_j) holds. To overcome this problem, we follow Schmidt’s argument [9], also used by Baker [1]. We set ξ_j = (c_j +γ_j )/g_j for some positive integers c_j , d_j (recall that the definition of γ_j requires an integer d_j ) and g_j > 8g_{j−1} and we introduce the set J^′_{j−1} formed by the complex numbers z = x+iy ∈ I_{j−1} satisfying max{|x − ℜe α|, |y − ℑm α|} ≥ 2λ H(α)^{−χ}

for any algebraic number α of degree ≤ n, distinct from ξ_1, . . . , ξ_j, z, and whose height H(α) satisfies the inequalities

(λ g^ν_{j−1})^{1/χ} ≤ H(α) ≤ (c_4(n) g^{n(n+s)}_j )^{1/(χ−n)}, (8)

for a suitable constant c_4(n) which will be defined just after inequality (13). Since, by (6), we have χ − n > n(n + 1)(n + s)/2, (9)

the exponent of g_j in the right member of (8) is strictly less than 2/(n + 1). Thus, there are o(g^2_j ) algebraic numbers α’s satisfying (8), and we observe that, unlike for J_{j−1}, the complement in I_{j−1} of the set J^′_{j−1} is a finite union of very small rectangles, and, more precisely, a union of o(g^2_j ) rectangles.

We will prove that for g_j large enough we have ≫ g^2_j choices for the pair (c_j, d_j) in order that conditions (I_j ) to (V_j) are fulfilled. We stress that if ξ^′_j = (c^′_j + γ^′_j )/g_j for some positive integers c^′_j and d^′_j, then we have

ξ^′_j − ξ_j = c^′_j − c_j

g_j + i d^′_j − d_j g_j + O ( g^{−7/2}_j ) , (10)

by Lemma 1.

Let α be an algebraic number of degree ≤ n. Since g_j + d_j ≤ 10g_j, we infer from (5) and Lemmas 2 and 4 from [2] that there exist positive constants c_5(n) and c_6(n) such that

|ξ_j − α| ≥ c_5(n) H(ξ_j)^{−n} H(α)^{−n} ≥ c_6(n) g^{−n(n+s)}_j H(α)^{−n}. (11)

In particular, using that 2 √ 2λ < 1, we have

|ξ_j − α| ≥ 2 √ 2λ H(α)^{−χ} (12)

as soon as H(α)^{χ−n} ≥ c_6(n)^{−1} g^{n(n+s)}_j . (13)

We take c_4(n) = c_6(n)^{−1}.

By (V I_{j−1}) and J^′_{j−1} ⊃ J_{j−1}, we have Leb(J^′_{j−1}) ≫ 1. Since the complement in I_{j−1} of the set J^′_{j−1} is the union of o(g^2_j ) rectangles, if g_j is a sufficiently large prime number, then, using (10) and Lemma 5 from [2] as in step (A_1), we get that there exist ≫ g^2_j numbers ξ_j = (c_j + γ_j )/g_j in J^′_{j−1} such that (I_j) is satisfied. Such ξ_j ’s also belong to J_{j−1}, since (13) implies (12), and condition (IV_j) is satisfied.

Thus, we are left with ≫ g^2_j suitable algebraic numbers ξ_j , mutually distant by at least g^{−1}_j , as follows from (10). Only o(g^2_j ) algebraic numbers α of degree at most n satisfy

H(α) ≤ g^{2/(n+1+ε)} j , (14)

thus one can choose ξ_j in such a way that |ξ_j − α| ≥ 1/g_j for the numbers α satisfying (14). Consequently, there are ≫ g^2_j algebraic numbers ξ_j satisfying (I_j ), (II_j), (IV_j ) and (V_j ).

To prove that such a ξ_j also satisfies (III_j), we argue exactly as in [2]. We omit the details. Thus, the proof of step (A_j ) is completed.

Let j ≥ 1 be an integer. For the proof of step (B_j), we first establish that if g_j is large enough and if z lies in I_j , then we have

|z − α| ≥ 2 √ 2λH(α)^{−χ} (15)

for any algebraic number α ≠ ξ_j such that

(λg^ν_j )^{1/χ} ≤ H(α) ≤ g^{ν/(χ−(n+1)/2−ε)} j . (16)

Let then α ≠ ξ_j be an algebraic number of degree ≤ n satisfying (16) and let z = x + iy be in I_j , that is, such that 1 2 g^{−ν}_j < x − ℜe ξ_j < 5 8 g^{−ν}_j 1 2 g^{−ν}_j < y − ℑm ξ_j < 5 8 g^{−ν}_j .

(17)

If g^{ν/(χ−(n+1)/2−ε)} j ≤ g^{2/(n+1+ε)} j , then H(α) ≤ g^{2/(n+1+ε)} j and it follows from (V_j ), (16) and (17) that |z − α| ≥ |ξ_j − α| − |ξ_j − z| ≥ g^{−1}_j − g^{−ν}_j ≥ 2 √ 2g^{−ν}_j ≥ 2 √ 2λH(α)^{−χ}.

(18)

Otherwise, we have g^{ν/(χ−(n+1)/2−ε)} j > g^{2/(n+1+ε)} j , (19) and, by (11), we get |z − α| ≥ |ξ_j − α| − |ξ_j − z| ≥ c_6(n) g^{−n(n+s)} j H(α)^{−n} − g^{−ν}_j ≥ c_6(n) g^{−n(n+s)} j H(α)^{−n}/2,

(20)

To check the last inequality, we have to verify that 2g^{−ν}_j ≤ c_6(n) g^{−n(n+s)} j H(α)^{−n}. (21) In view of (16), inequality (21) is true as soon as 2g^{nν/(χ−(n+1)/2−ε)} j ≤ c_6(n) g^ν_j g^{−n(n+s)}_j , which, by (19), holds for g_j large enough when n χ − (n + 1)/2 − ε

< 1 − n(n + 1 + ε)(n + s)

2χ − n − 1 − 2ε

, (22)

in particular when χ satisfies (6).

Moreover, we have c_6(n) g^{−n(n+s)} j H(α)^{−n} ≥ 4 √ 2λH(α)^{−χ}. (23) Indeed, by (16), λ < 1 and (19), we get H(α)^{χ−n} ≥ (λg^ν_j )^{(χ−n)/χ} ≥ λ g^{(χ−n)(2χ−n−1−2ε)/(χn+χ+χε)} j ≥ 4 √ 2λ c_6(n)^{−1} g^{n(n+s)}_j , since we infer from (6) that (χ − n)(2χ − n − 1 − 2ε) > χ n (n + 1 + ε) (n + s). (24) Combining (20) and (23), we have checked that we have |z − α| ≥ 2 √ 2λH(α)^{−χ}, when (19) holds; hence, by (18), (15) is true if α ≠ ξ_j satisfies (16). Consequently, if g_j is large enough, then the complement J^c_j of J_j in I_j is contained in the union of the rectangles ( ℜe α − 2λH(α)^{−χ}, ℜe α + 2λH(α)^{−χ} ) × ( ℑm α − 2λH(α)^{−χ}, ℑm α + 2λH(α)^{−χ} ) , where α runs over the set of algebraic numbers of degree ≤ n and with height greater than g^{ν/(χ−(n+1)/2−ε)} j . The Lebesgue measure of J^c_j is then ≪ ∑ H>g^{ν/(χ−(n+1)/2−ε)} j H^{n−2χ} = o(g^{−2ν}_j ) = o(Leb(I_j)).

Thus, we conclude that we can find g_j large enough such that Leb(J_j) ≥ Leb(I_j )/2. This completes step (B_j) as well as the proof of Theorem 5.

Remark. Observe that the size of the function n → H(n) occurring in the statement of Theorem 5 is implied by the conditions (9), (22), and (24), the most constraining one being (22).

Likewise, we can rework the proof of Theorem 3 from [2] using the upper bound H(γ_j) ≤ c_3(n) g^s_j . Then, modifying accordingly the inequalities displayed on p. 97, l.-5, on p.99, l.-4, and on p.100, l.5 from [2], we see that χ has to satisfy simultaneously χ − n > n(n + 1)(n + s),

n < χ − n − 1 − ε − n(n + s)(n + 1 + ε), (χ − n)(χ − n − 1 − ε) > χn(n + s)(n + 1 + ε).

The most constraining inequality is the second one, which gives χ > n(n + s)(n + 1) + 2n + 1 (25) when we omit ε. This observation will be used in Section 6. 5. Completion of the proof of Theorem 2 For n = 5 or 7, let Δ be in [7/16, (n + 5)/16] and set μ = n + 16Δ − 7 n − 16Δ + 7 . Observe that μ is in [1, n − 1]. For n ≥ 9, let Δ be in [1 − 9/(2n), (n + 5)/16]. If Δ ∈ [1 − 9/(2n), (n − 1)/16], then we set μ = 4nΔ − 3n + 9

n − 9 , and we observe that μ is in [1, (n − 4)/4]. If Δ ∈ [(n − 1)/16, (n + 5)/16], then we set μ = n + 16Δ − 7 n − 16Δ + 7 , and we observe that μ is in [(n − 4)/4, n − 1]. Let w_n > (5n^3 + 5n^2 + 5n − 3)/2 and set w^∗_n = w_n − Δ. Set ν = n(w^∗_n + 1) and χ = w_n − n + 2, in such a way that χ >

(5n^3 + 5n^2 + 3n + 1)/2. The sequence (ξ_j)_{j≥1} obtained by applying Theorem 5 with these parameters is a Cauchy sequence, thus it converges towards a complex number denoted by ξ. Our choice for the γ_j ’s implies that ξ is non-real.

We write A ≪ B if there exists a constant c(n), depending only on n, such that |A| < c(n)B, and we write A ≍ B if we have both A ≪ B and B ≪ A.

By the definition of γ_j , the minimal defining polynomial of ξ_j is

Q_j (X) := (g_jX − c_j ) ( (g_jX − c_j )^2 − 2(g_jX − c_j ) + (g_j + d_j )^2 + 1

)_{(n−1)/2} + +2 ( [g^μ_j ]^2(g_jX − c_j )^2 − 2[g^μ_j ]([g^μ_j ] + 1)(g_jX − c_j ) + 2[g^μ_j ] + 1 + [g^μ_j ]^2 + [g^μ_j ]^2(g_j + d_j )^2

)_2 . This polynomial is indeed irreducible and primitive by (I_j ) and the first statement of Lemma 1.

Furthermore, for any j ≥ 1 we have g^{−ν}_j /2 ≤ |ξ − ξ_j | ≤ 2 g^{−ν}_j , and we deduce that |ξ − ξ_j| ≍ H(ξ_j)^{−ν/n} ≍ H(ξ_j)^{−w∗n−1}. (26) Further, if α is of degree ≤ n and is not equal to one of the ξ_j ’s, then we have |ξ − α| ≥ λH(α)^{−χ}, whence |ξ − α| ≥ H(α)^{−w∗n−1}, (27) since χ ≤ w^∗_n + 1, by (1). It follows from (26) and (27) that w^∗_n(ξ) = w^∗_n.

It now remains for us to prove that w_n(ξ) = w_n. Denote by ξ_j = β_{j1}, β_{j2}, . . . , β_{jn} the roots of the polynomial Q_j (X). Observe that, for any k ≥ 1, we have

β_{jk} = c_j + δ_k

g_j for a suitable root δ_k of the polynomial P_{n,[g}^μ_{j ],gj +dj} (X). By (26) and Lemma 1, we get

|Q_j (ξ)| = g^n_j · |ξ − ξ_j| · ∏ 2≤k≤n

|ξ − β_{jk}|

≍ g^n_j · |ξ − ξ_j| · ∏ 2≤k≤n

|ξ_j − β_{jk}|

≍ g_j · H(ξ_j)^{−w∗n−1} · | |P^′_{n,[gμj ],gj +dj} (δ^+(n, [g^μ_j ], g_j + d_j )) | | ≍ H(ξ_j)^{−w∗n−1} · g^{(n+9)/4−μ(n−9)/4} j .

Assume first that 1 ≤ μ ≤ (n − 4)/4. Then, we have H(ξ_j) = H(Q_j ) ≍ g^n_j , which yields

|Q_j(ξ)| ≍ H(Q_j)^{−w∗n−1+(n+9)/(4n)−μ(n−9)/(4n)},

hence w_n(ξ) ≥ w^∗_n + 3 4 − 9 4n + μ 4 − 9μ 4n = w^∗_n + Δ, (28)

by the definition of Δ. Assume now that (n − 4)/4 ≤ μ ≤ n − 1. Then, we have H(ξ_j) = H(Q_j) ≍ g^{4(μ+1)}_j , which yields

w_n(ξ) ≥ w^∗_n + 7 16 + n 16 · μ − 1 μ + 1

= w^∗_n + Δ, (29)

by the definition of Δ. In order to show that the inequalities in (28) and (29) are indeed equalities, we argue exactly as Baker [1] did (see also [2]). We omit the details. This completes the proof of the theorem.

6. Proof of Theorem 3

The proof of Theorem 3 follows step by step that of Theorem 1 from [2]. Instead of working with the integer polynomials given in Lemma 3 from [2], we use Theorem A stated in Section 2. Let n ≥ 6 be an even integer. Let Δ be in [(n − 1)/n, n/2) and set μ = n(Δ − 1) + 1 n − 2Δ . We observe that μ is in [0, +∞). Keeping the notation from [2, Section 6], we take for γ_j the root of P̃_{n,a}(X) := (X^{n/2} − aX + 1)^2 − 2X^{n−2} (aX − 1)^2

nearest to a^{−1}+a^{−1−n/2}+2 √ 2 a^{−n}, where a = [g^μ_j ]. Then, the minimal defining polynomial of ξ_j is

Q_j (X) = ( (g_j X − c_j )^{n/2} − a(g_jX − c_j ) + 1

)_2 − 2(g_jX − c_j )^{n−2} ( a(g_jX − c_j ) − 1

)_2 . Observe further that H(ξ_j) = H(Q_j) ≍ g^{n+2μ}_j . (30)

The inequality H(γ_j) ≤ 2g^{n−2}_j used in [2, page 98, line 3] does not hold anymore, thus we have to modify accordingly inequality (3) from [2] (i.e., we have to assume that χ is sufficiently large) in order to be able to argue as in [2]. The only consequence is that the fonction n → F (n) defined in Theorem 1 from [2] must be replaced by a larger one. By the Remark at the end of Section 4, we have to take s = n + 2μ in (25), thus, we have to assume χ > 2n(n + μ)(n + 1) + 2n + 1.

We argue as in Section 6 from [2] and as in the above Section 5. Since

|P̃^′_{n,[g}μ_{j ]}(γ_j)| ≍ a^{−n+2},

we get |Q_j(ξ)| ≍ g_j H(Q_j)^{−w∗n−1} g^{−μ(n−2)}_j .

By (30), this implies the lower estimate

w_n(ξ) ≥ w^∗_n + 1 + μ(n − 2) − 1 n + 2μ . By definition of μ, we obtain w_n(ξ) ≥ w^∗_n + Δ. (31) We prove that there is equality in (31) exactly as in [1] or [2].

7. Proof of Theorem 4

Let n ≥ 6 be an even integer. As in Theorem 2 of [1], the number ξ is obtained as the limit of a sequence of algebraic numbers of the form

ξ_j = c_j + id_j + γ_j g_j , where the γ_j’s are suitable real algebraic numbers of degree n/2 and the c_j ’s, d_j ’s and g_j’s satisfy g_j < c_j < 2g_j and 5g_j < d_j < 6g_j. We omit the details of the construction of the ξ_j ’s, since it is very similar to that in Theorem 5 above. Set m = n/2. Let μ, μ^′ and μ^{′′} be real numbers in [0, (m − 2)/2], in [0, 1] and in [0, +∞), respectively. Set a = [g^μ_j ], a^′ = [g^{μ′}_j ] and a^{′′} = [g^{μ′′}_j ]. We choose for γ_j roots of the polynomials

P̂_{m,a}(X) = X^m − 2(aX − 1)^2, P̌_{m,a′} (X) = X^m − 2a^{′m}

or, when n is divisble by 4 (that is, when m is even), P̃_{m,a′′} (X) := (X^{m/2} − a^{′′}X + 1)^2 − 2X^{m−2} (a^{′′}X − 1)^2.

We observe that the ξ_j’s are of degree n and roots of polynomials of the form either P̂_{m,a}(g_jX −c_j −id_j )×P̂_{m,a}(g_j X −c_j +id_j ), or P̌_{m,a′} (g_jX −c_j −id_j )×P̌_{m,a′} (g_jX −c_j +id_j ), or P̃_{m,a}′′ (g_jX − c_j − id_j ) × P̃_{m,a}′′ (g_jX − c_j + id_j ), whose heights are ≍ g^{2m}_j , ≍ g^{2m}_j , and ≍ g^{2(m+2μ)} j , respectively. Furthermore, we have | | | d dx (^ P_{m,a}(X − id_j ) × P̂_{m,a}(X + id_j ) ) (γ_j + id_j ) | | | ≪ g^{m−μ(m−2)/2} j ,

| | | d dx (ˇ P_{m,a}′ (X − id_j ) × P̌_{m,a}′ (X + id_j ) ) (γ_j + id_j ) | | | ≪ g^{m+μ′(m−1)} j , and | | | | d dx (~ P_{m,a}′′ (X − id_j ) × P̃_{m,a}′′ (X + id_j ) ) (γ_j + id_j ) | | | | ≪ g^{m−μ}

′′(m−4) j . These estimates imply that, firstly, working with polynomials of the form P̂_{m,a}(g_j X − c_j − id_j ) × P̂_{m,a}(g_jX − c_j + id_j ), we construct a non-real complex number ξ such that

w_n(ξ) = w^∗_n(ξ) + 1 − m + 1 2m + μ · m − 2 4m . Secondly, working with polynomials of the form P̌_{m,a}′ (g_jX−c_j −id_j )×P̌_{m,a}′ (g_jX−c_j +id_j ), we construct a non-real complex number ξ such that

w_n(ξ) = w^∗_n(ξ) + 1 − m + 1 2m − μ^′ · m − 1 2m . Thirdly, working with polynomials of the form P̃_{m,a}′′ (g_jX−c_j −id_j )×P̃_{m,a}′′ (g_j X−c_j +id_j ), we construct a non-real complex number ξ such that

w_n(ξ) = w^∗_n(ξ) + 1 − m + 1 2(m + 2μ^{′′}) + μ^{′′}(m − 4) 2(m + 2μ^{′′}) . Recalling that n = 2m and letting μ, μ^′ and μ^{′′} vary in their respectives ranges of values, this proves that the set of values taken by the function w_n − w^∗_n contains the intervals [ 1 2 − 1 n , n 16 ] and [ 0, 1 2 − 1 n ] , and, if n is divisible by 4, the interval [ 1 2 − 1 n , n 8 ] . This completes the proof of Theorem 4.

References

[1] R. C. Baker, On approximation with algebraic numbers of bounded degree, Mathematika 23 (1976), 18–31.

[2] Y. Bugeaud, Mahler’s classification of numbers compared with Koksma’s, Acta Arith.

110 (2003), 89–105.

[3] Y. Bugeaud, Mahler’s classification of numbers compared with Koksma’s, III, Publ.

Math. Debrecen 65 (2004), 305–316.

[4] Y. Bugeaud, Approximation by algebraic numbers, Cambridge Tracts in Mathematics 160, Cambridge, 2004.

[5] Y. Bugeaud and M. Mignotte, On the distance between roots of an integer polynomial, Proc. Edinburgh Math. Soc. 47 (2004), 553–556.

[6] J. F. Koksma, Über dir Mahlersche Klasseneinteilung der transzendenten Zahlen und die Approximation komplexer Zahlen durch algebraische Zahlen, Monats. Math. Phys. 48 (1939), 176–189.

[7] K. Mahler, Zur Approximation der Exponentialfunktionen und des Logarithmus. I, II, J. reine angew. Math. 166 (1932), 118–150.

[8] W. M. Schmidt, T -numbers do exist, Symposia Math. IV, Inst. Naz. di Alta Math., Rome 1968, pp. 3–26, Academic Press, 1970.

[9] W. M. Schmidt, Mahler’s T -numbers, 1969 Number Theory Institute, (Proc. of Symposia in Pure Math., Vol. XX, State Univ. New York, Stony Brook, N. Y., 1969), pp. 275–286, Amer. Math. Soc., Providence, R. I., 1971.

[10] V. G. Sprindžuk, Mahler’s problem in metric number theory, American Mathematical Society, Providence, R.I., 1969, vii+192.

[11] E. Wirsing, Approximation mit algebraischen Zahlen beschränkten Grades, J. reine angew. Math. 206 (1961), 67–77.

Yann Bugeaud Université Louis Pasteur U. F. R. de mathématiques 7, rue René Descartes 67084 STRASBOURG (France)

e-mail : bugeaud@math.u-strasbg.fr