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Abstract. Letb > 2 be an integer. Among other results, we establish,
in a quantitative form, that any sufficiently large integer which is not
a multiple of b cannot simultaneously be divisible only by very small
primes and have very few nonzero digits in its representation in base b.

1. Introduction and results

Let a,b be positive, multiplicatively independent integers. Stewart [10] established
that, for every sufficiently large integer n, the representation of a” in base b has more
than (logn)/(2loglogn) nonzero digits. His proof rests on a subtle application of Baker’s
theory of linear forms in complex logarithms of algebraic numbers. This result addresses
a very special case of the following general (and left intentionally vague) question, which
was introduced and discussed in [5]:

Do there exist arbitrarily large integers which have only small prime factors and, at
the same time, few monzero digits in their representation in some integer base?

The expected answer is no and a very modest step in this direction has been made in
[5], by using a combination of estimates for linear forms in complex and p-adic logarithms.
In the present work, we considerably extend Corollary 1.3 of [5] and, more generally, we
show in a quantitative form that the maximum of the greatest prime factor of an integer
n and the number of nonzero digits in its representation in a given integer base tends to
infinity as n tends to infinity.

Throughout this note, b always denotes an integer at least equal to 2. Following [5],
for an integer k > 2, we denote by (ugk)) j>1 the sequence, arranged in increasing order, of
all positive integers which are not divisible by b and have at most k nonzero digits in their
representation in base b. Said differently, (ugk)) j>1 is the ordered sequence composed of
the integers 1,2,...,b — 1 and those of the form

dkbnk++d2bn2—|—d1, ng > -+ >ng >0, dl,...,dke{o,l,...,b—l}, dldk#O

2010 Mathematics Subject Classification : 11A63, 11J86.

1



We stress that, for the questions investigated in the present note, it is natural to restrict

our attention to integers not divisible by b. Obviously, the sequence (ugk)) j>1 depends on
b, but, to shorten the notation, we have decided not to mention this dependence.

Theorem 1.1 of [5] implies that the greatest prime factor of ugk) tends to infinity as j
tends to infinity. Its proof rests on the Schmidt Subspace Theorem and does not allow us
to derive an estimate for the speed of divergence. Such an estimate has been established
in [5], but only for & < 3. Following the proof of our main result (Theorem 1.2 below), we
are able to extend this estimate to arbitrary integers k.

For a positive integer n, let us denote by P[n| its greatest prime factor and by w(n)
the number of its distinct prime factors, with the convention that P[1] = 1. A positive
real number B being given, a positive integer n is called B-smooth if P[n] < B.

Theorem 1.1. Let b > 2,k > 3 be integers. Let € be a positive real number. Then, there
exists an effectively computable positive number jo, depending only on b, k, and ¢, such
that

1 log log lo u(-k)
P[ugk)] > (— - 5) loglogug.k) 808081 OL for j > jo.
k—2 logloglog log u;
In particular, there exists an effectively computable positive integer ng, depending only on
b, k, and ¢, such that any integer n > ny which is not divisible by b and is

(ﬁ - 5) (loglogn)

has at least k + 1 nonzero digits in its b-ary representation.

log loglog n

- th
log log loglogn Smioo

Our main result asserts that, given an integer b > 2, if the integer n is sufficiently
large, then its greatest prime factor and the number of nonzero digits in its representation
in base b cannot be simultaneously small.

Theorem 1.2. Let b > 2 and k > 2 be integers. There exist an effectively computable real
number ¢, depending at most on b, and an effectively computable, absolute real number C'
such that every sufficiently large positive integer n, which is not divisible by b and whose
representation in base b has k nonzero digits, satisfies

loglogn
k

Taking k& = 3 in Theorem 1.2, we get the second assertion of Theorem 1.3 of [5]. The
main ingredients for the proofs of both theorems are estimates for linear forms in complex
and p-adic logarithms of algebraic numbers. The novelty in the present note is a more
subtle use of estimates for linear forms in p-adic logarithms, where p is a prime divisor of
the base b. With our new approach, the number k£ of nonzero digits need not to be fixed
and can be allowed to depend on n, provided that it is rather small compared to n.

Several easy consequences of the proof of Theorem 1.2 are pointed out below. We

< c+logk + w(n)(C + loglog P[n]) + loglog(klog P[n]).

extend the definition of the sequences (ugk))jzl as follows. For a positive real valued

function f defined over the set of positive integers, we let (ugf ))j21 be the sequence,

arranged in increasing order, of all positive integers n which are not divisible by b and
have at most f(n) nonzero digits in their representation in base b.
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Theorem 1.3. Let b > 2 be an integer. Let f be a positive real valued function defined
over the set of positive integers such that

Assume that there exists a real number § satisfying 0 < § < 1 and

loglogu

flu)y<(1 (1.1)

~ logloglogu’
for any sufficiently large u, and set

log1
Ue(u) = %, for u > 3.

Then, for an arbitrary positive real number €, we have
(.f))

J
7

log W (u

P > (8 — &)Wy (uf”)

( (1.2)

log log W ¢ (u
for any sufficiently large integer j, where

loglogu

dp = sup {5 >0 : f(u) <(1-9) for every large integer u} :

log log log u

We gather in the next statement three immediate consequences of Theorem 1.3 applied
with an appropriate function f.

Corollary 1.4. Let b > 2 be an integer. There exists an effectively computable positive
integer ng, depending only on b, such that any integer n > ng which is not divisible by b
satisfies the following three assertions. If n is

loglogn

-smooth, then n has at least logloglogn
2loglogloglogn

nonzero digits in its representation in base b. If n is

log loglog n

loglogl 1
\/log logn 0806 08 11 -smooth, then n has at least 3 \/log logn

log logloglogn log logloglogn

nonzero digits in its representation in base b. If n is

log log log 1 log1
08 106 08 08N -smooth, then n has at least OB 0BT

log log log log logn 2logloglogn

1
3 log loglog n

nonzero digits in its representation in base b.

Let S be a finite, non-empty set of prime numbers. A rational integer is an integral
S-unit if all its prime factors belong to S. We deduce from Theorem 1.2 lower bounds for
the number of nonzero digits in the representation of integral S-units in an integer base.
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Corollary 1.5. Let b > 2 be an integer. Let S be a finite set of prime numbers. Then,
for any positive real number ¢, there exists an effectively computable positive integer ny,
depending only on b, S, and €, such that any integral S-unit n > ng which is not divisible
by b has more than

loglogn

(1

J— 6 —
log log logn
nonzero digits in its representation in base b.

Let a > 2,b > 2 be coprime integers. By taking for S the set of prime divisors of a,
Corollary 1.5 implies Stewart’s result mentioned in the introduction (for the case where a
and b are multiplicatively independent and not coprime, the proof of Corollary 1.5 can be
easily adapted) and both proofs are different. Observe, however, that Stewart obtained
in [10] a more general result, namely that, for any multiplicatively independent positive
integers b and b’ and any sufficiently large integer n, the number of nonzero digits in the
representation of n in base b plus the number of nonzero digits in the representation of n
in base b’ exceeds (loglogn)/(2logloglogn).

Our results are established in Section 3, by means of lower estimates for linear forms
in logarithms gathered in Section 2. We postpone to Section 4 comments and remarks.

2. Lower estimates for linear forms in logarithms

The first assertion of Theorem 2.1 is an immediate consequence of a theorem of
Matveev [8]. The second one is a slight simplification of the estimate given on page 190
of Yu’s paper [12]. For a prime number p and a nonzero rational number z we denote by
vp(2z) the exponent of p in the decomposition of z in product of prime factors.

Theorem 2.1. Let n > 2 be an integer. Let x1/y1,...,2Zn/yn be nonzero rational num-
bers. Let by, ..., b, be integers such that (x1/y1)" -+ (zn/yn)®» # 1. Let Ay,..., A, be
real numbers with

A; > max{|x,|, |yi], e}, 1<i<n.

Set B = max{3, |b1],...,|b,|}. Then, we have

T\ Tn )" n+3 9/
logKyl) (yn) 1] > =8 x 30" 1%/2 log(eB) log A - log A, (2.1)

Let p be a prime number. Then, we have

() () =)<

(16€)2" Y52 (log(2n))? (logp)Q log Ay ---log A, log B.

(2.2)




3. Proofs

Below, the constants ci,co,... are effectively computable and depend at most on b
and the constants C7,Cs, ... are absolute and effectively computable. Let N be a positive
integer and k£ the number of nonzero digits in its representation in base b. We assume that
b does not divide IV, thus k > 2 and we write

N =:dpb"™ + -+ dab"™ + d1b™,

where
ng>--+->nyg>ny =0, dy,...,dp €{1,...,b—1}.
Let q1,...,qs denote distinct prime numbers written in increasing order such that there
exist non-negative integers rq,...,rs with
N:q’]’:l ng
Observe that
b < N < b (3.1)

Lemma 3.1. Keep the above notation and set k* := max{k —2,1}. If

8log b\
log N > 2(log b ( ) , 3.2
og N > 2(logb) og 2 (3.2)
then we have
S k'*
ng < <610fk*(H log %’) log(k log qs)) : (3-3)
i=1
Proof. First we assume that ng > 2n,_1. This covers the case k = 2. Since
s k—1
Ay = \(H q?)d,;lb—"k —~ 1) =d by dyb™
i=1 h=1
S bl+nk_1—nk S b—(nk—Q)/27
we get
log A, < —<% — 1> log b. (3.4)
Since r;logq; < (nx +1)logb for j =1,...,s, we deduce from (2.1) that
log Ay > —c2C5(logqr) - - - (log g5 ) (log ny). (3.5)

Combining (3.4) and (3.5), we obtain

ng < c3C3 (H log Qi) (loglog gs),
=1



which implies (3.3).
Now, we assume that n, < 2np_i. In particular, we have k > 3. If there

integer j with 1 <j <k —3 and ni4; > ni/(k_z), then put

C:=min{j:1<j<k—3, ni4; > ni/(k72)}‘
Otherwise, set £ := k — 2. We see that

L y/(k—2)
k

Nep1 > §TL ](f—l)/(k—Q).

and ny,<n

Let p be the smallest prime divisor of b. Put

i () () =1 (32 ) (S

h=0+1

We get by (3.6), (3.1), and (3.2) that

log b1t
’Up(Au) > Nyl — E:;;OT
1 e/k-2) < (e—l)/<k—2)> log
> _ =t
> 2nk 1+n, log 2
L v/(k—2) 0/ (k—2) log b 1 ¢/(k—2)
> —n —2n _— > - )
2" g n,lc/(k_m log 2 4"

We deduce from (2.2) and (3.6) that
vp(Ay) < caCi(logqr) - - (log qs)n,(f_l)/(k_z) log ny.
By combining (3.7) and (3.8), we get
/"7 < e C3(log ) -+ (log 4.) (k — 2) log (my ),
which implies (3.3) and completes the proof of Lemma 3.1.

Proof of Theorem 1.1.

exists an

(3.6)

(3.7)

(3.8)

We keep the above notation. In particular, N denotes an integer not divisible by b
and with exactly k nonzero digits in its representation in base b. In view of [5], we assume
that k£ > 3, thus k* = k — 2. Note that (3.2) holds if N is large enough. Then, we deduce

from (3.1) and (3.3) that

loglog N

P < ¢+ Cgs + log(k —2) + Zlog log g; + loglog(k log gs).

1=1

(3.9)



In particular, denoting by p; the j-th prime number for j > 1 and defining s by p, = P[N],
inequality (3.9) applied with ¢; = p, for j =1,...,s shows that

loglog N
k—2
Let ¢ be a positive real number. By the Prime Number Theorem, there exists an effectively

computable integer sg(e), depending only on ¢, such that, if s > sg(g), then

5 < (1+5)%. (3.11)

< ¢g + Ces + log(k — 2) + sloglog P[N] + loglog(k log P[N]). (3.10)

For s < so(e/(2k — 4)), we derive from (3.10) an upper bound for N in terms of b, k, and
e. For s > so(e/(2k — 4)), it follows from (3.11) and the Prime Number Theorem that

loglog P[N]

provided that N is sufficiently large in terms of b, k, and €. This implies Theorem 1.1. O

Proof of Theorem 1.2.

We assume that ¢q,...,qs are the prime divisors of N, thus in particular we have
s = w(N). If (3.2) is not satisfied, then loglog N < c7k. Otherwise, by taking the
logarithms of both sides of (3.3) and using (3.1), we get

loglog N
k
This establishes Theorem 1.2.

Proof of Theorem 1.5.

We argue as in the proof of Theorem 1.1. Let ¢ be a positive real number with
e < dp/3. Suppose that j is sufficiently large and set N := ug-f ) Tt follows from (1.1) that
(3.2) holds if N is large enough. Then, (3.3) holds with an integer k at most equal to
f(N). By using (3.10), (3.11) and the Prime Number Theorem, we get

< g+ Crw(N) + logk + w(N)loglog P[N] + log log(k log P[N]).

log log P[N])

loglog N < (1+4¢)f(N) (10g f(N) + P[N] log P[N]

It then follows from the definition of the positive real number §y that

loglog P[N]
log log N 1-— loglog N 1 N)PIN|—————
oglog N < (1 —do + 3¢) loglog N + (1 +¢) f(IN) P[] log PIN]
hence log log P[N
0g log
0o — V(N 1 PIN|———
Therefore, we have proved (1.2). |



4. Additional remarks

Remark 4.1. Arguing as Stewart did in [11], we can derive a lower bound for Q[ugk)], where
Q[n] denotes the greatest square-free divisor of a positive integer n, similar to the lower

bound for Q[u§3)] given in Theorem 4.1 of [5].

Remark 4.2. Let a,b be integers such that a > b > 1 and ged(a, b) > 2. Perfect powers in
the double sequence (a™ + 0" + 1),, n>1 have been considered in [2, 3, 5, 7]. The method
of the proof of Theorem 1.2 allows us to establish the following extension of Theorem 4.3
of [5].

Theorem 4.1. Let k > 2 and aq,...,a; be positive integers with ged(ay,...,ax) > 2.
Let v = (vj);>1 denote the increasing sequence composed of all the integers of the form

ai* +---+ap* +1, with nq,...,n, > 1. Then, for every positive e, we have
1 log log log v
Plv;] > (— _ ) log log v i
[v3] kE—1 ©) 108108 Y; log log log log v,
when j exceeds some effectively computable constant depending only on a1, ... ,ax, and €.

Remark 4.3. Let n be a positive integer. Let S = {q1,...,qs} be a finite, non-empty set of
distinct prime numbers. Write n = ¢;* - - - ¢5* M, where rq,...,rs are non-negative integers
and M is an integer relatively prime to q; - - - gs. We define the S-part [n|s of n by

[n]s == ar* - g5

Theorem 1.1 of [5] asserts that, for every k > 2 and every positive real number e, we have

[wi)s < (ul®)e,

for every sufficiently large integer j. This implies that (and is a much stronger statement

than) the greatest prime factor of ug-k) tends to infinity as j tends to infinity. The proof
uses the Schmidt Subspace Theorem and it is here essential that k is fixed. Moreover, this
is an ineffective result.

The main goal of [5] was to establish an effective improvement of the trivial estimate
[u§3) ls < u§3) of the form [u§3) ls < (ugg))l_‘s, for a small positive real number 0 and for
j sufficiently large. A key tool was a stronger version of Theorem 2.1 in the special case
where |b,,| is small. Unfortunately, for & > 3, the method of the proof of Theorem 1.2 does
not seem to combine well with this stronger version of Theorem 2.1 to get an analogous
result. We are only able to establish that, for any fixed integer k£ > 4 and any given positive
real number ¢, the upper bound

s < exp(—(logal)1-0/)

holds for every sufficiently large integer j.



Remark 4.4. Instead of considering the number of nonzero digits in the representation of
an integer in an integer base, we can focus on the number of blocks composed of the same
digit in this representation, a quantity introduced by Blecksmith, Filaseta, and Nicol [4];
see also [1, 6]. A straightforward adaptation of our proofs shows that analogous versions of
Theorems 1.1 to 1.3 hold with ‘number of nonzero digits’ replaced by ‘number of blocks’.
We omit the details.

Remark 4.5. In the opposite direction of our results, it does not seem to be easy to confirm
the existence of arbitrarily large integers with few digits in their representation in some
integer base and only small prime divisors. A construction given in Theorem 13 of [9] and
based on cyclotomic polynomials shows that there exist an absolute, positive real number
c and arbitrarily large integers N of the form 2" + 1 such that

P[N] < Nc/ log log log N.
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