14 March 2008

‘Approximation by algebraic numbers’ (Cambridge Tracts 160)

Recent developments

Yann Bugeaud

These informal notes gather recent references who would be quoted in an hypothetical new edition of the monograph ‘Approximation by algebraic numbers’. So, we comment the present edition, one chapter after another.

Bibliographic references from CUP 160 are indicated by boldface numbers in brackets. Additional references are listed by alphabetic order of the authors at the end of the present notes.

Chapter 1.

Chapter 2.

Section 2.5. The combinatorial criterion of Ferenczi and Mauduit [246] has been considerably improved upon by Adamczewski, Bugeaud and Luca [11]. With this new criterion, Adamczewski and Bugeaud [2] established that irrational real numbers whose expansion in a given integer base has sublinear block complexity are transcendental. In particular, irrational automatic numbers are transcendental.

New examples of transcendental numbers with bounded partial quotients can be found in [3, 6, 7, 10, 40]. The paper [40], who was the first (don’t trust the publication date!) to point out the importance of continuants, is superseeded by [6] All the results of A. Baker’s paper [37] are improved in [6]. An alternative proof of the transcendence of the Thue–Morse continued fraction is given in [8] (see also [7]).

Chapter 3.

Section 3.4. The lower estimate (3.14) has been slightly improved upon by Tsishchanka [79], who got the lower bound n/2 + ε_n, where ε_n tends to 3 as n tends to infinity.

Section 3.6. See [36, ??] for further results and questions on exponents of Diophantine approximation.

For subsequent interesting results on the simultaneous approximation of a number and its squares, see Roy’s and Fischler’s papers [??, ??, 52, 53, 54].

Section 3.8. A. Baker’s criterion [38] for proving that, under some condition, a real number cannot be a U-number has been used in [12] and improved in [9], where further applications of the new criterion are given.

W. M. Schmidt [76] has defined Mahler and Koksma classification of points in R^n and C^n.

Chapter 4.

Chapter 5.

Chapter 6.

Chapter 7.

Chapter 8.

Chapter 9.

Section 9.1. Approximation of complex algebraic numbers by algebraic numbers of bounded degree is studied in [34]. Results from [233] are improved. Among others, it is proved that, for n ≥ d, we have w_n(ξ) = (n − 1)/2 if n is odd and w_n(ξ) ∈ {n/2, (n − 1)/2} if n is even, and both cases do happen.

Chapter 10.

Appendix A.

Appendix B.

Addition to the bibliography

[1] B. Adamczewski, Sur l’exposant de densité des nombres algébriques, Int. Math. Res.

Not. Vol. 2007 (2007), article ID 024, 6 pp.

[2] B. Adamczewski and Y. Bugeaud, On the complexity of algebraic numbers I. Expansions in integer bases. Ann. of Math. 165 (2007), 547–565.

[3] B. Adamczewski and Y. Bugeaud, On the complexity of algebraic numbers II. Continued fractions. Acta Math. 195 (2005), 1–20.

[4] B. Adamczewski and Y. Bugeaud, On the Littlewood conjecture in simultaneous Diophantine approximation. J. London Math. Soc. 73 (2006), 355–366.

[5] B. Adamczewski and Y. Bugeaud, On the Littlewood conjecture in fields of power series, Proceedings of the Kanazawa 2005 conference, Adv. Stud. Pure Math. To appear.

[6] B. Adamczewski and Y. Bugeaud, On the Maillet–Baker continued fractions, J. reine angew. Math. 606 (2007), 105–121.

[7] B. Adamczewski and Y. Bugeaud, Palindromic continued fractions, Ann. Inst.

Fourier (Grenoble) 57 (2007), 1557–1574.

[8] B. Adamczewski and Y. Bugeaud, A short proof of the transcendence of the Thue- Morse continued fractions, Amer. Math. Monthly 114 (2007), 536–540.

[9] B. Adamczewski and Y. Bugeaud, Mesures de transcendance et aspects quantitatifs de la méthode de Thue–Siegel–Roth–Schmidt. Preprint.

[10] B. Adamczewski, Y. Bugeaud and J. L. Davison, Continued fractions and transcendental numbers, Ann. Inst. Fourier (Grenoble) 56 (2006), 2093–2113.

[11] B. Adamczewski, Y. Bugeaud et F. Luca, Sur la complexité des nombres algébriques, C. R. Math. Acad. Sci. Paris 339 (2004), 11–14.

[12] B. Adamczewski and J. Cassaigne, Diophantine properties of real numbers generated by finite automata, Compos. Math. 142 (2006), 1351–1372.

[13] G. Alain, Simultaneous approximation of a real number by all conjugates of an algebraic number, Acta Arith. 127 (2007), 63–70.

[14] M. Amou and Y. Bugeaud, On integer polynomials with multiple roots, Mathematika.

To appear.

[15] D. Badziahin and J. Levesley, A Note on Simultaneous and Multiplicative Diophantine Approximation on Planar Curves, Glasgow Math. J. 49 (2007), 367–375.

[16] J. Barral and S. Seuret, Heterogeneous ubiquitous systems in R^d and Hausdorff dimension, Bull. Braz. Math. Soc. 38 (2007), 467–515.

[17] V. Beresnevich, On the construction of regular systems of points with real, complex, and p-adic algebraic coordinates, Vestsī Nats. Akad. Navuk Belarusī Ser. Fīz.-Math. Navuk (2003), no. 1, 22–27, 124.

[18] V. Beresnevich, Distribution of rational points near planar curves and simultaneous Diophantine approximations, Dokl. Nats. Akad. Nauk Belarusi 47 (2003), no. 1, 41–43, 125 (in Russian).

[19] V. Beresnevich, On a theorem of V. Bernik in the metric theory of Diophantine approximation, Acta Arith. 117 (2005), 71–80.

[20] V. V. Beresnevich, V. I. Bernik, and E. I. Kovalevskaya, On approximation of p-adic numbers by p-adic algebraic numbers, J. Number Theory 111 (2005), 33–56.

[21] V. Beresnevich, H. Dickinson and S. L. Velani, Diophantine approximation on planer curves and the distribution of rational points, with an appendix by R.C. Vaughan: ‘Sums of two squares near perfect squares’, Ann. of Math. 166 (2007), 367–426.

[22] V. Beresnevich, M. M. Dodson, S. Kristensen and J. Levesley, Diophantine approximation with perfect squares and the solvability of an inhomogeneous wave equation, Adv. Math. 217 (2008), 740–760.

[23] V. V. Beresnevich and E. I. Kovalevskaya, On Diophantine approximations of dependent quantities in the p-adic case, Mat. Zametki 73 (2003), no. 1, 22–37 (in Russian). English translation in Math. Notes 73 (2003), no. 1-2, 21–35.

[24] V. Beresnevich and S. L. Velani, A Mass Transference Principle and the Duffin– Schaeffer conjecture for Hausdorff measures, Ann. of Math. 164 (2006), 971–992.

[25] V. Beresnevich and S. L. Velani, Schmidt’s theorem, Hausdorff measures and Slicing, Int. Math. Res. Not. 2006, Art. ID 48794, 24 pp.

[26] V. Beresnevich and S. L. Velani, A note on simultaneous Diophantine approximation on planar curves, Math. Ann. 337 (2007), 769–796.

[27] V. Beresnevich and S. L. Velani, An Inhomogeneous Transference Principle and Diophantine Approximation. Preprint.

[28] V. Beresnevich and S. L. Velani, Simultaneous inhomogeneous Diophantine approximation on manifolds. Preprint.

[29] V. I. Bernik and O. S. Kukso, Polynomials with small discriminants and regular systems of real algebraic numbers, Zap. Nauchn. Sem. S.-Peterburg. Otdel. Mat. Inst. Steklov. (POMI) 322 (2005), Trudy po Teorii Chisel, 10–16, 251 (in Russian). English translation in J. Math. Sci. (N. Y.) 137 (2006), no. 2, 4612–4616.

[30] Y. Bugeaud, Mahler’s classification of numbers compared with Koksma’s. III, Publ.

Math. Debrecen 65 (2004), 305–316.

[31] Y. Bugeaud, Diophantine approximation and Cantor sets. Math. Ann. To appear.

[32] Y. Bugeaud, Exponents of multiplicative approximation. Preprint.

[33] Y. Bugeaud, M. Drmota and B. de Mathan, On a mixed Littlewood conjecture in Diophantine approximation, Acta Arith. 128 (2007), 107–124.

[34] Y. Bugeaud and J.-H. Evertse, Approximation of complex algebraic numbers by algebraic numbers of bounded degree. Preprint.

[35] Y. Bugeaud and S. Kristensen, Diophantine exponents for mildly restricted approximation. Arkiv f. Mat. To appear.

[36] Y. Bugeaud and M. Laurent, Exponents of Diophantine approximation. In: Diophantine Geometry Proceedings, Scuola Normale Superiore Pisa, Ser. CRM, vol. 4, 2007, 101–121.

[37] E. Cesaratto and B. Vallée, Real numbers with bounded digit averages, Acta Arith.

125 (2006), 115–162.

[38] Y. Cheung, Hausdorff dimension of the set of singular pairs. Preprint.

[39] P. Corvaja and U. Zannier, On the rational approximations to the powers of an algebraic number: solution of two problems of Mahler and Mendès France, Acta Math. 193 (2004), 175–191.

[40] J. L. Davison, Quasi-periodic continued fractions, J. Number Theory 127 (2007), 272–282.

[41] S. Delaunay, Approximation diophantienne et distances ultramétriques non standard, Ann. Fac. Sci. Toulouse Math. 14 (2005), 629–661.

[42] M. M. Dodson and S. Kristensen Khintchine’s theorem and transference principle for star bodies, Int. J. Number Theory 2 (2006), 431–453.

[43] M. M. Dodson, S. Kristensen and J. Levesley, A quantitative Khintchine–Groshev type theorem over a field of formal series, Indag. Math. (N.S.) 16 (2005), 171–177.

[44] A. Durand, Ensembles à grande intersection et ubiquité, C. R. Math. Acad. Sci.

Paris 343 (2006), 447–452.

[45] H. Duru, Semi-strong U-numbers in the p-adic field Q_p, İstanbul Üniv. Fen Fak.

Mat. Derg. 57/58 (1998/99), 41–49.

[46] H. Duru, On irregular semi strong p-adic U-numbers, Turkish J. Math. 30 (2006), 75–85.

[47] M. Einsiedler, A. Katok and E. Lindenstrauss, Invariant measures and the set of exceptions to Littlewood’s conjecture, Ann. of Math. 164 (2006), 513–560.

[48] M. Einsiedler and D. Kleinbock, Measure rigidity and p-adic Littlewood-type problems, Compositio Math. 143 (2007), 689–702.

[49] M. Elekes and T. Keleti, Borel sets which are null or non-σ-finite for every translation invariant measure, Adv. Math. 201 (2006), 102–115.

[50] J.-H. Evertse, Distances between the conjugates of an algebraic number, Publ. Math.

Debrecen 65 (2004), 323–340.

[51] A.-H. Fan and J. Wu, A note on inhomogeneous Diophantine approximation with a general error function, Glasg. Math. J. 48 (2006), 187–191.

[52] S. Fischler, Spectres pour l’approximation d’un nombre réel et de son carré, C. R.

Acad. Sci. Paris 339 (2004), 679–682.

[53] S. Fischler, Palindrome prefixes and episturmian words, J. Combinatorial Theory, Series A, 113 (2006), 1281–1304.

[54] S. Fischler, Palindrome Prefixes and Diophantine Approximation, Monatsh. Math.

151 (2007), 11–37.

[55] S. Fischler et T. Rivoal, Un exposant de densité en approximation rationnelle, Int.

Math. Res. Not. 2006, Art. ID 95418, 48 pp.

[56] L. Fishman, Schmidt’s game on fractals, Israel J. Math. To appear. [57] A. Ghosh, Metric Diophantine approximation over a local field of positive characteristic, J. Number Theory 124 (2007), 454–469.

[58] A. Ghosh, A Khintchine–type theorem for hyperplanes, J. London Math. Soc. 72 (2005), 293–304.

[59] K. Inoue, The metric simultaneous Diophantine approximations over formal power series, J. Théor. Nombres Bordeaux 15 (2003), 151–161.

[60] D. Kleinbock, An extension of quantitative nondivergence and applications to Diophantine exponents, Trans. Amer. Math. Soc. To appear.

[61] D. Kleinbock and B. Weiss, Friendly measures, homogeneous flows and singular vectors. In: Algebraic and Topological Dynamics, Contemp. Math. 385 (2005), AMS, Providence, RI, 2005, 281–292.

[62] S. Kristensen, Approximating numbers with missing digits by algebraic numbers, Proc. Edinb. Math. Soc. 9 (2006), 657–666.

[63] S. Kristensen, A metric theorem for restricted Diophantine approximation in positive characteristic, Acta Arith. 124 (2006), 159–175.

[64] S. Kristensen, R. Thorn and S. L. Velani, Diophantine approximation and badly approximable sets, Adv. in Math. 203 (2006), 132–169.

[65] M. Laurent, Exponents of Diophantine approximation in dimension two, Canad. J.

Math. To appear.

[66] M. Laurent, On transfer inequalities in Diophantine Approximation. To appear. [67] J. Levesley, C. Salp and S. L. Velani, On a problem of K. Mahler: Diophantine approximation and Cantor sets, Math. Ann. 338 (2007), 97–118.

[68] S. V. Mikhaĭlov, A transcendence type for almost all points in an m-dimensional real space, Mat. Sb. 198 (2007), 67–88 (in Russian).

[69] L. Olsen, On the exact Hausdorff dimension of the set of Liouville numbers, Manuscripta Math. 116 (2005), 157–172.

[70] L. Olsen and D. L. Renfro, On the exact Hausdorff dimension of the set of Liouville numbers. II, Manuscripta Math. 119 (2006), 217–224.

[71] A. D. Pollington and S. L. Velani, Metric Diophantine approximation and ‘absolutely friendly’ measures, Selecta Math. 11 (2005), 297–307.

[72] D. Roy, Simultaneous approximation by conjugate algebraic numbers in fields of transcendence degree one. Intern. J. Number Theory 1 (2005), 357–382.

[73] D. Roy, On two exponents of approximation related to a real number and its square, Canad. J. Math. 59 (2007), 211–224.

[74] D. Roy, On the continued fraction expansion of a class of numbers. Proceedings of the conference held in Vienna in 2003 on the 70th birthday of Prof. W. M. Schmidt. Springer Wien. To appear.

[75] D. Roy, On simultaneous rational approximations to a real number, its square, and its cube. Preprint.

[76] W. M. Schmidt, Mahler and Koksma classification of points in R^n and C^n, Funct.

Approx. Comment. Math. 35 (2006), 307–319.

[77] W. M. Schmidt, Diophantine approximation by algebraic hypersurfaces and varieties, Trans. Amer. Math. Soc. 359 (2007), 2221–2241.

[78] A. Schönhage, Polynomial root separation examples, J. Symbolic Comput. 41 (2006), 1080–1090.

[79] K. Tsishchanka, On approximation of real numbers by algebraic numbers of bounded degree, J. Number Theory 123 (2007), 290–314.

[80] R. C. Vaughan and S. L. Velani, Diophantine approximation on planar curves: the convergence theory, Inventiones Math. 166 (2006), 103–124.