On integers with identical digits

Yann Bugeaud & Maurice Mignotte (Strasbourg)

1. Introduction

A longstanding conjecture claims that the Diophantine equation

x^n − 1 x − 1 = y^q in integers x > 1, y > 1, n > 2, q ≥ 2 (1)

has finitely many solutions, and, maybe, only those given by

3^5 − 1 3 − 1

= 11^2,

7^4 − 1 7 − 1

= 20^2 and

18^3 − 1 18 − 1

= 7^3.

Among the known results, let us mention that Ljunggren [13] solved completely (1) when q = 2 and that Nagell [9] treated the cases 3 | n and 4 | n. For more information and in particular for finiteness type results under some extra hypotheses, we refer the reader to Shorey & Tijdeman [18], [19] and to the recent survey of Shorey [17].

In the present work, we solve completely (1) when x is any integer in the interval [2, 10] and, under some restriction, when x is a power of a prime number. In these cases, it is already known that the number of solutions is finite and that they are bounded by an effectively computable constant. As in the paper [4], we combine several methods in Diophantine approximation together with some computer calculations. Our main tool is a new lower bound for linear forms in two p-adic logarithms (see [2]), which applies very well to (1) and allows us to considerably reduce the time of computation.

We would like to point out that we solve an old open problem in proving that any number x = 11 . . . 11, with all digits equal to 1 in base 10, is not a pure power . . . except x = 1.

2. Statement of the results

First, we warn the reader that the proofs of the results obtained in Le [12] and in Yu & Le [21] are incorrect. Indeed, they all depend on Lemma 3 of [12], which is false, see the comment of Yuan Ping-Zhi [22]. In the present work, we supply a correct proof of some of their claims. However, we remark that our method is essentially different from theirs.

Our main result is the following.

Theorem 1. Let t ≥ 1 be a rational integer. Let z be an integer in the interval [2, 10] and let p ≥ 11 be a prime number. Then equation (1) has only two solutions (x, y, n, q) with x = z^t, namely (x, y, n, q) = (3, 11, 5, 2) and (7, 20, 4, 2). Further, equation (1) has no solution (x, y, n, q) with x = p^t and gcd(q, p − 1) = 1.

Remarks. • Our method can be applied to solve (1) with x = z^t, where z is a fixed integer satisfying some hypothesis. The details can be found in [2], however, let us mention that this hypothesis is satisfied by every integer between 2 and 20, except 11. Moreover, we are unable to prove the following assertion.

Problem. The Diophantine equation

11^{tn} − 1 11^t − 1

= y^5 in integers t ≥ 1, y ≥ 2 and n ≥ 3

has only finitely many solutions.

• Let p be a given prime number and let t be a given rational integer, such that p^t is not too large, in order that some computation can be done. By Step 3 and Step 4 of the proof of Theorem 1, we are able to show that equation (1) has no solution (p^t, y, n, q) with q dividing p − 1.

• The new lower bounds for linear forms in two p-adic logarithms obtained in [2] play here a key role, and it is likely that the results of [3] would have led to excessive computation. Indeed, the numerical constants appearing in Proposition 2 would then be much bigger.

Two immediate corollaries of Theorem 1 deserve to be pointed out. The first one deals with the Diophantine equation

3^m − 2y^q = 1 in integers m ≥ 2, y ≥ 2 and q ≥ 2, (2)

which appears in the theory of finite groups. Cresenzo [6] claimed that (2) has no solution, but this is obviously false since 3^5 − 2 · 11^2 = 1, as observed by Sun [20] and, later, by Le [11] (Notice that both Lemmas 1 and 2 of [11] are incorrect). Further, Yu & Le [21] asserted that (2) has only the above quoted solution, but there is a mistake in their proof. Theorem 1 implies the following statement.

Corollary 1. Equation (2) has only the solution (m, y, q) = (5, 11, 2).

The second corollary is related to numbers with all digits equal to a given digit a, in a given base b. Combined with a result of Inkeri [7], extending previous work of Obláth [15], Theorem 1 allows us to complete Theorem 6 of Shorey & Tijdeman [18].

Theorem 2. Let a and b be rational integers with 2 ≤ b ≤ 10 and 1 ≤ a ≤ b−1. The integer N with all digits equal to a in base b is not a pure power, except for N = 1, 4, 8 or 9, for N = 11111 written in base b = 3, for N = 1111 written in base b = 7 and for N = 4444 written in base b = 7.

More precisely, when compared with Obláth and Inkeri, the only new case here is the case a = 1, which remained open for about fifty years.

3. Auxiliary results

The main tool of our proof is a sharp lower bound for the p-adic distance between two rational numbers, obtained in [2]. We normalize the p-adic valuation by v_p(p) = 1.

Proposition 1. Let p be a prime number and let α_1 and α_2 be two rational numbers satisfying v_p(α_1 − 1) > 0 and v_p(α_2 − 1) > 0. We assume that there exists a real number E > 0 such that

v_p(α_1 − 1) ≥ E > 1 p − 1 , and that, in the case p = 2, we have v_p(α_2 − 1) ≥ 2. Let b_1 and b_2 be two strictly positive integers, denote by p^u the greatest power of p which divides simultaneously b_1 and b_2 and assume that p does not divide b_2/p^u. Let K ≥ 3, L ≥ 2, R_1, R_2, S_1, S_2 be positive integers and set

R = R_1 + R_2 − 1, S = S_1 + S_2 − 1, N = KL and γ = 1 2 − N 6RS . Put b = (R − 1)b_2 + (S − 1)b_1 2 (_K�_1 ∏ k=1 k! )�2/(K^2�K) . and assume that

Card {α^r_1 α^s_2 ; 0 ≤ r < R_1, 0 ≤ s < S_1} ≥ L,

Card { rb_2 + sb_1; 0 ≤ r < R_2, 0 ≤ s < S_2 } > (K − 1)L. (3)

Under the condition

K(L − 1)E log p − 3 log N−(K − 1) log b − γ L ( R h(α_1) + S h(α_2) ) > 0, (4) we have v_p(α^{b1}_1 − α^{b2}_2 ) ≤ E (KL − 1/2) + u.

Proof : This is Theorem 1 of [2] in the rational case.

Remark. This result slightly sharpens the estimates of [3] thanks to the new parameter E, which allows us, in the applications, to improve considerably the numerical bounds. Its full strength is used in Step 2 of the proof and also in Proposition 2 below.

Proposition 2. Let (p^t, y, n, q) be a solution to (1) with q ≥ 3, p prime, t ≥ 1 and gcd(q, p − 1) = 1. If p ≠ q, then we have p^t ≤ 4063, and if p = q we have p ≤ 1900 and p^t�^2 ≤ 56000. Moreover, if (6^t, y, n, q) (resp. (10^t, y, n, q)) is a solution of (1) with t ≥ 1 and q ≥ 3, then we have t ≤ 7 (resp. t ≤ 5).

Proof : This is Theorem 4 of [2] for the first part. The last statement is proved exactly like Theorem 4 of [2] in the case of composite numbers. Let us briefly recall the arguments. Assume there exists t ≥ 1, y ≥ 2, n ≥ 3 and q ≥ 3 such that (6^t, y, n, q) is a solution to (1). We apply Proposition 1 to bound from above the 3-adic valuation of (1 − 6^t) − y�^q, which is, in view of (1), equal to tn. Hence, we get q ≤ 7000, independently of t. To derive an upper bound for t, we apply Lemma 18 of Saradha & Shorey [16] and we have to distinguish the cases q = 3 and q > 3.

A third important tool of our proof is the following result of Bennett & de Weger [1].

Proposition 3. If a, b and n are integers with b > a ≥ 1 and n ≥ 3, then the equation |ax^n − by^n| = 1 has at most one solution in positive integers (x, y), except possibly for the cases where b = a + 1, 2 ≤ a ≤ min{0.3n, 83} and 17 ≤ n ≤ 347.

Proof : This is Theorem 1.1 of [1].

We also need a result of Le [10].

Proposition 4. Equation (1) has no solution (x, y, n, q) with x a perfect q-th power.

Proof : This is Theorem 1 of [10]. However, using the work of Bennett & de Weger [1], we can give the following very short proof. Assume that (x^n−1)/(x−1) = y^q with x = z^q. Then the equation X^q −(z^q −1)Y^q = 1 has the two solutions (X, Y ) = (z^n, y) and (X, Y ) = (z, 1), contradicting Proposition 3.

Finally, we recall the main result of [4].

Proposition 5. Equation (1) has no solution (x, y, n, q) with x being a square.

Proof : This is Theorem 1 of [4].

4. Proof of Theorem 1

Let z and t ≥ 1 be two rational integers with 2 ≤ z ≤ 10 or z prime. Set x = z^t and assume that there exist integers y ≥ 2, n ≥ 3 and q ≥ 3 such that (x, y, n, q) is a solution of equation (1). If z is a prime number with z ≥ 11, we also assume that gcd(q, z −1) = 1. Proposition 5 implies that t is odd. Further, we can suppose that x ≠ 2, since it is known that the equation 2^N −1 = Y^Q has no solution in integers N ≥ 2, Y ≥ 2 and Q ≥ 2; see for instance Cassels [5].

We divide the proof into five steps. • Step 1. Application of Proposition 2.

We first apply Proposition 2 to obtain an upper bound for t, which appears to be relatively small. Namely, for prime values of z, we get

z 2 3 5 7 11 13 ≥ 17 t ≤ 13 7 5 5 3 3 1

in the case when z ≠ q and

z 3 5 7 ≥ 11 ≥ 41 t ≤ 11 7 7 5 3

if z = q. Further, we have t ≤ 7 for z = 6 and t ≤ 5 for z = 10. Recall also that gcd(q, t) = 1, by Proposition 4.

• Step 2. Sharp upper bound for q.

For each of the remaining equations, we apply Proposition 1 to obtain a very precise upper bound for q. Indeed, we bound from above the p-adic valuation of Λ = (1 − z^t) − ( 1 y )_q = −z^{tn} y�^q , where p = z if z is prime and p = 3 (resp. p = 5) if z = 6 (resp. z = 10). With an extensive computer search, we choose the optimal values for the parameters K, L, R_1, R_2, S_1 and S_2 in order that condition (4) is satisfied and the product KL is as small as possible. Surprisingly, we remark that these parameters are rather small. Indeed, L is always less than 10, R_1 and S_1 are both less than 5, R_2 and S_2 are not bigger than 60, and K is nearly equal to R_2 S_2/L. Observe also that 1−z^t and y are multiplicatively independent and that S_1 +S_2 −1 ≤ q, hence condition (3) is fulfilled. At this stage, we can summarize our result in the following table.

z 2 2 3 3 5 5 6 6 t 3 ≥ 5 1 ≥ 3 1 ≥ 3 1 ≥ 3 q ≤ 137 37 1900 73 947 47 6172 188 z 7 7 10 10 ≥ 11 ≥ 11 t 1 ≥ 3 1 ≥ 3 1 ≥ 3 q ≤ 682 36 2063 92 452 31

Notice that the upper bounds for q obtained here do not depend on whether or not q divides z. In particular, we have already slightly improved Proposition 2 in showing that, for any prime p ≥ 457, equation (1) has no solution (p^t, y, n, p) with t ≥ 1, y ≥ 2 and n ≥ 3.

• Step 3. Use of congruences.

In view of Proposition 4, we can assume that x is not a q-th perfect power. Further, we use congruences to prove that, in all remaining cases, we have n ≡ 1 (mod q). The method is competely elementary: we consider congruences modulo a suitable power of q and modulo primes p congruent to 1 mod q. Generally only a few tries are enough. The whole verification took less than a day (we used PARI).

• Step 4. Use of Bennett - de Weger’s result.

In view of the last step, there is an integer ν ≥ 1 such that n = νq + 1. Plugging this into equation (1), we obtain x ( x^ν )_q − (x − 1) y^q = 1.

Combined with the computations of Step 3 this solves all the cases treated in Bennett - de Weger’s paper and listed in Proposition 3.

• Step 5. The last cases.

The remaining cases have been solved very recently in two different and independent ways which were presented in the conference on Diophantine Approximation in Luminy, May 1998. Using Padé approximation, M. Bennett solved positively the (about) three thousand cases which remained after Proposition 3. Using the general estimate for linear forms in two logarithms obtained in [8], M. Mignotte could decrease the number of cases in Proposition 3 to 46. Then, with the help of our colleague Yves Roy, the remaining corresponding cases of equation (1) were solved completely. This verification took about one month of computation, the upper bounds on n were provided by estimates on Thue equations due to Y. Bugeaud; the details are presented in [4].

Acknowledgements : A great part of this work was done during the time both authors were invited in the Mathematical Institute of Debrecen University. We are very thankful to K. Győry and A. Pethő for their hospitality.

We also thank our colleague Y. Roy for his generous help in the computational part of this paper, and M. Bennett for his interesting comments.

References

[1] M. BENNETT and B.M.M. DE WEGER. On the Diophantine equation | ax^n − by^n |= 1. Math. Comp. 67 (1998), 413–438.

[2] Y. BUGEAUD. Linear forms in p-adic logarithms and the Diophantine equation (x^n − 1)/(x − 1) = y^q. Math. Proc. Cambridge Philos. Soc.. To appear.

[3] Y. BUGEAUD and M. LAURENT. Minoration effective de la distance p-adique entre puissances de nombres algébriques. J. Number Th. 61 (1996), 311–342.

[4] Y. BUGEAUD, M. MIGNOTTE, Y. ROY and T. N. SHOREY. The Diophantine equation (x^n − 1)/(x − 1) = y^q has no solution with x square. Math. Proc. Cambridge Philos. Soc.. To appear.

[5] J. W. S. CASSELS, On the equation a^x − b^y = 1, II. Proc. Camb. Phil. Soc. 56 (1960), 97–103.

[6] P. CRESENZO. A Diophantine equation which arises in the theory of finite groups. Adv. Math. 17 (1975), 25–29.

[7] K. INKERI. On the Diophantine equation a(x^n − 1)/(x − 1) = y^m. Acta Arith. 21 (1972), 299–311.

[8] M. LAURENT, M. MIGNOTTE and Y. NESTERENKO. Formes linéaires en deux logarithmes et déterminants d’interpolation. J. Number Th. 55 (1995), 285–321.

[9] MAOHUA LE. A note on the Diophantine equation (x^m −1)/(x−1) = y^n. Acta Arith. 64 (1993), 19–28.

[10] MAOHUA LE. A note on the Diophantine equation (x^m − 1)/(x − 1) = y^n + 1. Math. Proc. Cambridge Philos. Soc. 116 (1994), 385–389.

[11] MAOHUA LE. A Diophantine equation concerning finite groups. Pacific J. of Math. 169 (1995), 335–341.

[12] MAOHUA LE. A note on perfect powers of the form x^m�^1 + . . . + x + 1, Acta Arith. 69 (1995), 91–98.

[13] W. LJUNGGREN. Noen Setninger om ubestemte likninger av formen (x^n − 1)/(x − 1) = y^q . Norsk. Mat. Tidsskr. 25 (1943), 17–20.

[14] T. NAGELL. Note sur l’équation indéterminée (x^n − 1)/(x − 1) = y^q. Norsk. Mat. Tidsskr. 2 (1920), 75–78.

[15] R. OBL^`ATH. Une propriété des puissances parfaites. Mathesis 65 (1956), 356–364.

[16] N. SARADHA and T. N. SHOREY. The equation (x^n − 1)/(x − 1) = y^q with x square. Math. Proc. Cambridge Philos. Soc. 125 (1999), 1–19.

[17] T. N. SHOREY. Exponential Diophantine equations involving product of consecutive integers and related equations. To appear.

[18] T. N. SHOREY and R. TIJDEMAN. New applications of Diophantine approximations to Diophantine equations, Math. Scand. 39 (1976), 5–18.

[19] T. N. SHOREY and R. TIJDEMAN. Exponential Diophantine equations, Cambridge Tracts in Mathematics 87 (1986), Cambridge University Press, Cambridge.

[20] QI SUN. An unsolved Diophantine equation in finite groups. J. Math. Res. Exposition 6 (1986), 20 (Chinese).

[21] LI YU and MAOHUA LE. On the Diophantine equation (x^m − 1)/(x − 1) = y^n, Acta Arith. 83 (1995), 363–366.

[22] PING-ZHI YUAN. Comment : “A note on perfect powers of the form x^m�^1 + . . . + x + 1”, Acta Arith. 69 (1995), 91–98, by Maohua Le and “On the Diophantine equation (x^m − 1)/(x − 1) = y^n”, Acta Arith. 83 (1995), 363–366, by Li Yu & Maohua Le. Acta Arith. 83 (1998), 199.

Yann Bugeaud & Maurice Mignotte Université Louis Pasteur U. F. R. de mathématiques 7, rue René Descartes 67084 STRASBOURG

e-mail : bugeaud@math.u-strasbg.fr mignotte@math.u-strasbg.fr