ALGEBRAIC NUMBERS CLOSE TO 1 IN NON-ARCHIMEDEAN METRICS*

Yann Bugeaud

Université Louis Pasteur U. F. R. de mathématiques 7, rue René Descartes 67084 STRASBOURG (FRANCE)

*

Running head : Algebraic numbers close to 1...

Name of the author : Yann Bugeaud.

Mailing address : Université Louis Pasteur U. F. R. de mathématiques 7, rue René Descartes 67084 STRASBOURG (FRANCE)

e-mail : bugeaud@pari.u-strasbg.fr

Abstract.

Let α ≠ 1 be an algebraic number with relatively small height. Recently, many authors, including Amoroso, Dubickas, Mignotte and Waldschmidt, stated sharp lower bounds for the quantity |α − 1|. Here, we provide a p-adic analogue of their results. For instance, we give an upper bound for the absolute value of the norm of α − 1, and we show that our estimate is rather sharp in terms on the degree of α. Further, we discuss a generalization in several variables of our result.

ALGEBRAIC NUMBERS CLOSE TO 1 IN NON-ARCHIMEDEAN METRICS

Yann Bugeaud (Strasbourg)

1. Introduction

We consider an algebraic number α ≠ 1 of degree d, with complex conjugates α = α_1, α_2, . . . , α_d and minimal defining polynomial a(X − α_1) . . . (X − α_d), where a > 0. As usual, we denote by M(α) the Mahler’s measure of α :

M(α) = a d∏ i=1 max{1, |α_i|}.

To provide lower bounds for the quantity |α−1| depending only on the degree of α and its Mahler’s measure, one can use Liouville’s inequality. It leads to |α−1| ≥ 2^{−d+1} M(α)^{−1} and the dependence on M(α) is sharp (see [9, Section 1] for several examples; one can take α = (1 − 1/a)^{1/d}, for instance). However, this is not the case for the dependence on d as shown by Mignotte [6] in the case of algebraic numbers of small measure. Indeed, he proved that − log |α − 1| ≤ 4 √ d log 4d

provided that M(α) ≤ 2. Recently, by means of Schneider’s method and interpolation determinants, Mignotte & Waldschmidt [9] obtained the following improvement : − log |α − 1| ≤ 3 2 √ d μ log^+(d/μ) + 2μ + log^+(D/μ), (1)

where μ > 0, μ ≥ log M(α) and log^+ x = max{log x, 0}. We refer to the survey of Amoroso [2] for a comparison between the two methods and also to the papers of Bugeaud, Mignotte & Normandin [3] and of Dubickas [4] for further refinements concerning the constant term and simpler proofs.

The purpose of this work is to provide a p-adic analogue of the estimate (1). Denoting by N the norm function, we remark that the trivial bound

|N(α − 1)| ≤ 2^d M(α), (2)

which may also be seen as a consequence of Liouville’s inequality, is rather sharp in terms on M(α). Indeed, let a > 1, d > 1 be two integers such that a is not a d-power, and let α be a root of the irreducible polynomial X^d + a. Then, we have M(α) = a and |N(α − 1)| = P (1) = a + 1.

However, (2) can be improved in terms of d : the first and up to now single result in this direction is due to Mignotte [8]. Under the extra hypothesis M(α) ≤ 2, it implies the upper bound log N(α − 1) ≤ 4 √ d log 4d. (3)

Here, as a consequence of a more general result, we improve (3) by a factor √ log d and we show that log N(α − 1) ≤ 5 √ d log d, (4)

provided M(α) ≤ 2. Our proof follows the argument of Dubickas [4], based on the use of an auxiliary polynomial which is a Vandermonde determinant.

Further, using an idea of Amoroso [1], we show that (4) is rather sharp and we discuss the problem of simultaneous approximation of β_1 − 1, . . . , β_n − 1 in a non-archimedean metric, where the β_i’s are multiplicatively independent algebraic numbers.

2. Statement of the results

Let α be an algebraic number of degree d ≥ 2. Put K = Q(α) and denote by ΩK (resp. Ω_∞, Ω_0) the set of places (resp. infinite, finite places) on K. In every place v we choose a valuation | . |_v in the following way : if v is infinite and corresponds to an embedding σ : K → C then we put, for every α ∈ K, |α|_v = |σ(α)|^{dv} , where d_v = 1 or 2 according as σ(K) is contained in R or not; if v is a finite place corresponding to the prime ideal p in K then we put |0|_v = 0 and, for α ∈ K \ {0},

|α|_v = N(p)^{−ord}p^{(α)}.

We recall that the logarithmic absolute height h(x) of an algebraic integer x ∈ K is defined by h(α) = 1 d log M(α) = ∑ v∈ΩK max{0, log |x|_v}^{1/d}. First, we deal with the case M(α) = 1. Then, by a theorem of a Kronecker, α is a root of unity, and we can obtain a rather precise estimate of |N(α − 1)|. Indeed, let α = exp(2iπk/m) be a primitive root of unity of degree d and denote by Φ_m(X) its minimal defining polynomial. Since Φ_m(X) divides 1+X+. . .+X^{m−1}, we have |N(α−1)| = |Φ_m(1)| ≤ m. By Theorem 328 of [5], the degree of α satisfies 0.51 m/ log log m ≤ d ≤ m if d is large enough. Hence, we get the bound |N(α − 1)| ≤ 2 d log log d for large d, which is subsequently better than Liouville’s estimate (2). Hence, in the sequel, we always suppose that M(α) > 1.

Throughout this paper, we stand the notation log^− x for min{0, log x} and log^+ x for max{0, log x}. Our main result is the following.

Theorem 1. Keeping the above notation, let Γ_∞ and Γ_0 be any subsets of Ω_∞ and Ω_0, respectively. Assume there exists an integer K ≥ 2 such that |α − 1|_v < ( 3/(K − 1) )_{dv} for every place v ∈ Γ_∞. Then we have ∑ v∈Γ1∪Γ0^{log} − |α − 1|_v ≥ − ( ∑ v∈Γ1^{dv} ) log K − d log K K − 1 − K + 1 3 log M(α).

Theorem 1 is a generalization of a result of Bugeaud, Mignotte & Normandin [3, Théorème 2] and improves an estimate of Mignotte [8, Proposition 1] in the particular case P (X) = X − 1 (see also [7, Proposition 2]).

For any prime number p and any integer x, we denote by [x]_p the p-part of x, i.e. the greatest power of p dividing x. From Theorem 1 we deduce an upper bound for any [α − 1]_p and also for the absolute value of the norm of α − 1, improving earlier estimates of Mignotte [8, Corollary 2].

Theorem 2. Let α be an algebraic number of degree d ≥ 2, which is not a root of unity. Then we have log |N(α − 1)| ≤ √ 6 d log d log M(α) + 4 log M(α). (5)

In particular, for any prime number p, we obtain

log[N(α − 1)]_p ≤ √ 6 d log d log M(α) + 4 log M(α). (6)

Moreover, for any ε > 0, there exists a δ > 0, depending only on ε, such that, if log M(α) ≤ δd, then log |N(α − 1)| ≤ √ (2/3 + ε) d log d log M(α).

More generally, we note that the upper bounds occurring in Theorem 2 are still valid for every sum of the shape ∑ v∈Γ0 log^+ |α − 1|^{−1}_v , where Γ_0 is any subset of Ω_0, and even -

but with larger numerical constants - for every sum ∑ v∈Γ0∪Γ1 log^+ |α − 1|^{−1}_v , provided that

the cardinality of Γ_∞ is less than constant times √ d log M(α)/ log d.

As shown by Amoroso [1], the estimate (1) is rather sharp. Using his method, we construct irreducible polynomials with high degree and relatively small measure in order to prove that the dependence on d in Theorem 2 is also sharp.

Theorem 3. For any integer n ≥ 1, there exist algebraic numbers α and β of degree n^2 + 1 and n^2 + 2, respectively, and with Mahler’s measure satisfying

log M(α) ≤ 1 π^2

(log n)^2 + 3 log n + 7,

such that |N(α − 1)| = 2^{n+1} − 1 and [N(β − 1)]_2 = 2^{n+1}. Hence, the dependence on d in (5) and in (6) cannot be relaxed to √ d/ log^{1+ε} d, for any ε > 0.

Very recently, Amoroso [2] managed to generalize (1) for several algebraic numbers, provided these are multiplicatively independent. Following his proof, we state a p-adic analogue of his result. Unfortunately, we can work only with one single place, and, since in Theorem 2 we consider many metrics simultaneously, Theorem 4 below cannot be seen as a multivariable generalization of Theorem 2. It only said that, given n multiplicatively independent algebraic numbers, all of them cannot be very closed to 1 in a fixed nonarchimedean metric.

Theorem 4. Let K be a number field of degree d and let α_1, . . . , α_n be n multiplicatively independent algebraic numbers in K. Set h := h(α_1) . . . h(α_n). For any non-archimedean place v in K, we have

log^− max j=1,...,n |α_j − 1|_v ≥ −(n + 1) d ( h log^+ 1 h )_{1/(n+1)} − 2 d n∑ j=1 h(α_j ).

Moreover, for any ε > 0, there exists an effective constant c > 0, depending only on ε, such that

log^− max j=1,...,n |α_j − 1|_v ≥ −(1 + ε) ( 2 3 (n + 1) )_{n/(n+1)} d ( h log^+ 1 h )_{1/(n+1)} − d 6 n∑ j=1 h(α_j ).

Theorem 1 allows us also to provide some lower bounds for the Mahler’s measure of a particular class of algebraic numbers.

Corollary 1. If the prime number 2 is unramified and splits totally in Q(α), then log M(α) ≥ 0.13 d.

Corollary 1 slightly improves a result of Mignotte [7, Théorème 3].

3. Auxiliary results

For any analytic function f(z_1, . . . , z_n), we define the norm | · |_1 by |f|_1 = max |z1|=...=|z_n|=1 |f(z_1, . . . , z_n)|. We will use the following version of Liouville’s inequality.

Lemma 1. Let P ∈ Z[X_1, . . . , X_n] be a polynomial with integer coefficients. For 1 ≤ i ≤ n, denote by D_i the partial degree of P with respect to the variable X_i. Let γ_1, . . . , γ_n be n algebraic numbers of degree d_1, . . . , d_n, respectively, and let d be the degree of the field Q(γ_1, . . . , γ_n). If P (γ_1, . . . , γ_n) ≠ 0 and if Ω denotes any (finite or infinte) set of places on Q(γ_1, . . . , γ_n), then we have ∑ v∈Ω log^− |P (γ_1, . . . , γ_n)|_v ≥ −d log |P |_1 − n∑ i=1 d d_i D_i log M(γ_i).

Proof : Using Lemma 3.5 of [11], we get h ( P (γ_1, . . . , γ_n) ) ≤ log |P |_1 + n∑ i=1 D_i h(γ_i).

Since h(x) = h(x^{−1}) for every algebraic number x ≠ 0, it follows that 1 d ∑ v∈Ω log^+ |P (γ_1, . . . , γ_n)|^{−1}_v ≤ log |P |_1 + n∑ i=1 D_i d_i M(γ_i),

which proves Lemma 1.

Lemma 2. Let K ≥ 2 be an integer. Then the Vandermonde determinant

P (x) = Det (( x^i )_j ) 0≤i,j≤K−1 = ∏ 0≤i,j≤K−1 ( x^j − x^i)

is a polynomial of degree K(K − 1)(2K − 1)/6 satisfying |P |_1 ≤ K^{K/2}. Moreover, P has a zero of order K(K − 1)(K − 2)/6 at x = 0 and a zero of order K(K − 1)/2 at x = 1.

Proof : The second assertion follows from Hadamard’s inequality, while the other three are easy calculations.

We also need a good lower bound for the Mahler’s measure of an algebraic number

Lemma 3. Let α be an algebraic number of degree d ≥ 2. If α is not a root of unity, then we have log M(α) ≥ 2/ ( log(3d)

)_3 . Proof : This is Corollary 1 of Voutier [10].

4. Proofs

Proof of Theorem 1. Following an idea of Dubickas [4], we use a Vandermonde determinant to construct our auxiliary polynomial. Hence, we set

P (x) = x^{−K(K−1)(K−2)/6} Det (( x^i )_j ) 0≤i,j≤K−1 . Since α is non-zero and is not a root of unity, we have P (α) ≠ 0. By Lemma 2, the polynomial P has degree K(K − 1)(K + 1)/6, and, using Lemma 1, we get ∑ v∈Ω log^− |P (α)|_v ≥ −d K 2 log K − K 6 (K − 1)(K + 1) log M(α). (7)

If v is a finite place such that |α − 1|_v < 1, then |α|_v = 1 and, for every positive integer k, we get |1 + α + . . . + α^k|_v ≤ 1, whence |P (α)|_v = ∏ 0≤i<j≤K−1 | α^{j−i} − 1 | v | α^i | v ≤ |α − 1|^{K(K−1)/2} v .

Consequently, if v is non-archimedean, we have

log^− |P (α)|_v ≤ K(K − 1) 2 log^− |α − 1|_v. (8)

Consider now the case when v is an infinite place and denote by σ the corresponding complex embedding. Set ρ = 1 + 3/(K − 1). By the maximum principle, the analytic function z → P (z)/(z − 1)^{K(K−1)/2} is bounded on the disk of radius ρ by K^{K/2} ρ^{K(K−1)2/6} ( (K − 1)/3 )_{K(K−1)/2} . Since by hypothesis |σα| < ρ, we get

|P (σα)| ≤ |σα − 1|^{K(K−1)/2} ( 1 + 3 K − 1 )_{K(K−1)}2_{/6} K^{K/2} ( K − 1 3 )_{K(K−1)/2}

and, using lim_{x→∞}(1 + 1/x)^x = e and a direct computation for K ≤ 22, we infer that

log^− |P (α)|_v ≤ K(K − 1) 2 ( log^− |α − 1|_v + d_v log K ) . (9)

And Theorem 1 directly follows from the combination of (7), (8) and (9).

Proof of Theorem 2. By the product formula in K ∏ v∈Ω1^{|α − 1|v ·} ∏ v∈Ω0 |α − 1|_v = 1,

we obtain |N(α − 1)| ≤ ∏ v∈Ω0 max { 1, |α − 1|^{−1}_v } , hence log |N(α − 1)| ≤ − ∑ v∈Ω0 log^− |α − 1|_v.

Applying Theorem 1 with Γ_∞ = ∅, Γ_0 = Ω_0 and K = [ λ √ d log d/ log M(α) ] + 1,

with λ ≥ 1 (which together with Lemma 3 ensures that K ≥ 2), we get

log |N(α − 1)| ≤ √ d log d log M(α) (√ d log d log M(α) log K K − 1 + λ 3 ) . (10)

By Lemma 3, we infer that for any ε > 0

log |N(α − 1)| ≤ ( 1 2λ + λ 3 + ε )√ d log d log M(α),

provided d is large enough. The second part of the theorem follows from the choice λ = √ 3/2. If d ≤ 4 log M(α), then, using the trivial bound |N(α − 1)| ≤ 2^d M(α), we get

log |N(α − 1)| ≤ 4 log M(α).

Else, putting λ = 2, we have K ≥ 4 and K − 1 ≥ 1.5 √ d log d/ log M(α). Since K ≤ d^2 by Lemma 3, the theorem follows directly from (10).

Proof of Theorem 3. Let n ≥ 1 be an integer. Put F (X) = n∏ i=1 (X^{2i−1} − 1) and

G(X) = X^{n2+1} + 2F (X). The polynomial G(X) is monic and irreducible, by Eisenstein’s criterion. Denote by −α a root of G(X). We have |N(α − 1)| = |G(−1)| = 2^{n+1} − 1. Further, Amoroso [1, proof of Theorem 1.1] proved that 1 2π ∫_π −π log^+ |F (e^{it})|dt ≤ 1 π^2

(log n)^2 + 3 log n + 5.

Hence, using |G(e^{it})| ≤ 1 + 2|F (e^{it})| ≤ 3 max { 1, |F (e^{it})| } and the equality

log M(α) = 1 2π ∫_π −π log |G(e^{it})|dt, we get log M(α) = log M(−α) ≤ 1 π^2

(log n)^2 + 3 log n + 7. (11)

Remark that |N(α − 1)| is composed of many distinct prime numbers. However, we can also construct an algebraic number β, which norm is a power of 2, showing that the estimate (6) is also rather sharp, at last in the particular case p = 2. To this end, we consider the monic polynomial H(X) = X^{n2+2} + X^{n2+1} + 2F (X). Reasoning modulo 2, we infer that either H is irreducible or H has a linear factor. Since H(−2), H(−1), H(0), H(1) and H(2) are all non-zero, the polynomial H is irreducible. Letting β be the opposite of a root of H, we get |N(β − 1)| = |H(−1)| = 2^{n+1}, and the upper bound (11) remains valid for M(β).

The last assertion of Theorem 3 is an easy calculation.

Proof of Theorem 4. We just describe the general scheme of the proof. For details, we refer the reader to the work of Amoroso [2, Theorem 4.1]. Let k_1, . . . , k_n be n positive integers to be defined later and set K = k_1 . . . k_n. We consider a natural n-dimensional generalization of the Vandermonde determinant, namely the polynomial in n variables

P (x_1, . . . , x_n) = ∏( x^{λ1}_1 . . . x^{λn}_n − x^{μ1}_1 . . . x^{μn}_n ) , where the product is taken over all (λ_1, . . . , λ_n, μ_1, . . . , μ_n) such that 0 ≤ λ_i, μ_i ≤ k_i −1 and (λ_1, . . . λ_n) ≠ (μ_1, . . . , μ_n). For convenience, we can suppose that 1 > |α_1 − 1|_v ≥ |α_i − 1|_v for 1 ≤ i ≤ n, and, since |α_i|_v = 1, we get |P (α_1, . . . , α_n)|_v ≤ |α_i − 1|^{K(K−1)/2}_v , which together with Lemma 1, leads to

log^− |P (α_1, . . . , α_n)|_v ≥ − 2 d K(K − 1) log |P |_1 − n∑ i=1 d deg_{xi} (P ) h(α_i).

Now, we refer to [2] for the calculation and the choice of the parameters k_i. However, we note that the term 1+log(N/m) occurring in the archimedean case (cf [2, inequality (4.5)]) does not appear here : it is due to the use of the maximum principle, which can easily be avoid in the p-adic case. Consequently, we gain log(3nd^2) in the final estimate.

Proof of Corollary 1. Applying Theorem 1 with Γ_∞ = ∅ and Γ_0 = Ω_0, we get

log M(α) ≥ 3 K + 1 ( log |N(α − 1)| − d log K K − 1 ) . By hypothesis, we have |N(α − 1)| ≥ 2^d, hence the result follows from the choice K = 4.

References

[1] F. Amoroso, Algebraic numbers close to 1 and variants of Mahler’s measure, J. Number Theory 60 (1996), 80–96.

[2] F. Amoroso, Algebraic numbers close to 1 : results and methods, preprint. [3] Y. Bugeaud, M. Mignotte and F. Normandin, Nombres algébriques de petite mesure et formes linéaires en un logarithme, C. R. Acad. Sci. Paris Sér. I 321 (1995), 517–522.

[4] A. Dubickas, On algebraic numbers of small measure, Liet. Mat. Rink. 35 (1995), 421–431.

[5] G. H. Hardy and E. M. Wright, “An Introduction to the Theory of Numbers”, Oxford Univ. Press, Oxford, 1979.

[6] M. Mignotte, Approximation des nombres algébriques par des nombres algébriques de grand degré, Ann. Fac. Sci. Toulouse 1 (1979), 165–170.

[7] M. Mignotte, Estimations élémentaires effectives sur les nombres algébriques, Publication de l’I.R.M.A. de Strasbourg, 1979.

[8] M. Mignotte, Estimations élémentaires effectives sur les nombres algébriques, in “Journées arithmétiques 1980” (J. V. Armitage, Ed.), pp. 24–34, London Math. Soc. Lecture Notes Ser., Vol. 56, Cambridge Univ. Press, Cambridge, 1982.

[9] M. Mignotte and M. Waldschmidt, On algebraic numbers of small height : Linear forms in one logarithm, J. Number Theory 47 (1994), 43–62.

[10] P. Voutier, An effective lower bound for the height of algebraic numbers, Acta Arith. 74 (1996), 81–95.

[11] M. Waldschmidt, “Linear independence of logarithms of algebraic numbers”, The Institute of Mathematical Sciences, IMSc. Report 116, Madras, 1992.