BOUNDS FOR THE SOLUTIONS OF SUPERELLIPTIC EQUATIONS

Yann Bugeaud Université Louis Pasteur U. F. R. de mathématiques 7, rue René Descartes 67084 STRASBOURG (FRANCE)

1. Introduction

In this work, we study the diophantine equation

(1.1) f(X) = Y^m

where m ≥ 2 is an integer and f(X) is a polynomial with coefficients in a number field K. The first important result on this topic is due to Siegel [19], who showed that if m = 2 and f has at least three simple roots or if m ≥ 3 and f has at least two simple roots, then (1.1) has only finitely many integral solutions. Three years later, he proved [20] that if the algebraic curve defined by (1.1) is of positive genus, then (1.1) has only finitely many integral solutions. The p-adic analogue of this theorem was established independently by Lang [9] and LeVeque [12], who showed that, under the same conditions, (1.1) has only finitely many S-integral solutions. After that, LeVeque [13] gave a necessary and sufficient condition for the algebraic curve defined by (1.1) to have positive genus. However, all these results are based on Thue’s method, and hence are ineffective.

Using his work on linear forms in logarithms, Baker [1] gave the first effectively computable bound on the size of rational integer solutions of (1.1) in the case K = Q, under the same hypothesis as Siegel [19]. His results were improved and extended to algebraic number fields by Sprindžuk [23] (see also [24] and the references given there), Brindza [4], Poulakis [16], Schmidt [17] and, more recently, Voutier [26]. We also have to mention an unpublished paper of Bilu [3]. Further, using the p-adic theory of linear forms in logarithms, due to Van der Poorten, generalizations to the case of S-integral solutions were established by Trelina [25], Kotov and Trelina [8] and Brindza [4], among others (see [18] for more references).

The purpose of the present work is to improve and generalize to the p-adic case Voutier’s results. We will more or less follow his proofs, however, using some new ideas, we give effective upper bounds for the size of S-integral solutions with a better dependence on m and show that the dependence on the height of the polynomial f is trivial if one takes also its discriminant into account (this was first noticed by Trelina). Our main tools are the new results due to the author and Győry [5], [6], concerning the size of the solutions of S-unit and Thue-Mahler equations.

2. Statement of the results

Let K be a number field of degree d. Denote by D_K its discriminant, by h_K its class number and by O_K the ring of integers in K. Let S be a finite set of places on K, including the set of infinite places S_∞. Denote by p_1, . . . , p_t the t prime ideals corresponding to the finite places of S. Further, denote by O_S the ring of S-integers in K. Let n ≥ 2 be an integer. We consider a monic polynomial

f(X) = X^n + a_{n−1}X^{n−1} + . . . + a_0 ∈ O_K[X].

Let a ∈ O_K \ {0} and m ≥ 2 be an integer, we study the equation

(2.1) f(x) = a y^m in (x, y) ∈ O_S × K.

Denote by α_1, . . . , α_r the r distinct roots of f and, respectively, by e_1, . . . , e_r their order of multiplicity. For i = 1, . . . , r, we define the positive integer

m_i := m (e_i, m) and we reorder the roots such that m_1 ≥ . . . ≥ m_r.

We assume that the m_i’s satisfy the so-called “LeVeque’s condition”, i.e. that (m_1, . . . , m_r) ≠ (2, 2, 1, . . . , 1) and (m_1, . . . , m_r) ≠ (t, 1, . . . , 1) where t denotes any integer.

Under this condition, it follows from LeVeque [13] that (1) has only finitely many solutions. The purpose of this work is to give a new upper bound for the size of these solutions. We pay particular attention to the dependence on the parameters of the field K and especially on the height of the polynomial f (for the definition, see Section 3). As in [5] and [6], we denote by h(α) the absolute multiplicative height of the algebraic number α.

Before stating our theorems, we have to introduce some more notations. We define the polynomial g(X) = (X − α_1) . . . (X − α_r) ∈ O_K[X]

and denote by Δ_g := ∏ i≠j (α_i − α_j ) its discriminant. Let P be the largest of the rational

primes lying below the finite places of S, with the convention that P = 1 if S = S_∞. Further, suppose that |N_{K/Q}(a)| is at most A (≥ e) and that the height of the polynomial f is bounded by H (≥ e^e).

Throughout this paper, we stand the notation log^∗x for max{log x, 1}.

Theorem 1. If m_i ≤ 2 for each i and there are at least three roots for which m_i = 2, then all the solutions of (2.1) satisfy

h(x) ≤ H^2 exp { c_1(d, n, t) P^{4n3d} (log^∗P )^{4n2dt} |D_K|^{15n2/2} A^{3n2} |N_{K/Q}(Δ_g)|^{12n} ( log |A D_K N_{K/Q}(Δ_g)|

)_{6n}2_d

log log H }

and h(x) ≤ H^2 exp { c_2(d, n, t)P^{4n3d} (log^∗P )^{4tn3} |D_K|^{16n3}

|N_{K/Q}(Δ_g)|^{28n2} A^{8n3} ( log |A D_K N_{K/Q}(Δ_g)|

)_{8n}3_d} , where c_1(d, n, t) and c_2(d, n, t) are effectively computable constants.

Remark : The purpose of the first inequality is to give a better estimate in terms of |D_K| than the second one. Further, it is based on Lemma 4, which may be of independent interest.

Theorem 2. Suppose m ≥ 3 and there exist 1 ≤ i ≠ j ≤ r such that (m_i, m_j ) ≥ 3. If (m_i, m_j ) is not a power of 2, let m^′ be the smallest odd prime number dividing it, otherwise put m^′ = 4. Then all the solutions of (1) satisfy h(x) ≤ H^m 0_{+1} exp { c_3(d, n, m, t) P^{dn2m} 03 (log^∗P )^{tn2m} 0 |D_K|^{5n2m} 0_{/2}

|N_{K/Q}(Δ_g )|^{5nm} 0 A^{n2m} 0 ( log |A D_K N_{K/Q}(Δ_g)|

)_{2dn}2_m0} , where c_3(d, n, m, t) is an effectively computable constant.

In the particular case S = S_∞, Theorem 2 improves Theorem 2 of [26] in terms of |D_K| : we remove a factor mm^′. This is mainly due to the following two reasons. On the one hand, we use a case by case analysis which allows us to work in a field M of degree less than n^2m^′ over K and to derive either S-unit equations, or a Thue-Mahler equation. On the other hand, Lemma 9 (see Section 4), due to the referee, provides us a sharp upper bound for the discriminant of the field M.

From Theorem 2 we deduce the following result.

Theorem 3. Under LeVeque’s condition, suppose that the hypotheses of Theorems 1 and 2 are not fulfilled. Then there exist 1 ≤ i ≠ j ≤ r such that m_i ≥ 3 and m_j ≥ 2, and all the solutions of (1) satisfy

h(x) ≤ H^{m2} exp { c_4(d, n, m, t) P^{d(m5+4tm3)/2} |D_K|^{m6/8} |N_{K/Q}(Δ_g)|^{m6/8} A^{5m4/8} ( log |A D_K N_{K/Q}(Δ_g)| )_{dm}3 } , where c_4(d, n, m, t) is an effectively computable constant.

It is interesting to note that the dependence on n appears only in the constant c_4.

These three theorems considerably improve and generalize the results of Trelina [25] in terms of t, H, A, |D_K| and |N_{K/Q}(Δ_g)|. In particular, the exponents of A, |D_K| and |N_{K/Q}(Δ_g)| do not depend on t; this is essentially due to the new results concerning the size of the solutions of S-unit and Thue-Mahler equations [5], [6].

Remarks : If (x, y) is a solution of (1), Theorems 1 to 3 give estimates only for the size of x. A bound for the size of y immediately follows, but it also involves the height of a.

If, more generally, the polynomial f has coefficients in K, we easily deduce from our theorems upper bounds for the size of the solutions of (2.1), but we have to take into consideration the denominator and the leading coefficient of f.

Noticing that we can bound |N_{K/Q}(Δ_g)| by H^{2dn} times a constant depending on d and n (cf [26], Lemma 7), our theorems also provide estimates involving only the height of the polynomial f. However, we point out that the height of f can be arbitrarily large compared with the discriminant of g.

3. Bounds for S-units, S-regulators and linear forms in logarithms

Let K be an algebraic number field, denote by d its degree and by M_K the set of places on K. Let S be a finite subset of M_K containing the set of infinite places S_∞. Throughout this paper, we will always use the notation D_K, O_K, O^∗_K, O_S , O^∗_S , R_S and N_S for, respectively, the discriminant of K, the ring of integers in K, the group of units in K, the ring of S-integers in K, the group of S-units in K, the S-regulator and the S-norm (see definitions below). For every place v we choose a valuation | . |_v in the following way : if v is infinite and corresponds to an embedding σ : K → C then we put, for every α ∈ K, |α|_v = |σ(α)|^{dv} , where d_v = 1 or 2 according as σ(K) is contained in R or not; if v is a finite place corresponding to the prime ideal p in K then we put |0|_v = 0 and, for α ∈ K \ {0},

|α|_v = N(p)^{−ord}p^{(α)}.

The (absolute) height of an algebraic number α contained in K is defined by

h(α) = ( ∏ v∈MK max(1, |α|_v) )_{1/d} . This height is independent of the choice of K. Moreover,

(3.1) ∑ v∈MK | |log |α|_v | | = 2d log h(α).

For a polynomial F (X) = X^l + b_{l−1}X^{l−1} + . . . + b_0 ∈ K[X], we define its height h(F ) by

h(F ) = ( ∏ v∈MK max { 1, |b_0|_v, . . . , |b_{l−1}|_v })1/d .

It is well-known (cf. [22], Chapter VIII, Theorem 5.9) that

(3.2) 2^{−l} ∏ α root of F

h(α) ≤ h(F ) ≤ 2^{l−1} ∏ α root of F h(α).

Let now define the S-norm and the S-regulator. For α ∈ K \ {0}, the ideal (α) generated by α can be uniquely written in the form a_1a_2 where the ideal a_1 (resp. a_2) is composed of prime ideals outside (resp. inside) S. The S-norm of α, denoted by N_S (α), is defined as N(a_1), and we put N_S (0) = 0. The S-norm is multiplicative, and, for S = S_∞, we have N_S (α) = |N_{K/Q}(α)|. For any α ∈ K, we have N_S (α) = ∏ v∈S |α|_v and N_S (α) ≤ ( h(α) )_d . Further, if α ∈ O_S \ {0}, then N_S (α) is a positive integer.

Let s be the cardinality of S. For v ∈ S, denote by | · |_v the corresponding valuation normalized as above. Let v_1, . . . , v_{s−1} be a subset of S, and let {ε_1, . . . , ε_{s−1}} be a fundamental system of S-units in K. Denote by R_S the absolute value of the determinant of the matrix (log |ε_i|_{vj} )_{i,j=1,...,s−1}. It is easy to verify that R_S is a positive number which is independent of the choice of v_1, . . . , v_{s−1} and of the fundamental system of S-units {ε_1, . . . , ε_{s−1}}. R_S is called the S-regulator of K. If in particular S = S_∞, then we have R_S = R_K, the regulator of K.

We refer to [5] for the proofs of Lemmas 1 – 3 (the first two of them go back to Siegel’s well-known paper [21] ). We recall that there exists a constant δ_d > 0, depending only on d, such that log h(α) ≥ δ_d/d for any non-zero algebraic number α with degree ≤ d unless α is a root of unity. Put

c_5 = c_5(d, s) = ( (s − 1)!

)_2 /(2^{s−2}k^{s−1}), c_6 = c_6(d, s) = c_5(δ_d/d)^{2−s}, c_7 = c_7(d, s) = c_5d^{s−1}δ^{−1}_d .

Lemma 1. There exists in K a fundamental system {ε_1, . . . , ε_{s−1}} of S-units with the following properties :

(i) s−1∏ i=1 log h(ε_i) ≤ c_5R_S ;

(ii) log h(ε_i) ≤ c_6R_S , i = 1, . . . , s − 1;

(iii) the absolute values of the entries of the inverse matrix of (log |ε_i|_{vj} )_{i,j=1,...,s−1} do not exceed c_7.

Denote by R_K, h_K and r = r_K the regulator, class number and unit rank of K. Let p_1, . . . , p_t be the prime ideals corresponding to the t finite places in S, and denote by P the largest of the rational primes lying below them. Put c_8 = c_8(d, r) = r^{r+1}δ^{−(r−1)}_d /2.

Lemma 2. For every α ∈ O_S \ {0} and every integer n ≥ 1 there exists an S-unit ε such that h(ε^nα) ≤ N_S (α)^{1/d} exp { n(c_8R_K + th_K log^∗ P ) } . Lemma 3. If t > 0, then we have

R_S ≤ R_Kh_K t∏ i=1 log N(p_i) ≤ R_Kh_K(d log^∗P )^t and R_S ≥ R_K t∏ i=1 log N(p_i) ≥ c_9(log 2)^d (log^∗P ),

where c_9 = 0.2052.

Lemma 3 was obtained independently by Bilu ([2], Proposition 1.4.8) and Bugeaud and Győry [5] (see also Pethő [15] and Hajdu [7] for similar results).

Let α_1, . . . , α_n (n ≥ 2) be non-zero algebraic numbers and let K = Q(α_1, . . . , α_n). Let A_1, . . . , A_n be positive real numbers such that (3.3) log A_i ≥ max { log h(α_i),

| log α_i| 3.3d , 1 d } , i = 1, . . . , n, where log denotes the principal value of the logarithm. Let b_1, . . . , b_n be rational integers and put B = max { |b_1|, . . . , |b_n|, 3 } . Further, set Λ = α^{b1}_1 . . . α^{bn}_n − 1.

In Proposition 1, it will be convenient to add the following technical conditions : (3.4) B ≥ log A_n exp { 4(n + 1)(7 + 3 log(n + 1)) } and (3.5) 7 + 3 log(n + 1) ≥ log d.

Proposition 1 is a consequence of Corollary 10.1 of Waldschmidt [27]. Proposition 1. (M. Waldschmidt [27]). If Λ ≠ 0, b_n = 1 and (3.4), (3.5) hold, then |Λ| ≥ exp { −c_{10}(n)d^{n+2} log A_1 . . . log A_n log ( 2nB log A_n )} , where c_{10}(n) = 1500 · 38^{n+1}(n + 1)^{3n+9}.

In Proposition 2, let v = vp be a finite place on K, corresponding to the prime ideal p of O_K. Let p denote the rational prime lying below p, and denote by |·|_v the non-archimedian valuation normalized as above. Instead of (3.3), assume now that A_1, . . . , A_n are positive real numbers such that log A_i ≥ max{log h(α_i), | log α_i|/(10d), log p}, i = 1, . . . , n.

The following proposition is a simple consequence of the main result of Kunrui Yu [28].

Proposition 2. (Kunrui Yu [28]). Let

Φ = c_{11}(n) ( d/ √ log p

)_{2(n+1)}

p^d log A_1 . . . log A_n log(10nd log A),

where c_{11}(n) = 22000(9.5(n + 1))^{2(n+1)} and A = max{A_1, . . . , A_n, e}. If Λ ≠ 0 then

|Λ|_v ≥ exp { −d(log p)Φ log(dB) } . Further, if b_n = 1 and A_n ≥ A_i for i = 1, . . . , n − 1, then A can be replaced by max{A_1, . . . , A_{n−1}, e} and for any δ with 0 < δ ≤ 1, we have

|Λ|_v ≥ exp { −d(log p) max{Φ log(δ^{−1}Φ/ log A_n), δB} } .

Thanks to the above lemmas and propositions, we are now able to state a generalization of the second part of Lemma 5 of [26] to the case of S-unit equations, which may be of independent interest.

4. Some lemmas

Lemma 4. Let K be a number field of degree d and let K_1 and K_2 be two subfields of K. Let S (resp. S_1, S_2) a finite set of places on K (resp. K_1, K_2) containing the set of infinite places S_∞. Denote by s (resp. s_1, s_2) the cardinality of S (resp. S_1, S_2) and by P the largest of the rational primes lying below the finite places of S, with the convention that P = 1 if S = S_∞. Assume that O^∗_{S1} ⊂ O^∗_S and O^∗_{S2} ⊂ O^∗_S and, for i = 1, 2, denote by R_i the S_i-regulator of K_i. Let ν_1, ν_2, ν_3 be non-zeros elements in K with height at most H (H ≥ e) and consider the equation

(4.1) ν_1ε_1 + ν_2ε_2 + ν_3ε_3 = 0

in the unknowns ε_1 ∈ O^∗_{S1} , ε_2 ∈ O^∗_{S2} and ε_3 ∈ O^∗_S. Then, for i = 1, 2, we have the upper bound

h(ν_iε_i/ν_3ε_3) < exp { c_{12}(d, s) P^d (log^∗P )^2

R_1R_2 log^∗ max{R_1, R_2}

log H log^∗ log^∗ max{h(ε_1), h(ε_2)} } , where c_{12}(d, s) is an effective constant.

Remark : In the particular case S = S_∞, this result was first obtained by Voutier ([26], Lemma 5).

Proof. Using an idea of Voutier ([26], Lemma 5), we follow the proof of the Theorem of [5]. The constants c_{13}, . . . , c_{25} in the proof are all effectively computable and depend only on d and s. We recall that there exists a δ_d > 0 such that log h(α) ≥ δ_d/d for any non-zero α in K which is not a root of unity. Let {μ_1, . . . , μ_{s1−1}} (resp. {ρ_1, . . . , ρ_{s2−1}}) be a fundamental system of S_1-units (resp. S_2-units) in K_1 (resp. K_2) satisfying the properties specified in Lemma 1. Then we can write

(4.2) ε_1 = ζ_1μ^{b1}_1 . . . μ^{bs1}�^1_{s1−1} and ε_2 = ζ_2ρ^{d1}_1 . . . ρ^{ds2}�^1_{s2−1} .

with roots of unity ζ_1, ζ_2 ∈ K and with rational integers b_1, . . . , b_{s1−1}, d_1, . . . , d_{s2−1}.

Put B = max { |b_1|, . . . , |b_{s1−1}|, |d_1|, . . . , |d_{s2−1}|, 3 } , it follows from (4.2) that for all v ∈ S we have

log |ε_1|_v = s1−1∑

i=1 b_i log |μ_i|_v,

whence, by (iii) of Lemma 1 and (3.1), we get max 1≤i≤s1−1 |b_i| ≤ c_{13} log h(ε_1).

In a similar way we can bound d_i for i = 1, . . . , s_2 − 1 and hence we obtain

(4.3) B ≤ c_{14} log^∗ max{h(ε_1), h(ε_2)}.

Let v ∈ S for which |ε_3/ε_1|_v is minimal. It follows from the hypotheses that ε_1 and ε_2 are S-units in K. Setting α_0 = −ζ_2ν_2/(ζ_1ν_1) and b_0 = 1, we deduce from (4.1) and (4.2) that

(4.4) | | | ν_3ε_3 ν_1ε_1 | | |_v = | α_0μ^{−b1}_1 . . . μ^{−bs1}�^1_{s1−1} ρ^{d1}_1 . . . ρ^{ds2}�^1_{s2−1} − 1 | v. We shall derive a lower bound for |ε_3/ε_1|_v in order to get an upper bound for h(ε_3/ε_1).

First assume that v is infinite and put

log A_i = δ^{−1}_d log h(μ_i), i = 1, . . . , s_1 − 1, log A_j = δ^{−1}_d log h(ρ_j ), j = s_1, . . . , s_1 + s_2 − 2, log A_0 = 2δ^{−1}_d log H.

Condition (3.3) is then fulfilled. Indeed, let α ≠ 0 be in K, we have to check that

log h(α) δ^{−1}_d ≥ | log α|/(3.3 d).

Write α = e^{a+ib}, with |b| ≤ π. Then we have

| log α| = (a^2 + b^2)^{1/2} ≤ (a^2 + π^2)^{1/2} ≤ (log^2 |α| + π^2)^{1/2} ≤ (log^2 h(α) + π^2)^{1/2}.

From log h(α) ≥ δ_d/d, it follows that

| log α| ≤ log h(α) ( 1 + π^2d^2 δ^2_d )_{1/2} ≤ log h(α) δ_d d (1 + π^2)^{1/2}, since d ≥ δ_d. Now, it suffices to note that (1 + π^2)^{1/2} ≤ 3.3.

Then, we apply Proposition 1 to (4.4) and, using inequality (i) of Lemma 1 as in the proof of the Theorem of [5], we get the upper bound

(4.5) h ( ν_3ε_3 ν_1ε_1 ) ≤ exp { c_{15}R_1R_2 log H log B}.

Next assume that v is finite. To apply Proposition 2, we put now

(4.6) log A_i = δ^{−1}_d log h(μ_i) + log^∗P, i = 1, . . . , s_1 − 1, log A_j = δ^{−1}_d log h(ρ_j ) + log^∗P, j = s_1, . . . , s_1 + s_2 − 2, log A_0 = 2δ^{−1}_d log H + log^∗P.

Exactly as in [5], it follows from (i) of Lemma 1 and the second inequality of Lemma 3 that

(4.7) log A_1 . . . log A_{s1+s2−2} ≤ c_{16}R_1(log^∗P )^{s1−2} R_2(log^∗P )^{s2−2} ≤ c_{16}R_1R_2(log^∗P )^{s1+s2−4}.

Let c_{17} = c_6 ( [K_1 : Q], s_1 ) and c_{18} = c_6 ( [K_2 : Q], s_2 ) . We distinguish two cases. First assume that log H < c_{17}R_1 + c_{18}R_2. Then, by Lemmas 1 and 3, we have

log A := max 0≤i≤s1+s2−2 log A_i ≤ c_{19} max{R_1, R_2}.

We apply now to (4.4) the first part of Proposition 2. Putting

(4.8) Φ = P^d (log^∗P )^{s1+s2} log A_0 log A_1 . . . log A_{s1+s2−2} log ( 10(s_1 + s_2 − 1)d log A ) , we get, as in [5], the estimate

(4.9) h(ν_3ε_3/ν_1ε_1) ≤ exp { c_{20}Φ log^∗P log B } . Next assume that log H ≥ c_{17}R_1 +c_{18}R_2. Then, by Lemmas 1 and 3, we have A_0 ≥ A_i for i = 1, . . . , s_1 + s_2 − 2 and

log A := max 1≤i≤s1+s2−2 log A_i ≤ c_{19}max{R_1, R_2}.

Consider now the above defined Φ with this value of log A.

If B < Φ(log^∗P )/(c_{17}R_1 + c_{18}R_2) then (4.2) and (ii) of Lemma 1 imply that

(4.10) h ( ν_3ε_3 ν_1ε_1 ) = h ( 1 + ν_2ε_2 ν_1ε_1 )

≤ 2h(ν_1) h(ν_2) h(ε_1) h(ε_2) ≤ H^2 exp{c_{21}(R_1 + R_2)B} ≤ exp{c_{22}Φ log^∗P }.

Assume now that B ≥ Φ(log^∗P )/(c_{17}R_1 + c_{18}R_2). We apply the second part of Proposition 2 to (4.4). Putting δ = Φ log^∗P B(c_{17}R_1 + c_{18}R_2) we obtain h(ν_3ε_3/ν_1ε_1) ≤ exp { c_{23}Φ(log^∗P ) log ( B(c_{17}R_1 + c_{18}R_2) log^∗P log A_0 )} . Recalling that log H ≥ c_{17}R_1 + c_{18}R_2, we get from (4.6)

h(ν_3ε_3/ν_1ε_1) ≤ exp { c_{24}Φ log^∗P log B } . The definition (4.8) of Φ and estimates (4.7), (4.6) and (4.3) yield

(4.11) h(ν_3ε_3/ν_1ε_1) ≤ exp { c_{25} P^d (log^∗P )^2

R_1R_2 log^∗ max{R_1, R_2}

log H log^∗ log^∗ max{h(ε_1), h(ε_2)} } . Since we can bound h(ν_3ε_3/ν_2ε_2) in a similar way, the lemma follows from (4.5), (4.9), (4.10) and (4.11).

Further, we recall some results of [5] and [6].

Let K be a number field with the same parameters as in Section 3. Let S be a finite set of places on K containing the set of infinite places S_∞. Denote by t the number of finite places in S and by P the largest of the rational primes lying below the finite places of S, with the convention that P = 1 if S = S_∞. Consider the following equation :

(4.12) x_1ε_1 + x_2ε_2 + x_3ε_3 = 0 in ε_i ∈ O^∗_S

where x_1, x_2, x_3 ∈ K \ {0} with max_{1≤i≤3} h(x_i) ≤ H (H ≥ e).

Proposition 3. For every solution ε_1, ε_2, ε_3 of (4.12) there is an ε ∈ O^∗_S such that max 1≤i≤3 h(εε_i) < exp { c_{26}(d, s) P^d R_S (log^∗R_S)^2 (R_K + th_K log^∗P + log H) } , where c_{26}(d, s) is effectively computable. Proof : It is a particular case of the Corollary of [5].

Let M be a finite extension of K with [M : K] = n ≥ 3. Let S_M be the set of all extensions to M of the places in S. Denote by h_M, R_M and R_{SM} the class number, regulator and S_M-regulator of M, respectively. Let α ∈ M such that M = K(α) and h(α) ≤ A, with A ≥ e. Further, let β be a non-zero element of K with height at most B and with S-norm not exceeding B^∗ (≥ e). Consider the norm form equation (4.13) N_{M/K}(x + yα) = β in x, y ∈ O_S . Proposition 4. All the solutions of (4.13) satisfy

max {h(x), h(y)} < B^{1/n} exp { c_{27}(d, n, s) P^{dn(n−1)(n−2)} R_{SM} (log^∗R_{SM} )^2 ( R_M + th_M + log(AB^∗) )} , where c_{27}(d, n, s) is an effectively computable constant. Proof : Apply Theorem 2 of [6] with m = 2.

We also need several well-known lemmas, the first of them is due to Minkowski. Lemma 5. In every ideal class C of K, there exists an integral ideal a ∈ C such that |N_{K/Q}(a)| ≤ |D_K|^{1/2}.

Proof : cf. [18], Theorem A.1.

Lemma 6. Let K and M as above. Let a be an integer in M such that M = K(a) and denote by P its minimal defining polynomial over K. Then we have |D_M| ≤ |D_K|^n |N_{M/Q}(P^′(a))|.

Proof : It follows from Narkiewicz (cf. [14], page 160) that the different diff_{M/K} is generated by the F^′(b), where b runs through the integral elements of M satisfying M = K(b) and F is the minimal defining polynomial of b over K. Hence, |N_{M/Q}(diff_{M/K})| ≤ |N_{M/Q}(P^′(a))|, and the lemma follows from |D_M| = |D_K|^n |N_{M/Q}(diff_{M/K})|.

Lemma 7. Let K and M as above and put m = [M : Q]. Then there exists an effectively computable constant c_{28}(m) such that R_K ≤ c_{28}(m) R_M.

Proof : cf. [24], Chapter II, Lemma 2.3.

Lemma 8. There exists an effective constant c_{29}(d), which depends only on d, such that R_Kh_K ≤ c_{29}(d)|D_K|^{1/2} (log^∗ |D_K|)^{d−1}.

Proof : See for example [11].

Finally, we state a very useful lemma, suggested by the referee.

Lemma 9. Let K as above and a ∈ K. Let α be a root of the polynomial P (X) = X^ν −a. Then we have

N_{K(α)/Q}(diff_{K(α)/K}) ≤ c_{30}(d, ν) N_{K/Q} ( ∏ ordp(a)≠0 p )_{ν−1} ,

where c_{30}(d, ν) is effectively computable (the product being over the prime ideals of K with the property ordp(a) ≠ 0).

Proof : We write D for N_{K(α)/K}(diff_{K(α)/K}). Let p be a prime ideal of K, ramified in K(α), and p = p(p) the underlying rational prime. We know that p divides D and, consequently, p divides N_{K(α)/K} ( P^′(α) ) . It follows that either p ≤ ν or ordp(a) ≠ 0.

Denote by O_{K(α)} the ring of integers of the field K(α) and let pO_{K(α)} = P^{e1}_1 . . . P^{ek}_k be the decomposition of p in O_{K(α)} into prime ideals. Denote by f_1, . . . , f_k the residue degrees of P_1, . . . , P_k, respectively, so that N_{K(α)/K}(P_i) = p^{fi} for all i. Notice that e_1f_1 + . . . + e_kf_k = [K(α) : K] ≤ ν.

By Proposition 6.3 of [14], we have, for i = 1, . . . , k,

ordPi (diffK(α)/K) ≤ ei + ei ordp(ei) − 1,

whence

(4.14) ordp(D) ≤ k∑ i=1 (e_i + e_i ordp(e_i) − 1)f_i.

If p > ν, then ordp(e_i) = 0 for all i and ordp(D) ≤ (e_1 − 1)f_1 + . . . + (e_k − 1)f_k ≤ ν − 1.

Write D = D_1D_2, where

D_1 = ∏ p(p)≤ν^p

ordp(D), D 2 = ∏ p(p)>ν^p

ordp(D).

It follows from (4.14) that ordp(D) ≤ c_{31}(d, ν), whence N_{K/Q}(D_1) ≤ c_{32}(d, ν), with c_{31}(d, ν) and c_{32}(d, ν) effectively computable. Finally, since all prime ideals of K dividing D are ramified in K(α), we have

N_{K/Q}(D_2) ≤ N_{K/Q} ( ∏ ordp(a)≠0

p^{ordp(D)} ) ≤ N_{K/Q} ( ∏ ordp(a)≠0 p )_{ν−1} ,

and the lemma is proved.

5. Proofs of the theorems

First we have to introduce some new notations. For i = 1, . . . , r let f_i be the minimal defining polynomial of α_i over K and denote by Δ_{αi} its discriminant. Recalling that g(X) = (X − α_1) . . . (X − α_r), we observe that its discriminant, denoted by Δ_g, the resultant of the polynomials g^′ and f_i, denoted by Res(g^′, f_i), and Δ_{αi} are algebraics integers in K. Further, we will often use (without mentioning it) the fact that N_{K/Q}(Δ_{αi} ) and N_{K/Q}(Res(g^′, f_i)) divide N_{K/Q}(Δ_g). The constants c_{33}, . . . , c_{50} are all effectively computable and depend only on d, n and t. The constants c_{51}, . . . , c_{93} are all effectively computable and depend only on d, n, m and t.

Proof of Theorem 1 :

It follows from the hypothesis of the theorem that f(X) = f_1(X)^{m/2}f_2(X)^m, where the polynomial f_1 is monic and has at least three distinct roots with odd multiplicity. If (x, y) ∈ O_S × K is a solution of (2.1), then a = f_1(x)^{m/2} f_2(x)^m y^{−m} must be an m/2- th power in K. Hence, there exists u ∈ O_K such that a = u^{m/2} and ( x, y/f_2(x) ) is a solution of the equation f_1(X) = uY^2. Further, we have |N_{K/Q}(u)| ≤ |N_{K/Q}(a)| and |N_{K/Q}(Δ_{f1} )| ≤ |N_{K/Q}(Δ_g)|.

Thus, we only have to prove the theorem in the case when m = 2 and f has three distinct roots with odd multiplicity. Assuming this hypothesis, let (x, y) ∈ O_S × K be a solution of (2.1).

First step :

The ideal (x) splits uniquely under the form

(x) = a b^{−1},

where a and b are relatively prime integer ideals in O_K, such that the set of the prime divisors of b is contained in S. By Lemma 5, there is an integer ideal b^′ in the same class as b^{−1} satisfying |N_{K/Q}(b^′)| ≤ |D_K|^{1/2}. Thus we have

(x) = (a b^′) · (b^′b)^{−1}.

Since the integer ideals b^′ b and a b^′ are principal, we can write x = X/z, where X, z ∈ O_K and (X) = a b^′, (z) = b b^′.

In particular, ( (X), (z) ) = b^′.

Clearly, if a power p^l of a prime ideal p exactly divides (z), then p^l divides b^′ or p is one of the p_i’s. Defining the binary form f(X, z) := z^nf(X/z), Equation (2.1) becomes (5.1) f(X, z) = ay^2z^n. Second step :

It follows from the hypothesis that e_1, e_2 and e_3 are odd. Let i = 1, . . . , r and put K_i := K(α_i). Working in F, the splitting field of f, we have for each root β of f ( (X − α_iz), (X − βz) ) | (β − α_i) ( (X), (z) ) | g^′(α_i) b^′.

Let p be a prime ideal dividing X −α_iz with an odd exponent. If p does not divide g^′(α_i)b^′, then it does not divide X − α_jz for all j ≠ i, and we necessarily have p | (a). Thus, prime ideals not appearing in b^′ ( ag^′(α_i) ) divide X − α_iz with an even exponent, which is also

true in the field K_i, and there exist two integer ideals a_i and b_i in K_i with a_i square-free

satisfying

(X − α_iz) = a_i b^2_i and a_i O_F | |b^′ (ag^′(α_i)) O_F.

Let α_{i1} = α_i, . . . , α_{ik} be the roots of the polynomial f_i. Since N_{F/Q}(a_{ij} ) = N_{F/Q}(a_i) for

j = 1, . . . , k, we have

|N_{F/Q}(a_i)|^k ≤ | | | |N^{F/Q} ( ab^′ )_k^k∏ j=1 N_{F/Q} ( g^′(α_{ij} ) ) | | | | ≤ | |N_{F/Q}(ab^′)^k N_{F/Q}(Res(g^′, f_i)) | |, and, noticing that Res(g^′, f_i) ∈ K, we get

(5.2)

|N_{Ki/Q}(a_i)| ≤ | | | ( A N_{K/Q}(b^′) )_n N_{K/Q} ( Res(g^′, f_i) )| | ≤ A^n |D_K|^{n/2} | |N_{K/Q}(Res(g^′, f_i)) | |. By Lemma 5, there is an integer ideal b^′_i in the class of b_i satisfying |N_{Ki/Q}(b^′_i)| ≤

|D_{Ki} |^{1/2}. Then we have (X − α_iz) = (a_i b^{′2}_i ) · (b_i/b^′_i)^2 and, reasoning as above, we obtain

κ^′_i ∈ O_{Ki} and ξ^′_i ∈ K_i such that X − α_iz = κ^′_iξ^{′2}_i . Applying Lemma 7 to the extension K ⊂ K_i = K(α_i), we get

(5.3) |D_{Ki} | ≤ |D_K|^n |N_{Ki/Q}(f^′_i (α_i))| ≤ |D_K|^n |N_{K/Q}(Δ_{αi} )|

and it follows from (5.2) that

(5.4)

|N_{Ki/Q}(κ^′_i)| ≤ |N_{Ki/Q}(a_i)| · |N_{Ki/Q}(b^′_i)^2| ≤ A^n |D_K|^{3n/2} | |N_{K/Q}(Res(g^′, f_i) Δ_{αi} ) | |. Hence, applying Lemma 2 to the algebraic integer κ^′_i ∈ K_i, we obtain κ_i ∈ O_{Ki} and

ξ_i ∈ K_i such that |N_{Ki/Q}(κ^′_i)| = |N_{Ki/Q}(κ_i)|,

(5.5) X − α_iz = κ_iξ^2_i and h(κ_i) ≤ exp { c_{33} ( R_{Ki} + log |A D_K N_{K/Q}(Δ_g)| )} .

Third step :

We follow very closely the argument of Voutier [26]. For i = 1, 2, 3 we fix a square

root √ κ_i of κ_i. For i, j ∈ {1, 2, 3} with i ≠ j, we define the number fields K_{ij} = K_i(α_j )

and L_{ij} = K_{ij} (√ κ_iκ_j ) . Those are subfields of M = K(α_1, α_2, α_3, √ κ_1 κ_2, √ κ_1 κ_3), which

is a number field with degree less or equal to 4n(n − 1)(n − 2)d over Q. We denote by R_{ij}

(resp. h_{ij} ) the regulator (resp. the class number) of L_{ij} .

In order to deduce from (5.5) four unit-equations, we set

τ_1 = κ_1ξ_1, τ_2 = √ κ_1κ_2ξ_2 and τ_3 = √ κ_1κ_3ξ_3,

and, immediately, it follows that

(5.6) κ_1(α_2 − α_1)z = τ^2_1 − τ^2_2 ,

κ_1(α_3 − α_1)z = τ^2_1 − τ^2_3 ,

κ_1(α_2 − α_3)z = τ^2_3 − τ^2_2 .

For i ≠ j, let S_{ij} be the set of all extensions to L_{ij} of the places in S. The algebraic numbers τ_1 ± τ_2 belong to the field L_{12} and are algebraic integers (to see this, consider τ^2_1 and τ^2_2 ). In the same way, τ_1 ± τ_3 (resp. √ κ_3/κ_1(τ_2 ± τ_3)) are algebraic integers in L_{13} (resp. L_{23}). It follows from (5.4) and (5.6) that

N_{S1j} (τ_1 ± τ_j) ≤ exp { c_{34} ( log |A D_K N_{K/Q}(Δ_g)| )} , j = 2, 3, N_{S23} (√ κ_3/κ_1(τ_2 ± τ_3) ) ≤ exp { c_{35} ( log |A D_K N_{K/Q}(Δ_g)| )} . Applying Lemma 2 in the fields L_{ij} , we may write

(5.7) τ_1 + τ_2 = b_3ε_3 and τ_1 − τ_2 = g_3δ_3,

τ_1 + τ_3 = b_2ε_2 and τ_1 − τ_3 = g_2δ_2. √ κ_3/κ_1(τ_2 + τ_3) = b^′_1ε_1 and √ κ_3/κ_1(τ_2 − τ_3) = g^′_1δ_1,

where, for each permutation (i, j, k) of the indices (1, 2, 3), ε_i and δ_i are S_{jk}-units in L_{jk}.

Moreover, setting b_1 = √ κ_1/κ_3 b^′_1 and g_1 = √ κ_1/κ_3 g^′_1, we have

(5.8) τ_2 + τ_3 = b_1ε_1 and τ_2 − τ_3 = g_1δ_1

with

(5.9) max 1≤i≤3 { h(b_i), h(g_i) } ≤ exp { c_{36} ( R_{12} + R_{13} + R_{23}+(h_{12} + h_{13} + h_{23}) log^∗P +

+ log |A D_K N_{K/Q}(Δ_g)| )} . The ideal (z) admits the following decomposition into prime ideals in K

(z) = t∏ i=1 p^{ai}_i · u∏ j=1 q^{bj}_j ,

where u∏ j=1 q^{bj}_j divides b^′. We make the Euclidean division of a_i by 2h_K (recall that h_K

is the class number of K) : there exist integers q_i and r_i, with 0 ≤ r_i < 2h_K, such that a_i = 2h_K q_i + r_i. Let z_1 be a generator of the principal ideal t∏ i=1 p^{hK qi}_i and notice that z^{−1}_1

is a S-unit. We have z = z^2_1z_2, where z_2 ∈ O_K has a norm (over Q) bounded above by |N_{K/Q}(b^′)| P^{2hK td}. Applying Lemma 2, with n = 2, to the algebraic integer z_2, we obtain a unit η_2 ∈ O_K and z_3 ∈ O_K such that

(5.10) z_2 = η^2z_3 and h(z_3) ≤ exp { c_{37} (R_K + h_K log^∗P + log |D_K|) } . Setting η = η^{−1}_2 z^{−1}_1 , we have z = η^{−2}z_3 and η is an S-unit.

Let S_M be the set of all extensions to M of the places in S, we deduce from (5.7) and (5.8) four S_M-unit equations, which we multiply by η :

(5.11) b_1ε_1η − b_2ε_2η + g_3δ_3η = 0, b_1ε_1η + g_2δ_2η − b_3ε_3η = 0, g_1δ_1η + b_2ε_2η − b_3ε_3η = 0, g_1δ_1η − g_2δ_2η + g_3δ_3η = 0.

Fourth step :

We now prove the first part of the theorem. Before applying Lemma 4 to the equations (5.11), we have to bound the size of the S_{ij}-regulator of L_{ij} , denoted by R_{Sij} . The minimal defining polynomial of √κ_i κ_j over K_{ij} is X^2 − κ_i κ_j ; hence, by successive applications of Lemma 6 and inequalities (5.3) and (5.4), we get :

(5.12)

|D_{Lij} | ≤ |D_{Kij} |^2 |N_{Lij /Q}(2 √ κ_i κ_j )|

≤ 2^{2n2d} |D_{Kij} |^2 |N_{Kij /Q}(κ_i κ_j )|

≤ 2^{2n2d} |D_{Ki} |^{2n} |N_{Ki/Q}(Δ_{αj} )|^2 |N_{Kij /Q}(κ_i κ_j )|

≤ 2^{2n2d} |D_K|^{5n2} |N_{K/Q}(Δ_{αi} Δ_{αj} )|^{2n} A^{2n2} |N_{K/Q}(Res(g^′, f_if_j ) Δ_{αi} Δ_{αj} )|^n

≤ 2^{2n2d} |D_K|^{5n2} A^{2n2} |N_{K/Q}(Δ_g)|^{8n},

whence log |D_{Lij} | ≤ c_{38} ( log |A D_K N_{K/Q}(Δ_g)| ) and, by Lemma 8,

(5.13) h_{ij} R_{ij} ≤ c_{39} |D_K|^{5n2/2} A^{n2} |N_{K/Q}(Δ_g)|^{4n} ( log |A D_K N_{K/Q}(Δ_g)|

)_{2n}2_{d−1} . Since the number of finite places in S_{ij} is bounded by 2dn(n − 1)t, Lemma 3 and (5.13) lead to the estimate

(5.14) max{R_{S12} , R_{S13} , R_{S23} } ≤ c_{40} |D_K|^{5n2/2} A^{n2} |N_{K/Q}(Δ_g)|^{4n} ( log |A D_K N_{K/Q}(Δ_g)|

)_{2n}2_{d−1} (log^∗ P )^{2dn(n−1)t}.

Applying Lemma 4 to the equations (5.11), we obtain from (5.9) and (5.14) the upper bound

(5.15) max_{i=1,2} { h ( b_iε_i b_3ε_3 ) , h ( g_iδ_i b_3ε_3 ) , h ( b_iε_i g_3δ_3 ) , h ( g_iδ_i g_3δ_3 )} ≤ exp{c_{41} T_1 E},

where

T_1 ≤ P^{4n3d}(log^∗P )^{4dn2t−1}|D_K|^{15n2/2} A^{3n2} |N_{K/Q}(Δ_g)|^{12n} ( log |A D_K N_{K/Q}(Δ_g)|

)_{6n}2_{d−2} , E = log^∗ log^∗ max { h(ε_1η), h(ε_2η), h(δ_1η), h(δ_2η) } . In order to bound E, we notice that, using (5.7), (5.6) and (5.10), we have

(5.16)

(b_1ε_1η)^2 = ( b_1ε_1 b_3ε_3 )( b_1ε_1 g_3δ_3 ) (b_3ε_3η) (g_3δ_3η) = ( b_1ε_1 b_3ε_3 )( b_1ε_1 g_3δ_3 ) κ_1(α_2 − α_1)z_3.

From (3.2), (5.5), (5.10) and Lemma 7, we get

h(κ_1(α_1 − α_2)z_3) ≤ H exp { c_{42} ( R_{K1} + h_K log^∗P + log |A D_K N_{K/Q}(Δ_g)| )} and we deduce from (5.15), (5.16) and Lemma 7 that

h(ε_1η) ≤ h(b_1)h(b_1ε_1η) ≤ H exp{c_{43} T_1 E}.

This bound is still true, with c_{44} instead of c_{43}, for h(ε_2η), h(δ_1η) and h(δ_2η). Consequently, E ≤ log^∗(c_{44} T_1 E) + log log H, and

(5.17) E ≤ c_{45} log |A P D_K N_{K/Q}(Δ_g)| + log log H.

We can now deduce an upper bound for h(x). Namely, setting γ = b_3ε_3/g_3δ_3, we obtain from (5.7) that

2τ_1 = (τ_1 − τ_2) + b_3ε_3 = (τ_1 − τ_2)(1 + γ),

and, similarly, 2τ_1 = (τ_1 + τ_2)(1 + γ^{−1}).

Hence, we get the equality

4τ^2_1 = (τ^2_1 − τ^2_2 )(1 + γ)(1 + γ^{−1}),

which, using (5.6) and (5.5), we may write as

4(X − α_1z) = (α_2 − α_1)z(1 + γ)(1 + γ^{−1}).

Dividing this equality by z, we infer that

(5.18) x = α_1 + 1 4 (1 + γ)(1 + γ^{−1})(α_2 − α_1).

Noticing that γ = (b_3ε_3/g_1δ_1)(g_1δ_1/g_3δ_3), we immediately get from (3.2), (5.15), (5.17) and (5.18) the upper bound

(5.19) h(x) ≤ H^2 exp { c_{46} P^{4n3d} (log^∗P )^{4n2dt} |D_K|^{15n2/2} A^{3n2} |N_{K/Q}(Δ_g)|^{12n} ( log |A D_K N_{K/Q}(Δ_g)|

)_{6n}2_d log log H } . Fifth step :

We now prove the second part of the theorem. The aim of Lemma 4, used in the proof of Theorem 1, is to obtain a good dependence in terms of |D_K|. Unfortunately, the dependence on H is not very satisfactory and it can be improved by using Proposition 3 instead of Lemma 4. Therefore, the dependence on |D_K| is worse.

We exactly follow the first three steps of the proof and we apply Proposition 3 to the four equations (5.11). Recall that M = K(α_1, α_2, α_3, √ κ_1κ_2, √ κ_1κ_3) has degree less or equal than 4n(n − 1)(n − 2)d. Using Lemma 6, (5.4) and (5.12), we can bound its discriminant :

(5.20)

|D_M| ≤ |D_{L12} |^{2n} |N_{K/Q}(Δ_g)|^{4n2} |N_{M/Q}(2 √ κ_1κ_3)|

≤ 2^{4n3d} |D_K|^{10n3} A^{4n3} |N_{K/Q}(Δ_g )|^{20n2} |N_{M/Q}(2 √ κ_1κ_3)|

≤ 2^{8n3d} |D_K|^{10n3} A^{4n3} |N_{K/Q}(Δ_g )|^{20n2} |N_{K1/Q}(κ_1)|^{2n2} |N_{K3/Q}(κ_3)|^{2n2}

≤ 2^{8n3d} |D_K|^{16n3} A^{8n3} |N_{K/Q}(Δ_g )|^{28n2}.

As before, denote by S_M the set of all extensions to M of the places in S and by R_{SM} the S_M-regulator of M. Applying Proposition 3 to the first two S_M-unit equations (5.11), we get, by (5.9) and Lemma 7,

(5.21) max { h ( b_1ε_1 b_3ε_3 ) , h ( b_1ε_1 g_3δ_3 )} ≤ exp{c_{47} T_2},

where

T_2 ≤ P^{4n3d}R_{SM} (log^∗R_{SM} )^2 ( R_M + (h_{12} + h_{13} + h_{23} + h_M) log^∗P + log |A D_K N_{K/Q}(Δ_g)| ) . Recall that we have put γ = b_3ε_3/g_3δ_3. It follows from (5.21) that h(γ) ≤ exp{c_{48} T_2} and from (5.18) that h(x) ≤ H^2 exp{c_{49} T_2}. Finally, we use Lemma 8, (5.12) and (5.20) to bound the quantity T_2 and, after some computations, we get

h(x) ≤ H^2 { c_{50} P^{4n3d} (log^∗P )^{4tn3} |D_K|^{16n3} |N_{K/Q}(Δ_g)|^{28n2} A^{8n3} ( log |A D_K N_{K/Q}(Δ_g)| )_{8n}3_d)} , as claimed.

Proof of Theorem 2 : We keep the same notations as in the proof of Theorem 1. By the same reasoning as in the first step of the above proof, letting f(X, z) := z^nf(X/z), equation (2.1) becomes f(X, z) = a y^mz^n, in the unknowns X, z ∈ O_K and y ∈ K. Further, there is an integral ideal b^′, with |N_{K/Q}(b^′)| ≤ |D_K|^{1/2}, such that ( (X), (z) ) = b^′.

We reorder the roots such that (m_1, m_2) ≥ 3. Arguing as in the proof of Theorem 1, we claim that, for i = 1, 2, there exist two integer ideals a_i and b_i in O_{Ki} , with a_i free of m_i-th powers, satisfying (X − α_iz) = a_i b^{mi}_i and (5.22) |N_{Ki/Q}(a_i)| ≤ A^n | |N_{Ki/Q}(b^′) N_{K/Q}(Res(g^′, f_i)) | |^{mi−1}. Further, by (5.22), Lemma 5 and Lemma 2, we obtain κ_i ∈ O_{Ki} , an ideal b^′_i in O_{Ki} with |N_{Ki/Q}(b^′_i)| ≤ |D_{Ki} |^{1/2} and ξ_i ∈ K_i such that κ_i O_{Ki} = a_i b^′_i^{mi} ,

(5.23)

X − α_iz = κ_iξ^{mi}_i , h(κ_i) ≤ exp { c_{51} ( R_{Ki} + log |A D_K N_{K/Q}(Δ_g)| )} , and |N_{Ki/Q}(κ_i)| ≤ A^n |D_K|^{nmi} |N_{K/Q}(Δ_g)|^{3mi/2}.

Recall that if (m_1, m_2) is not a power of 2, then m^′ is the smallest odd prime dividing (m_1, m_2), otherwise m^′ = 4. Further, put m^′_1 = m_1/m^′, m^′_2 = m_2/m^′. Working in the field L = K(α_1, α_2), we deduce from (5.23) the equation

(5.24) (α_2 − α_1)z = κ^{1−m} 0 1 ( κ_1ξ^m

0_1 1 )_m0 − κ^{1−m} 0 2 ( κ_2ξ^m

0_2 2 )_m0 . In the sequel, we will put for convenience τ_1 = κ_1ξ^m

0_1 1 and τ_2 = κ_2ξ^m

0_2 2 . Usually, one works in the field L(κ^{1/m}

0_1 , κ^{1/m} 0_2 ) of degree m^{′2} (in general) over L.

Voutier [26] prefers the field L ( (κ_1/κ_2)^{1/m} 0 , ζ_m0 ) , where ζ_m0 denotes a primitive m^′-th root of unity, but, however, it does not help him to make a numerical improvement. Here, we work either in L ( (κ_1/κ_2)^{1/m} 0 ) or in L(ζ_m0 ), and, thus, we remove a factor m^′. This idea goes back to Bilu [2]. Further, Lemma 9 provides sharp upper bounds for differents of certain extensions of number fields and allows us to remove a factor m.

Suppose first that m^′ ≠ 4. By Theorem 9.1 of Chapter VIII of [10], there are two possible cases :

(i) The polynomial T^m 0 − (κ_1/κ_2)^m

0_{−1}

is irreducible over L.

(ii) There exists an u ∈ L such that (κ_1/κ_2)^m

0_{−1} = u^m 0 . Case (i) :

Let v ∈ C be a root of T^m 0 − (κ_1/κ_2)^m

0_{−1}

and consider the field M = L(v), it follows from (5.24) that

(5.25) N_{M/L} ( τ_1 − vτ_2 ) = κ^m 0_{−1} 1 (α_2 − α_1)z.

Recall that there exist non-negative integers a_1, . . . , a_t and an ideal b^{′′} which divides b^′

such that zO_K = b^{′′}p^{a1}_1 . . . p^{at}_t . Let π_1, . . . , π_t ∈ O_K be generators of the principal ideals

p^{hK}_1 , . . . , p^{hK}_t , respectively. Using Euclidean divisions, it is easy to see that we can write

z = z^{′′}(π^{b1}_1 . . . π^{bt}_t )^m 0 , where the b_i’s are non-negative integers and z^{′′} ∈ O_K satisfies |N_{K/Q}(z^{′′})| ≤ |D_K|^{1/2} P^{tdhKm} 0 . By Lemma 2, there exists a unit ε ∈ O_K such that z^{′′} = z^′ε^m 0 , (5.26) N_S (z^′) ≤ |D_K|^{1/2} and h(z^′) ≤ exp{c_{52} (R_K + h_K log^∗P + log^∗ |D_K|)}.

Equation (5.25) now becomes

(5.27) N_{M/L} ( τ_1 επ^{b1}_1 . . . π^{bt}_t − v τ_2 επ^{b1}_1 . . . π^{bt}_t ) = κ^m 0_{−1} 1 (α_2 − α_1)z^′.

Let S_L (resp. S_M) be the set of all extensions to L (resp. M) of the places in S and

denote by R_{SM} the S_M-regulator of M. Further, observe that the number of finite places

in S_L is not greater than tn^2. In order to apply Proposition 4 to the Thue-Mahler equation

N_{M/L}(X_0 − vY_0) = κ^m

0_{−1} 1 (α_2 − α_1)z^′ in X_0, Y_0 ∈ O_{SL} ,

we need the following upper bounds, which can be deduced from (3.2), (5.23) and (5.26) :

(5.28) h ( κ^m 0_{−1} 1 (α_2 − α_1)z^′ ) ≤ H exp { c_{53} ( R_{K1} + h_K log |A P D_K N_{K/Q}(Δ_g)| )} , N_{SL} ( κ^m 0_{−1} 1 (α_2 − α_1)z^′ ) ≤ exp { c_{54} log |A D_K N_{K/Q}(Δ_g)| } , h(v) ≤ exp { c_{55} ( R_{K1} + R_{K2} + log |A D_K N_{K/Q}(Δ_g )| )} . By Lemma 3, we have

(5.29) R_{SM} ≤ R_M h_M(m^′n^2d log^∗P )^{tn2m}.

Apply Proposition 4 to the equation (5.27). Using Lemma 7, (5.28) and (5.29), we obtain

(5.30) h ( τ_i/(επ^{b1}_1 . . . π^{bt}_t ) ) ≤ H exp { c_{56} T_3 } , i = 1, 2, where T_3 ≤ P^{dn2m} 0_{(m}0_{−1)}2 (log^∗P )^{tn2m} 0 (R_Mh_M)^2 ( log^∗(R_Mh_M)

)_2 log | |AD_KN_{K/Q}(Δ_g) | |. We deduce from Lemma 7 and (5.26) that h ( z/(επ^{b1}_1 . . . π^{bt}_t )^m 0 ) = h(z^′) ≤ exp{c_{57} T_3 } , and, since X − α_1z = κ^{1−m} 0 1 τ^m

0_1 , we infer from (5.30) that h ( X/(επ^{b1}_1 . . . π^{bt}_t )^m 0) ≤ H^m 0_{+1} exp{c_{58} T_3 } .

Thus, we get the upper bound

(5.31) h(x) = h(X/z) ≤ H^m

0_{+1} exp{c_{59} T_3}.

Now, we have to bound the quantity R_Mh_M; for this, in view of Lemma 8, it is

sufficient to bound |D_M|. Recall that v ∈ C is a root of T^m 0 − (κ_1/κ_2)^m

0_{−1}

and that

M = L(v). In order to apply Lemma 9, which leads to

(5.32) |D_M| ≤ c_{60} |D_L|^m 0 N_{L/Q} ( ∏ ordp(κ1κ2)≠0 p )_m0_{−1} ,

observe that the prime ideals in O_L dividing κ_1κ_2 belong to one of the following two

groups :

(a) those dividing a_1 a_2 O_L;

(b) those dividing b^′_1 b^′_2 O_L.

Let i = 1, 2 and recall that a_i O_{Ki} divides a ( b^′ g^′(α_i) )_{mi−1} O_{Ki} . Denoting by F the

splitting field of f, it follows from | N_{F/Q} ( g^′(α_i) )|_{[K(αi):K]} ≤ | N_{F/Q} ( Res(g^′, f_i) )| that | |N_{Ki/Q}(g^′(α_i))| ≤ |N_{K/Q}(Δ_g)|. Consequently, we have

(5.33)

N_{L/Q} ( ∏ p|κ1κ2^p ) ≤ | |N_{L/Q}(a b^′) · N_{K1/Q}(b^′_1)^n · N_{K2/Q}(b^′_2)^n · N_{K/Q}(Δ_g)^{2n} | | ≤ A^{n2} |D_K|^{n2/2} |D_{K1} |^{n/2} |D_{K2} |^{n/2} |N_{K/Q}(Δ_g)|^{2n},

and, by (5.32) and

(5.34)

|D_{Ki} | ≤ |D_K|^n |N_{K/Q}(Δ_g)|, i = 1, 2,

|D_L| ≤ |D_K|^{n2} |N_{K/Q}(Δ_g)|^{2n},

we obtain

(5.35)

|D_M| ≤ c_{61} |D_L|^m 0 A^{n2m} 0 |D_K|^{n2m} 0_{/2} |D_{K1} |^{nm} 0_{/2} |D_{K2} |^{nm} 0_{/2}

|N_{K/Q}(Δ_g)|^{2nm} 0 ≤ c_{61} |D_K|^{5n2m}

0_{/2} A^{n2m} 0 |N_{K/Q}(Δ_g)|^{5nm} 0 . Finally, (5.31), (5.35) and Lemma 8 lead to the bound

(5.36) h(x) ≤ H^m 0_{+1} exp { c_{62} P^{dn2m} 03 (log^∗P )^{tn2m} 0 |D_K|^{5n2m} 0_{/2}

|N_{K/Q}(Δ_g)|^{5nm} 0 A^{n2m} 0 ( log |A D_K N_{K/Q}(Δ_g )|

)_{2dn}2_m0 } .

Case (ii) :

Let ζ be a primitive m^′-th root of unity and consider the field M_1 = L(ζ), which is

of degree ≤ m^′ − 1 over L. Equation (5.24) now becomes

κ^m 0_{−1} 1 (α_2 − α_1)z = m0∏ k=1 (τ_1 − ζ^kuτ_2).

Let S_1 be the set of all extensions to the field M_1 of the places in S and R_{S1} be the

S_1-regulator of M_1. Observe that the number of finite places in S_1 is not greater than

m^′n^2t. Clearly, it follows from (5.23) that

N_{S1} ( κ^m 0_2 κ^m 0_{−1} 1 (α_2 − α_1)z ) ≤ exp { c_{63} log |A D_K N_{K/Q}(Δ_g)| } , and the same upper bound is also valid for N_{S1} ( κ_2(τ_1 − ζ^kuτ_2) ) , k = 1, . . . , m^′. Thus,

noticing that κ_2(τ_1 − ζ^kuτ_2) is an algebraic integer and applying Lemma 2, we can write

(5.37) κ_2(τ_1 − ζ^kuτ_2) = b_kε_k,

where ε_k is an S_1-unit in M_1 and b_k ∈ M_1 satisfies

(5.38) h(b_k) ≤ exp { c_{64} ( R_{M1} + h_{M1} log^∗P + log |A D_K N_{K/Q}(Δ_g)| )} . Using (5.37), we get the following S_1-unit equations in M_1 :

(5.39) ( (ζ^k − ζ^2)b_1 ) ε_1 + ( (ζ − ζ^k)b_2 ) ε_2 + ( (ζ^2 − ζ)b_k ) ε_k = 0,

for k = 3, . . . , m^′. The height of the algebraic numbers ζ^k − ζ^k 0 , 1 ≤ k < k^′ ≤ m^′, is

bounded by an absolute constant depending only on m^′. So, applying Proposition 3 to

the equations (5.39) and using (5.38), there exist S_1-units η_3, . . . , η_m0 in M_1 such that, for k = 3, . . . , m^′ and i ∈ {1, 2, k},

(5.40) h(ε_i/η_k) ≤ exp{c_{65} T_4}, where

T_4 = P^{n2d(m}

0_{−1)} R_{S1} ( log^∗ R_{S1}

)_2

(R_{M1} + h_{M1} log^∗P + log |AD_KN_{K/Q}(Δ_g)| ) . It follows from (3.2), (5.40) and

κ^m 0_2 κ^m 0_{−1} 1 (α_2 − α_1) · z η^3η_4 . . . η_m0

= b_1 ε_1

η_3 · b_2 ε_2

η_2 · m0∏ k=3 b_k ε_k η_k that

(5.41) h ( z/(η^3 η_4 . . . η_m0) ) ≤ H exp{c_{66} T_4}.

Further, by eliminating uτ_2 from the two equalities

κ_2(τ_1 + ζuτ_2) = b_1ε_1 and κ_2(τ_1 + ζ^2uτ_2) = b_2ε_2,

and using again (5.40), we infer that

h(τ_1/η_k) ≤ exp{c_{67} T_4}, k = 3, . . . , m^′,

whence, from X − α_1z = κ^{1−m} 0 1 τ^m

0_1 , we get

(5.42) h ( X/(η^3η_4 . . . η_m0) ) ≤ H^2 exp{c_{68} T_4}.

In order to bound the quantity T_4, we use the estimate R_{S1} ≤ R_{M1} h_{M1} (m^′n^2d log^∗P )^m

0_n2_t

given by Lemma 3, the bound |D_{M1} | ≤ |D_L|^m

0_{−1}

(see [26], Equation (28)) and (5.34).

Hence, from Lemma 8, (5.40), (5.41) and (5.42), it easily follows that

(5.43) h(x) = h(X/z) ≤ H^3 exp { c_{69} P^{dn2m} 0 (log^∗P )^m

0_n2_t |D_K|^{n2m} 0 |N_{K/Q}(Δ_g)|^{2nm} 0 ( log |A D_K N_{K/Q}(Δ_g)|

)_{2dn}2_m0} . Now we deal with the case when (m_1, m_2) = 2^{l+2}, where l ≥ 0. Equation (5.24) becomes

(5.44) κ^3_1(α_2 − α_1)z = ( κ_1ξ^m

0_1 1 )_4

− (κ_1/κ_2)^3 ( κ_2ξ^m

0_2 2 )_4 . By Theorem 9.1 of Chapter VIII of [10], there are three possible cases :

(iii) The polynomial T^4 − (κ_1/κ_2)^3 is irreducible over L.

(iv) There exists u ∈ L such that −4(κ_1/κ_2)^3 = u^4.

(v) There exists u ∈ L such that (κ_1/κ_2)^3 = u^2.

Case (iii) :

We exactly follow the argument of Case (i) and we get the same bound, namely

(5.45) h(x) ≤ H^m 0_{+1} exp { c_{70} P^{dn2m} 03 (log^∗P )^{tn2m} 0 |D_K|^{5n2m} 0_{/2}

|N_{K/Q}(Δ_g)|^{5nm} 0 A^{n2m} 0 ( log |A D_K N_{K/Q}(Δ_g )|

)_{2dn}2_m0 } . Case (iv) :

We work in the field M_2 = L(i, √ 2). Equation (5.44) can be rewritten as

κ^3_1(α_2 − α_1)z = 4∏ k=1 (τ_1 − i^kuτ_2/ √ 2). Noticing that √ 2κ_2 ( τ_1 − i^kuτ_2/ √ 2 ) , where 1 ≤ i ≤ 4, are algebraic integers, we proceed

as in the proof of Case (ii). By estimates (5.34) and |D_{M2} | ≤ c_{71}|D_L|^4, we get

(5.46) h(x) ≤ H^3 exp { c_{72} P^{4dn2} (log^∗P )^{4tn2+3} |D_K|^{4n2}

|N_{K/Q}(Δ_g)|^{8n} ( log |A D_K N_{K/Q}(Δ_g)|

)_{8dn}2_{+3}} .

Case (v) :

Let v ∈ C such that v^2 = u, in the field M_3 = L(i, v), Equation (5.44) becomes

κ^3_1(α_2 − α_1)z = 4∏ k=1 (τ_1 − i^kvτ_2).

We have to estimate the discriminant of the field M_3. For this, observe that there exists some u^′ ∈ L such that κ_2κ^3_1 = u^{′2} and, if v^′ ∈ C satisfies v^{′2} = u^′, we have L(v) = L(v^′). Noticing that u^′ and κ_1κ_2 have exactly the same prime divisors, we apply Lemma 9 in order to bound |D_{L(v}0_)|, and, using (5.33), we get

(5.47) |D_{L(v}0_)| ≤ c_{73} |D_L|^2 A^{n2} |D_K|^{n2/2} |D_{K1} |^{n/2} |D_{K2} |^{n/2} |N_{K/Q}(Δ_g)|^{2n},

whence, by (5.34), |D_{L(v}0_)| ≤ c_{73} |D_K|^{7n2/2} A^{n2} |N_{K/Q}(Δ_g )|^{7n}.

Thus, we obtain the estimate

|D_{M3} | ≤ c_{74} |D_K|^{7n2} A^{2n2} |N_{K/Q}(Δ_g)|^{14n}.

Repeating the same reasoning as in the proof of Case (ii), we get the bound

(5.48) h(x) ≤ H^3 exp { c_{75} P^{4dn2} (log^∗P )^{4tn2} |D_K|^{7n2} |N_{K/Q}(Δ_g)|^{14n} A^{2n2} ( log |A D_K N_{K/Q}(Δ_g)|

)_{8dn}2_{+3}} . Comparing the estimates (5.36), (5.43), (5.45), (5.46) and (5.48) obtained in the cases (i) to (v), we see that the bound

(5.49) h(x) = h(X/z) ≤ H^m 0_{+1} exp { c_{76} P^{dn2m} 03 (log^∗P )^{tn2m} 0 |D_K|^{5n2m} 0_{/2}

|N_{K/Q}(Δ_g)|^{5nm} 0 A^{n2m} 0 ( log |A D_K N_{K/Q}(Δ_g)|

)_{2dn}2_m0}

is always valid, and the proof of Theorem 2 is complete.

Preliminary to the proof of Theorem 3 : In order to proof Theorem 3, we need a variant of Theorem 2, in which |N_{K/Q}(Δ_g)| does not appear. Keeping the same notations and the same arguments as in the proof of Theorem 2, we state a new estimate for h(x), using the parameters of the field L = K(α_1, α_2).

Denote by d_L the degree of L and by t_L the number of finite places in S_L. We do the same case by case analysis as in the proof of Theorem 2.

Cases (i) and (iii) :

Using the estimate R_{SM} ≤ R_M h_M(m^′d_L log^∗P )^{tL m} 0 given by Lemma 3, we proceed as in the proof of Theorem 2 to get, instead of (5.31),

(5.50) h(x) ≤ H^m

0_{+1} exp { c_{77} T^′_3 } , where

T^′_3 ≤ P^{dL m}

0_{(m}0_{−1)}2

(log^∗P )^{tL m} 0 (R_Mh_M)^2 ( log^∗(R_Mh_M)

)_2 log | |AD_KN_{K/Q}(Δ_g ) | |. Instead of (5.33), we use the estimate

N_{L/Q} ( ∏ ordp(κ1κ2)≠0 p ) ≤ | N_{L/Q}(a b^′ b^′_1 b^′_2) | · N_{L/Q} ( ∏ ordp(g0(α1)g0(α2))≠0 p ) ,

and, in view of |D_{Ki} |^{[L:Ki]} ≤ |D_L| for i = 1, 2, we get

(5.51) N_{L/Q} ( ∏ ordp(κ1κ2)≠0 p ) ≤ A^{n2} |D_K|^{n2/2} |D_L| ∏ p|Δg ( N_{K/Q}(p)

)_n2 .

Finally, (5.32), (5.50), (5.51) and Lemma 8 lead to the bound

(5.52) h(x) ≤ H^m 0_{+1} exp { c_{78} P^{dL m}

0_{(m}0_{−1)}2

(log^∗P )^{tL m} 0 |D_L|^{2m} 0 |D_K|^m 0_n2_{/2} A^m 0_n2 ∏ p|Δg ( N_{K/Q}(p)

)_m0_n2 (( log A |D_L| ∏ p|Δg^{NK/Q(p)}

)_{2dL m}0

+ log |N_{K/Q}(Δ_g)| )} .

Cases (ii) and (iv) :

Using |D_{M1} | ≤ |D_L|^m

0_{−1}

and |D_{M2} | ≤ c_{79} |D_L|^4, we get in both cases the estimate

(5.53) h(x) ≤ H^3 exp { c_{80} P^{dL m} 0 (log^∗ P )^{tL m}

0_{+3} |D_L|^m 0 ( (log A |D_L|)^{2dL m}

0_{+3}

+ log |N_{K/Q}(Δ_g)| )} .

Case (v) :

Instead of (5.47), we have

|D_{L(v}0_)| ≤ c_{81} |D_L|^2 A^{n2} |D_K|^{n2/2} |D_L| ∏ p|Δg ( N_{K/Q}(p)

)_n2 ,

whence, after some computations,

(5.54) h(x) ≤ H^3 exp { c_{82} P^{4dL} (log^∗P )^{4tL} |D_L|^6 |D_K|^{n2} A^{2n2} ∏ p|Δg ( N_{K/Q}(p)

)_{2n}2 ( (log A |D_L|)^{8dL+3} + log |N_{K/Q}(Δ_g)| )} .

Comparing the estimates (5.52), (5.53) and (5.54) obtained in the cases (i) to (v), we see that the bound

(5.55) h(x) ≤ H^m 0_{+1} exp { c_{83} P^{dL m}

0_{(m}0_{−1)}2

(log^∗P )^{tL m} 0 |D_L|^{2m} 0 |D_K|^m 0_n2_{/2} A^m 0_n2 ∏ p|Δg ( N_{K/Q}(p)

)_m0_n2 ((

log A |D_L| ∏ p|Δg^{NK/Q(p)}

)_{2dL m}0 + log |N_{K/Q}(Δ_g)| )} .

is always valid.

Proof of Theorem 3 : We can suppose m_1 ≥ m_2, with m_1 ≥ 3 and m_2 ≥ 2 and we claim that α_1 ∈ K. Indeed, if f(X) has a root α_i /∈ K for which m_i ≥ 3, then there exists j ≠ i such that α_j is a conjugate of α_i over K, hence we have m_i = m_j ≥ 3 and the hypothesis of Theorem 2 is satisfied, in contradiction with our assumption. Similarly, if α_2 lies in an extension of degree ≥ 3 over K, then there exist distinct i and j such that i ≠ 2, j ≠ 2 and both α_i and α_j are conjugate to α_2 over K, and we have m_i = m_j = m_2 ≥ 2. But this case is covered by Theorem 1 or Theorem 2, in contradiction with our assumption. Whence we deduce [K(α_2) : K] ≤ 2 (all this is due to Voutier [26]).

Let (x, y) ∈ O_S × K be a solution of (2.1) and put L = K(α_2). Keeping the same notations and arguing as in the proofs of Theorems 1 and 2, we get the two equations

(5.56)

X − α_1z = κ_1ξ^{m1}_1 X − α_2z = κ_2ξ^{m2}_2 ,

where

(5.57)

|N_{L/Q}(κ_1)| ≤ A^2 |D_K|^{2m1} |N_{K/Q}(Δ_g)|^{2m1} ,

|N_{L/Q}(κ_2)| ≤ A^2 |D_K|^{2m2} |N_{K/Q}(Δ_g)|^{3m2/2} and h(κ_i) ≤ exp { c_{84} ( R_L + log|A D_K N_{K/Q}(Δ_g)| )} for i = 1, 2.

As before, we deduce from (5.56) the equation

(5.58) (α_1 − α_2)z = κ_2ξ^{m2}_2 − κ_1ξ^{m1}_1 ,

which can be viewed as a superelliptic equation with coefficients in O_L.

More precisely, using Euclidean divisions as in the proof of Theorem 1 (see after (5.9)), we infer that there exist an S-unit η with η^{−1} ∈ O_K and z^′ ∈ O_K such that

(5.59) z = z^′ η^{−m1m2} , |N_{L/Q}(z^′)| ≤ |D_K| P^{2tdhK m1m2} and h(z^′) ≤ exp { c_{85} (R_K + h_K log^∗P + log^∗ |D_K|) } . Together with (5.58), it yields κ^{m2−1} 2 κ_1 ( ξ_1η^{m2} )_{m1} = ( κ_2ξ_2η^{m1} )_{m2} − κ^{m2−1}_2 (α_1 − α_2)z^′, and, denoting by S_L the set of all extensions to the field L of the places in S, we remark that ( κ_2ξ_2η^{m1} , ξ_1η^{m2} ) ∈ O_{SL} × L is a solution to the superelliptic equation

(5.60) X^{m2}_0 − κ^{m2−1}_2 (α_1 − α_2)z^′ = κ^{m2−1}_2 κ_1 Y^{m1}_0 ,

to which we may apply the estimate (5.55). The purpose of this estimate is to get an upper bound with no h_K in the exponent of P . Indeed, if we apply Theorem 2 to (5.60), a factor P^{hK} due to |N_{L/Q}(Δ_{f0} )| occur (see (5.62) and (5.63) after).

Let β be a root of the polynomial f_0(X) := X^{m2}_0 − κ^{m2−1}_2 (α_1 − α_2)z^′ and ζ be a primitive m_2-th root of unity. Here the field L (resp. L^′ := L(β, ζ)) plays the role of K (resp. L) occurring in (5.55).

First, observe that the prime ideals in O_L dividing the algebraic integer β^{m2} = κ^{m2−1} 2 (α_2 − α_1)z^′ belong to one of the following four groups :

(a) those dividing κ_2; (b) those dividing α_1 − α_2; (c) those dividing b^′; (d) those belonging to S_L.

Arguing as in the proof of Theorem 2 and using the same notations, we get

(5.61)

N_{L/Q} ( ∏ ordp(β^m2)≠0 p ) ≤ | |N_{L/Q}(a b^′ b^′_2 Δ_g) | | P^{2dt} ≤ A^2 |D_K| |D_L|^{1/2} |N_{K/Q}(Δ_g)|^2 P^{2dt}.

By Lemma 9, (5.61), (5.34) and |D_L| ≤ |D_K|^2 |N_{K/Q}(Δ_g)|, we can estimate the discriminant |D_{L(β)}| of the field L(β) :

|D_{L(β)}| ≤ c_{86} A^{2m2} |D_K|^{4m2} |N_{K/Q}(Δ_g)|^{7m2/2} P^{2dtm2},

whence we get |D_L0| ≤ c_{87} A^{2m2} |D_K|^{4m2} |N_{K/Q}(Δ_g)|^{7m2/2} P^{2dtm2}.

The polynomial f_0(X_0) = ∏_{m2−1} l=0 (X_0−ζ^lβ) is squarefree and its discriminant, denoted by Δ_{f0} , satisfies

(5.62) |N_{L/Q}(Δ_{f0} )| ≤ c_{88}|N_{L/Q}(β^{m2} )|^{m2−1}

and, using (5.61), we have ∏ p|Δf_0 ( N_{L/Q}(p) ) ≤ c_{89} ∏ p|β^m2 ( N_{L/Q}(p) )

≤ c_{89} A^2 |D_K| |D_L|^{1/2} |N_{K/Q}(Δ_g)|^2 P^{2dt}.

In view of (5.57) and (5.59), we infer that

(5.63)

|N_{L/Q}(β^{m2} )| ≤ |N_{L/Q}(κ_2)|^{m2−1} |N_{L/Q}(z^′)| |N_{L/Q}(Δ_g)| ≤ exp { c_{90} h_K log |A P D_K N_{K/Q}(Δ_g)| } . Moreover, we have

h(β) ≤ H exp { c_{91} ( R_L + h_K log^∗P + log |A D_K N_{K/Q}(Δ_g)| )} and |N_{L/Q}(κ^{m2−1}_2 κ_1)| ≤ A^{2m2} |D_K|^{2m1+2m2(m2−1)} |N_{K/Q}(Δ_g)|^{2m1+3m2(m2−1)/2} .

Using the above estimates together with |D_L| ≤ |D_K|^2 |N_{K/Q}(Δ_g)|, m_1 ≥ 3 and m_2 ≥ 2, we apply (5.55) to the equation (5.60) and we get after some calculation

(5.64) h(κ_2ξ_2η^{m1} ) ≤ H^{m1+1} exp { c_{92} T_5 } , where

T_5 = P^{2dm2m31+6dtm1m2} (log^∗P )^{2tm1m2} A^{5m1m32} |D_K|^{2m21m42} |N_{K/Q}(Δ_g)|^{2m21m42} ( log |A D_K N_{K/Q}(Δ_g)|

)_{4dm1m}2 . Hence, using m_2 ≤ m/2 (otherwise, m_1 = m_2 = m and we could apply Theorem 2, in contradiction with our assumption), we get

(5.65)

T_5 ≤ P^{d(m5+4tm3)/2} |D_K|^{m6/8} |N_{K/Q}(Δ_g)|^{m6/8} A^{5m4/8} ( log |A D_K N_{K/Q}(Δ_g)| )_{dm}3 . Finally, we infer from (5.56) and (5.59) that x = X z = κ_2ξ^{m2}_2 z + α_2 =

(κ_2ξ_2η^{m1} )^{m2} κ^{m2−1} 2 z^′ + α_2,

which, with (5.57), (5.59), (5.64), (5.65) and m_2 ≤ m/2, yields

h(x) ≤ H^{m2} exp { c_{93} P^{d(m5+4tm3)/2} |D_K|^{m6/8} |N_{K/Q}(Δ_g)|^{m6/8} A^{5m4/8} ( log |A D_K N_{K/Q}(Δ_g)| )_{dm}3 } , and the proof is complete.

Acknowledgements : I am indebted to the referee for his numerous valuable remarks and, in particular, for Lemma 9. Also, I would like to thank Maurice Mignotte and Kálmán Győry for their constant encouragements.

REFERENCES

[1] Baker, A., 1969, Bounds for the solution of the hyperelliptic equation, Proc. Camb. Phil. Soc. 65, 439–444.

[2] Bilu, Y., 1993, Effective analysis of integral points on algebraic curves, thesis, Beer Sheva.

[3] Bilu, Y., 1994, Solving superelliptic Diophantine equations by the method of Gelfond-Baker, preprint 94-09, Mathématiques Stochastiques, Univ. Bordeaux 2.

[4] Brindza, B., 1984, On S-integral solutions to the equation y^m = f(x), Acta Math. Hung. 44, 133–139.

[5] Bugeaud, Y. and Győry, K., 1996, Bounds for the solutions of unit equations, Acta Arith. 74, 67–80.

[6] Bugeaud, Y. and Győry, K., 1996, Bounds for the solutions of Thue-Mahler equations and norm form equations, Acta Arith., to appear.

[7] Hajdu, L., 1993, A quantitative version of Dirichlet’s S-unit theorem in algebraic number fields, Publ. Math. Debrecen 42, 239–246.

[8] Kotov, S. V. and Trelina, L. A., 1979, S-ganze Punkte auf elliptischen Kurven, J. Reine Angew. Math. 306, 28–41.

[9] Lang, S., 1960, Integral points on curves, Publ. Math. I.H.E.S. 6, 27–43. [10] Lang, S., 1984, Algebra (2nd edition), Addison-Wesley.

[11] Lenstra, H. W. Jr., 1992, Algorithms in algebraic number theory, Bull. Amer. Math. Soc. 26, 211–244.

[12] LeVeque, W. J., 1961, Rational points on curves of genus greater than 1, J. reine angew. Math. 206, 45–52.

[13] LeVeque, W. J., 1964, On the equation y^m = f(x), Acta Arith. 9, 209–219. [14] Narkiewicz, W., 1990, Elementary and Analytic Theory of Algebraic Numbers, Springer-Verlag, Berlin.

[15] Pethő, A., 1981, Beiträge zur Theorie der S-Ordnungen, Acta. Math. Acad. Sci. Hungar. 37, 51–57.

[16] Poulakis, D., 1991, Solutions entières de l’équation Y^m = f(x), Sém. Th. Nom. Bordeaux 3, 187–199.

[17] Schmidt, W. M., 1992, Integer points on curves of genus 1, Compositio Math. 81, 33–59.

[18] Shorey, T. N. and Tijdeman, R., 1986, Exponential Diophantine Equations, Cambridge University Press, Cambridge.

[19] Siegel, C. L., 1926, (under the pseudonym X) The integer solutions of the equation y^2 = ax^n + bx^{n−1} + . . . + k, J. Lond. Math. Soc. 1, 66–68.

[20] Siegel, C. L., 1929, Ueber einige Anwendungen diophantischer Approximationen, Abh. Preuss. Akad. Wiss. Phys.-math. Kl., Nr. 1, 70 pp.

[21] Siegel, C. L., 1969, Abschätzung von Einheiten, Nachr. Akad. Wiss. Göttingen II. Math.-Phys. Kl., Nr. 9, 71–86.

[22] Silverman, J. H., 1986, The Arithmetic of Elliptic Curves, Springer-Verlag, Berlin. [23] Sprindžuk, V. G., 1977, The arithmetic structure of integer polynomials and class numbers (Russian), Analytic Number Theory, Mathematical analysis and their applications, Trudy Mat. Inst. Steklov, pp. 143, 152–174, 210.

[24] Sprindžuk, V. G., 1993, Classical Diophantine Equations, Lecture Notes in Math. 1559, Springer-Verlag.

[25] Trelina, L. A., 1978, S-integral solutions of diophantine equations of hyperelliptic type (Russian), Dokl. Akad. Nauk. BSSR 22, 881–884, 955.

[26] Voutier, P. M., 1995, An Upper Bound for the Size of Integer Solutions to Y^m = f(X), J. Number Theory 53, 247–271.

[27] Waldschmidt, M., 1993, Minorations de combinaisons linéaires de logarithmes de nombres algébriques, Canadian J. Math. 45, 176–224.

[28] Kunrui Yu, 1994, Linear forms in p-adic logarithms III, Compositio Math. 91, 241–276.

Yann Bugeaud Université Louis Pasteur U. F. R. de mathématiques 7, rue René Descartes 67084 STRASBOURG (FRANCE)

e-mail : bugeaud@pari.u-strasbg.fr