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Bn,k → Cn,k O 5� 8 " ( - % 0 - ! ,!8 b1 F� � � F bd+11 � 21 � &' ! 2� +( *! ' : " � & *:+ &!3 1 � ' �A % *! ': " 43 - ' ! " � +" ( J !H 1 � &' ! 2� +( *! ': " � & *% �� !1 ! ,: 2 ' /

#( A 2�< � - % &' ( i� * ! 2% " %  4 2� n + d + 1 + 41 � '" % 0 &' ! 2 9 . N ! ! 1 ,! 2 =1 % &( " % ! >

• � &' % ai P 1 F 2� 1 % & 4 +( ! 0 - % &' � i +1 ! , + 9 . & * ,� # 9 *( 5 ' %  4 �

• � &' % ai = −1% 1 ,% ; *� 0 - % &' � 0 % " 9 & ! 2% " %  &0 !" : J % 0 % " � =

0 ! ,( 0 % ,( +" � " ! #� *� ,�H - ( & *% - " �H & 90 0 ! 1 � &' ! 2� +( *! ' : " � & *%

b1 F� � � F bd+1 F 2� 1 % & 4 +( ! 0 - % &' � i +� + *� , 9 . & * ,� # 9 *( 5 ' %  4 �

• �" ( - ! 2� 1 % & 4 +( ! 0 - % &' � i +1 ! , + 4H & *� ' 5!  E" ( - % " ( / & * ,! *: !H

& * ,� #% G�

D1 ,( A " ! " % ! � �8 9- % *! F #( # 9 & * ,� ! " � 1 � &' ! 2" ! ! � *� 5 ,( A !" % !1 ,% k = n − 1� O- ! " : 1 ,� & *� F" ! 1 ,( + 2( ' % �

D1 ,( A " ! " % ! � �� #( A % *! F- *� - % &' � ; ' ! 0 !" *� + + 0 " �A ! & *=+! An,k ,( +" � 1
n+k+2

(

n+k+2
k+1

)(

n−1
k
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3q → 3z7 ( & &0 � * ,% 0 *( 5 ' %  9 % 8 8 ( 2( - % 3q� � 4- ! , #" 9 + % 8 " ! !- % &'( � * n + 1 2� 2n F1 � ' 9- % 0 1 ! , + 9 . *( 5 ' %  9 % 8 8 ( 2( - % 3z� � &' %+ 4- ! , #" 9 *: F" ( � 5� ,� * F- % &'( � * 1 2� n F1 � +! ," 9 *: *( 5 ' %  9" ( 180◦ F% 8 ( 0 !" % *: #( A 2� ! - % &' � i" ( 2n+1− i F *� 1 � ' 9- % 0 + *� , 9 . *( 5 ' %  9�f ( 0 ! - ( " % ! � � 1 � 0 � N: .1 ,% "  % 1 ( � * ,( A !" %H E &0 � 
 � � G% 5% ! # =

 % % &1 9 * / 0 % F( " ( ' �< % - " �H 3q → 2c1 F0 �A " � 2� #( 8 ( *: F- *� #� ' % - ! & *=+� & *( " 2( , *" 43 *( 5 ' %  L� ,0 4 (n − k, k) ,( +" � cn,k =
(

n
k

)

−
(

n
k−1

)�

$% &' ( cn,k� 5 ,( 8 9 . * � Y � [� �� 	 Z � � � �� � � �Z � F #� *� , 4H 0 " �< % 0 1 � 3 �A" ( * ,! 9< � ' : " % #K ( & #( ' / % 1 � &' ! 2" ! ! + ,! 0 / " ! ,! 2 #� + & * , !- ( ! * &/ +0 ( =

*! 0 ( *% - ! & #% 3 & .A ! *( 3 �M ! #� *� , 4 ! *�A 2 ! & * +( % 8 1 ,% +� 2% 0 �< � " %A !

,! J ! " % / 8 ( 2( - % � ! & *! & * +!" " � + 41 % & 4 +( *: % 0 !" " � + *! ,0 % " ( 3 ; *�< �* , ! 9< � ': " % #( �

�W �WX � ^] Z` Y _ � _ � cW � ^� � _ W � ^] ] 
 � ��W Z �W � ^ � _ [ 
Z �X ^ �� �	 _ ` X W � ^ YZ W

3m → 2c17 ( & &0 � * ,% 0 1 ! ,! & *( " � + # 9 a1 F a2 F� � � F an� O 5� 8 " ( - % 0- ! ,!8 bi #� ' % - ! & * +� - % &! ' aj < ai F *( #% 3 - *� j > i� K 9 & *: p1 <
< p2 < . . . < pk

� ; *� + &! *( #% ! p F- *� bp 6= 0� K � & * ,� % 0 1 9 *: " (# ' ! *- ( *�H 5 90 ( < ! &' ! 2 9 . N % 0 � 5 ,( 8 � 0 > 2 +%< ( ! 0 &/ " ( 1 ,( +� + *� - # 9

(bp1
+ p1 − 1, 0) F8 ( *! 0 " ( +! ,3 + *� - # 9 (bp1

+p1−1, p1) F8 ( *! 0 " ( 1 ,( +�
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+ *� - # 9 (bp2
+ p2 − 1, p1) F8 ( *! 0 + +! ,3 + *� - # 9 (bp2

+ p2 − 1, p2)% *� 2�O #� " - ( " % ! ; *�< � 1 9 *% + 4< ' / 2% * *( # >% 8 *� - #% (bpk
+ pk − 1, pk−1)+ +! ,3 2� *� - #% (bpk

+ pk − 1, pk) F8 ( *! 0 " ( 1 ,( +� + *� - # 9 (n, pk)% F" ( #� " !  F" ( +! ,3 + *� - # 9 (n, n)�f ( 0 ! - ( " % ! � M ( &( 0 � 0 2 ! ' ! � 1 % &( " " � ! � *� 5 ,( A !" % ! / + ' / ! * &/#� 0 1 � 8 %  % !H � *� 5 ,( A !" % H 3m → 3w → 2c1 F< 2 ! 1 ! , +� ! � *� 5 ,( A ! =" % ! ! & *: a1, . . . , an 7→ b1, . . . , bn� �� * / ; *� � *� 5 ,( A !" % ! � &1 � &� 51 � ' 9- % *: % 8 ' . 5�H 1 ! ,! & *( " � + #% 1 � &' ! 2� +( *! ': " � & *: b1 F � � � F bn �

0 � bi � n − i E? #� 21 ! , ! & *( " � + #% C G� 5 4 ' � � 1 % &( " � 1 ,% 1 , ! 2 & *( + =

' !" % % 8 ( 2( - F" ! #� *� , 4 ! 9- ( & *" % #% E 
�� ) � F 
K � F 
� � G1 ,! 21 � - ' % , ! J( *:

8 ( 2( - 9 3m 2 , 9< % 0 F 5� ' ! ! 1 ,� & * 40 &1 � &� 5� 0 � O" % 1 , ! 2 ' �A % ' % &' ! =

2 9 . N ! ! � *� 5 ,( A !" % ! 3m → 3h >
a1, . . . , an 7→ a′

1, . . . , a
′

n,

< 2 ! a′

k = min
i � k

ak� K *� � *� 5 ,( A ! " % ! % 0 ! ! * &0 4 &' 2 ' / ' . 5�H 1 ! ,! & *( =

" � + #% F" � � #( 8 4 +( ! * &/ F- *� ! &' % *( # #� 2% ,� +( '( &: 1 ! ,! & *( " � + #( � 1 % =

&( " " �< � +8 ( 2( - ! +% 2( F *� ! ! 0 �A " � +� & & *( " � +% *: � 2" � 8 " ( - " � � K ,% =

- % " ( ; *�< � # ,� ! * &/ + *! � ,! 0 ! � % ' 9� , &( > +- ( & *% - " � 91 � , / 2� - ! " " � 00 " �A ! & * +! 2 ' % " ( 0 ( # &% 0 ( ': " �H �Z � � ] � � � E # 9 & #( % 8 1 � 1 ( ," � " ! & ,( +=

" % 0 43 ; ' ! 0 ! " *� + G ,( +" ( - % &' 9 ] � � �	 E # 9 & #� +% 8 1 � 1 ( ," � & ,( +" % 0 43

; ' ! 0 ! " *� + G� K ! ,! & *( " � + #( % " 2 9  % , 9! *- ( & *% - " 4H 1 � , / 2� #" ( - % &'( 3� * 1 2� n > a ≺ b F! &' % a < b% a & *� % *1 ,( +! ! b +1 ! ,! & *( " � + #! � �8 9- ( =

! 0 4 ! 1 ! ,! & *( " � + #% & 9 *: *! F 2 ' / #� *� , 43 + &� � * +! * & * + 9 . N ! 0 - ( & *% - =

" � 91 � , / 2� - ! " " � 0 0 " �A ! & * +! " ! *( " *%  !1 !H 2 ' % " 4 * ,% � �8 *! � ,! 0 4

� % ' 9� , &( &' ! 2 9! * F- *� *( # 9 .1 ! ,! & *( " � + # 9 0 �A " � ,( 8 5% *: " ( " ! 5� =

' ! ! - ! 0 2 +! +� 8 ,( & *( . N % ! 1 � 21 � &' ! 2� +( *! ': " � & *% � K � &' ! ; *�< � 9A !' !< #� 1 � & * ,� % *: � 5 ,( *" � ! � *� 5 ,( A ! " % ! �

f ( 0 ! - ( " % ! �M ( 0 ! *% 0 1 � & * ,� ! " % ! 5% ! #  % % 3m → 3z� � ' / ; *�< �

9 2� 5" � � 1 % &( *: " ! & #� ' : #� 5� ' ! ! � 5 N 9 . 5% ! #  % . >( '< � ,% *0 7 � 5% " =

&� " ( � � !" & *! 2( � )" 9 *( F &� 1 � & *( + ' / . N % H 1 ! ,! & *( " � + #! - % &! ' 1, . . . , n

1 ( , 9 & *( " 2( , *" 43 n= *( 5 ' %  � " < ( � 2% " ( #� +�H L� ,0 4 � K ,% ; *� 0 � #( =

8 4 +( ! * &/ F- *� #� ' % - ! & * +� & * ,� # + &� � * +! * & * + 9 . N !H 2% ( < ,( 0 0 ! � " < (
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#! +1 � , / 2 #! +� 8 ,( & *( " % / - % &'( 0 % � * ! 2% " %  4 2� l F *� ( '< � ,% *0% 8 < � *� +% * #( # ,( 8 % 0 ! . N 9 . &/ 9" ( &1 ( , 9 *( 5 ' %  � O1 % J ! 0 &1 � &� 5" ( H *% +1 ! , +�H *( 5 ' %  ! 0 ! & *� 2 ' / � - ! ,! 2" �< � - % &'( ak E?1 ,�  ! 2 9 ,(+ 41 % 3 % +( " % / C G� � &' % � " � 5� ' : J ! + &! 3 - % &! '1 ! , +�H & * ,� #% *( 5 ' %  4 F8 ( 1 % J ! 0 !< � + #� " !  ; *�H & * ,� #% � �1 ,� *% +" � 0 &' 9- ( ! " ( H 2 ! 0 1 ! , =+� ! - % &' � a F #� *� ,�< � � " � 0 !" : J ! F8 ( 1 % J ! 0 - % &' � ak" ( !< � 0 ! & *�% 1 ,% 0 !" % 0 1 ,�  ! 2 9 , 9 + 41 % 3 % +( " % / # � & *( + J !H &/ - ( & *% *( 5 ' %  4

E 5!8 1 ! , +�H & * ,� #% G 2 ' / 1 � % & #( 0 ! & *( - % &' 9 a�

K � & * ,� !" % ! + *� ,�H *( 5 ' %  4 8 " ( - % *! ': " � 1 ,� N ! � K ,� & *� + #( A =

2 9 . # ' ! *� - # 9" ( 2� +1 % &( *: " � 0 ! , J( < ( F" ( #� *� ,� 0 � " ( 1 � / +% '( &: �

D1 ,( A " ! " % ! � K � & * ,�H *! � 5 ,( *" � ! � *� 5 ,( A ! " % ! % 2� #( A % *!& +�H & * +� ; *�H 5% ! #  % % F( " � " &% ,� +( " " � ! + 4 J ! �

3m → 3vK � & * ,� % 0 2 ! ,! +� T0 &' ! 2 9 . N % 0 � 5 ,( 8 � 0 � � ! , J % " 4

9 ,� +" / n−1 &� � * +! * & * + 9 . *1 ! ,! & *( " � + #( 0 % 8 8 ( 2( - % 3m� � +! +! , J % =

" 4 E" ( j= 0 % j+1= 0 G &� ! 2% " ! " 4 ,! 5 ,� 0 F! &' % 1 ! , +( / % 8 &� � * +! * & * + 9 . =

N % 3 1 ! , ! & *( " � +� # / + ' / ! * &/1 � 21 � &' ! 2� +( *! ': " � & *: . + *� ,�H E *� ! �1 � =

' 9- ( ! * &/ + 4 5 ,( & 4 +( " % ! 0 - % &'( j + 2 G�� �< 2( T0 &� +1 ( 2( ! * & 2 ! ,! +� 0% 8 8 ( 2( - % 3v�

3y → 2b O1 ,! 2 ! ' % 0 ( '< � ,% *0 �� �� � � �	 � � Y � � Y � � � � � SS �1 � =

&' ! 2� +( *! ': " � & *% A >

• SS(� ) =�

• SS(A1xA2) = xSS(A1)SS(A2) F ! &' % x� " ( % 0 ! " : J %H ; ' ! 0 !" *+1 � &' ! 2� +( *! ': " � & *% A1xA2

K ! ,! & *( " � + # 9 A E ,( & &0 ( * ,% +( ! 0 9 . #( #1 � &' ! 2� +( *! ': " � & *: G" ( 8 � =

+! 0 � � 	 	 ��  �	 �\ � � Y � � Y � � � � F ! &' % SS(A) = 1, 2, . . . , n� � �< 2( 312=% 8 5!< ( . N % ! 1 ! ,! & *( " � + #% � #( 8 4 +( . * &/ 1 � 2 2( . N % 0 % &/ &� , *% ,� + #! F% " ( � 5� ,� *� �8 � 0 � , L% 8 0 A ! & *! #� +�H &� , *% ,� + #% & + 41 � '" ! " % ! 0 90 =

" �A ! " %H � - ! +% 2 !" �

f ( 0 ! - ( " % ! � O *0 ! *% 0 F- *� 2 ' / ' . 5�H 1 ! ,! & *( " � + #% σ- % &! ' � F} F � 0 " �A ! & * +� σ= % 8 5!< ( . N % 3 1 ! , ! & *( " � +� #- % &! ' � F� � � F n &� & *� % *% 8 cn ; ' ! 0 !" *� +� � !H & * +% *! ': " � F� *� 5 ,( A ! " % !

a1, . . . , an 7→ an, . . . , a1
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� *�A 2 ! & * + ' / ! * 123= % 8 5!< ( . N % ! 1 ! ,! & *( " � + #% & 321= % 8 5!< ( . N % 0 % F

213= % 8 5!< ( . N % ! � & 312= % 8 5!< ( . N % 0 % F( 231= % 8 5!< ( . N % ! � & 132=

% 8 5!< ( . N % 0 % � I � *� 5 ,( A ! " % !

a1, . . . , an 7→ n + 1 − an, . . . , n + 1 − a1
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- ! & * + 9 1234= % 8 5!< ( . N % 3 1 ! ,! & *( " � +� # & * ,! 0 % * &/ #" 9 ' .1 ,% n → ∞
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,! & *( " � + #( a1 F� � � F ak- % &! ' 1 F� � � F k" ( 8 4 +( ! * &/ � � � �� �� � � Y � �� � �
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- !" " �H 1 , / 0 40 % y = −1 F x = i − 1 F x = i% 1 9 *! 0 L�

} 
 ~ � �� �� �� � � �Z �
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3t → 2c27 ( & &0 � * ,% 0 1 � &' ! 2� +( *! ': " � & *: � F a1 F� � � F an F �� EK � =
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% L '( A #% 1 ,! 2 J ! & * + 9 . * &� � * +! * & * + 9 . N % 0 - % &' ( 0 � f ( 0 ! " % 0 #( A =

2 4H L '( A � #" ( ! 2% " %  9 F( #( A 2� ! - % &' � aj (1 � j � n)� " ( 0 % " 9 &

! 2% " %  9�
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• 1 F ! &' % � " ( 1 � 0 !- ! " ( % ' % ! &' % � " ( / + ' / ! * &/ #� "  � 0 ,( " ! ! " !+ & * ,!- ( + J !H &/ 3 � , 2 4 F

• −1−p F! &' % ; *� + *� ,�H #� " !  " ! #� *� ,�H 3 � , 2 4 % " ( & * /< % +( ! 0 �H; *�H 3 � , 2�H 2 9< ! ω� *0 !- !" � ,� +" � p *� - ! # F" !1 ,% " ( 2 ' !A ( N % 3
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5� * 4 
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a1, . . . , an 7→ 1 − a1, 2 − a2, . . . , n − an.
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• s(� ) =�

• s(L1X) = L1s(X)

• s(L̄1X) = � s(X)� � L∗

1,

< 2 ! L1

� ; *� 1 9 *: 1 � ' �A % *! ': " �H 2 ' % " 4 & #� "  ( 0 % " ( 2% ( < � " ( ' % F+ &! � & *( ': " 4 ! *� - #% #� *� ,�< � ' !A ( * & * ,�< � " % A ! 2% ( < � " ( ' % F L̄1

�

1 9 *: F1 � ' 9- ! " " 4H % 8 L18 ( 0 !" �H � ↔� � F L∗

1

� ; *� L1 5!8 1 ! , +�H

! 2% " %  4 % 1 � &' ! 2" !H 0 % " 9 & ! 2% " %  4 F X� 1 ,� % 8 +� ': " 4H 1 9 *: �� �< =
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A1 ⇒ B1 ⇒ A2 ⇒ B2 ⇒ . . .

� R K ,% +! 2 ! 0 " ! & #� ': #� *�A 2 ! & * +� �8 8 ( 2( - % 3r0 �A " � % 8 + ' !- :

*�A 2 ! & * +� � 9 J( ,( �

∑

k � n/2

(

n

2k

)

2n−2kck = cn+1.

� � � * +! * & * +% ! �� � � 56 / &" / ! * F- *� +! ," � *�A 2 ! & * +�

∑

k � n/2

((

n

k

)

−

(

n

k − 1

))2

= cn.

�8 8 ( 2( - % 3j0 �A " � 1 � ' 9- % *: E� - ! +% 2" � ! G *�A 2 ! & * +�

∑

k � n−1

(

n + k − 1

k

)

−

(

n + k − 1

k − 1

)

= cn.
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f ( 0 ! - ( " % ! � K ,% +! 2 ! 0 8 2 ! &: ! N ! � 2" 9 0 ( *! ,% ( ' % 8 (  % . *�A =
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