MA1112: Linear Algebra II

Dr. Vladimir Dotsenko (Vlad)

Lecture 18

Suppose we are given a basis ey, ..., e, of a vector space V, and that b is a symmetric bilinear form on V.
Let us denote by B the matrix whose entries are b(e;, e;), and by By the top left corner submatrix of B. We put
Aj:=det(By) forl < k< n.

Theorem 1 (Jacobi theorem). Suppose that for alli = 1,...,n we have A; # 0. Then there exists a basis fi,..., fu
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Proof. We shall look for a basis of the form
f=ane,
f2=anpver +axey,

. ey

fn=aine1 +azper+---+aunen.

If we write the conditions b(f;, f;) = 0 for i # j directly, we shall obtain a system of quadratic equations in the
unknowns «; j, which is difficult to solve directly. For that reason, we shall use a clever shortcut.
Suppose that we found a basis of the form given above, for which

b(fi,ej)=0for j=1,...,i-1.
We shall now verify that these conditions imply b(f;, fj) =0 for i # j. Indeed, for i > j we have
b(fi,fj)=b(fi,arjer +azjes+...+ajje;) =ayjb(fi,e1) +---+a;ib(fi,ej) =0,

and for i < j we have b(f;, fj) = b(fj, fi) = 0.
For a given i, the conditions
b(fi,ej)=0forj=1,...,i-1

form a system of linear equations with i unknowns and i — 1 equations, so there will inevitably be free unknowns.
To normalise the solution, let us also include the equation

b(fi,e;) =1.
Then the corresponding system of equation becomes
b(ei, el a1 + blez, e1)azi +...+ blej, ena;; =0,

b(e1,ex)ar; +b(er, ex)az; +...+ b(e;,ex)a;; =0,

b(ey,ei—1)a1;+blez, ej—1)az; +...+ ble;, e;—1)a;; =0,

b(ey,ei)ai; +blez, e))ar; +...+ ble;, e))a;; = 1.



The matrix of the this system of equation is Bl.T = B;, so by our assumption this system has just one solution for
each i = 1,...,n. This already ensures that under the constraints we imposed the basis f, ..., f, is unique, and
the matrix of the bilinear form b relative to this basis is diagonal. Let us compute the diagonal entries b(f;, f;). We
have

b(f,,f]) =b(fi, ajjer+azjer+...+ajje;) = aljb(fi,el) +--+aijib(fi, e;) = aj;.

To compute «;;, we use the Cramer’s rule for solving systems of linear equations. The last unknown is equal to the

ratio ‘312((%";)) , where B;; is obtained by B; by replacing the last column by the right hand side of the given system of
equations. Expanding that determinant along its rightmost column, we get a;; = % fori>1,and a;; = ALI, as
required. O

Note that the Jacobi theorem has this requirement that all A; are nonzero, which heavily depends on the choice
ofbasis. Thus, it is not always applicable. However, there are some important instances where it is useful, including
the proof of the next result.

Sylvester’s criterion
Theorem 2 (Sylvester’s criterion). The given symmetric bilinear form is positive definite if and only if
Ax>0 forall k=1,...,n.

Proof. Suppose that all Ay are positive. Then in particular they are all non-zero, and we are in the situation of
Jacobi theorem, which immediately shows that b is positive definite, since q(v) = b(v, v) is represented by a sum of
squares of coordinates with positive coefficients.
Suppose that b is positive definite. Let us show that it is impossible to have Ay = 0 for some k. Assume the
contrary. Then the homogeneous system of linear equations
b(ey,e1)x) +bley,e1)x2+...+bleg,e))xx =0,

b(er,ex)x1 +Db(es,ex)xo + ...+ bleg, e2)xi =0,

b(ey,er)x1 +blex,ep)x+...+ bleg,e)xp =0
has a nontrivial solution. Let us take this solution cy, ..., ¢k, and consider the vector v = c;e; + - + crex. We have
b(v,e;) =b(ey,ej)c1 + blez,ej)cr +...+ bleg,ei)cpy=0fori=1,..., k.

Therefore,
b(v,v) =c1b(v,e1) + c2b(v,e2) +---+ cib(v,ex) =0,

which, coupled with positivity of b, implies ¢; = --- = ¢ = 0, which is a contradiction. Therefore, all the determi-
nants Ay are nonzero, and then the previous theorem implies that they must be positive, or else the expansion
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has a negative coefficient, and so b cannot be positive definite. O

A bilinear form b is said to be negative definite if b(v, v) < 0 for every nonzero vector v. From the Sylvester
criterion, we immediately deduce that b is negative definite if (=D*A « is positive for all k. Indeed, we look at the
form —b which must be positive; for this form the corresponding determinant is (—1)%A.

Our last step would be to prove a theorem relating linear transformations and bilinear forms. Suppose that B
is a real symmetric matrix representing a bilinear form b.

Theorem 3. All the eigenvalues of B are real numbers. Moreover, the signature of b is completely determined by
eigenvalues of B: the number n. is the number of positive eigenvalues, the number n_ is the number of negative
eigenvalues, and the number ny is the number of zero eigenvalues.



