MA 3416: Group representations
Selected answers/solutions to the assignment due March 23, 2015

1. (a) Indeed, scalar matrices do not change under conjugation by anything, in particular
by matrices of representation, so if g is in G,, then hgh™'isin G o as well.

(b) Since trace of an operator is equal to the sum of its eigenvalues, and all eigenvalues
are roots of unity, our claim is clear.

(c) For complex numbers Aq, ..., Ay we have A +...4+ Ay = [A| + ...+ [Ay] if and only
if the vectors representing these numbers in 2d plane have the same direction. Given that all
these numbers are roots of unity in our case, we conclude that they are all equal, and so are
eigenvalues of a scalar matrix.

2. We shall use both intertwining numbers and characters to show how they all work.

(a) Clearly, this representation is isomorphic to the standard representation on C*, and
hence is isomorphic to the sum of the trivial representation and V, the constant functions
and functions that add up to zero.

(b) The intertwining number of this representation with itself is equal to three, since there
are three different orbits on pairs of edges: two edges can coincide, have a common vertex,
or be disjoint. Also, the intertwining number of this representation with the representation
arising from the set of vertices is two: in a pair of a vertex and an edge, the vertex can
belong to the edge or not. Therefore, this representation contains a copy of the trivial one,
a copy of V, and something else. That something else can only be U, as it is the only two-
dimensional representation. The three invariant subspaces where those representations are
realised are constant functions, functions that take opposite values on pairs of disjoint edges,
and functions that take the same values on pairs of disjoint edges and add up to zero.

(c) Clearly, this representation is isomorphic to the standard representation on C*, and
hence is isomorphic to the sum of the trivial representation and V, the constant functions
and functions that add up to zero.

(d) Let us augment the character table of S4 with the values of character of the corre-
sponding representations:

e [(B) [ G | kY | @)K
triv | 1 1 1 1 1
sign | 1 | -1 1 -1 1
\% 3 1 0 -1 -1
4 3] -1 0 1 -1
u 2 0 -1 0 2
edges | 12 | 2 0 0 0

Computing the scalar products with irreducible characters, we see that this representation is
isomorphic to triv® Ve Ve V ¢ U.

Let us note that the space of all even functions on edges has three natural invariant
subspaces: constant functions, functions that are constant on each of the three directions and
add up to zero, and functions that take opposite values on each two edges of the same face
that are not connected with an edge. It remains to find two invariant subspaces in the space
of odd functions to guarantee that we found all the irreducible constituents. Those invariant
subspaces consist of functions for which the sum of values on edges in each face is zero and of



functions for which for each face the sum of values of two opposite edges is equal to the sum
of edges on two other opposite edges.

3. In class, we proved that As is the group of all rotations of the dodecahedron, and
identified the conjugacy classes. Since the only rotations of the dodecahedron preserving
some face are rotations about the axis passing through the centre of that face, only cycles of
length 5 have fixed points in the set of faces, and we get the following character of CM.:

1P [2211312]5,[5;
# 11520 [12]12
CM|12] 0 0] 212

Using the character table

1221 ]312] 5 5;
# 1 15 | 20 12 12
triv | 1 1 1 1
\% 4 -1 -1
W | 5 1 -1 0 0
Vi 3] -1 0 T 1—7
Vo, | 3] -1 0 [T—7 T

from class (here T = , and computing scalar products, we see that

1+\/5)
2
CMe=triveViao Vo & W.

4. It is clear that W1 @ W, ~ W, @ Wy and W ® triv ~ W, so we just need to decompose
10 pairwise products whose characters are

1° [ 221 ] 312 57 5;
# 1|15 | 20 12 12
Vi ® Vi 9 1 0 T4 1 2—1
VieVy| 9 1 0 -1 -1
VieVv |12 0 —T —1+7
VieW |15 | -1 0 0 0
Vo, @Vy | 9 1 0 2—T T+ 1
VooV | 12 ] -1 0 |1+ —T
VoW | 15 | -1 0 0 0
VeV [16] 0 1 1 1
Vow |20 0 -1 0 0
WeW |25 1 1 0 0




Computing scalar products of characters, we obtain

VioVi~trivd Vi oW
Vi’eaVo2VaeWw
VieVeV,d VW
VioW=ViaeV,aVaeWwW
Vo @ V) ~trivep Vo, W
VVeVieoVeWw
Vo,aW=ViaV,dVaeWw
VoVetriveViaoVo Ve W
Voaw~ViaeV,epVaWwWoeWw
WRW~trivaVioVL dVeVeWeWw

Note that since under conjugation by a transposition Vi and V; get swapped, and other
representations remain unchanged, Vi@ V>~ V, &V H W implies V,; Q V=~V &V B W etc.
5. (a) Clearly (g1, 92)(h1,h2)(g1,92)"") = (g1h1g1—1, gzhzgz_]), from which it is obvious
that conjugacy classes of G; x G, are C; x C,, where C; is a conjugacy class of Gj.
(b) Let us compute the scalar product of such a character with itself:

0X) = e S Ix((g1,92)P =

#61#62 (6102)
1 .
- #EHG (91Zgz)|tr(p](g‘) ® p2(g2))IF =
1 , ,
- #GI#G; (g%z)Hr(p](g]))' ltr(p2(g2))l” =

- #](;1 gz]ltr(m(g]))lz#]Gz §|tr(92(92))|2 = xnx)x»x2) =1,

so X is an irreducible character. A similar computation shows that these characters are
pairwise orthogonal. Also, their number is equal to the product of numbers of conjugacy
classes in our groups which by (a) is the number of conjugacy classes in the product. Thus,
these are all irreducible representations.



