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1 AMM problem 11637

Solvers: TCDmath problem group, Mathematics, Trinity College, Dublin 2, Ireland.

Letm ≥ 1 be a non-negative integer. Let{u} = u−⌊u⌋; the quantity{u} is called thefractional
part of u. Prove that

∫ 1

0

{

1

x

}m

xm dx = 1−
1

m+ 1

m
∑

k=1

ζ(k + 1).

Answer: Substituting{1/x} = 1/x− ⌊1/x⌋,

I =

∫ 1

0

dx−

∫ 1

0

(1/x− ⌊1/x⌋)mxm dx

We divide the interval[0, 1] according to the value of⌊1/x⌋. We have

⌊1/x⌋ = n ⇐⇒ n ≤
1

x
< n+ 1 ⇐⇒

1

n+ 1
< x ≤

1

n
.

∗This group involves students and staff of the Department of Mathematics, Trinity College, Dublin. Please address cor-
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Thus

I =
∞
∑

n=1

∫ 1/n

1/(n+1)

(1/x− n)mxmdx

=
∞
∑

n=1

∫ 1/n

1/(n+1)

(1− nx)mdx

=
∞
∑

n=1

[

−
(1− nx)m+1

n(m+ 1)

]1/n

(1/(n+1)

=
1

m+ 1

∞
∑

n=1

(1− n/(n+ 1))m+1

n

=
1

m+ 1

∞
∑

n=1

(1/(n+ 1))m+1

n

=
1

m+ 1

∞
∑

n=1

(n+ 1)−(m+1)

n
.

On the other hand,

S =
m
∑

k=1

ζ(k + 1)

=
m
∑

k=1

∞
∑

n=1

n−(k+1)

=
∞
∑

n=1

m
∑

k=1

n−(k+1)

=
∞
∑

n=1

F (n),

whereF (1) = m while if n > 1

F (n) =
1

n2
+

1

n3
+ · · ·+

1

nm+1

=
1

n2

1− 1/nm

1− 1/n

=
1

n(n− 1)
−

n−(m+1)

n− 1
.

Noting that

F (n+ 1) =
1

n(n+ 1)
−

(n+ 1)−(m+1)

n
,

we see that

I =
1

m+ 1

∞
∑

n=1

(

1

n(n+ 1)
− F (n+ 1)

)
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Now
∞
∑

n=1

1

n(n+ 1)
=

1

1 · 2
+

1

2 · 3
+ · · ·

=

(

1

1
−

1

2

)

+

(

1

2
−

1

3

)

+ · · ·

= 1.

Thus

I =
1

m+ 1
(1− (S − F (1))

=
1

m+ 1
(1− S +m)

= 1−
1

m+ 1
S.

2 AMM problem 11641

Solvers: TCDmath problem group, Mathematics, Trinity College, Dublin 2, Ireland.

Let f be a convex function fromR intoR and supposef(x+ y) + f(x− y)− 2f(x) ≤ y2 for all
realx andy.

1. Show thatf is differentiable.

2. Show that for all realx andy,

|f ′(x)− f ′(y)| ≤ |x− y|.

Answer:

1. LetP = (x, f(x)), Q(y) = (x+ y, f(x+ y)), R(y) = (x− y, f(x− y)).

The slope(f(x + y) − f(x))/y of the linePQ(y) is non-increasing asy decreases to 0. For
supposez ∈ (0, y), and suppose the slope ofPQ(z) is greater than the slope ofPQ(y). Then
the pointQ(z) lies above the line-segmentPQ(y), contradicting the definition of convexity.

Similarly the slope(f(x)− f(x− y))/y of the lineR(y)P is non-decreasing asy decreases to
0.

It follows that ((f(x + y) − f(x))/y, ((f(x) − f(x − y))/y converge to limitsL,M as y
decreases to 0.

But

0 ≤
f(x+ y)− f(x)

y
−

f(x)− f(x− y)

y

=
f(x+ y) + f(x− y)− 2f(x)

y
≤ y.
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(The inequality on the left follows from the convexity off ; the inequality on the right from the
condition laid down in the question.)

On lettingy tend to 0, it follows thatL = M . Hence

f(x+ y)− f(x)

y
→ L = M asy → 0,

ie f(x) is differentiable atx with derivativeL = M .

2. As we saw above,

0 ≤
f(x+ y)− f(x)

y
−

f(x)− f(x− y)

y
≤ y.

Replacingx byx+ y,

0 ≤
f(x+ 2y)− f(x+ y)

y
−

f(x+ y)− f(x)

y
≤ y.

Adding

0 ≤
f(x+ 2y)− f(x+ y)

y
−

f(x)− f(x− y)

y
≤ 2y.

Continuing in this way, replacingx successively byx+ 2y, x+ 3y, . . . , x+ ny, and adding,

0 ≤
f(x+ (n+ 1)y)− f(x+ ny)

y
−

f(x)− f(x− y)

y
≤ ny.

Writing z for ny,

0 ≤
f(x+ z + y)− f(x+ z)

y
−

f(x)− f(x− y)

y
≤ z.

Lettingy tend to 0,
0 ≤ f ′(x+ z)− f ′(x) ≤ z,

which is what we have to prove.

This argument seems to assume thatz is a multiple ofy. However, if we are givenz, we can
takey = z/n and then letn → ∞, and the argument holds.
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