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1 AMM problem 11637

Solvers: TCDmath problem group, Mathematics, Trinity Caldgublin 2, Ireland.

Letm > 1 be a non-negative integer. Lgt} = u — |u|; the quantity{«} is called theractional

part of u. Prove that
" 1 <«
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Answer: Substituting{1/z} = 1/x — |1/x],
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We divide the intervdD, 1] according to the value ofl /x|. We have
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|1/z] =n <= n<-<n+1l < <x<—.
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*This group involves students and staff of the Departmentat@matics, Trinity College, Dublin. Please address cor-
respondence either to Timothy Murphyi (m@rat hs. t cd. i €), or ColmO Dinlaing pdunl ai n@mat hs. t cd. i e).



Thus

g

= / (1/x —n)"z™dx
1/(n+1)

/ (1 —nx)"dx
/(n+1)

m—|—1:| 1/n

MS ||M8 [

n(m+1 (1/(n+1)

71 Z (1—n/(n+1))™*!

m+1 o n
1 i (1/(n+1))m*!
Com+1 ~ n
1 i (n 4 1)=(m+1)
Com+1 = n '
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Noting that

we see that



Now
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2 AMM problem 11641

Solvers: TCDmath problem group, Mathematics, Trinity Caldgublin 2, Ireland.

Let f be a convex function fror into R and supposé(x + y) + f(x —y) — 2f(z) < y* for all
realz andy.

1. Show thatf is differentiable.
2. Show that for all reat andy,

[f'(@) = f'()] < |z —yl.
Answer:

L LetP = (z, f(z)), Qly) = (x+y, f(x+y)), Ry) = (z —y, f(z —y)).

The slope(f(x + y) — f(z))/y of the line PQ(y) is non-increasing ag decreases to 0. For
suppose: € (0,y), and suppose the slope Bf)(z) is greater than the slope d?Q(y). Then
the pointQ)(z) lies above the line-segmeRt)(y), contradicting the definition of convexity.

Similarly the slopé f(x) — f(z — y))/y of the lineR(y) P is non-decreasing agdecreases to
0.

It follows that ((f(z + v) — f(x))/y, ((f(x) — f(z — y))/y converge to limitsL, M asy
decreases to 0.

But
o< ety @) fl@) - fle—y)
Y y
_ Sty fle—y) =2/
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(The inequality on the left follows from the convexityfpthe inequality on the right from the
condition laid down in the question.)

On lettingy tend to O, it follows thal. = M. Hence

flz+y) — f(x)
y

— L =M asy — 0,

ie f(z) is differentiable at: with derivativeL = M.

. As we saw above,

flety) = fl@)  flo) - fle—y) _

0< - Sy
Y )
Replacinge by x + ,
0< flea+2y) = flz+y) [flet+y) — f(z) <y
Y )
Adding
0 < flea+2y) = flz+y)  fle)— flz—y) <2

) Y

Continuing in this way, replacing successively by + 2y, x + 3y, ...,z + ny, and adding,

o< fetntly) — fletny)  flz) - flz—y) <.

Writing z for ny,

Lettingy tend to O,
0< fl(z+2)— f(z) <z,
which is what we have to prove.

This argument seems to assume tha a multiple ofy. However, if we are given, we can
takey = z/n and then let, — oo, and the argument holds.
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