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11684. Proposed by Raymond Mordini, and Rudolf Rupp. For complexa andz, let φa(z) =
(a − z)/(1 − az)) andρ(a, z) = |a − z|/|1 − az)|.
(a) Show that whenever−1 < a, b < 1,

max
|z|≤1|

|φa(z) − φb(z)| = 2ρ(a, b), and

max
|z|≤1|

|φa(z) + φb(z)| = 2.

(b) For complexα, β with |α| = |β| = 1, let

m(z) = ma,b,α,β(z) = |αφa(z) − βφb(z)|.

Determine the maximum and minimum, taken overz with |z| = 1, of m(z).
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In other words, prove that
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11686. Proposed by Michel Bataille. Let x, y, z be positive real numbers such thatx + y + z = π/2.
Prove that

cot x + cot y + cot z

tan x + tan y + tan z
≥ 4(sin2 x + sin2 y + sin2 z).

∗This group involves students and staff of the Department of Mathematics, Trinity College, Dublin. Please address cor-
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11687. Proposed by Steven Finch. Let T be a solid torus inR3 with center at the origin, tube radius 1
and spine radiusr with r ≥ 1 (so thatT has volumeπ ·2πr). LetP be a ‘random’ nearby plane. Find
the conditional probability that, given thatP meetsT , that the intersection is simply connected. For
what value ofr is this probability maximal? (The plane is chosen by first picking a distance form teh
origin uniformly between0 and1+ r, and then picking a normal vector independently and uniformly
on the unit sphere.)

11688. Proposed by Samuel Alexander. Considerf : N
3 → N such that

lima→∞ infb,c,d∈N,b<a(f(a, c, d)− f(b, c, d)) = ∞. Show that forB ∈ N, there existsk ∈ N such that

f(a, c, d) = k ⇒ max(c, d) > B.

11689. Proposed by Yagub N. Aliyev. Two circlesw1 andw2 intersect at distinct pointsB andC and
are internally tangent to a third circlew at M andN , respectively. LineBC intersectsw at A and
D, with A nearerB thanC. Let r1 andr2 be the radii ofw1 andw2, respectively, withr1 ≤ r2. Let
u =

√

|AC| · |BD| andv =
√

|AB| · |CD|. Prove that

u − v

u + v
<

√

r1

r2

.

11690. Proposed by Ṕal Ṕeter D́alyay. LetM be a point in the interior of a convex polygon with
verticesA1, . . . , An in order. For1 ≤ i ≤ n, let ri be the distance fromM to Ai, and letRi be the
radius of the circumcircle of triangleMAiAi+1, whereAn+1 = A1. Show that

n
∑

i=1

Ri

ri + ri+1

≥
n

4 cos(π/n)
.
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