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11733. Proposed by Donald Knuth. Let V' = {0,1,2,3,4}% Say that
nonnegative integerg and b are adjacent when their base-5 expansion
...asaiag and ...byb by satisfy the condition that if > ; > 0 and
(a;,a;j) # (b, b;) then(a;, a;) and(b;, b;) are consecutive in the path throug
V' shown at right (horizontal coordinate listed first). Thus, éxamplef is
adjacent tal. Similarly, 48 (expansionl43;) is adjacent tol7 (expansion
1425) and73 (expansior243;).

(a) Prove that every positive integer is adjacent to exactly mwonegative
integers.

(b) Prove that with this definition of adjacency, the nonnegsititegers form a patfx,, z1, o, . . .)
starting withzy = 0.

(c) Explain how to compute efficiently from the number:,, that comes: steps aftef, and deter-
mine x1,000,000-

11734. Proposed by Vahagn Adanyan. Find all lists(a, k, m, n) of positive integers such that
am™t 4" — @™ — 1 = 158

11735. Proposed by Cosmin Pohoata. Let P be a point inside trianglel BC. Letd 4, dg, anddq
be the distances fromn (sic) to A, B, andC, respectively. Let 4,rg, andrs be the radii of the
circumcircles ofPBC, PC A, andPAB, respectively. Prove that

11736. Proposed by Mircea Merca. Forn > 1, let f be the symmetric polynomal in variables
x1,..., T, given by

F@r o m) = S (D) ey + 2t w5+ 2k, g+ 22),
0
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wheree,, is the kth elementary polynomials in variables. (For example, when= 6, e; has 15
terms, each a product of two distinct variables.) Also¢lieé a primitiventh root of unity. Prove that

f(17£7527"'7€n71) = Ln - LO)

wherelL, is thek-th Lucas number (thatid,y =2, L; = 1,andL, = Ly_1 + L;_5 for k > 2).

11737. Proposed by Nguyen Thanh Binh. Given an acute triangld BC, let O be its circumcenter,
let M be the intersection of linedO and BC, and letD be the other intersection ofO with the

circumcircle of ABC'. Let E be that point orAD such thatV/ is the midpoint ofED. Let F' be the

point at which the perpendicular oD at M meetsAC'. Prove thatt'F' is perpendicular tol B.

11738. Proposed by Stefano Shoni. Three point particles are constrained to move withoutifict
along a unit circle. Three ideal massless springs of ss8ie, k,, and k3 connect the particles
pairwise. Show that an equilibrium in which the particleswquy three distinct positions exists if
and only if1/ky, 1/ks, and1/k; can be the lengths of the sides of a triangle. Show also thiisif
happens, the equilibrium lengthof the spring with stiffness; is given by

1 1\? 1
L= Vkokat| | —+ —) — —.
2 (k2 - kS) k3

11739. Proposed by Fred Adams, Anthony Bloch, and Jeffrey Lagarias. Let B(x) = ( Lo )

Consider the infinite matrix product

M(t) = B BB )BG) ... = [[Bo™).

where the product runs over all primes, taken in increasidgro Evaluatel/(2).



