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A WREATH PRODUCT MULTIVARIABLE EXTENSION

Dominique Foata and Guo-Niu Han

This Note is a complement to paper [6], especially Theorem 1.3, when
the total ordering imposed on the wreath product C;! &,, is defined as
follows: the set {0,1,...,0 — 1} is split into two subsets I, J such that
0 € I and the order has the properties:

(a) (4,7) < (y',7") when ¢ > ¢’ for all j, j/;

(b) (1,7) < (2,7) <--- < (n,i) when i € I;

(c) (n,i) <---<(2,i) < (1,4) when i € J.

When J = (), we recover the total order used in [6]. For | = 2,
I ={0}, J = {1}, we get the natural order defined on the hyperoctahedral
group B,, namely, —n < --- < —1 < 1 < --- < n with the convention:
—j=0,1),75=(5,0) forall j =1,2,...,n.

We keep the notations used in [6]. When using the above new order,
determined by the pair (I,.J), the polynomial defined in [6], (1.12) will
be redefined as

Wn(87t7Q7 (1/1)7 (Zi)alv J)

E S j iy fix; (w,
— Sfexc(w,e)tfdes(w,e)qfrnaj(w,e) H ZZ|€| Y; x; (w 5)7
(w,e)eCNG, 0<i<l—1

to emphasize the presence of the partition (I, J). The computation made
in [6], Section 3 can be reproduced verbatim. Instead of (3.3) and (3.2)
we get

n

Sttt T Wals,tg, (Y9), (2,1, )
n>0 (5" ) n+1
= ZtTGT(ua S, 4, ()/1)7 (ZZ)7 I7 J)v
r>0
where
GT(UJ’ S,q, (}/Z); (ZZ)7 -[7 J) = Z UAwaeXC(w7e)tht ¢ H }/iﬁXi(w’E)Zzleli.
(c,w,e)eWP(r,1,J) 0<i<l—1
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The only difference is the following. The last sum is over the set Wp(r, I, J)
of all wreathed permutations (¢, w, €) that can be expressed as juxtaposi-
tion products

c M c(2) (k)
wl| = [ w® w® | [ w® ]
€ D) 2 (k)

where each ¢(9) is of the form a;nj (1<j<k),m +mo+--+mp=n
and a1 > as > --- > ag. Also, el) = E?Lj, where @; is the residue of a;
mod [. Then, each word w') is increasing (resp. decreasing) with respect
of natural order of the integers, if and only if j € I (resp. j € J).

Ezample. Let l =3, 1 =1{0,2}, J ={1}. Then

Id 1 213(456| 78910111213
c | (1212|1199 9 | 777 7| 4 4| 2
w | |1 2/13|5712|11084 3 |11 9| 6 |’
€ 0 0|2(000(1111} 11]| 2

is such a wreathed permutation. The factors of w above the factors 1,1,1,1
and 1,1 of € are decreasing.

The important property on such wreathed permutations (which appears
to be instrumental in the construction of the next bijection) is the fact
each decreasing factor w9 such that e(¥) = 5;7” and a; € J has at most
one fixed point of (w,¢€). In the previous example there is one fixed point
in each of the two factors w(?) such that a; = 1, namely 8 and 11.

Let WP/, (r,I,J) denote the subset of WP, (r,I,J) of all wreathed
permutations having no i-fived points when i € J and let Wp’(r, I, J) be
the union of all Wp/ (r,I,J). Also, let W )(r) be the subset of NTw,,(7)
of all strictly decreasing words, whose letters are congruent to ¢ mod [ and
DW (r) be the union of such DW,(f)(r).

Start with a wreathed permutation (¢, w,¢) from WP(r, I, J) and for
each i € J let j; < j2 < --- < Jp(;) be the increasing sequence of all
integers j such that j is an ¢-fixed point: x; = j and ¢; = 4; define
v® = Cj1Cjy "+ " Cjp iy - As the word ¢ is monotonic non-increasing and since
there is at most one i-fixed point in each factor w) of w when i € J, the
word v() is strictly decreasing. More essentially,

v e pw(r) if (c,w,e) € WP(r,I,J).

For all ©+ € J remove all the columns (;é) such that j is an -
€j

fixed point and form the family (v(?));c;. After removal the remaining
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columns form a wreathed permutation on a subset K of [1,n]. Using the
unique increasing bijection ¢ of K onto the interval [1, |K]|], next obtain
a wreathed permutation of order |K|. Each factor w) of the original
wreathed permutation (c,w,¢€) is then transformed into a word ¢(w®)).
The final step consists of replacing each ¢(w')) into its mirror-image,
whenever ¢ € J. Let (¢/,w’,€') be the wreathed permutation ultimately
obtained. Then

(', w' €) e wp'(r,1,.J).

In the previous example the removals of columns 8 and 11 yield

1 2]3[456[7910]12]13
121211199 9 |77 7| 4| 2
1 2[13(5712104 3] 9| 6 |’
00[2(000]|11 1] 1| 2

and oM = cgci1 = 7, 4.

After reduction we obtain

1 2]3[456|789]10[11
121211199 9 [777| 4| 2
1 2[11|5710|943| 8| 6
0 0[2/000]111] 1| 2

and, finally,
Id 1 2|3[456|789]|10]11
| (1212011199 9 |777| 4| 2
w | |1 2[11|5710(349| 8| 6
¢ 0 0[2{000(f111] 1| 2

Proposition. The mapping (c,w,€) — ((¢,w',€), (v?);cs) is a bijec-
tion of WP(r, I, J) onto WP'(r,I,J) x [[ bW (r) having the properties:

‘ ieJ
D) dw =\’ + 3 @
ieJ ‘
2) totc = tot ¢’ + > totv(®);
ieJ

eli=|€|; forieI; |e|;=|e|i + M@ forie J;
x;(w, €) = fix;(w', €') for i € I;
x;(w, €) = A fori € J;
w, €) = exc(w’, €');
fexc(w, €) = fexc(w’,€') + > i - Ao®,
ieJ

The proof of the Proposition requires no further techniques. []
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Now, by using the identity

(—wnir =Y Y. ¢,

n>0 vEDW, (1)

we have:
Zun Z qtotv — Z(uqz>n Z qltotv
n20  ,epw® (p) n>0 v’ €DWo, ([(r—i)/1])

= (_qu;ql>|_(r—i)/lj+1-

ielJ).

Let A(r, J) be the set of all sets (w);c 7, where w® € Dw® (r) (
I, J) we

Summing over all pairs ((w®);c 7, (¢, w,€)) from A(r,.J) x WP(r
get:

Z H(usiZ,)Aw“z]totw(“
(A

(w®);e,(c,w,e) €S

% u)\(c)qtot c gfexc(w,e) H Zl|6|z H Y;ﬁxi(w’e) H Y;ﬁxi(w’e)

el4+J el ie€J
= H<_usiini;ql)L(r—i)/lJ—i—l
ieJ
« Z u)\(c)qtot csfexc(w,e) H Zlel'b H Y.ﬁxi(wﬁ) H YﬁXi(w,é)
(c,w,e)eWP(r,I,J) i€l+J i€l i€J
= H(_uslqlzh ql> [(r—i)/1]4+1 X Gr(ua S, q, (}/;)7 (ZZ>7 I7 J)
=

As fexc(w, €) = fexc(w’,€') + >,c ;i M@, the initial expression can also
be summed over triples ((w®);cs, (¢, w',€), (v?)ics) from A(r,J) x
WP/ (r,I,J) x A(r,J) in the form

’ ’ o . fix: (w' €
E u/\c qtotc Sfexc(w € H ZZ|6 B H}/Z xi(w',e")

(w(i))igJ7(0’7w’76’),(v(i))i6‘] iel+J iel
; (@) (4) ; (@) (4)
> H(USZ}/;ZZ')/\U qtotv > H(uszZi)Aw qtotw
ieJ ieJ

_ Z H(USiY‘Z'>>\U(i)thtU(i)
= 144

(v®D);c g 1€J
’ / a; an fix,; (w’.€
« E : u)\c qtotc Sfexc(w ,€) H ZZ|€ | H}/Z xi(w’,€")
(c’,w’,e’),(w(i))ieJ icel+J iel

; (i) (1)
> H(USlZO)\w qtotw
ieJ
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_ i R/
= H(—US q'YiZi;q )L(r—i)/lj—i—l

ieJ
% Zu)\cqtotcsfexc(w,e) H Zl|6|z HY;ﬁXi(w’e)~

(c,w,e)eWP(r,I,J) iel4+J iel
But the last sum is also equal to
Z W cqtor ¢ gfexc(w,e) H Z@!éli H YiﬁXi(w,é)
(c,w,e) EWP(r) iel+J icl
— Gy (s, (Y, (Z0) |y, sor o i

where G, (u; s, q,(Y;),(Z;)), itself expressed in [6] (3.2), has been proved
to be equal to

[1 (uq"'s' Zs; 4") | (r—i) /1) 1
1<i<1

[I (ug's"YiZi;q") | (r—iy 1)1
0<i<l—1

Hr(u; q, S, (Zz>)7

where

H,(u;q,5,(Z:)) = Zo(1 — ¢'s")

I l 1.l !
o i, (WS Zo3 Q) ((r—iy 141\
X <Zo —Zoq's'+ ) q's'Zi =y _q's'Z; ) .
Z Z; (wZo3; @") |(r—i) /1) +1

=1 1=

Hence

Gr(u; 8,4, (Ys), (Zi)) ‘1@:1 for all s€.J
-Hz(“qisizi; q') | (r—i) /1) +1
1€

B El_[](uqisilﬁZi;ql)m_i)/uﬂ

Hr(u; q, S, (Zl»

From the identity
H(_usiqizi; ql) L(r—d)/t)+1 X GT(U; 5,4, (}/Z>7 (Zl)7 Ia J)
icJ

= H(_usiqi}/izi;ql)L(r—i)/lJ—i—l x Gr((us 8,4, (Yi), (Zi) ly. _1 for an ics
ieJ

we deduce:
GT(U, 87 CJ» (K)? (Z1)7 I’ J)
1 (—us'qYiZi; ¢") (r—iyjry+1 T1(ua's'Zi3 4') | (r—iy 1) 41

_i€J i€l
‘];[J(—usiq’Zi; q') | (r—i)/1)+1 ‘I;I‘I(quSi}/iZi; 4") =iy /1) 41

x H.(u;q,8,(Z;)).
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Consequently, the factorial generating function for the polynomials
Wy (s, t,q,(Y;),(Z;),1,J) can be expressed in the form:

n

Z<1 +t+---F tl_l)Wn(Svt7Q7 (le)7 (Zi)7]7 J)#
n>0 (t 34 )n-i—l
- ZtTGT(U;S,q, (E)?(ZZ%I? J)

r>0

When [ = 2, I = {0}, J = {1}, Zy =1, Z; = Z, with the convention
—ji=(,1),7=(5,0) for all j =1,2,..., we recover the following identity
derived in [1] for the hyperoctahedral group:

uTL

1+ Wo(s,t,q,Yo, Y1, Z)
0O Y 2

_ Ztr (u;¢%) rj2141 (—usqY1Z;¢2) | (r41) /2]
= (uY0;6%)rj2)11 (—uSqZ;G) | (r41)/2)
(us?q®; ¢*) 1ry2) (1 — 52¢%) (w5 @) (vt 1y 2] (W5 0%) /2]

X
(3 62) [r/2)41 ((U; @®) (1) /2] (W5 %) [r/2) — 5202 (us®q%;¢2) |r)2))

+ 5qZ (u;6%) /21 (W5 ¢°) | (rr1) j2) — (s’ QQ)WH)/zJ))-
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