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Introduction

Given a geometric structure SM on a noncompact manifold M , it is a natural
question to know wether the structure SM can be “prolongated at infinity”.
In other words, we look for a manifold N having the same dimension as
M , a geometric structure SN on N of the same kind of SM , and a strict
geometric embedding φ : (M, SM ) → (N, SN ). By a geometric embedding,
we mean that φ∗ SN = SM , namely the pullback of the structure SN is SM .
The embedding is called strict when it is not onto.
The question comprises two aspects. The first one is to find criteria on a
given structure (M, SM ) ensuring that a strict geometric embedding exists.
The second one is, on the contrary, to look for structures (M, SM ) which
are geometrically maximal, in the sense that every geometric embedding
φ : (M, SM ) → (N, SN ) must be onto.
Regarding the first aspect, very interesting works were done in the realm
of Riemannian conformal structures. In this context, our question becomes
simply: “ when is a Riemannian manifold (M, g) conformally equivalent
to some proper open subset of another Riemannian manifold (N, h)? ” For
example, in [S-Y], the authors exhibit conditions on a n-dimensional conformally flat Riemannian manifold (M, g), ensuring that (M, g) can be embedded conformally as an open subset of the standard sphere Sn (see in
particular [S-Y], theorem 3.1). In the same spirit, it is shown in [C-H] that
under suitable conditions involving the Ricci and the scalar curvature, a
complete conformally flat manifold (M, g) is conformally equivalent to a
compact orbifold with a finite number of singular points removed. Among
other relevant results about conformal embeddings and compactification of
Riemannian manifolds, let us also quote [Cha] and [He1].
In this paper, we will be interested by the rather opposite aspect, namely
find quite general conditions ensuring that a geometric structure (M, SM ) is
geometrically maximal. Of course, we will implicitly deal with noncompact
manifolds, since any structure on a compact manifold is maximal for obvious
topological reasons. Geometric maximality can be seen as a weak notion of
completeness for our geometric structure (M, SM ).
The main results we obtain are theorems 1.1, 1.4, 6.4, 7.3 and 9.1. The
first one exhibits examples of conformally maximal manifolds: essentially
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all Riemannian homogeneous spaces of dimension n ≥ 3 are conformally
maximal, the only exceptions being the obvious ones, namely open subsets
of the sphere which are homogeneous under the action of a subgroup of
the Möbius group. An analogue result holds for strictly pseudoconvex CRstructures (theorem 9.1). Theorem 7.3 gives obstructions, for a class of
geometric structures including Riemannian conformal, and CR-structures,
to admit a geometric compactification.
Part of the techniques used in the paper can be applied to quite a wide
class of geometric structures called Cartan geometries. A lot of classical
geometries, such as pseudo-Riemannian metrics, pseudo-Riemannian conformal structures, CR-structures, affine or projective structures are Cartan
geometries. Our theorem 1.4 yields a maximality criteria for an interesting class of Cartan geometries: the so called Kleinian manifolds. Concrete
applications of the theorem will be listed in corollaries 1.5, 1.6 and section
5.2.
We now describe our results in more details, emphasizing the most familiar
context of Riemannian conformal structures.

1.1

Conformally maximal manifolds

In the metric context, it is quite clear that a geodesically complete pseudoRiemannian manifold (M, g) is maximal in the sense that any isometric
embedding s : (M, g) → (N, h), where (N, h) is pseudo-Riemannian of the
same type as (M, g), has to be onto. In particular, any n-dimensional Riemannian homogeneous space (M, g) is maximal among n-dimensional Riemannian manifolds.
On the contrary, completeness of a Riemannian manifold (M, g) is no longer
a sufficient condition to ensure conformal maximality. We already see this
with the n-Euclidean space, which admits a strict conformal embedding into
the standard sphere Sn thanks to the stereographic projection. Actually, the
notion of conformal maximality is rather subtle, and to our knowledge, we
don’t have a wide list of Riemannian or pseudo-Riemannian structures which
are notoriously conformally maximal. This is a motivation for the following:
Theorem 1.1. Let (M, g) be a Riemannian manifold of dimension n ≥ 3,
which is conformally homogeneous. Then it is conformally maximal except
in the following cases:
1. (M, g) is conformally equivalent to the Euclidean space Rn .
2. (M, g) is conformally equivalent to the real hyperbolic space Hn .
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3. (M, g) is conformally equivalent to the product Hm × Sk , with m ≥ 1,
k ≥ 1, m + k ≥ 3 (with the convention that H1 is the 1-dimensional
Euclidean space and S1 is the circle endowed with the homogeneous
Riemannian metric of total length 2π).
The terminology conformally homogeneous means that the conformal group
of (M, g), namely the group of smooth diffeomorphisms φ : M → M such
that φ∗ g = eα g with α a smooth function, acts transitively on M . Let us
also emphasize that in the statement above, the products Hm × Sk , m ≥ 2,
k ≥ 2, are endowed with the conformal class of the “natural” product metric, namely we put the hyperbolic metric, with constant curvature −1, on
the factors Hm and the complete metric of curvature +1 on the factors Sk .
Stated differently, theorem 1.1 says that conformally homogeneous Riemannian manifolds of dimension ≥ 3 which are not conformally maximal are
conformally equivalent to open subsets of Sn , obtained by removing one
point, two points, or a codimension k conformal sphere, 1 ≤ k ≤ n − 1.
From theorem 1.1 we infer, for example, that given a Lie group G which does
not act simply transitively on one of the spaces listed in the theorem, and
given a left invariant Riemannian metric g on G, then (G, g) is a conformally
maximal Riemannian manifolds. This is for instance the case if G is a
noncompact simple Lie group. It is worth noticing that this fact is no
longer true if we consider pseudo-Riemannian metrics. For instance, on the
group G = P SL(2, R), the Killing form has Lorentz signature, hence defines
a bi-invariant Lorentz metric on P SL(2, R). This Lorentz manifold, known
as the 3-dimensional anti-de Sitter space, is not conformally maximal. It
can be embedded conformally in the product S1 × S2 , endowed with the
conformal class of the metric −dt2 + gS 2 .
Another consequence of theorem 1.1 is that Riemannian symmetric spaces
of noncompact type, except the real hyperbolic space Hn , are conformally
maximal in dimension ≥ 3. For example, it is not possible to embed conformally the complex hyperbolic space as a proper open subset of a Riemannian
manifold.
Obstruction to conformal compactifications
Among conformal embeddings, the most interesting ones are maybe those
for which the target manifold is compact. If (M, g) is a Riemannian manifold, and if there exists a closed Riemannian manifold (N, h), as well as
a conformal embedding s : (M, g) → (N, h), then we say that (N, h) is a
conformal compactification of (M, g). For example, the standard sphere Sn
is a conformal compactification for the n-dimensional Euclidean and (real)
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hyperbolic spaces. Observe that this definition is more general than the
classical notion of conformally compact manifold (M, g), where (M, g) is required to be the interior of a manifold with boundary M , the conformal
structure of g extending smoothly to the boundary. In all the paper, and
especially in the definition of conformal compactification given above, the
target manifold N is without boundary, and we don’t make any assumption
on the topological boundary of s(M ) ⊂ N . This boundary is allowed to be
very irregular.
In [Ki], S. Kim showed that if a certain numerical conformal invariant of a
manifold (M, g) is small enough, then (M, g) does not admit any conformal
compactification. Here, we give an obstruction to the conformal compactification of a noncompact Riemannian manifold (M, g), involving its isometry
group.
Theorem 1.2. Let (M, g) be a connected Riemannian manifold of dimension n ≥ 3. Assume that the isometry group of (M, g) is noncompact, and
that (M, g) is not conformally flat. Then, there is no conformal compactification for (M, g).
As an example, we see that for “generic” Riemannian manifolds M , a Riemannian product R × M does not admit any conformal compactification.
Theorem 1.2 is actually a particular case of the more general theorem 7.3.

1.2

Maximal Cartan geometries

Until now, we decribed examples of conformally maximal manifolds, but
as we already mentioned, the issue of maximality makes sense for general
geometric structures. In this paper, we chose to tackle this problem in the
framework of Cartan geometries. This is quite a wide family of geometries,
comprising most of those which are usually called rigid geometric structures.
For the reader which is not familiar with this notion, let us emphasize that
pseudo-Riemannian metrics, pseudo-Riemannian conformal structures, nondegenerate CR-structures, affine structures, projective structures are Cartan
geometries. Thus, beyond the rather abstract setting, we will always keep
in mind those basic and classical examples. Above all, the language of Cartan geometries will be absolutely fundamental in all the proofs of our main
results, including theorems 1.1 and 9.1 about Riemannian conformal, and
CR-structures.
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1.2.1

Cartan geometries

We refer to [Sh] for a comprehensive introduction to the notion of Cartan
geometry. Very roughly, a Cartan geometry is a geometric structure whose
flat model is a homogeneous space. The precise definition is as follows.
Let G be a Lie group, P ⊂ G a closed subgroup, and X = G/P . In all the
paper, we will do the assumption that X is connected and G acts faithfully
on X. A homogeneous space X = G/P satisfying those conditions will be
referred to as a model space. One calls a Cartan geometry modelled on X
the data of a triple (M, M̂ , ω), where:
1. M is a connected manifold having the same dimension as X.
2. M̂ is a P -principal bundle over M .
3. The form ω is a 1-form taking values in g, and satisfying:
• For every x̂ ∈ M̂ , ωx̂ : Tx̂ M̂ → g is an isomorphism of vector
spaces.
d
• For every X ∈ p and x̂ ∈ M̂ , ωx̂ ( dt
R .x̂) = X.
|t=0 etX

• For every p ∈ P , (Rp )∗ ω = (Ad p−1 ).ω.
Here, Rp denotes the right action by p on M̂ , and {etX } is the 1-parameter
group of G determined by X. A 1-form ω as above is called a Cartan
connexion on M̂ .
The flat model is the triple (X, G, ω G ), where ω G is the Maurer-Cartan form
on G. Actually, there is, on the fiber bundle M̂ , a notion of curvature, which
is a P -equivariant map κ : M̂ → Hom(Λ2 (g/p)∗ , g) (see [Sh, p. 191]). This
curvature map κ vanishes on M̂ if and only if the bundle M̂ → M is locally
isomorphic to G → X, and the local isomorphisms ϕ satisfy ϕ∗ (ω G ) = ω
(see [Sh, 5.5]). One then says that (M, M̂ , ω) is flat. In other words, among
Cartan geometries (M, M̂ , ω) modelled on X, the flat ones correspond to
(G, X)-structure on M (see [Th, 3.3] for an introduction to this notion). All
the Cartan geometries considered in this paper will always supposed to be
smooth.
1.2.2

Geometric immersions, geometric embeddings

Let X = G/P be a model space, and let us consider (M, M̂ , ω M ) and
(N, N̂ , ω N ) two Cartan geometries modelled on X (notice that M and N
automatically have the same dimension, which is that of X).
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By a geometric immersion σ of (M, M̂ , ω M ) into (N, N̂ , ω N ), we mean a
smooth bundle map σ : M̂ → N̂ , which is P -equivariant and such that
σ ∗ (ω N ) = ω M . (Observe that the condition σ ∗ (ω N ) = ω M implies that the
differential of σ is an isomorphism at each point of M̂ ). Such an immersion
induces a smooth immersion s : M → N . We will say that σ is a strict
immersion if σ(M̂ ) is a proper open subset of N̂ (or equivalently s(M ) is a
proper open subset of N ). If the map σ is moreover injective, we will speak of
a geometric embedding, and when a geometric embedding σ is not strict, we
just have a geometric isomorphism between (M, M̂ , ω M ) and (N, N̂ , ω N ).
In this case (M, M̂ , ω M ) and (N, N̂ , ω N ) are the same from the point of
view of Cartan geometries modelled on X. The group of geometric isomorphisms from (M, M̂ , ω M ) to (M, M̂ , ω M ) is called the automorphism group
of (M, M̂ , ω M ), and denoted by Aut(M̂ , ω M ). By definition, an automorphism of (M, M̂ , ω M ) commutes with the action of P , so that Aut(M̂ , ω M )
induces on M a subgroup of Diff(M ), denoted by Aut(M, ω M ). Our assumption that the action of G is faithfull on X implies that any element of
Aut(M, ω M ) lifts uniquely to an element of Aut(M̂ , ω M ).
The definition of geometric embeddings endows naturally the set of Cartan geometries modelled on a given X = G/P with a partial ordering. If
(M, M̂ , ω M ) and (N, N̂ , ω N ) are two such geometries, we will say that M is
smaller than N if there is a strict geometric embedding σ : (M, M̂ , ω M ) →
(N, N̂ , ω N ). This leads to the following definition.
Definition 1.3. (Maximal and strongly maximal Cartan geometries)
A Cartan geometry (M, M̂ , ω M ) modelled on X is geometrically maximal
(resp. strongly geometrically maximal) when every geometric embedding
(resp. immersion) from (M, M̂ , ω M ) into any Cartan geometry (N, N̂ , ω N )
modelled on X is onto.
1.2.3

A maximality result for Kleinian manifolds

Let X = G/P be a model space. Assume that Ω is an open subset of X,
and Γ ⊂ G is a discrete subgroup acting freely and properly on Ω. Then the
manifold MΓ := Γ\Ω is called a Kleinian manifold. As we will see in section
3.1, a Kleinian manifold is naturally endowed with a flat Cartan geometry
modelled on X.
As an example, if X = P O(1, n + 1)/P is the n-dimensional standard conformal sphere, then complete hyperbolic manifolds are interesting examples
of Kleinian manifolds. In this case, Ω is the upper hemisphere, and the natural flat Cartan geometry is the conformally flat structure defined by the
hyperbolic metric.
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The following theorem gives a sufficient condition, ensuring that a Kleinian
manifold is strongly geometrically maximal, among all Cartan geometries
modelled on X.
Theorem 1.4. Let Ω ( X be a normal domain. Let MΓ = Γ\Ω be a
Kleinian manifold. If the action of Γ is free and proper on no open subset of
Ω properly containing Ω, then MΓ is strongly geometrically maximal among
all the Cartan geometries modelled on X.
The notion of normal domain will be introduced in section 3.2. Intuitively, a
normal domain is an open set whose boundary is not too wild. For example,
open subsets whose boundary is a locally Lipschitz hypersurface, or have
Hausdorff codimension > 1 are normal.
It is interesting to apply theorem 1.4 for various models X, and various
groups Γ, getting a lot of examples of maximal structures, in different geometric situations. The reader who is eager to see concrete applications is
referred to section 5.2. For the moment, let us just see two direct consequences for conformal Riemannian structures (the proofs will be given in
5.2).
Corollary 1.5. Every flat complete Riemannian manifold of dimension n ≥
3, except the Euclidean space, is strongly conformally maximal.
This corollary does not extend to general pseudo-Riemannian structures.
In Lorentz signature, Minkowski’s space can be embedded conformally in a
compact Lorentz manifold called Einstein’s universe. But it is not the only
flat complete Lorentz manifold to have this property. For instance, one can
show that the quotient of Minkowski’s space by the subgroup generated by
one translation is never conformally maximal. There are also much more
interesting complete flat Lorentz manifolds, known as Margulis space-times
(see [D], [Ma]), which admit strict conformal embeddings (see [Fr3]).
Corollary 1.6. For a complete hyperbolic manifold M = Γ\Hn , n ≥ 3, the
following conditions are equivalent:
1. M is strongly conformally maximal.
2. The limit set ΛΓ is equal to Sn−1 = ∂Hn .
We refer to [Ka, Chap. 4] for the definition of the limit set of a subgroup of
Is(Hn ). The corollary implies in particular that complete hyperbolic manifolds of finite volume and dimension ≥ 3 are strongly conformally maximal.
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This fact is not true in dimension 2: some hyperbolic surfaces of finite volume are conformally equivalent to compact Riemann surfaces with a finite
number of points removed.
Let us emphasize that corollaries 1.5 and 1.6 (at least in the finite volume
case) are certainly already known. We refer especially to [C-H, Theorems
2.1, 5.7 and 5.9], for an analytical approach.

1.3

Organization of the paper

The article will begin with a general construction of a boundary for any
Cartan geometry. Although this boundary is generally hard to understand,
we can describe it explicitly in the case of Kleinian manifolds, what will be
done in section 3. Then, in section 4, we will explain how any geometric
immersion extends to part of the Cauchy boundary, thus defining a boundary
map. The properties of this map will be derived in proposition 4.4. Thanks
to this preliminary work, we will be able to prove theorem 1.4 in section 5.
We will give several illustrations of this theorem in 5.2. Other maximality
criteria are proved in section 6, especially theorem 6.4 and corollary 6.6.
With section 7 begins the second part of the paper, and the description
of homogeneous conformal structures (resp. CR-structures) which are not
maximal. A first step is proposition 7.1, which shows that such structures
are actually flat. The last two sections are then devoted to the proofs of
theorems 1.1 and 9.1, using the classification of homogeneous conformally
flat structures by Alekseevskii and Kimel’fel’d on the one hand, and the
classification of homogeneous domains of the flat CR-sphere by Burns and
Schnider on the other hand. Notice that those proofs heavily rely on the
results obtained in sections 5 and 6.

2

The Cauchy boundary of a Cartan geometry

Our aim in this section is to attach an abstract boundary to any Cartan
geometry. The construction is a straightforward generalization of the so
called b-boundary, first introduced by B.G. Schmidt in [S].

2.1

Cauchy completion of a Cartan geometry

We consider a model space X = G/P , and a Cartan geometry (M, M̂ , ω M )
modelled on X. Let us fix once for all X1 , ..., Xm a basis of the Lie algebra
g. This choice defines a frame field R on M̂ as follows
Rx̂ = ((ωx̂M )−1 (X1 ), ..., (ωx̂M )−1 (Xm )), x̂ ∈ M̂
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There is a unique Riemannian metric ρM on M̂ for which the frame field
R is orthonormal. If x̂ and ŷ are in a same connected component of M̂ ,
and if Γ(x̂, ŷ) is the set of C 1 maps γ : [0, 1] → M̂ such that γ(0) = x̂ and
γ(1) = ŷ, then define
Z
δM (x̂, ŷ) := inf{

1q

ρM (γ 0 (t), γ 0 (t)) dt | γ ∈ Γ(x̂, ŷ)}

0

We define a distance dM on M̂ by the formula dM (x̂, ŷ) =

δM (x̂,ŷ)
1+δM (x̂,ŷ)

if x̂

and ŷ are in a same component of M̂ , and dM (x̂, ŷ) = 2 if x̂ and ŷ are in
different components. Let (M̂c , dM ) denote the Cauchy completion of the
metric space (M̂ , dM ), and ∂c M̂ its Cauchy boundary, i.e ∂c M̂ = M̂c \ M̂ .
Let us remark that for every p ∈ P , the Jacobian matrix of Rp , the right
multiplication by p, when expressed in the frame field R, is exactly the
matrix of the linear map Ad p−1 expressed in the basis X1 , ..., Xm . It follows
that the maps Rp are Lipschitz with respect to dM , thus extend to continuous
maps Rp on M̂c . Those maps Rp leave ∂c M̂ invariant. Observe that for every
compact set K ⊂ P , the norms of the transformations Ad p−1 are uniformly
bounded when p ∈ K. As a consequence, there exists LK > 0 such that
for every p ∈ K, the transformation Rp is LK -Lipschitz. It follows that the
action P × M̂c → M̂c is continuous.
One can also define the Cauchy completion Mc (resp. the Cauchy boundary
∂c M ) of M as the quotient M̂c /P (resp. ∂c M̂ /P ). The space Mc may
not be a nice topological space, because the action of P , which is proper on
M̂ , can behave very badly on the boundary ∂c M̂ , yielding a non Hausdorff
quotient.
In the definition of the Cauchy boundary, the initial choice of the basis
X1 , ..., Xm is not relevant, since different choices lead to bi-Lipschitz equivalent metrics, hence to the same Cauchy completion.

2.2

Some remarks about completeness

As a very simple first illustration of the previous construction, let us consider
a model space X = G/P , and the triple (X, G, ω G ), where ω G denotes
the Maurer-Cartan form on G. This is the canonical flat Cartan geometry
modelled on X. If X1 , . . . , Xm is a basis of g, and ρG is the Riemannian
metric on G making the frame field (ω G )−1 (X1 , . . . , Xm ) orthonormal, then
ρG is left-invariant because ω G itself is left-invariant. Hence, (G, ρG ) is
a homogeneous Riemannian manifold and, in particular, each connected
component of G is complete for the distance δG defined in the previous
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section. The metric space (G, dG ) is itself complete and the Cauchy boundary
of this canonical structure is empty.
It is worth noticing that we don’t know any characterization of complete
Cartan geometries, i.e those (M, M̂ , ω M ) for which ∂c M = ∅, except in
the realm of Riemannian metrics. In particular, the compactness of M
is generally not sufficient to ensure completeness (see for instance remark
3.6, where we see that the conformal Cauchy boundary of a flat Riemannian
torus is a point). The relationship between different notions of completeness
is clarified in [Cl]. See also [MK1] for a description of complete complex
parabolic geometries. In his work, though, McKay is considering a stronger
notion of completeness.
Let us discuss now an a priori weaker notion of completeness, for a Cartan
geometry (M, M̂ , ω M ). The data of X in g defines naturally a ω M -constant
vector field X̂ on M̂ by the relation ω M (X̂) = X. We denote by φtX the local
flow generated on M̂ by the field X̂. For each x̂ ∈ M̂ , we define Wx̂ ⊂ g as
the set of vectors X ∈ g such that φtX .x̂ is defined for t ∈ [0, 1]. Then one
defines the exponential map at x̂ as
exp(x̂, X) := φ1X .x̂, ∀X ∈ Wx̂
Let us mention the nice behavior of this map with respect to geometric immersions. If (M, M̂ , ω M ) and (N, N̂ , ω N ) are two Cartan geometries modelled on X, and if σ : M̂ → N̂ is a geometric immersion, then σ maps
ω-constant vector fields of M̂ to ω-constant vector fields of N̂ . As a consequence, for every x̂ ∈ M̂ , we have Wx̂ ⊂ Wσ(x̂) , and for every X ∈ Wx̂
σ(exp(x̂, X)) = exp(σ(x̂), X)
Observe that the exponential map exp is generally different from the exponential defined by the Riemannian metric ρM .
The link between the completeness of the metric space (M̂ , dM ), and the
fact that X 7→ exp(x̂, X) is defined on g for every x̂ ∈ M̂ , is an interesting
question that is still far from being clarified. It motivates the following
definition, which will be useful later on.
Definition 2.1 (Boundary points of the first kind). Let (M, M̂ , ω M ) be a
Cartan geometry modelled on X = G/P , and let ∂c M̂ be its Cauchy boundary. A point ẑ ∈ ∂c M̂ is said to be of the first kind if there exists X ∈ g,
x̂ ∈ M̂ , such that the curve t 7→ exp(x̂, tX) is defined on [0, a[, a > 0, and
limt→a− exp(x̂, tX) = ẑ.

10

3

First examples of Cauchy boundaries: the case
of Kleinian manifolds

Let us mention that we don’t know very many Cartan geometries for which
the Cauchy boundary is understood. (See [Cla], [Bo], [J] for works in Lorentz
geometry). Nevertheless, there is a quite wide family of structures for which
the determination of this boundary is possible, and we describe them below.

3.1

Canonical Cartan geometry on a Kleinian manifold

We consider a model space X = G/P , and the triple (X, G, ω G ), where ω G
denotes the Maurer-Cartan form on G. The choice of a basis X1 , . . . , Xm
of g determines a Riemannian metric ρG on G as explained in the previous
section. We observed that ρG is left-invariant, and (G, dG ) is a complete
metric space.
Let now Ω be an open subset of X, and Γ ⊂ G a discrete subgroup acting
freely properly and discontinuously on Ω. The Kleinian manifold M = Γ\Ω
is naturally endowed with a flat Cartan geometry, inherited from (X, G, ω G ).
Let us explain this in detail. We denote by GΓ the quotient Γ\G. Since ω G is
left-invariant, it induces a 1-form ω GΓ on GΓ , with values in g. The manifold
GΓ carries a right action of P , and the form ω GΓ fullfills all the conditions of
a Cartan connection, listed in 1.2.1. Nevertheless, we don’t have a Cartan
geometry in the classical sense because GΓ is generally not a P -principal
bundle. Indeed, as soon as Γ does not act freely and properly on X, the
P -action on GΓ will neither be free nor proper. Such a pair (GΓ , ω GΓ ) will
be referred to as a weak Cartan geometry.
Let πX : G → X be the bundle projection. If Ω̂ denotes the inverse image
of Ω by πX , the Maurer-Cartan form ω G restricts to Ω̂ giving a 1-form ω Ω .
The open subset Ω̂, as well as the form ω Ω , are left invariant by the leftaction of Γ, so that the form ω Ω induces a 1-form ω M with values in g on
the manifold M̂ := Γ\Ω̂. This time, M̂ is a P -fiber bundle over M , and the
triple (M, M̂ , ω M ) is a Cartan geometry modelled on X. It will be called
the canonical Cartan geometry of the Kleinian manifold M .
Observe that M̂ is naturally identified with an open subset of GΓ , and that
ω M is just the restriction of ω GΓ to M̂ . Our aim in the following will be to
understand the relationship between ∂ M̂ , the topological boundary of M̂ in
GΓ , and the Cauchy boundary ∂c M̂ of the Cartan geometry (M, M̂ , ω M ).
This relationship will be very clear when the boundary of the open subset
Ω does not behave too wildly. This leads to the notion of normal domain
that we study below.
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3.2

Normal domains

Let Y be a smooth manifold and W ( Y an open subset. We denote by W
the closure of W in Y , and define the topological boundary of W , denoted
∂W , as the complement of W inside W .
Definition 3.1 (Normal domains). We say that W is a normal domain of
Y if for any y ∈ ∂W , there exists a countable family of connected, relatively
compact, open neighborhoods Uy = {Ui }i∈N such that:
T
1. For every i ∈ N, U i+1 ( Ui , and i∈N Ui = {y}.
2. For any neighborhood U ∈ Uy , U ∩ W is connected.
3. For every smooth Riemannian metric ρ on U0 , and every i > 1, the
metrics δρUi and δρUi ∩W are bi-Lipschitz equivalent on Ui ∩ W . Namely,
there exists a real ki ≥ 1 such that for any y1 , y2 ∈ Ui ∩ W
δρUi (y1 , y2 ) ≤ δρUi ∩W (y1 , y2 ) ≤ ki δρUi (y1 , y2 )
The distances δρUi and δρUi ∩W are defined as follows
δρUi (y1 , y2 ) = inf{

Z

1p

ρ(γ 0 (t), γ 0 (t)) dt | γ ∈ C 1 ([0, 1]; Ui ), γ(0) = y1 , γ(1) = y2 }

0

δρUi ∩W (y1 , y2 )

Z
= inf{

1p

ρ(γ 0 (t), γ 0 (t)) dt | γ ∈ C 1 ([0, 1]; Ui ∩W ), γ(0) = y1 , γ(1) = y2 }

0

Remark 3.2. The property for W to be a normal domain does not depend
on the choice of the smooth Riemannian metric ρ on U0 , because two such
Riemannian metrics define bi-Lipschitz equivalent distances on each Ui (resp.
each Ui ∩ W ), i ≥ 1. Thus, to show that W ⊂ Y is a normal domain, it
is enough to check that the previous conditions are satisfied for just one
smooth Riemannian metric on U0 .
The following lemma exhibits two interesting examples of normal domains.
Lemma 3.3. Let Y be a smooth manifold, and W ( Y a proper open subset.
If the topological boundary ∂W has Hausdorff dimension < n − 1, or if W
is a topological submanifold with boundary of Y such that ∂W is locally the
graph of a Lipschitz function, then W is a normal domain of Y .
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Proof: We assume first that the Hausdorff dimension of ∂W is < n − 1.
The problem is local, thus considering x ∈ ∂W and a chart around x, we
can assume that Y is an open subset V of Rn containing 0, and W ( V is a
proper open subset with 0 ∈ ∂W . Let us consider Br ⊂ V the Euclidean ball
of center 0 and radius r, and let us take x0 and y0 in Br ∩ W . We denote by
Wx0 (resp. Wy0 ) the set of points in Br ∩ W which can be joined to x0 (resp.
y0 ) by a line segment included in Br ∩ W . Let B be a small closed Euclidean
ball centered at x0 such that B ∩ ∂W = ∅. There is a well defined radial
projection πr : Br \ B → ∂B defined as follows: if z ∈ Br \ B, then πr (z) is
the intersection of the line segment joining z to x0 with ∂B. The map πr is
Lipschitz, so that πr (Br ∩∂W ) has Hausdorff dimension < n−1 in ∂B, hence
its complement is dense in ∂B. As a consequence, Wx0 is dense in Br , and it
is not difficult to check that Wx0 is also open. The set Wy0 shares the same
properties, so that Wx0 ∩ Wy0 is dense in Br ∩ W . As a first consequence
W ∩ Br is connected. Moreover, we can find a sequence ẑk ∈ Wx0 ∩ Wy0
which tends to y0 . The line segment [x0 , zk ] ⊂ Br tends to the line segment
[x0 , y0 ] ⊂ Br , and the line segment [zk , y0 ] ⊂ Br tends to a point. Therefore,
we obtain a sequence of broken line segments included in Br ∩ W , whose
length tends to d(x0 , y0 ), the Euclidean distance between x0 and y0 . We
thus have δρBr = δρBr ∩W on Br ∩ W , where ρ is the Euclidean metric. We
see that the neighborhoods Ui = B 1 ,i ∈ N, satisfy the definition 3.1, for
i+1
ki = 1. By remark 3.2, the open subset W is thus normal.
Assume now that W is bounded by a locally Lipschitz hypersurface. As
above, looking at a suitable chart around x ∈ ∂W , we can restrict our
study to a neighborhood of 0, U =] − , +[n ⊂ Rn . We see Rn as the
product Rn−1 × R, and the boundary ∂W ∩ U is given by a k-Lipschitz map
φ : U n−1 → R, where U n−1 =] − , +[n−1 . Restricting to a suitably small
neighborhood of x, we will assume that the (z, t) ∈ U ∩ W are characterized
by t > φ(z), so that U ∩ W is connected. We endow U with the Euclidean
metric ρ. Since φ is k-Lipschitz, one has
p
δρU ∩M̂ ≤ 1 + k 2 δρU

 n
The basis of neighborhoods ] − i+1
, + i+1
[ , endowed with the Euclidean
metric, satisfies definition 3.1, if we put ki = k. By remark 3.2, W is a
normal domain.
♦
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3.3

The Cauchy boundary of a Kleinian manifold

We keep the notations of section 3.1. Let Ω ( X be a normal domain, and
M := Γ\Ω a Kleinian manifold, where Γ ⊂ G is a discrete subgroup acting
freely properly and discontinuously on Ω. The choice of a basis X1 , . . . , Xm
on the Lie algebra g defines Riemannian metrics ρG and ρΩ on G and Ω̂
respectively. The metric ρΩ is the restriction of ρG to Ω̂. The metric ρG
(resp. ρΩ ) is invariant by the left-action of Γ on G (resp. on Ω̂), hence
it induces a metric ρGΓ (resp. ρM ) on GΓ (resp. on M̂ ). Observe that
the metric ρM is precisely the one constructed in section 2.1 for the Cartan
geometry (M, M̂ , ω M ), using the basis X1 , . . . , Xm . To the metrics ρGΓ on
GΓ and ρM on M̂ , we associate the distances dGΓ and dM , as explained in
section 2.1. After observing that the projection πΓ : (G, ρG ) → (GΓ , ρGΓ )
is a Riemannian covering, we get that every connected component of GΓ is
complete, when endowed with ρGΓ . It then follows that the metric space
(GΓ , dGΓ ) is complete.
Lemma 3.4. Let Ω ( X be a normal domain and M := Γ\Ω a Kleinian
manifold. Then a sequence of M̂ converges in GΓ if and only if it is a
Cauchy sequence for dM . In particular ∂ M̂ , the topological boundary of M̂
in GΓ , is naturally identified with the Cauchy boundary ∂c M̂ .
Proof: As we just mentioned, the metric space (GΓ , dGΓ ) is complete.
Observe that whenever x̂ and ŷ are in a same connected component of M̂ ,
dM (x̂, ŷ) ≥ dGΓ (x̂, ŷ), so that every Cauchy sequence of M̂ for dM is a
Cauchy sequence for dGΓ . Hence, every Cauchy sequence of M̂ for dM
converges in GΓ .
Conversely, consider a sequence (x̂k ) of M̂ converging to x̂ in GΓ . If x̂ ∈ M̂ ,
then (x̂k ) is clearly Cauchy for dM . Suppose now that x̂ ∈ ∂ M̂ . Because
G → X is a fiber bundle, it follows quite easily that Ω̂ is a normal domain
of G. The projection from G to GΓ is a local isometry (with respect to the
metrics ρG and ρGΓ ), so that M̂ is a normal domain of GΓ . In particular,
there exists a connected neighborhood Ux̂ such that Ux̂ ∩ M̂ is connected,
and a real number kx̂ ≥ 1 satisfying:
Ux̂
Ux̂ ∩M̂
Ux̂
δG
(x̂1 , x̂2 ) ≤ δG
(x̂1 , x̂2 ) ≤ kx̂ δG
(x̂1 , x̂2 )
Γ
Γ
Γ

(1)

Ux̂ ∩M̂
Recall that δG
is the distance induced by ρGΓ (or equivalently by ρM )
Γ
on Ux̂ ∩ M̂ . The inequality (1) shows that (x̂k ), which is a Cauchy sequence
Ux̂
Ux̂ ∩M̂
for δG
, is also a Cauchy sequence for δG
, hence for dM , because dM ≤
Γ
Γ
Ux̂ ∩M̂
δG
on Ux̂ ∩ M̂ . This completes the proof of the lemma. ♦
Γ

14

Remark 3.5. From the previous discussion, it is clear that whenever M =
Γ\X, then ∂c M = ∅.
Remark 3.6. When Γ is trivial and M = Ω is a normal domain of X,
then lemma 3.4 implies that ∂c M is homeomorphic to ∂Ω. For example,
if we consider the Riemannian conformal structure of the Euclidean space
Rn , then its Cauchy boundary is a single point, because Rn is conformally
the model space X = Sn with a point removed. The reader will check that
actually, the Cauchy conformal boundary of any complete flat manifold is a
single point. With the same remark, the Cauchy boundary of the conformal
structure of the n-dimensional real hyperbolic space is homeomorphic to a
sphere of dimension n − 1.

4

The boundary map of a geometric immersion

Let us consider (M, M̂ , ω M ) and (N, N̂ , ω N ) two smooth Cartan geometries
modelled on a same model space X = G/P (notice that M and N automatically have the same dimension, which is that of X). We saw in the
previous sections how to associate two Cauchy boundaries ∂c M and ∂c N
to those structures. In all this section, we consider a geometric immersion
σ : (M, M̂ , ω M ) → (N, N̂ , ω N ), and s : M → N the smooth immersion
induced by σ. Our aim is to construct a boundary map ∂s for s, defined on
the Cauchy boundary ∂c M , or at least part of it.

4.1

Definition of the boundary map

The construction described in section 2.1, using a same fixed basis (X1 , ..., Xm )
of g yields two Riemannian metrics ρM and ρN on M̂ and N̂ respectively.
Because σ ∗ (ω N ) = ω M , the construction implies that σ ∗ (ρN ) = ρM , namely
σ is an isometric immersion from (M̂ , ρM ) into (N̂ , ρN ). We define a distance dσN on σ(M̂ ) in the following way. If x̂ and ŷ are two points in a same
δ σ (x̂,ŷ)
σ (x̂, ŷ)
connected component of σ(M̂ ), then dσN (x̂, ŷ) := 1+δNσ (x̂,ŷ) , where δN
N

is the infimum of the ρN -lengths of C 1 -curves joining x̂ and ŷ inside σ(M̂ ).
If x̂ and ŷ are in σ(M̂ ), but do not stay in a same component of σ(M̂ ), we
put dσN (x̂, ŷ) = 2.
Fact 4.1. The map σ : (M̂ , dM ) → (σ(M̂ ), dσN ) is 1-Lipschitz and a local
isometry. When σ is not merely an immersion but a geometric embedding,
it is a global isometry.
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We always have dσN ≥ dN , so that σ : (M̂ , dM ) → (N̂ , dN ) is also 1-Lipschitz.
As a consequence, it extends uniquely to a 1-Lipschitz map σ : (M̂c , dM ) →
(N̂c , dN ). The restriction of σ to ∂c M̂ is called the boundary map of σ, and
we will denote it by ∂σ.
Since σ is equivariant for the action of P on M̂ and N̂ , the map σ remains
equivariant for the action of P on M̂c and N̂c . So we also get a map s :
Mc → Nc , and a boundary map ∂s : ∂c M → Nc , but since, as we already
mentionned, Mc and ∂c M might not be Hausdorff, those maps are maybe
not so useful. That is why we are going to restrict our attention to part of
the Cauchy boundaries ∂c M̂ and ∂c M .
Definition 4.2 (Regular set). Let σ : (M, M̂ , ω M ) → (N, N̂ , ω N ) be a
geometric immersion. The regular set of ∂c M̂ , associated to σ, is defined as
Λ̂c := ∂σ −1 (N̂ )
As a consequence of the P -equivariance of σ, the set Λ̂c is P -invariant and
we define Λc = Λ̂c /P .

4.2

Behavior of the boundary map on the regular set

The importance of the set Λc is made clear in proposition 4.4 below. Before
stating the proposition, we need one more definition. In section 2.2, we
introduced the notion of points of the first kind in ∂c M̂ . We now define
which ones are “singular”, and which are not.
Definition 4.3 (Singular points of the first kind). Let (M, M̂ , ω M ) be a
Cartan geometry modelled on X = G/P , and let ∂c M̂ be its Cauchy boundary. A point ẑ ∈ ∂c M̂ of the first kind is said to be singular if there exist x̂
and x̂0 two distinct points in M̂ , X ∈ g and a > 0, such that:
1. α(t) := exp(x̂, tX) and β(t) := exp(x̂0 , tX) are defined on [0, a[.
2. limt→a− α(t) = limt→a− β(t) = ẑ.
In the statement, and until the end of the paper, ∂σ M̂ (resp. ∂s M ) will
denote the topological boundary of σ(M̂ ) in N̂ (resp. of s(M ) in N ).
Proposition 4.4. Let us assume that the geometric immersion σ is strict
(namely, is not onto). Then:
1. The set Λ̂c is a nonempty open subset of ∂c M̂ , which always contains
points of the first kind. Moreover, if σ is an embedding, no point of
the first kind contained in Λ̂c is singular.
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2. The map σ : Λ̂c ∪ M̂ → N̂ is P -equivariant and continuous.
3. The group P acts freely and properly on Λ̂c ∪ M̂ ; in particular Λc ∪M ⊂
Mc is Hausdorff.
4. The maps ∂σ and σ induce continuous maps ∂s : Λc → N (called the
boundary map of s) and s : Λc ∪ M → N .
5. If σ is a geometric embedding, then ∂s maps Λc in ∂s M (resp. ∂σ maps
Λ̂c in ∂σ M̂ ). Moreover, the image ∂s(Λc ) (resp. ∂σ(Λ̂c )) contains
every accessible point of ∂s M (resp. of ∂σ M̂ ), and in particular is
dense in ∂s M (resp. in ∂σ M̂ ).
To make the last point of the proposition clear, we have to recall what is an
accessible point.
Definition 4.5 (Accessible points). A point x ∈ ∂s M is said to be accessible
if there exists a C 1 path γ : [0, 1] → N such that γ([0, 1[) ⊂ s(M ) and
γ(1) = x. A point in ∂σ M̂ is called accessible if it is in the fiber of an
accessible point of ∂s M .
It is clear that x̂ ∈ ∂σ M̂ is accessible if and only if there exists a C 1 path
γ̂ : [0, 1] → N̂ such that γ̂([0, 1[) ⊂ σ(M̂ ) and γ̂(1) = x̂. The fact that
whenever ∂s M is nonempty, the set of accessible points is dense in ∂s M is
standard (see for example [Mo] p.9).

Proof of proposition 4.4: we already saw that the extension σ : (M̂c , dM ) →
(N̂c , dN ) is 1-Lipschitz and P -equivariant. Hence the same is true for the
restriction σ : Λ̂c ∪ M̂ → N̂ . This shows the second point of the proposition.
Let us now prove the first point. Since we assumed that σ is strict, ∂σ M̂ is
nonempty. Let us choose ẑ∞ accessible in ∂σ M̂ (such accessible points exist
since we just mentioned that they are actually dense). By definition, there
is a C 1 path γ : [0, 1] → N̂ such that γ([0, 1)) ⊂ σ(M̂ ), and γ(1) = ẑ∞ . Let
x̂ a point of M̂ such that σ(x̂) = γ(0). We consider
E := {t ∈ ]0, 1[ | ∃ α : [0, t[→ M̂ , α(0) = x̂ and σ(α(u)) = γ(u) ∀u ∈ [0, t[}
Because σ is a local diffeomorphism, E is nonempty and we call t0 := sup E.
Let us consider (tk ) a sequence of ]0, t0 [ converging to t0 . Because the ρM length of α([tk , tk+l ]) is equal to the ρN -length of γ([tk , tk+l ]), we get that
α(tk ) is a Cauchy sequence for dM . Hence, α(tk ) converges to x̂∞ in M̂c .
If x̂∞ is actually in M̂ , we get a contradiction because the continuity of σ
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implies σ(x̂∞ ) = γ(t0 ), and then it would be possible to extend α to a lift
of γ defined on some [0, t00 [ with t00 > t0 . We conclude that x̂∞ is in ∂c M̂ ,
and by continuity of σ, ∂σ(x̂∞ ) = ẑ∞ . We conclude that Λ̂c is not empty.
A Riemannian manifold is always locally complete, so that N̂ is open in N̂c .
Since ∂σ is continuous, Λ̂c = ∂σ −1 (N̂ ) is open in ∂c N̂ .
Let ẑ∞ be as above. The exponential map X 7→ exp(ẑ∞ , X) is defined on
an open subset Wẑ∞ ∈ g containing 0g . There is a neighborhood V of 0g in
Wẑ∞ , which is star-shaped with respect to 0g , on which the exponential map
is a diffeomorphism onto its image. Because ẑ∞ ∈ ∂σ M̂ , there exists Y ∈ V
such that ẑ := exp(ẑ∞ , Y ) is in σ(M̂ ). As a consequence ẑ∞ = exp(ẑ, −Y ).
Let x̂ ∈ M̂ such that σ(x̂) = ẑ. Let us define
a := sup{t ∈]0, ∞[, exp(x̂, −tY ) is defined}
Notice that if a < ∞, the limit x̂∞ := limt→a− exp(x̂, −tY ) exists because for
any sequence (tk ) converging to a, (exp(x̂, −tk Y )) is Cauchy in M̂ . Moreover
x̂∞ is in ∂c M , and by definition, it is of the first kind. Now, because we
have the relation σ(exp(x̂, −tY )) = exp(ẑ, −tY ) whenever both terms make
sense, we must have a ≤ 1. By continuity of σ, ∂σ(x̂∞ ) = exp(ẑ, −aY ). We
infer that x̂∞ ∈ Λ̂c , proving that Λ̂c contains points of the first kind.
Let us now assume that x̂∞ ∈ Λ̂c is a point of the first kind which is
singular: there exist a nonzero X ∈ g, distinct points x̂ and x̂0 in M̂ ,
such that t 7→ exp(x̂, tX) and t 7→ exp(x̂0 , tX) are defined on [0, a[, with
limt→a− exp(x̂, tX) = x̂∞ = limt→a− exp(x̂0 , tX). Recall (see section 2.2)
that for every t ∈ [0, a[, exp(σ(x̂), tX) is well defined and
σ(exp(x̂, tX)) = exp(σ(x̂), tX)
In particular α(t) := exp(σ(x̂), tX) converges to ẑ∞ := ∂σ(x̂∞ ) as t tends
to a.
For the same reason, the curve β : t 7→ exp(σ(x̂0 ), tX), which is actually
t 7→ σ(exp(x̂0 , tX)), is defined on [0, a[, and limt→a− β(t) = x̂∞ . If we assume
moreover that σ is an embedding then σ(x̂) 6= σ(x̂0 ). The curves α and β are
two integral curves of the ω N -constant vector field X̂ defined by ω N (X̂) = X.
Both α and β are defined on [0, a[, and they satisfy α(0) 6= β(0), while
limt→a− α(t) = limt→a− β(t) = ẑ∞ . The ω N -constant vector field X̂ should
then vanish at ẑ∞ . Because X is nonzero and ωẑN∞ : Tẑ∞ N̂ → g is an isomorphism, we get a contradiction, finishing the proof of the first point.
We now prove the third point. Consider (x̂k ) a sequence of Λ̂c ∪M̂ converging
to x̂∞ ∈ Λ̂c ∪ M̂ , and (pk ) a sequence of P such that x̂k .pk converges to
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ŷ∞ ∈ Λ̂c ∪ M̂ . Then σ(x̂k ) tends to σ(x̂∞ ) and σ(x̂k ).pk tends to σ(ŷ∞ ).
Since P acts properly on N̂ , the sequence (pk ) is bounded in P . This shows
that the action of P is proper on Λ̂c ∪ M̂ . The action of P is also free on
Λ̂c ∪ M̂ , because it is free on N̂ , and if x̂.p = x̂, for some x̂ ∈ Λ̂c ∪ M̂ and
p ∈ P , then σ(x̂).p = σ(x̂).
The fourth point is a straightforward consequence of the second and third
points.
It remains to consider the last point. Assuming that σ is not only an immersion but an embedding, it follows that whenever we consider a sequence
(x̂k ) leaving every compact set of M̂ and such that σ(x̂k ) converges in N̂ ,
the limit must be in ∂σ M̂ . Thus, ∂σ maps Λ̂c in ∂σ M̂ . To see that every
accessible point of ∂σ M̂ is in the image of ∂σ, we go back to the begining
of the proof. Let ẑ∞ be an accessible point of ∂σ M̂ , and γ : [0, 1] → N̂ such
that γ(1) = ẑ∞ and γ([0, 1[) ⊂ σ(M̂ ). Then if (tk ) is a sequence of [0, 1[
tending to 1, and (x̂k ) is the sequence of M̂ such that σ(x̂k ) = γ(tk ), we saw
that x̂k converges to x̂∞ in Λ̂c such that ∂σ(x̂∞ ) = ẑ∞ .
By P -equivariance, every accessible point of ∂s M is also in the image of ∂s.
♦
Remark 4.6. Whenever the metric space (N̂ , dN ) is complete, the regular
set Λ̂c is the whole Cauchy boundary ∂c M̂ . In this case, the manifold M
embeds as an open subset of a Hausdorff space Mc (possibly equal to M ),
and the geometric immersion extends to a continuous map s : Mc → N .

4.3

Basic maximality criteria

Proposition 4.4 yields actually sufficient conditions ensuring that a Cartan
geometry (M, M̂ , ω M ) is (strongly) geometrically maximal. For instance,
the first point of proposition 4.4 implies that if ∂c M = ∅, then M is strongly
maximal. By remark 3.5, if Γ ⊂ G acts freely properly and discontinuously
on X, the quotient Γ\X is also strongly geometrically maximal among Cartan geometries modelled on X. As a direct corollary of the first and third
points of proposition 4.4, we also get:
Proposition 4.7. Let (M, M̂ , ω M ) be a Cartan geometry modelled on X =
G/P .
1. If there is no point of the first kind in ∂c M̂ , then (M, M̂ , ω M ) is
strongly geometrically maximal.
2. If there is no open subset of M̂c , properly containing M̂ , on which the
action of P is free and proper, then (M, M̂ , ω M ) is strongly geometrically maximal.
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3. If among the set of points of the first kind, the singular ones are dense,
then (M, M̂ , ω M ) is geometrically maximal.
The conditions given in the proposition are difficult to check. Our task
in sections 5 and 6 will be to exhibit concrete situations where they are
satisfied.

5

A maximality criterion for Kleinian manifolds

Thanks to our study of the Cauchy boundary for Kleinian manifolds, and the
basic maximality criteria stated above, we are now ready to prove theorem
1.4. After the proof, we will give applications in different geometric contexts.

5.1

Proof of theorem 1.4

We assume that we are under the hypotheses of theorem 1.4, namely X =
G/P is a model space, Ω ( X is a normal domain, and Γ ⊂ G acts freely
properly and discontinuously on Ω, yielding a Kleinian manifold M = Γ\Ω.
Moreover, there is no open subset of Ω := ∂Ω ∪ Ω, properly containing Ω,
on which the action of Γ is free and proper (recall that ∂Ω denotes the
topological boundary of Ω in X).
We keep the notations of section 3.1. Assume for a contradiction that
(M̂ , M, ω M ) is not strongly geometrically maximal: there exists (N̂ , N, ω N )
a Cartan geometry modelled on X and a geometric immersion σ : (M̂ , M, ω M ) →
(N̂ , N, ω N ) which is not onto. Proposition 4.4 then ensures that the regular
set Λ̂c is a nonempty open subset of ∂c M̂ . Lemma 3.4 implies that Λ̂c is
a nonempty, P -invariant, open subset of ∂ M̂ , where ∂ M̂ is the topological
boundary of M̂ in GΓ . Let Λ̌ be the inverse image of Λ̂c by the covering
map πΓ : G → GΓ , and Λ := πX (Λ̌), where πX : G → X is the bundle map.
Then, Λ ∪ Ω is an open subset of Ω, which is Γ-invariant because Λ̂c ∪ M̂ is
P -invariant.
Let us prove that the action of Γ on Λ ∪ Ω is free and proper if and only if
the action of P on Λ̂c ∪ M̂ is free and proper. We pick x ∈ Λ ∪ Ω, and (xk )
a sequence of Λ ∪ Ω converging to x. We assume that (γk ) is a sequence of
Γ such that γk (xk ) converges to some point y ∈ Λ ∪ Ω. We lift (xk ) into a
sequence (x̂k ) of Λ̌ ∪ Ω̂ converging to a point x̂. There exists a sequence (pk )
of P such that γk (x̂k ).pk tends to a point ŷ. Because the actions of Γ and
P commute on Λ̌ ∪ Ω̂, the map πΓ is P -equivariant. We thus get
πΓ (x̂k ).pk = πΓ (γk (x̂k ).pk )
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where πΓ (x̂k ) is a sequence converging to πΓ (x̂) ∈ Λ̂c ∪ M̂ . The actions
of Γ and P on G are proper, hence because (x̂k ) and γk (x̂k ).pk are both
converging, (γk ) is bounded in Γ if and only if (pk ) is bounded in P . We get
that Γ acts properly on Λ ∪ Ω if and only if P acts properly on Λ̂c ∪ M̂ .
Now, assume that (xk ) is constant to a point x, and (γk ) is constant to an
element γ. Then (x̂k ) and (pk ) can be chosen constant to x̂ and p respectively. But the actions of Γ and P on G are free, so that γ = 1Γ if and only
if p = 1P . We get that Γ acts freely on Λ ∪ Ω if and only if P acts freely on
Λ̂c ∪ M̂ .
Proposition 4.4 does ensure that the action of P is free and proper on Λ̂c ∪ M̂ .
We thus get a contradiction with the fact that Γ does not act freely and
properly on any open subset of Ω properly containing Ω.

5.2

Examples illustrating theorem 1.4

Our aim here is to list some concrete applications of the general theorem
1.4 to classical geometric structures.
We will begin with Riemannian conformal geometry. It has been known
since the works of E. Cartan that given a Riemannian structure (M, g) of
dimension n ≥ 3, the conformal class [g] determines a canonical Cartan geometry (M, M̂ , ω M ) modelled on Sn = P O(1, n+1)/P (here P is a parabolic
subgroup isometric to the group of conformal transformations of Rn .) The
bundle M̂ can be seen as a sub-bundle of 2-jets of frames on M (see [Ko],
[Sh] Chap. 7). If (M, g) and (N, h) are two n-dimensional Riemannian manifolds, and if s : M → N is a conformal immersion, i.e the map s is smooth
and s∗ h = eϕ g for some smooth function ϕ on M , then s naturally lifts
to a bundle immersion σ : (M, M̂ , ω M ) → (N, N̂ , ω N ) between the associated canonical Cartan geometries. Moreover, σ ∗ ω N = ω M . Hence, σ is a
geometric immersion in the sense of section 1.2.2.
5.2.1

Complete flat Riemannian structures: proof of corollary
1.5

A complete flat structure of dimension n, n ≥ 3, is a quotient Γ\Ω, where
Ω = Sn \ {p}, and Γ is a discrete subgroup of P O(1, n + 1) fixing p. By
lemma 3.3, Ω is a normal domain. As soon as Γ 6= {id}, the action of Γ
on ∂Ω is nowhere free. We can apply theorem 1.4 and deduce immediately
corollary 1.5.
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5.2.2

Complete hyperbolic manifolds: proof of corollary 1.6

Such manifolds are quotients MΓ := Γ\Ω, where Ω is the upper hemisphere
in Sn , and Γ ⊂ P O(1, n+1) is a discrete subgroup acting freely properly and
discontinuously on Ω. If ΛΓ denotes the limit set of Γ on ∂Ω, it is well known
that ΩΓ := Sn \ ΛΓ is the biggest open subset of Sn (for the inclusion) on
which the action of Γ is proper (see [Ka] sec. 4.6 and 4.7). Hence, theorem
1.4 implies that if ΛΓ = ∂Ω then Γ\Hn is strongly conformally maximal.
Conversely, if ΛΓ 6= ∂Ω, then MΓ embeds conformally as a proper open
subset of Γ\ΩΓ , hence is not conformally maximal. This yields corollary
1.6.
5.2.3

Conformal Kleinian manifolds

Let us go further in the discussion above about hyperbolic manifolds. If Γ is
a noncompact discrete subgroup of P O(1, n + 1), then the action of Γ is free
and proper on no open set properly containing ΩΓ . A direct consequence of
theorem 1.4 is that whenever ΩΓ is a normal domain, and when n ≥ 3, a
Kleinian manifold Γ\ΩΓ is strongly conformally maximal. Of course, it is not
easy to determine for which Kleinian groups Γ, the domain of discontinuity
ΩΓ is normal.
5.2.4

Conformally maximal Lorentzian manifolds

As for the Riemannian case, any conformal Lorentz structure of dimension
≥ 3 defines a normal Cartan geometry. The n-dimensional model space is
now X = P O(2, n)/P , where P is the parabolic subgroup stabilizing an
isotropic line in R2,n . The space X is usually called Einstein’s universe of
dimension n, denoted Einn .
We are going to exhibit a class of Lorentz manifolds which are conformally
maximal. The n-dimensional anti-de Sitter space, denoted AdSn , is the
Lorentzian analogue of the real hyperbolic space. A model for this space is
the following: in Rn+2 equiped with the quadratic form q 2,n (x) = −x21 −
x22 + .... + x2n+2 , let us consider Q−1 := {u ∈ Rn+2 | q 2,n (u) = −1}. The
anti-de Sitter space is the quadric Q−1 endowed with the Lorentz metric
induced by q 2,n . It is a complete Lorentz manifold of constant sectional
curvature −1. The space AdSn is not conformally maximal: it embeds
conformally as a normal open subset Ω ⊂ Einn . In odd dimension, the
group O(2, 2n + 1) contains a subgroup isomorphic to U (1, n), which leaves
AdS2n+1 = Ω ⊂ Ein2n+1 invariant. Now, let Γ be a lattice in U (1, n). In
[Fr2] (see proposition 7, and remark 5), it was shown that the action of such
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a Γ is proper on no open subset of ∂Ω. As a consequence of theorem 1.4,
we infer:
Corollary 5.1. Any anti-de Sitter manifold Γ\AdS2n+1 , with Γ a lattice
in P U (1, n), is conformally maximal.
5.2.5

Maximal CR-structures

The boundary of the n + 1-dimensional complex hyperbolic space (n ≥ 1) is
a 2n+1-sphere, endowed with a flat strictly pseudoconvex CR-structure. Its
group of CR-automorphisms is P U (1, n + 1), so that, from the CR point of
view, it is the homogeneous space X = P U (1, n + 1)/P (with P a parabolic
subgroup). Actually, any strictly pseudoconvex CR-structure on a manifold
M 2n+1 defines a canonical Cartan geometry (M, M̂ , ω M ) modelled on X
(see [Ch], [He2], [T], [CS]).
There is a subgroup Heis(2n + 1) ⊂ P U (1, n + 1), isomorphic to the 2n + 1dimensional Heisenberg group, which fixes a point o ∈ X, and acts simply
transitively on Ω = X \ {o} ([Go, chap. 4.2]). From this action, Heis(2n + 1)
inherits a flat strictly pseudoconvex CR-structure, which is moreover leftinvariant. Since Ω is a normal domain by lemma 3.3, a straightforward
consequence of theorem 1.4 is:
Corollary 5.2. Any CR-structure of the form Γ\Heis(2n + 1), n ≥ 1,
with Γ 6= {id} a discrete subgroup of Heis(2n + 1), is maximal among all
2n + 1-dimensional strictly pseudoconvex CR structures.
With the same proof, a similar statement holds for quotients of the 4n + 3dimensional quaternionic analogue of the Heisenberg space.
In the same way, the unit tangent bundle to the real hyperbolic space Hn+1
(n ≥ 1) is endowed with a flat CR-structure. Actually, T 1 Hn+1 is an open
orbit Ω of O(1, n+1) ⊂ P U (1, n+1) in X, the boundary of which is a sphere
Sn (see for instance [BS, Proposition 6.1]). The action of O(1, n + 1) on ∂Ω
is identified to that on the boundary of Hn+1 . Because ∂Ω is a smooth
submanifold, Ω is a normal domain of X by lemma 3.3. We can use theorem
1.4 and get:
Corollary 5.3. The flat CR-structure on the unit tangent bundle of a complete hyperbolic manifold of finite volume is CR-maximal.
5.2.6

Some projectively maximal structures

A projective structure on M is the data of a class C of torsion free affine
connexions on M , all defining the same geodesics up to reparametriza23

tion. Given a projective structure on M , one can build a canonical Cartan geometry (M, M̂ , ω M ) modelled on the projective space X = RPn =
P GL(n + 1, R)/P (with P the stabilizer of a line). A projective immersion
between two affine manifolds of the same dimension (M, ∇M ) and (N, ∇N ),
is an immersion mapping geodesics to geodesics (without necessarily preserving the affine parametrization). Such an immersion lifts to an immersion σ
between the canonical Cartan bundles (M, M̂ , ω M ) and (N, N̂ , ω N ). Thus,
it is a geometrical immersion, as defined in 1.2.2.
The affine flat space Rn embeds projectively as an open subset Ω ⊂ RPn .
The boundary ∂Ω is a codimension one RPn−1 in RPn . In particular Ω
is a normal domain thanks to lemma 3.3. Any translation of Rn extends
as a projective transformation of RPn , which fixes ∂Ω pointwise. Applying
theorem 1.4, we get:
Corollary 5.4. For n ≥ 3, any complete flat affine manifold Γ\Rn , where
Γ ⊂ Aff(n, R) contains a nontrivial translation, is strongly projectively maximal. This is in particular the case for any complete flat Riemannian manifold, except the Euclidean space.
With the same proof as for corollary 1.6, but using this time the projective
model for the hyperbolic space, we also get:
Corollary 5.5. For a complete hyperbolic manifold M = Γ\Hn , n ≥ 3, the
following conditions are equivalent:
1. M is strongly projectively maximal.
2. The limit set ΛΓ is equal to Sn−1 = ∂Hn .

6
6.1

Other maximality criteria
A general result

Let X = G/P be a model space, and (M, M̂ , ω M ) a Cartan geometry modelled on X. In proposition 4.4, we saw that whenever the action of P is
nowhere proper on ∂c M̂ , the Cartan geometry (M, M̂ , ω M ) is (strongly)
geometrically maximal. We are now going to give conditions ensuring maximality, which involve this time properties of the action of Aut(M̂ , ω M ) on
∂c M̂ (the group Aut(M̂ , ω M ) has been introduced in 1.2.2). Let us first explain why the action of Aut(M̂ , ω M ) extends to the boundary ∂c M̂ . If φ is
an element of Aut(M̂ , ω M ), then it acts isometrically on (M̂ , dM ). The isometry φ thus extends to an isometry φ of (M̂c , dM ). In the sequel, we endow
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Aut(M̂ , ω M ) with the topology of uniform convergence on compact subsets
of M̂ . For this topology, Aut(M̂ , ω M ) is a closed subgroup of Homeo(M̂ ),
and the action of Aut(M̂ , ω M ) on M̂ is free and proper. This comes from
the fact that Aut(M̂ , ω M ) preserves a framing on M̂ . The reader will find
details about this in [Ko, Theorem 3.2 and its proof], under the assumption
that the manifold supporting the framing is connected. Here, though M is
assumed to be connected, M̂ is generally not. Nevertheless, the proof carries
over to our situation, because the actions of P and Aut(M̂ , ω M ) commute,
and P acts transitively on the set of connected components of M̂ .
As a last remark, let us mention that the extended action Aut(M̂ , ω M ) ×
M̂c → M̂c is continuous.
Proposition 6.1. Let (M, M̂ , ω M ) be a Cartan geometry modelled on the
space X = G/P .
1. Assume that for every point ẑ∞ of the first kind in ∂c M̂ , there exists
a sequence (φk ) in Aut(M̂ , ω M ) which does not tend to the identity
map, and such that dM (ẑ∞ , φk (ẑ∞ )) tends to 0. Then (M, M̂ , ω M ) is
geometrically maximal.
2. In particular, if every point of the first kind in ∂c M̂ has a nontrivial
stabilizer in Aut(M̂ , ω M ), then (M, M̂ , ω M ) is geometrically maximal.
Proof:
We only prove the first point, which immediately implies the
second. Let us assume, for a contradiction, that there is a strict geometric
embedding σ : (M, M̂ , ω M ) → (N, N̂ , ω N ), where (N, N̂ , ω N ) is a Cartan
geometry modelled on X. By proposition 4.4, the regular set Λ̂c associated
to σ is a nonempty open subset of ∂c M̂ and σ extends to a continuous
map σ : Λ̂c ∪ M̂ → N̂ . Again by proposition 4.4, the set Λ̂c contains
points of the first kind. We pick ẑ∞ ∈ Λ̂c such a point, and call ŷ∞ :=
σ(ẑ∞ ). Given the hypotheses on the sequence (φk ), and replacing (φk ) by a
subsequence if necessary, we may assume that either φk converges to φ∞ 6= 1
in Aut(M̂ , ω M ), or (φk ) leaves every compact set of Aut(M̂ , ω M ).
Let us assume we are in the case where φk converges to φ∞ 6= 1 in Aut(M̂ , ω M ).
Because φk and φ∞ act isometrically on (M̂c , dM ), it is easily checked that
φk converges pointwise to φ∞ on M̂c . In particular φ∞ (ẑ∞ ) = ẑ∞ . The point
ẑ∞ is of the first kind, hence there exists a nonzero X ∈ g, and x̂ ∈ M̂ , such
that t 7→ exp(x̂, tX) is defined on [0, a[, and limt→a− exp(x̂, tX) = ẑ∞ . Recall (see section 2.2) that for every t ∈ [0, a[, exp(φ∞ (x̂), tX) is well defined
and
φ∞ (exp(x̂, tX)) = exp(φ∞ (x̂), tX)
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In particular exp(φ∞ (x̂), tX) converges to ẑ∞ as t tends to a. Recall that
Aut(M̂ , ω M ) acts freely on M̂ , so that φ∞ (x̂) 6= x̂. We get that the point of
the first kind ẑ∞ is singular, contradicting the first point of proposition 4.4.
We now assume that the sequence (φk ) leaves every compact subset of
Aut(M̂ , ω M ). The Riemannian metrics ρM and ρN define two volume forms
VolM and VolN on M̂ and N̂ respectively. Because σ is a geometric embedding, σ ∗ (VolN ) = VolM . We choose 0 > 0 and denote by B1 (resp. B2 ) the
dM -ball of center ẑ∞ and radius 0 in M̂c (resp. the dN -ball of center ŷ∞
and radius 0 in N̂ ). If we chose 0 small enough, then B1 ⊂ Λ̂c ∪ M̂ (recall
that by proposition 4.4, Λ̂c ∪ M̂ is open in M̂c ), and B2 has finite volume
for VolN . Now, σ is a 1-Lipschitz map so that σ(B1 ∩ M̂ ) ⊂ B2 . Since σ
preserves the volume, B1 ∩ M̂ has finite volume for VolM . Let B10 be the
dM -ball of center ẑ∞ and radius 20 . Let U be a small open subset of B10 ∩ M̂ ,
which is relatively compact in B10 ∩ M̂ . We already mentioned that the action of Aut(M̂ , ω M ) is proper on M̂ . Hence, considering a subsequence of
(φk ) if necessary, we may assume that φm (U ) ∩ φn (U ) = ∅ for every integers m, n with m 6= n. Because φk acts isometrically for dM , and because
dM (ẑ∞ , φk (ẑ∞ )) tends to 0, we have φk (U ) ⊂ B1 ∩ M̂ for every k ≥ k0 big
enough. But Aut(M̂ , ω M ) also preserves VolM , so that φm (U ) ∩ φn (U ) = ∅
for m 6= n greater that k0 implies that B1 ∩ M̂ has infinite volume for VolM :
contradiction. ♦

6.2

Cartan geometries and coverings

Before going further, let us recall some basic facts about Cartan geometries
and coverings. Assume that (M, M̂ , ω M ) is a Cartan geometry modelled on
X. Let ρ : M → M be a covering map. Then the P -principal bundle M̂
can be lifted into a P -principal bundle M̂ over M, and the 1-form ω M can
also be lifted into a 1-form ω M on M̂. The triple (M, M̂, ω M ) is a Cartan
geometry modelled on X, that is called the lift to M of the Cartan geometry
on M . We get a commutative diagram
π̃

M̂


/M
ρ

r
π

M̂


/M

where π̃ and π are the bundle maps, and ρ and r are covering maps. The
map r is P -equivariant, and by definition of ω M , one has r∗ (ω M ) = ω M . If
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ρ is a regular covering map, induced by the action of a group Γ on M, then
the action of Γ lifts to M̂, and this is an action by automorphism of (M̂, ω M )
which induces the covering map r.

Holonomy morphism
Of particular importance in the sequel will be the case where M ( X is a
proper open subset of X, endowed with its canonical flat Cartan geometry
modelled on X. We keep the notations introduced above.
Lemma 6.2. Let M ⊂ X be a proper open subset, and ρ : M → M
its universal cover. There exists an epimorphism hol : Aut(M̂, ω M ) →
Aut(M̂ , ω M ), called holonomy morphism, satisfying for every ϕ ∈ Aut(M̂, ω M )
the equivariance relation
r ◦ ϕ = hol(ϕ) ◦ r

(2)

The pair (r, hol) is the translation at the level of the Cartan bundle, of the
classical pair (developping map, holonomy morphism) for (G, X)-structures
(see [Th, 3.3, 3.4]).
Proof: Let us recall the following classical fact, that we will call Liouville’s
theorem in the sequel. If U and V are two connected open subsets of the
Lie group G, and ϕ : U → V is an immersion satisfying ϕ∗ ω G = ω G , then
ϕ is the restriction to U of the left multiplication by an element gϕ ∈ G.
Indeed, there exists gϕ such that g 7→ gϕ−1 .ϕ(g) fixes a point of U . Because
(gϕ−1 .ϕ)∗ ω G = ω G , the map gϕ−1 .ϕ leaves invariant a framing on U . It is
then classical that gϕ−1 .ϕ must be the identical map on U . The geometry
(M, M̂, ω M ) is flat, hence locally isomorphic to (X, G, ω G ). As a consequence
of Liouville’s theorem, if ϕ is an element of Aut(M̂, ω M ), and if U is a small
connected open subset of M̂, there must exist an element gϕ ∈ G such that
r◦ϕ = gϕ ◦r on U . Now, the set of points in M̂ where the relation r◦ϕ = gϕ ◦r
holds is clearly closed. Liouville’s theorem ensures that it is also open, so
that r ◦ ϕ = gϕ ◦ r holds on a connected component of M̂. Because r is
P -equivariant and P acts transitively on the set of connected components
of M̂, the relation eventually holds on M̂. It is not hard to see, applying
again Liouville’s theorem, that ϕ 7→ gϕ is actually a group homomorphism.
We define hol(ϕ) := gϕ . Since r is onto, the relation r ◦ ϕ = hol(ϕ) ◦ r
shows that hol maps actually Aut(M̂, ω M ) in Aut(M̂ , ω M ). Because M is
simply connected, every element of Aut(M̂ , ω M ) can be lifted to an element
of Aut(M̂, ω M ), so that hol is an epimorphism. ♦
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6.3

A maximality criterion for coverings

In theorem 1.4 we gave a condition for a quotient of some open subset of the
model space X to be geometrically maximal. This section will be devoted
to the “opposite” question. If M ( X is a proper open subset, when is a
nontrivial covering of M maximal among the Cartan geometries modelled
on X?
In theorem 1.4, we needed an assumption of “normality” on the Kleinian
manifold we considered. Here, we will need a condition of another kind on
the domain M ( X, that we introduce below.
Definition 6.3 (Domains with property (H)). Let Y be a smooth manifold,
W ( Y a proper, nonempty, connected open subset, and ∂W the topological
boundary of W in Y . We endow Y with a Riemannian metric g. The open
set W is said to have property (H) if for every x∞ ∈ ∂W , and every sequence
(xk ) of W converging to x∞ , there exists a sequence of C 1 -loops αk in W
such that:
1. For every k ∈ N, αk is based at xk , and is homotopically nontrivial in
W.
2. The g-length of αk tends to zero as k tends to infinity.
For instance, the space Rn , n ≥ 2, with finitely many disjoint codimension 2
affine subspaces removed has property (H). It is of course possible to build
much more complicated examples.
We can now state our main result about maximality of coverings.
Theorem 6.4. Let X = G/P be a model space, and M ( X be an open
subset having property (H). Let M be the universal cover of M , that we
endow with its natural flat Cartan geometry (M, M̂, ω M ) modelled on X.
Then (M, M̂, ω M ) is geometrically maximal.
Proof: We use the notations ρ,r,π,π̃ of section 6.2, and denote by (M, M̂ , ω M )
the flat canonical Cartan geometry of the Kleinian manifold M ⊂ X (see
section 3.1). As explained in 6.2, this Cartan geometry lifts to a flat Cartan geometry (M, M̂, ω M ) on the universal cover M. The covering map
ρ : M → M is regular, and induced by the action of π1 (M ) on M. The
action of π1 (M ) lifts into an action by automorphisms of M̂, yielding the
covering map r : M̂ → M̂ . The map r is a geometric covering from (M̂, ω M )
to (M̂ , ω M ), and in particular a 1-Lipschitz map from (M̂, dM ) to (G, dG ),
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this latter metric space being complete. As a consequence, the map r extends to a 1-Lipschitz map r : (M̂c , dM ) → (G, dG ). The restriction of r to
∂c M̂ is denoted by ∂r.
Lemma 6.5. The map ∂r maps ∂c M̂ to ∂ M̂ , the topological boundary of M̂
in G.
Proof: Let ẑ∞ ∈ ∂c M̂, and x̂∞ := ∂r(ẑ∞ ). The point x̂∞ is clearly in
M̂ ∪ ∂ M̂ . We want to show that x̂∞ 6∈ M̂ . Assume the contrary. Then there
is a small compact neighborhood
S K of x̂∞ in M̂ , such that the inverse image
of K by r is a disjoint union γ∈π1 (M ) γ(K̃), with K̃ compact in M̂. Because
the action of π1 (M ) on M̂ is by automorphisms, π1 (M ) acts isometrically
for the distance dM . In particular, the action of π1 (M ) is proper on M̂
and there must exist C > 0 such that inf γ∈π1 (M ), γ6=1 dM (K̃, γ(K̃)) ≥ C, or
in other words dM (γ(K̃), γ 0 (K̃)) ≥ C for every γ 6= γ 0 ∈ π1 (M ). Let (ẑk )
be a sequence of M̂ converging to ẑ∞ (the convergence being in the metric
space (M̂c , dM )). Because (ẑk ) is a Cauchy sequence for dM , we must have
that for k big enough, all the ẑk are in a single γ0 (K̃). Thus ẑ∞ ∈ γ0 (K̃),
contradicting ẑ∞ ∈ ∂c M̂. ♦
We pick ẑ∞ a point of the first kind in ∂c M̂. Such points exist, because M̂ ,
as a proper open subset of G, contains incomplete ω G -constant curves (and
in particular ω M -constant curves), which lift into incomplete ω M -constant
curves in M̂. There exists a nonzero X ∈ g, and ẑ ∈ M̂, such that β̂ :
t 7→ exp(ẑ, tX) is defined on [0, a[ and limt→a− β̂(t) = ẑ∞ . For t ∈ [0, a[,
we define α̂(t) := r(β̂(t)) = exp(r(ẑ), tX). The limit, as t tends to a of
α̂(t) is x̂∞ := ∂r(ẑ∞ ), which by lemma 6.5 is a point of ∂ M̂ . In particular,
limt→a− π(α(t)) exists and is a point x∞ ∈ ∂M . Let (tk ) be a sequence of
[0, a[ tending to a. Because M has property (H), there exists for each k a
loop αk : [0, 1] → M , which is based at α(tk ), and is homotopically nontrivial
in M . Moreover for any fixed Riemannian metric on X, the length of αk
tends to 0 as k → ∞. Let U be a small open neighborhood of x∞ in X,
so that π −1 (U ) is trivialized as a product U × P , and x̂∞ corresponds to
the point (x∞ , 1P ). We lift αk into the loop α̂k (t) := (αk (t), 1P ), t ∈ [0, 1].
Because r is a covering map, we can lift α̂k into a path β̂k : [0, 1] → M̂,
such that β̂k (0) = β̂(tk ). The first observation is that β̂k is not a loop in
M̂. Indeed, the relation ρ ◦ π̃ = π ◦ r shows that π̃(β̂k ) is a lift of αk in
M. But αk being homotopically nontrivial in M , no lift of αk in M is a
loop. Hence, for each k ∈ N, there exists γk ∈ π1 (M ), γk 6= 1, such that
β̂k (1) = γk .β̂k (0) = γk .β̂(tk ).
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The second observation is that for any Riemannian metric on G, the length of
α̂k tends to 0. In particular, the ρM -length of α̂k has this property. Since the
ρM -length of β̂k is the ρM -length of α̂k , we have limk→∞ dM (β̂k (1), β̂(tk )) =
0, which yields
lim dM (γk .β̂(tk ), β̂(tk )) = 0
(3)
k→∞

The element γk is an isometry of (M̂, dM ), hence extends to an isometry
γ k of (M̂c , dM ). Since β̂(tk ) tends to ẑ∞ , we infer from equation (3) that
limk→∞ dM (γk .ẑ∞ , ẑ∞ ) = 0. After noticing that π1 (M ) is discrete, and
γk 6= 1 for every k, hence the sequence (γk ) does not converge to 1, we can
use proposition 6.1 and conclude that (M, M̂, ω M ) is geometrically maximal.
♦
In the spirit of section 5.2, the reader is invited to test the theorem above in
different explicit geometric situations. Let us just emphasize the interesting
feature that given M ⊂ X, having property (H) does not depend on the
geometric structure we put on X. For instance, if M is Rn with an affine
subspace of codimension 2 removed, then M , seen as an open subset of Rn
has property (H). From Rn , M inherits a flat (incomplete) Riemannian
metric, a flat affine connexion, a flat pseudo-Riemannian metric of type
(p, q), 1 ≤ p ≤ q. Each of these structures can be lifted to the universal
cover Rn of M , and theorem 6.4 ensures that all the lifted structures are
maximal in their category.
From the proof of theorem 6.4, we can deduce the following corollary, the
first point of which will be repeatedly used in sections 8 and 9 for proving
theorems 1.1 and 9.1.
Corollary 6.6. Let X = G/P be a model space, M ( X be an open subset
with π1 (M ) isomorphic to Z. We assume that M satisfies the following
stronger version of property (H): for every x∞ ∈ ∂M , and every sequence
(xk ) of M converging to x∞ , there exists a sequence of C 1 -loops αk such
that αk generates π1 (M, xk ) and the length of αk tends to 0 as k tends to
infinity.
0

1. Every flat Cartan geometry (M 0 , M̂ 0 , ω M ) modelled on X, the universal cover of which is (M, M̂, ω M ), and which is not geometrically
isomorphic to the flat Cartan geometry of a quotient Γ\M , for Γ ⊂ G
acting freely properly and discontinuously on M , is geometrically maximal.
2. In particular, if Aut(M, ω M ) is trivial, then any nontrivial covering of
M is geometrically maximal.
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Proof:
Let us see the implications of our assumption about the open
set M ( X. Let γ∗ be a generator of π1 (M ), that we see as an element of
Aut(M̂, ω M ). The open set M satisfies property (H), so the proof of theorem
6.4 still holds. Let us look at the part of the proof just after Lemma 6.5,
and let us keep the notations introduced there. The sequence of loops αk is
now chosen under our standing assumptions, namely αk generates π1 (M, xk )
and the length of αk tends to 0 as k tends to infinity. This implies that the
sequence (γk ), on which we had no control in theorem 6.4, can now be chosen
constant, equal to γ∗ . We thus get the property that whenever ẑ∞ is a point
of the first kind in ∂c M̂, then γ∗ .ẑ∞ = ẑ∞ .
We now prove the first point of the corollary. By hypothesis, there exists
a discrete subgroup Γ0 ⊂ Aut(M̂, ω M ), such that M̂ 0 = Γ0 \M̂, M 0 = Γ0 \M,
0
and ω M is the form induced by ω M on the quotient M̂ 0 = Γ0 \M̂. We call
π 0 : (M̂, dM ) → (M̂ 0 , dM 0 ), and π 0 : (M̂c , dM ) → (M0c , dM 0 ) the extended
0
1-Lipschitz map. Assume that (M 0 , M̂ 0 , ω M ) is not geometrically maximal,
0
and consider σ : (M 0 , M̂ 0 , ω M ) → (N, N̂ , ω N ) a geometric embedding, where
(N, N̂ , ω N ) is a Cartan geometry modelled on X. We denote by Λ̂c ⊂ ∂c M̂ 0
the regular set associated to σ.
By proposition 4.4, Λ̂c does contain points of the first kind, and none of those
points is singular. Let x̂∞ be such a point. There exists X ∈ g, x̂ ∈ M̂ 0 , such
that α : t 7→ exp(x̂, tX) is defined on [0, a[ and limt→a− exp(x̂, tX) = x̂∞ .
Let ẑ be a point of M̂ such that π 0 (ẑ) = x̂. The curve α̂ : t 7→ exp(ẑ, tX) is
also defined on [0, a[, and if (tk ) is a sequence of [0, a[ converging to a, then
0
the ρM -length of α̂ between tk and tk+1 is the ρM -length of α between tk and
tk+1 . It follows that α̂(tk ) is a Cauchy sequence in (M̂, dM ) and we conclude
that there is a point ẑ∞ ∈ ∂c M̂ such that ẑ∞ = limt→a− exp(ẑ, tX). By definition, ẑ∞ is of the first kind, and we must have γ∗ .ẑ∞ = ẑ∞ . We infer that
the curve β̂ : t 7→ exp(γ∗ .ẑ, tX) which is actually γ∗ .α̂ is defined on [0, a[ and
satisfies limt→a− β̂(t) = ẑ∞ . Calling β(t) := π 0 (β̂(t)) = exp(π 0 (γ∗ .ẑ), tX),
we get limt→a− β(t) = x̂∞ . Since the point x̂∞ is nonsingular, we must have
π 0 (γ∗ .ẑ) = x̂. In other words, there exists γ 0 ∈ Γ0 such that γ 0 .ẑ = γ∗ .ẑ, and
because Aut(M̂, ω M ) acts freely on M̂, we get γ 0 = γ∗ , hence π1 (M ) ⊂ Γ0 .
Now, π1 (M ) is the kernel of the holonomy morphism hol associated to the
covering ρ : M̂ → M . In particular π1 (M ) is normal in Aut(M̂, ω M ), hence
in Γ0 . The group Γ := Γ0 /π1 (M ) thus acts freely properly discontinuously
on M by automorphisms, and by Liouville’s theorem, Γ is a subgroup of G.
We now show the second point of the corollary. By the first point, it is
enough to check that (M, M̂ , ω M ) is never geometrically equivalent to one
of its nontrivial covers. Because π1 (M ) is the kernel of the holonomy mor31

phism hol : Aut(M̂, ω M ) → Aut(M̂ , ω M ), our assumption that Aut(M̂ , ω M )
is trivial implies π1 (M ) = Aut(M̂, ω M ). Hence, the assertion boils down to
the remark that no proper subgroup of π1 (M ) is conjugated, into π1 (M ), to
π1 (M ) itself. ♦

7

Rank one homogeneous parabolic geometries are
maximal or flat

We are now entering the second part of the paper, leading to the proofs
of theorems 1.1 and 9.1. A key step towards those theorems is to show
that any noncompact Riemannian conformal structure (resp. CR-structure)
which is homogeneous but not maximal has to be conformally flat (resp.
CR-flat). Actually, proposition 7.1 below provides a unified proof of this
result for a wider class of geometric structures called rank one parabolic
geometries. Those are the Cartan geometries (M, M̂ , ω M ) modelled on the
spaces X = G/P , where G is a simple, noncompact Lie group of real rank
one, and P is a parabolic subgroup of G. Those spaces X are the Hadamard
boundary of the hyperbolic spaces ∂HdK , where K can be the reals R, the
complex numbers C, the quaternions H or the octonions O. We will assume
d ≥ 4 when K = R and d ≥ 2 in the other cases (observe that when K = O,
d must be equal to 2). Let us recall the different Lie groups G involved:
- G = SO(1, d), d ≥ 4 for K = R. The space X = ∂HdR is a sphere Sd−1 .
- G = SU (1, d), d ≥ 2 for K = C. The space X = ∂HdC is a sphere S2d−1 .
- G = Sp(1, d), d ≥ 2 for K = H. The space X = ∂HdH is a sphere S4d−1 .
- G = F4−20 if K = O. The space X = ∂H2O is a sphere S15 .
All what we need about the structure of the Lie algebras g is listed in
the few lines below (see for instance the reference [Kn]). The Cartan subalgebra a is 1-dimensional, and its adjoint action defines a splitting g =
g−2 ⊕ g−1 ⊕ a ⊕ k ⊕ g+1 ⊕ g+2 , with g−2 = g+2 = 0 when K = R. The
parabolic subgroup P is a semi-direct product (A × K) n N + , where A, K
and N + have Lie algebra a, k and g+1 ⊕ g+2 respectively. The groups A
and N + are connected, and K is compact. There is a group isomorphism
λ : A → R∗+ such that, defining g0 := a ⊕ k, the property Ad (a).ξ = λj (a)ξ
characterizes ξ ∈ gj , j ∈ {−2, . . . , +2}.
We will restrict our study to rank one parabolic geometries (M, M̂ , ω M )
which are regular, namely the curvature function κ : M̂ → Hom(Λ2 (g/p)∗ , g)
introduced in 1.2.1, satisfies the condition that for every x̂ ∈ M̂ , κx̂ (gi , gj ) ⊂
gi+j+1 , where i, j ∈ {−2, −1}, and gi is the projection of gi on g/p. Ob32

serve that conformal Riemannian structures, strictly pseudoconvex CRstructures, as well as contact quaternionic and octonionic structures as defined by O. Biquard in [Bi], canonically define a rank one parabolic geometry
such that ω M is regular (see also [CS]). The proposition below thus applies
to all these structures.
Proposition 7.1. Let (M, M̂ , ω M ) be a regular, rank one parabolic geometry
modelled on X = ∂HdK . If (M, M̂ , ω M ) is homogeneous, but not geometrically maximal among all regular Cartan geometries modelled on X, it is
flat.
Proof: The basic idea is to build on M a Riemannian metric, which may
vanish at some points, but is not identically zero as soon as M is not flat,
and which is invariant by the pseudogroup of local automorphisms. For
instance, when (M, [g]) is a Riemannian conformal structure of dimension
≥ 4, the metric ||W ||g g (where ||W ||g stands for the g-norm of the Weyl
tensor) has this property. It seems that this technique goes back to [H], and
is used in [Ob] in the same way as we do in theorem 7.3 below (see also
[Web] for the CR-case). We thank the referee for drawing our attention
to those references, and for suggesting us how to use them in the present
framework. The following lemma generalizes these ideas to all regular, rank
one parabolic geometries.
Lemma 7.2. Let (N, N̂ , ω N ) be a regular, rank one parabolic geometry. Let
F ⊂ N be the closed subset where the Cartan curvature vanishes, and assume
F 6= N . Then there is a finite family N1 , . . . , Ns of nonempty, pairwise
disjoint, open subsets of N \F , and on each Nj a smooth Riemannian metric
gj , as well as a smooth volume form βj , with the following properties:
S
1. The union sj=1 Nj is dense in N \ F .
2. Seen as a section from Nj into Sym2 (T N ), the metric gj extends continuously to N j , the closure of Nj in N .
3. The volume form βj extends to a continuous n-form β˜j on N .
4. If ϕ : U → V is a local automorphism between two open subsets of N ,
then for j = 1, . . . , s, ϕ maps U ∩Nj to V ∩Nj and satisfies ϕ∗ gj = gj ,
ϕ∗ βj = βj .
Proof: Let us define V := Hom(Λ2 (g/p)∗ , g). Recall that the right action
of P on V is given by the formula: (α.p)(ξ, ζ) := Ad p−1 .α(Ad p.ξ, Ad p.ζ),
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for every α ∈ V , ξ, ζ ∈ g/p and p ∈ P . Because κ is P -equivariant, it
vanishes at a point x̂ in the fiber of x ∈ M if and only if it vanishes on all
the fiber of x. Thus, it makes sense to speak about the closed set F ⊂ N
where the Cartan curvature vanishes. From the decomposition of g into
eigenspaces for the adjoint action of A, we get a splitting of he P -module
V as a direct sum V0 ⊕ V1 ⊕ . . . ⊕ V6 . An element α is in Vj if and only if
for every a ∈ A, α.a = λ−j (a).α. The regularity condition on the curvature
κ implies that κ(g−1 , g−1 ) ⊂ g−1 ⊕ g0 ⊕ g1 ⊕ g2 . As a consequence, the
curvature κ takes actually values in V1 ⊕ . . . ⊕ V6 .
Let us denote by F̂ the inverse image of F in N̂ . For every x̂ ∈ N̂ \ F̂ ,
(j)
define i(x̂) := min{j ∈ {1, . . . 6} | κx̂ 6= 0}. Since for any j ∈ {1, . . . , 6},
and any p ∈ P , Vj is mapped by p to Vj ⊕ Vj+1 ⊕ . . . ⊕ V6 , and since κ is
a P -equivariant map, the integer i(x̂) is constant along the fibers of N̂ \ F̂ .
We get a well-defined map i : N \ F → {1, . . . , 6}, and we define
Nj := {x ∈ N \ F | i(x) = j on a neighborhood of x}
Under the assumption F ( N , there exists a nonempty Nj . We discard
the empty ones and get a new labelling N1 , . . . , Ns for some
S s ∈ {1, . . . , 6}.
Clearly, the Nj ’s are pairwise disjoint open subsets and sj=1 Nj is dense in
N \ F . We observe also that if ϕ : U → V is a local automorphism between
two open subsets of N , then i(ϕ(x)) = i(x) for every x ∈ U \ F , so that for
j = 1, . . . , s, ϕ maps U ∩ Nj to V ∩ Nj .
Let x ∈ N , u ∈ Tx N , x̂ ∈ N̂ and û ∈ Tx̂ N̂ such that Dx̂ π(û) = u. Define
ιx̂ (u) as the projection on g/p of ωx̂N (û). This does not depend on the choice
of û, and yields an isomorphism ιx̂ : Tx M → g/p, satifying the equivariance
relation: ιx̂.p = Ad p−1 .ιx̂ . The splitting g/p = g−2 ⊕ g−1 allows to write
(−2)
(−1)
ιx̂ = ιx̂ + ιx̂ .
We choose on g/p a K-invariant scalar product <, >, for which g−2 and g−1
are orthogonal. This is possible since K is compact and the adjoint action
of K preserves the splitting g/p = g−2 ⊕ g−1 . We denote by ||.|| the norm
defined by <, >. We also consider (ξ1 , . . . , ξn ) an orthonormal basis for <, >,
and assume that ξ1 , . . . ξm spans g−2 , while ξm+1 , . . . , ξn spans g−1 . We then
define β := ξ1∗ ∧ . . . ∧ ξn∗ . Finally, for j = 1, . . . , s, we consider on N̂ the
(j)

1

(j)

continuous function fj (x̂) := ||κx̂ || j , where κx̂ denotes the component of
κx̂ on Vj .
When x̂ is in N̂j , the inverse image of Nj in N̂ , we have the relation fj (x̂.l) =
fj (x̂) if l ∈ K n N + and fj (x̂.a) = λ−1 (a)fj (x̂) if a ∈ A, while (Ad l)∗ β = β
and (Ad a)∗ β = λm+n (a)β.
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Hence, for every u, v ∈ Tx N , and any n-uple (u1 , . . . , un ) of Tx N , the expressions
(−2)

gj (u, v) := fj (x̂)4 < ιx̂

(−2)

(u), ιx̂

(−1)

(v) > +fj (x̂)2 < ιx̂

(−1)

(u), ιx̂

(v) > (4)

and
βj (u1 , . . . , un ) := fj (x̂)m+n β(ιx̂ (u1 ), . . . , ιx̂ (un ))

(5)

depend only on x, and not on the choice of x̂ in the fiber of x. Hence they
give rise to a well-defined Riemannian metric gj , as well as a volume form
βj on Nj , which are easily checked to be invariant by local automorphisms.
Because in the right-hand term of (4), all the maps involved are restrictions
to N̂j of continuous maps on N̂ , we get that gj admits a continuous extension
to N i . To see that βj extends to a continuous n-form on N , we consider
(Ui , αi )i∈I a smooth partition of unity of N . We assume the Ui are chosen
small enough so that there is a smooth section σi : Ui → N̂ for all i ∈ I.
For every x ∈ Ui , and every n-uple (u1 , . . . , un ) of Tx N , we define
β̃j,Ui (u1 , . . . , un ) = fj (x̂)m+n β(ισi (x) (u1 ), . . . , ισi (x) (un ))
The form βj,Ui coincides with βj on Ui ∩ Nj . Therefore, the n-form β̃j :=
Σi∈I αi β̃Ui is continuous and restricts to βj on Nj . ♦
We can now finish the proof of proposition 7.1. If (M, M̂ , ω M ) is not geometrically maximal, there exists a Cartan geometry (N, N̂ , ω N ) modelled
on X such that M ( N is a proper open subset, M̂ ⊂ N̂ is a P -invariant
open subset and ω M is the restriction of ω N to M̂ . Assume for a contradiction
that M is not flat. Then, keeping the notations of lemma 7.2,
Ss
j=1 Nj is dense in N , so that M ∩ Nj0 6= ∅ for some integer j0 ∈ {1, . . . , s}.
Because Aut(M, ω M ) acts transitively on M , the third point of lemma 7.2
ensures that M ⊂ Nj0 , and (M, gj0 ) is a homogeneous Riemannian manifold, hence is complete. If M ( N , the topological boundary ∂M of M in
N is nonempty, and we can pick x∞ ∈ ∂M an accessible point. There exists
a C 1 -path α : [0, 1[→ M , such that limt→1− α(t) = x∞ . By completeness,
the gj0 -length of α is infinite. This contradicts the fact that gj0 extends
continuously to N j0 .♦
In the following statement, we endow Aut(M, ω M ) with he topology of uniform convergence on compact subsets of M . For this topology, Aut(M, ω M )
is a closed subgroup of Homeo(M ) (observe that this statement is stronger
than the one stated at the begining of section 6.1), and there is even a
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stronger property: if (ϕk ) is a sequence of Aut(M, ω M ) which converges
uniformly on some nonempty open subset U ⊂ M to an injective continuous
map ϕ∞ : U → M , then (ϕk ) converges in Aut(M, ω M ). This fact is proved
in [Fr1, Theorem 3]. The next theorem gives an obstruction for a regular,
rank one parabolic geometry, to admit a geometric compactification.
Theorem 7.3. Let (M, M̂ , ω M ) be a noncompact, regular, rank one parabolic
geometry. Assume that (M, M̂ , ω M ) is not flat. If Aut(M̂ , ω M ) is noncompact, then (M, M̂ , ω M ) does not admit any geometric compactification.
Proof: Let us assume that (M, M̂ , ω M ) admits a geometric compactification (N, N̂ , ω N ). As in the proof of 7.1, we assume that M ( N is a
proper open subset, M̂ ⊂ N̂ is a P -invariant open subset and ω M is the
restriction of ω N to M̂ . If (M, M̂ , ω M ) is not flat, there exists j0 such
that M0 := M ∩ Nj0 is a nonempty open subset of N . By lemma 7.2,
Aut(M, ω M ) leaves M0 invariant. Notice that M0 might not be connected.
Nevertheless, any connected component of M0 must be charged by the nform βj0 , while, by the third point of lemma 7.2, the total mass of M0 with
respect to βj0 is finite. Hence any component has to be left invariant by a
finite index subgroup of Aut(M, ω M ). Therefore, we may assume that M0
is connected, keeping the assumption that Aut(M, ω M ) is noncompact and
leaves M0 invariant. Let us denote by M 0 the closure of M0 in N and by
∂M0 its topological boundary. If α : [0, 1] → M 0 is a C 1 -curve, let L(α) be
its length with respect to gj0 . For x ∈ M0 , we define
d(x) := inf{L(α) | α : [0, 1] → M 0 , α(0) = x, α(1) ∈ ∂M0 }
One checks that d is a continuous function on M0 . Because gj0 extends
continuously to M 0 , if (xk ) is a sequence of M0 which converges to x∞ ∈
∂M0 , then d(xk ) tends to 0. Hence, for  > 0, K := d−1 ([, +∞[) is a
compact subset of M0 , and if  is chosen small enough, K has nonempty
interior. Now, because Aut(M, ω M ) acts on M0 preserving the Riemannian
metric gj0 and the compact set K ⊂ M0 , the remark just before theorem
7.3 ensures that Aut(M, ω M ) is compact. ♦
Observe that theorem 7.3 rules out the existence of geometric compactifications, but it is not excluded that some manifolds satisfying the hypotheses
of the theorem admit nontrivial geometric embeddings.
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8

Maximal conformally homogeneous Riemannian
structures: proof of theorem 1.1

Thanks to proposition 7.1, theorem 1.1 reduces to the determination of
those homogeneous conformally flat Riemannian manifolds which are not
conformally maximal. We know the list of homogeneous conformally flat
Riemannian structures, thanks to D.V. Alekseevskii and B. N. Kimel’fel’d.
Since compact Riemannian structures are obviously conformally maximal,
we restate the result they obtained for noncompact manifolds. The notations
are those adopted in theorem 1.1.
Theorem 8.1. [A-K] Let (M, g) be a connected, noncompact conformally
flat Riemannian manifold of dimension n ≥ 3, with a transitive group of
conformal transformations. Then (M, g) is conformally equivalent to one of
the following spaces:
1. The real hyperbolic space Hn .
2. The quotient of the Euclidean space Rn by a discrete group Γ of translations.
3. The quotient of Hn−1 × R by {id} × Γ, where Γ is a discrete group
generated by a translation of R.
4. The quotient of Hn−m × Sm by {id} × Γ, where Γ is a discrete group
of isometries of Sm , n − 1 ≥ m ≥ 2.
We are going to show that most spaces described in theorem 8.1 are actually
conformally maximal. By corollary 1.5, this is for instance the case of all
spaces appearing in point 2, except for the Euclidean space Rn . We are now
going to check which are the non conformally maximal examples in points
3 and 4 of the theorem.
Recall that we see Sn as the projectivization of the null cone of Q(x) :=
−2x0 xn+1 + x21 + ... + x2n . For 1 ≤ m ≤ n − 1, let E be the subspace
of Rn+2 spanned by e0 , en+1 , e1 , . . . , en−m−1 , and F the subspace spanned
by en−m , . . . , en . If H + is one connected component of {Q = −1} ∩ E
and S = F ∩ {Q = +1}, then H + × S, endowed with the metric induced
by Q is isometric to Hn−m × Sm . We still adopt the convention that H1
is the 1-dimensional Euclidean space, and that S1 is the circle endowed
with the homogeneous Riemannian metric of total length 2π. The map
j : (u, v) → [u + v] is a conformal embedding from H + × S into Sn . Let
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us denote by Ωm the image of j. The boundary of Ωm in Sn is the projectivization of the null cone of Q|E . It is a sphere Σm of dimension n − m − 1
(if m = n − 1, it is the union of two points). In particular, Σm is a smooth
submanifold of codimension greater or equal to 2, and the domain Ωm is
normal. The conformal group of Ωm is the subgroup of P O(1, n + 1) preserving the splitting E ⊕ F . It is a product (O(1, n − m) × O(m + 1))/{±Id},
and the factor O(m + 1) fixes Σm pointwise. Theorem 1.4 directly implies:
Lemma 8.2. If Γ is a nontrivial discrete subgroup of O(m + 1), and if a
manifold M is the quotient of Ωm by the group {id} × Γ ⊂ O(1, n − m) ×
O(m + 1), then M is conformally maximal.
Let us consider the product Hn−1 × R. By the previous discussion, it is
the conformal universal cover of Ω1 , and the fundamental group of Ω1 acts
on Hn−1 × R by the translation (x, t) 7→ (x, t + 2π). The sphere Σ1 has
codimension 2, and if x∞ ∈ Σ1 , the image of Σ1 \ {x∞ } by a stereographic
projection of pole x∞ is an affine space of codimension 2 in Rn . It is then
easily checked that Ω1 satisfies the strong version of property (H), as stated
at the begining of corollary 6.6. If Γ is the subgroup of Is(R) generated
by a translation t 7→ t + τ , then corollary 6.6 tells us that the quotient of
Hn−1 × R by {id} × Γ is conformally maximal, except maybe if 2π = kτ for
some integer k. By lemma 8.2, for every integer k 6= 1, the quotient we get
is conformally maximal. We conclude that in the case 3 of theorem 8.1, the
only example which is not conformally maximal is obtained when the group
Γ is generated by t 7→ t + 2π, and corresponds to the product Hn−1 × S1 .
Finally, lemma 8.2 also implies that all examples of point 4 in theorem 8.1
are conformally maximal, except Hn−m × Sm .
The above case by case study finish the proof of theorem 1.1.

9

CR-maximal homogeneous structures

The aim of this last section is to prove the analogue of theorem 1.1 for
CR-structures.
Theorem 9.1. Let M 2n+1 , n ≥ 1, be a homogeneous, strictly pseudoconvex CR-manifold. If it is not CR-maximal, then it is CR-equivalent to a
homogeneous open subset of the flat CR-sphere.
As for the conformal case, we infer from proposition 7.1 that a noncompact
CR-structure which is homogeneous, and which is not CR-maximal must be
CR-flat. Hence we must find out which homogeneous CR-flat manifolds are
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not maximal. Our study here will rely on the classification of homogeneous
domains of the flat CR-sphere by D. Burns and S. Schnider in [BS].
Before stating the results of [BS], let us recall some basic facts about flat
CR-geometry, and the projective model of the flat CR-sphere S2n+1 (the
reader will find more details in [Go, chap. 4] and [BS]). Let C1,n+1 denote
the vector space Cn+2 endowed with the lorentz hermitian form
Q(z) := 2=m(z0 z n+1 ) + |z1 |2 + . . . + |zn |2
Let C be the null cone of Q, with the origin removed. Then, the projectivization of C in CPn+1 is a smooth sphere S2n+1 , endowed with a natural
CR-structure. If U (1, n + 1) denotes the subgroup of GL(n + 2, C) which
preserves Q, then the automorphism group of this CR-structure is exactly
G := P U (1, n + 1) (the quotient of U (1, n + 1) by the linear homothetic
transformations). We already mentioned in section 7 that the Lie algebra
g has the following structure: g = g−2 ⊕ g−1 ⊕ a ⊕ k ⊕ g+1 ⊕ g+2 . Let
ν be the point of S2n+1 defined by [e0 ] (the projectivization of the vector
e0 ), and o := [en+1 ]. The stabilizer P of ν in G is a semi-direct product
(A × K) n N + , where A, K and N + have Lie algebras a, k and g+1 ⊕ g+2
respectively. Moreover, A is isomorphic to R∗+ , K is isomorphic to U (n),
and N + is isomorphic to the 2n + 1-dimensional Heisenberg group. The
product A × K is the subgroup of G fixing both o and ν.
Let us cal Heis(2n + 1) := g+1 ⊕ g+2 . The map s : Heis(2n + 1) → S2n+1 \
{ν}, defined by s(ξ) := expG (ξ).o is a diffeomorphism called stereographic
projection. We thus see Heis(2n + 1) as an open subset of S2n+1 , endowed
with the induced flat CR-structure. The stereographic projection allows to
read the natural action of P on S2n+1 \{ν} as an action of P on Heis(2n+1)
(which moreover, turns out to be affine). The group N + acts freely and
transitively on Heis(2n + 1), and the action of R∗+ × U (n) is linear: if we
identify Heis(2n + 1) with Cn ⊕ R, and denote by (u, t) ∈ Cn × R its
elements, then λ.(u, t) = (λu, λ2 t) for λ ∈ R∗+ , and L.(u, t) = (L.u, t) for
L ∈ U (n).
A m-dimensional complex linear subspace Vm ⊂ C1,n+1 is lorentz-hermitian
if the restriction of the form Q to V has type (1, m − 1), for 2 ≤ m ≤ n + 2.
We then denote by ΣVm the projectivization in CPn+1 of the set Vm ∩ C. It
is a smooth subsphere of S2n+1 , of dimension 2m − 3.
By VR , we denote the span over R of the vectors e0 , . . . , en+1 . The set ΣVR
is the projectivization of VR ∩ C. It is a smooth n-dimensional subsphere of
S2n+1 .
For 1 ≤ m ≤ n − 1, we define lm := {(u, t) = (u1 , . . . , um , um+1 , . . . , un , t) ∈
Heis(2n + 1) | u1 , . . . , um ∈ C, um+1 , . . . , un ∈ R, t ∈ R}. If m = 0, l0
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comprises all the (u, t) ∈ Heis(2n + 1) such that u ∈ Rn . The connected
Lie subgroup of G with Lie algebra lm will be denoted by Lm in the sequel.
We can now describe the classification obtained by Burns and Schnider.
Theorem 9.2. [BS, Theorem 3.1]
The noncompact homogeneous domains of the CR-sphere S2n+1 are CRdiffeomorphic to one of the following spaces.
1. The domain Dm := S2n+1 \ΣVm , where Vm ⊂ C1,n+1 is a m-dimensional
lorentz-hermitian subspace, 2 ≤ m ≤ n + 1.
2. The space S2n+1 \ ΣVR .
3. The space Heis(2n + 1).
0 of the space Heis(2n+1)\L .0, 0 ≤ m ≤
4. A connected component Dm
m
n − 1.

Let M be noncompact homogeneous CR-manifold of dimension 2n + 1. We
assume that M is not CR-maximal. Then proposition 7.1 ensures that M
is CR-flat. We can then use [BS, proposition 1.4]: M has the same CRuniversal cover than a noncompact homogeneous domain of S2n+1 . We now
begin a case by case study using theorem 9.2 above.
Assume we are in the first case of theorem 9.2. The set ΣVm is diffeomorphic
to a sphere of codimension 2(n + 2 − m) in S2n+1 . If 2 ≤ m < n + 1, the
domain Dm is simply connected, hence CR-diffeomorphic to the universal
cover M̃ . The group of CR-automorphisms of Dm is exactly the subgroup
H ⊂ P U (1, n + 1) which preserves the splitting C1,n+1 = Vm ⊕ Vm⊥ (where
Vm⊥ denotes the orthogonal of Vm with respect to the hermitian form Q).
Hence H is the subgroup P U (1, m − 1) × U (n + 2 − m) and M is CRdiffeomorphic to a quotient of Dm by a discrete subgroup Γ ⊂ H. We will
use several times the following lemma.
Lemma 9.3. Let K be the field of real or complex numbers. Let Γ be a
nontrivial subgroup of isometries of Hm
K , the m-dimensional hyperbolic space
over K. We assume that m ≥ 2 if K = R, and m ≥ 1 if K = C. Then the
m
centralizer Z(Γ) of Γ in Is(Hm
K ) does not act transitively on HK .
Let us postpone the proof of the lemma for a moment. Because M is homogeneous, lemma 9.3 ensures that the group Γ ⊂ H must actually be a
subgroup of {id} × U (n + 2 − m). Now, it is easily checked that this group
{id} × U (n + 2 − m) fixes pointwise ΣVm , so that according to theorem 1.4,
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the only possibility for M not being CR-maximal is the triviality of Γ.
When m = n + 1, Dm is not simply connected. Nevertheless, the image of
ΣVm \ {ν} by the stereographic projection s−1 is a codimension 2 real affine
subspace of Heis(2n + 1). We infer that the fundamental group of Dm is
Z, and moreover, the hypotheses of corollary 6.6 are satisfied. Corollary 6.6
ensures that M must be CR-diffeomorphic to a quotient of S2n+1 \ ΣVm and
we conclude as above that the quotient is actually trivial.
We assume now that we are in the second case of theorem 9.2. The space
S2n+1 \ ΣVR can be identified to the unit tangent bundle of the real hyperbolic space Hn+1
R , and the group of CR automorphisms is P O(1, n+1) ([BS,
Proposition 6.1]). In particular, lemma 9.3 implies that no nontrivial quotient of S2n+1 \ΣVR by a discrete subgroup Γ ⊂ P O(1, n+1) is homogeneous.
If n ≥ 2, S2n+1 \ΣVR is simply connected, and the remarks above imply that
M is CR-diffeomorphic to S2n+1 \ΣVR . If n = 1, ΣVR is a circle in S3 . Using
again a stereographic projection, we check that we are under the hypotheses
of corollary 6.6. By the first point of this corollary, M must be a quotient
of S3 \ΣVR . As above, homogeneity of M implies that this quotient is trivial.
The case where M is covered by Heis(2n + 1) was dealt with in section
5.2.5. The hypothesis that M is not CR-maximal leads to the conclusion
that M must be CR-diffeomorphic to Heis(2n + 1).
It remains to deal with the case where M has the same CR-universal cover
as Heis(2n + 1) \ Lm .0 (this later space is not connected when m = n − 1,
in which case we consider only one component). We will use the:
Lemma 9.4. Let Γ ⊂ (R∗+ ×U (m)×O(n−m))nLm be a discrete subgroup.
If the quotient of Heis(2n + 1) \ Lm .0 by Γ is homogeneous, but not CRmaximal, then Γ is trivial.
Proof: If the quotient of Heis(2n + 1) \ Lm .0 by Γ is homogeneous, there
must exist a connected subgroup L ⊂ (R∗+ × U (m) × O(n − m)) n Lm
0 . From [BS, lemma 3.3], we
which centralizes Γ and acts transitively on Dm
infer that L then acts transitively on Heis(2n + 1) \ L.0. Hence L.0 = Lm .0,
0 , the
which implies Lm ⊂ L. We get that the action of L is transitive on ∂Dm
0 in Heis(2n + 1). Let us also observe that the component
boundary of Dm
of L on the R∗+ -factor in (R∗+ × U (m) × O(n − m)) n Lm is nontrivial.
Indeed, if it were not the case, L would be a subgroup of U (n) n Heis(2n +
1), and this latter group acts transitively on Heis(2n + 1) with compact
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stabilizers, hence preserves a Riemannian metric on Heis(2n + 1). Then,
0 ” would be preserved by L, contradicting
the function “distance to ∂Dm
0
the homogeneity of Dm under the action of L. Any element of L having a
0 .
nontrivial component on the R∗+ -factor has a unique fixed point q ∈ ∂Dm
Because L centralizes Γ, each element of Γ fixes q, and because L acts
0 , Γ actually fixes ∂D 0 pointwise. We infer from theorem
transitively on ∂Dm
m
0 is CR-maximal, except D 0 itself.
1.4 that any homogeneous quotient of Dm
m
♦
0 is simply connected, a homogeneous
Lemma 9.4 ensures that whenever Dm
0 and which is not
CR-manifold M having the same universal cover as Dm
0
CR-maximal is CR-diffeomorphic to Dm . It remains to consider the case
0 is not simply connected. In
m = n − 2, which is the only one for which Dm
this case Ln−2 .0∪{ν} is a topological sphere of codimension 2 in S2n+1 . This
sphere is smooth except at the point ν which is singular. Because Ln−2 .0 is a
codimension 2 linear subspace of Heis(2n + 1), we see that the fundamental
0
group of Dn−2
is Z. We also check that the hypotheses of corollary 6.6 are
satisfied. Hence, this corollary implies that if M is not CR-maximal, it must
0
be a quotient of Dn−2
by a discrete subgroup of (R∗+ ×U (n−2)×O(2))nLn−2 ,
0
and lemma 9.4 above ensures that M must be CR-diffeomorphic to Dn−2
.
The case by case study made above yields theorem 9.1.
Proof of lemma 9.3
The proofs for K = R and K = C are similar, so that we will deal only
with the case K = C. We will also assume m ≥ 2 since the case Γ ⊂
SU (1, 1) is easily settled: no hyperbolic surface, except the hyperbolic disc,
is homogeneous. Observe also that Z(Γ) acts transitively on Hm
K if and only
if Z(Γ)0 does, so that it is enough to show that the conclusion of the lemma
holds for Z(Γ)0 .
Because Hm
K is a CAT(0) space, we know (see for instance [BH, Part II,
Corollary 2.8]) that whenever Γ is relatively compact in Is(Hm
K ), its set of
m
fixed points is a nonempty proper subset Fix(Γ) ( HK (recall that Γ is
assumed to be nontrivial). Because Z(Γ)0 has to preserve Fix(Γ), it can not
act transitively on Hm
K in this case.
We assume now that Γ is not relatively compact in Is(Hm
K ). It thus contains
a sequence (γk ) leaving every compact subset. Let us consider the action of
(γk ) on the boundary at infinity S2m−1 = ∂Hm
K . Considering if necessary
a subsequence, (γk ) has a “North-South dynamics”. It means that there
m
−
exist two points p+ and p− in ∂Hm
K such that every point of ∂HK \ {p } is
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+
attracted by p+ under the action of γk , and every point of ∂Hm
K \ {p } is
attracted by p− under the action of γk−1 (observe that the points p+ and p−
may coincide). Hence, Z(Γ)0 , the identity component of Z(Γ), has to fix p+
(and also p− if p− 6= p+ ). Up to conjugacy into Is(Hm
K ), the group Z(Γ)0 is
a subgroup of the parabolic group P = (R∗+ × U (m − 1)) n Heis(2m − 1).
If the projection on the R∗+ factor is trivial, then the action of Z(Γ)0 is
not transitive on Hm
K (the orbits are “trapped” between two Heis(2m − 1)orbits, i.e two horospheres). If the projection on the R∗+ factor is nontrivial,
then some 1-parameter subgroup {φt } of Z(Γ)0 must be conjugated into the
reductive part R∗+ × U (m − 1), hence fixes exactly two distinct points o
0
and ν on ∂Hm
K . An index two subgroup Γ ⊂ Γ thus fixes o and ν, hence
is a subgroup of R∗+ × U (m − 1). Because Γ0 is not relatively compact, its
projection on the R∗+ -factor is nontrivial, and we get that some element
γ 0 ∈ Γ0 fixes exactly the two points o and ν. The same will then be true for
the whole group Z(Γ)0 . We infer that Z(Γ)0 leaves invariant the geodesic
of Hm
K joining o and ν, and in particular Z(Γ)0 can not act transitively on
m
HK .
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Peñiscola 1985, 190–209, Lecture Notes in Math., 1209, Springer,
Berlin, 1986.

[KP2]

R.S Kulkarni, U.Pinkall, A canonical metric for Möbius structures
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