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Abstract. The notion of Anosov representations has been introduced by
Labourie in his study of the Hitchin component for SL(n,R). Subsequently,
Anosov representations have been studied mainly for surface groups, in partic-
ular in the context of higher Teichmüller spaces, and for lattices in SO(1, n). In
this article we extend the notion of Anosov representations to representations
of arbitrary word hyperbolic groups and start the systematic study of their
geometric properties. In particular, given an Anosov representation Γ → G

we explicitly construct open subsets of compact G-spaces, on which Γ acts
properly discontinuously and with compact quotient.

As a consequence we show that higher Teichmüller spaces parametrize lo-
cally homogeneous geometric structures on compact manifolds. We also obtain
applications regarding (non-standard) compact Clifford-Klein forms and com-
pactifications of locally symmetric spaces of infinite volume.
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1. Introduction

The concept of Anosov structures has been introduced by Labourie [57], and is,
in some sense, a dynamical analogue of locally homogeneous geometric structures
for manifolds endowed with an Anosov flow. Holonomy representations of Anosov
structures are called Anosov representations. They are defined for representations
into any real semisimple Lie group G. Anosov representations have several im-
portant properties. For example, the set of Anosov representations is open in the
representation variety, and any Anosov representation is a quasi-isometric embed-
ding. The notion of Anosov representations has turned out to be very useful in
the study of surface group representations, in particular in the study of higher
Teichmüller spaces [2, 18, 22, 41, 57]. Here we put the concept of Anosov repre-
sentations into the broader context of finitely generated word hyperbolic groups.
In this framework Anosov representations are generalizations of convex cocompact
subgroups of rank one Lie groups to the context of discrete subgroups of Lie groups
of higher rank.

Let us recall that given a real semisimple Lie group G, a discrete subgroup Λ < G
is said to be convex cocompact if there exists a Λ-invariant convex subset in the
symmetric space G/K, on which Λ acts properly discontinuously with compact
quotient. A representation ρ : Γ → G of a group Γ into G is said to be convex
cocompact if ρ has finite kernel, and ρ(Γ) is a convex cocompact subgroup of G.

When G is of real rank one, i.e. when G/K has negative sectional curvature,
the set of convex cocompact representations is an open subset of the representation
variety Hom(Γ, G)/G. In that case, being convex cocompact is equivalent to being
a quasi-isometric embedding [14] (see Theorem 1.8). This implies in particular that
Γ is a word hyperbolic group. Important examples of convex cocompact represen-
tations are discrete embeddings of surface groups into PSL(2,R), quasi-Fuchsian
representations of surface groups into PSL(2,C), embeddings of free groups as
Schottky groups, or embeddings of uniform lattices. Anosov representations into
Lie groups of rank one are exactly convex cocompact representations (see Theo-
rem 1.8)

For Lie groups G of real rank ≥ 2, a rigidity result of Kleiner-Leeb [52] and Quint
[65] says that the class of convex cocompact subgroups of G reduces to products of
uniform lattices and of convex cocompact subgroups in rank one Lie groups. On
the other hand, there is an abundance of examples of Anosov representations of
surface groups, uniform lattices in SO(1, n) or hyperbolic groups into Lie groups of
higher rank.

In the first part of the article we extend the definition of Anosov representations
to representations of arbitrary finitely generated word hyperbolic groups Γ (into
semisimple Lie groups) and establish their basic properties. In the second part we
develop a quite intriguing geometric picture for Anosov representations. In partic-
ular, given an Anosov representation ρ : Γ → G we construct a Γ-invariant open
subset of a compact G-space, on which Γ acts properly discontinuously with com-
pact quotient. In the third part we discuss several applications of this construction,
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in particular to higher Teichmüller spaces, to the existence of non-standard Clifford-
Klein forms of homogeneous spaces, and to compactifications of locally symmetric
spaces of infinite volume.

We now describe the contents of the three parts in more detail.

1.1. Anosov representations. We quickly mention the definition of Anosov rep-
resentations in the context of manifolds given in [57] (see Section 2 below for details).

Let G be a semisimple Lie group and (P+, P−) a pair of opposite parabolic
subgroups of G. Let M be a compact manifold equipped with an Anosov flow. A
representation ρ : π1(M) → G is said to be a (P+, P−)-Anosov representation if
the associated G/(P+ ∩ P−)-bundle over M admits a section σ which is constant
along the flow and with certain contraction properties.

When N is a negatively curved compact Riemannian manifold, and M = T 1N
is its unit tangent bundle equipped with the geodesic flow φt, there is a natural
projection π : π1(M) → π1(N); a representation ρ : π1(N) → G is said to be
(P+, P−)-Anosov, if ρ ◦ π is (P+, P−)-Anosov.

In order to extend the notion of Anosov representations to arbitrary finitely gen-
erated word hyperbolic groups Γ, we replace T 1Ñ by the flow space Γ̂, introduced
by Gromov [37] and developed by Champetier [24], Mineyev [60] and others. The
flow space Γ̂ is a proper hyperbolic metric space with an action of Γ×Ro Z/2Z,
where the R-action (the flow) is free and such that Γ̂/R is naturally homeomorphic
to ∂∞Γ(2). Here ∂∞Γ(2) denotes the space of distinct points in the boundary at
infinity ∂∞Γ of Γ. In analogy to the above, a representation ρ : Γ→ G is said to be
(P+, P−)-Anosov if the associated G/(P+ ∩P−)-bundle over Γ\Γ̂ admits a section
σ which is constant along R-orbits and with certain contraction properties.

The conjugacy class of a pair of opposite parabolic subgroups (P+, P−) is com-
pletely determined by P+. We thus say that a representation is P+-Anosov if it is
(P+, P−)-Anosov. We say that a representation is Anosov if it is P+-Anosov for
some proper parabolic subgroup P+ < G.

Examples 1.1.
– LetG be a split real simple Lie group and let Σ be a closed connected orientable

surface of genus ≥ 2. Representations ρ : π1(Σ)→ G in the Hitchin component are
B-Anosov, where B < G is a Borel subgroup.

– The holonomy representation ρ : π1(M) → PGL(n + 1,R) of a convex
real projective structure on an n-dimensional orbifold M is P -Anosov, where
P < PGL(n+ 1,R) is the stabilizer of a line.

For more details, see Section 6.

We extend Labourie’s result on the stability of Anosov representations to the
more general framework of word hyperbolic groups:

Theorem 1.2. (Theorem 5.13) Let Γ be a finitely generated word hyperbolic group.
Let G be a semisimple Lie group and P+ < G be a parabolic subgroup. The set of
P+-Anosov representations is open in Hom(Γ, G).

An immediate consequence of a representation ρ : Γ → G being P+-Anosov is
the existence of continuous ρ-equivariant maps ξ+ : ∂∞Γ→ G/P+ and ξ− : ∂∞Γ→
G/P−. We call these maps Anosov maps. They have the following properties:

(i) for all (t, t′) ∈ ∂∞Γ(2), the pair (ξ+(t), ξ−(t′)) is in the (unique) open
G-orbit in G/P+ ×G/P−.
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(ii) for all t ∈ ∂∞Γ, the pair (ξ+(t), ξ−(t)) is contained in the (unique) closed
G-orbit in G/P+ ×G/P−.

(iii) they satisfy some contraction property with respect to the flow.
A representation admitting continuous equivariant maps ξ+, ξ− with the above

properties is easily seen to be P+-Anosov. A consequence of this characterization
of Anosov representations in terms of equivariant maps is

Corollary 1.3. Let Γ be a finitely generated word hyperbolic group, and let Γ′ < Γ
be of finite index. Then a representation ρ : Γ→ G is P+-Anosov if and only if the
restriction of ρ to Γ′ is P+-Anosov.

A corollary of this and [18] is (see also Remark 6.7)

Example 1.4 ([20]). Let G be a classical Lie group of Hermitian type, and let
ρ : π1(Σ) → G be a maximal representation, then ρ is P -Anosov, where P is the
stabilizer of a point in the Shilov boundary of the bounded symmetric domain
associated to G.

A pair of maps ξ+, ξ− satisfying the first two of the above properties is said to
be compatible. We show that for a generic representation the contraction property
involving the flow is satisfied by any pair of equivariant continuous compatible
maps.

Theorem 1.5. (Theorem 4.11) Let Γ be a finitely generated word hyperbolic group.
Let G be a semisimple Lie group and P+ < G a parabolic subgroup. Let ρ : Γ→ G
be a Zariski dense representation. Suppose that ρ admits a pair of equivariant
continuous compatible maps ξ+ : ∂∞Γ→ G/P+, ξ− : ∂∞Γ→ G/P−.

Then the representation ρ is P+-Anosov and (ξ+, ξ−) are the associated Anosov
maps.

Note that the statement of Theorem 1.5 does not involve the flow space of the
hyperbolic group, but only its boundary at infinity.

A consequence of Theorem 1.5 is that any representation admitting a pair of
equivariant continuous compatible maps is Anosov as a representation into the
Zariski closure of its image. This leads to the problem of determining when the
composition of an Anosov representation with a Lie group homomorphism is still
Anosov.

More precisely, if φ : G → G′ is an embedding and ρ : Γ → G is a P+-Anosov
representation, when is the composition φ ◦ ρ : Γ → G′ an Anosov representation
and with respect to which parabolic subgroup P ′+ < G′?

When G is a Lie group of rank one, an answer has been given by Labourie [57]
(see also Proposition 4.7 below). We provide an answer to this question for general
semisimple Lie groups G in Section 4.1. Here we just note one consequence, which
plays an important role for the construction of domains of discontinuity.

Proposition 1.6. A representation ρ : Γ → G is Anosov if and only if there
exists a real vector space V with a non-degenerate indefinite quadratic form F and
a homomorphism φ : G → O(F ) such that φ ◦ ρ is Q0-Anosov, where Q0 < O(F )
is the stabilizer of an F -isotropic line in V .

We introduce so called L-Cartan projections as a new tool to study Anosov
representations (see Section 3.3 for details). These are continuous maps from Γ\Γ̂×
R with values in the closure of a Weyl chamber of L = P+ ∩P−, which are defined
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whenever a representation ρ admits a continuous section σ of the G/L-bundle over
Γ\Γ̂ that is flat along R-orbits. The L-Cartan projections control the contraction
properties of the section σ. They play a central role in the discussion in Section 4.1.

We now turn our attention to the geometric properties of Anosov representations.
The reader is referred to Sections 5.1 and 5.2 for definitions and details.

Theorem 1.7. (Theorems 5.3 and 5.9) Let Γ be a finitely generated word hyperbolic
group, G a real semisimple Lie group and ρ : Γ → G an Anosov representation.
Then

(i) the kernel of ρ is finite and the image of ρ is discrete.
(ii) the map ρ : Γ → G is a quasi-isometric embedding, with respect to the

word-metric on Γ and any (left) G-invariant Riemannian metric on G.
(iii) the representation ρ is well-displacing.
(iv) the representation ρ is (AMS)-proximal (Definition 5.7).

As a consequence of this and [14] we obtain the following characterization of
Anosov representations in Lie groups of rank one:

Theorem 1.8. (Theorem 5.15) Let Γ be a finitely generated word hyperbolic group
and G a real semisimple Lie group with rkRG = 1. For a representation ρ : Γ→ G
the following statements are equivalent:

(i) ρ is Anosov.
(ii) There exists a continuous, ρ-equivariant, and injective map ξ : ∂∞Γ →

G/P .
(iii) ρ : Γ→ G is a quasi-isometric embedding, with respect to the word metric

on Γ and any (left) G-invariant Riemannian metric on G.
(iv) ρ is convex cocompact.

1.2. Domains of discontinuity. The heart of this article is to construct, given an
Anosov representation ρ : Γ → G, an open subset Ω of a compact G-space, which
is Γ-invariant, and on which Γ acts properly discontinuously and with compact
quotient.

Let us recall that any real semisimple Lie group admits an Iwasa decomposition
G = KAN , where K is a maximal compact subgroup and A the R-split part of a
Cartan subgroup and N is the unipotent radical of a minimal parabolic subgroup
B containing A.

Theorem 1.9. (Theorem 9.4) Let ρ : Γ → G be a P -Anosov representation for
some proper parabolic subgroup P < G. Then there exists a Γ-invariant open set
Ω ⊂ G/AN such that

(i) the action of Γ on Ω is properly discontinuous, and
(ii) the quotient Γ\Ω is compact.

Remarks 1.10.
(i) The domain of discontinuity Ω is constructed explicitly using the Anosov

maps associated to ρ, and depends on some additional combinatorial data. For
specific examples the domain of discontinuity Ω might be empty. One such example
is an Anosov representation ρ : π1(Σ)→ PSL(2,R), where Σ is a closed connected
oriented surface of genus ≥ 2. Then π1(Σ) acts minimally on PSL(2,R)/AN =
P1(R). See Remark 8.5 for other examples.



ANOSOV REPRESENTATIONS: DOMAINS OF DISCONTINUITY 7

We describe conditions for Ω to be nonempty in Section 9.2, see also Corol-
lary 10.5, Theorem 1.11 and Theorem 1.12 below. The domain of discontinuity can
always be ensured to be nonempty by embedding G into a larger Lie group G′.

(ii) The domain of discontinuity Ω is not unique. For Anosov representations
into SL(n,K), K = R or C, we describe in Section 10 several different domains of
discontinuities in G/AN .

(iii) Recall that a minimal parabolic subgroup B < G admits a decomposition
as B = MAN with M being the centralizer of A in K. In particular, the compact
G-space G/AN is a compact fiber bundle over G/B and hence over G/Q for any
parabolic subgroup Q < G. In many cases the domain of discontinuity Ω is indeed
the pull back of a domain of discontinuity in some G/Q.

For free groups and for surface groups we obtain

Theorem 1.11. Let Fn be the free group on n letters, and let G be a real semisimple
Lie group. Assume that ρ : Fn → G is an Anosov representation. Then there exists
a nonempty Fn-invariant open subset Ω ⊂ G/AN such that the action of Fn on Ω
is properly discontinuous and cocompact.

Theorem 1.12. Let π1(Σ) be the fundamental group of a closed connected ori-
entable surface of genus ≥ 2, and let G be a real semisimple Lie group with no
(almost) factor being locally isomorphic to SL(2,R). Assume that ρ : π1(Σ) → G
is an Anosov representation. Then there exists a nonempty π1(Σ)-invariant open
subset Ω ⊂ G/AN such that the action of π1(Σ) on Ω is properly discontinuous and
cocompact.

Remarks 1.13.
(i) In view of Remark 1.10.(i) the condition on G in Theorem 1.12 is optimal.
(ii) Theorem 1.12 was announced in [40] in the form that Ω ⊂ G/B. This is

true in many cases, but in general our construction provides only a domain
of discontinuity in G/AN (which is a compact fiber bundle over G/B).

(iii) Theorem 1.11 holds more generally for hyperbolic groups whose virtual
cohomological dimension is one, respectively Theorem 1.12 holds for hy-
perbolic groups whose virtual cohomological dimension is two, see Theo-
rem 9.10.

We shortly describe the general strategy for the construction of the domain of
discontinuity Ω.

A basic example is when ρ : π1(Σ)→ PSL(2,C) is a quasi-Fuchsian representa-
tion. Then, there is an equivariant continuous curve ξ : ∂∞π1(Σ) ∼= S1 → P1(C),
whose image is a Jordan curve. The action of π1(Σ) on the complement Ω =
P1(C) r ξ(S1) is free and properly discontinuous. The quotient π1(Σ)\Ω has two
connected components, both of which are homeomorphic to the surface Σ.

When ρ : Γ → G is an Anosov representation into a Lie group G of rank one,
the construction is a straightforward generalization of this procedure. We consider
the equivariant continuous Anosov map ξ : ∂∞(Γ) → G/P , where P is (up to
conjugation) the unique proper parabolic subgroup of G. In that case Ω = G/P r
ξ(∂∞Γ).

In general, when G is a Lie group of higher rank, the situation becomes more
complicated. We will have to consider the Anosov map ξ : ∂∞(Γ)→ G/P in order
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to construct a domain of discontinuity in G/P ′ with P ′ < G being a different
parabolic subgroup.

We start first with the case when ρ : Γ → O(F ) is a Q0-Anosov representation,
where Q0 is the stabilizer of an F -isotropic line in V . Let F0 = G/Q0 be the
space of F -isotropic lines in V , let F1 = G/Q1 be the space of maximal F -isotropic
subspaces of V , and let F01 be the space of pairs consisting of an F -isotropic line and
an incident maximal F -isotropic space. There are two projections πi : F01 → Fi,
i = 0, 1. Starting from the Anosov map ξ : ∂∞Γ → F0, we consider the subset
Kξ := π1(π−1

0 (ξ(∂∞Γ))) ⊂ F1 and define Ωρ = F1 rKξ.
That the action of Γ on Ωρ is properly discontinuous follows from the fact that

ρ(Γ) has special dynamical properties. A more general construction of domains
of discontinuity for discrete subgroups of O(F ) with special dynamical behavior is
described in Theorem 7.4. We deduce the compactness of the quotient Γ\Ωρ from
computations in homology.

Given an Anosov representation ρ : Γ → G into an arbitrary semisimple Lie
group, the first step is to choose an appropriate finite dimensional (irreducible)
representation of G on a real vector space V preserving a non-degenerate indefinite
symmetric bilinear form F , such that the composition of ρ with the representation
φ : G → O(F ) is a Q0-Anosov representation φ ◦ ρ : Γ → O(F ); this is made
possible by Proposition 1.6. Let Ωφ◦ρ ⊂ F1 denote the domain of discontinuity
whose construction we just described. We show that there is always a maximal
isotropic subspace W ∈ Ωφ◦ρ ⊂ F1 which is invariant by AN . The intersection of
Ωφ◦ρ with the G-orbit of W is a domain of discontinuity Ω′ ⊂ G/StabG(W ), which
can be lifted to obtain a domain of discontinuity Ω ⊂ G/AN .

1.3. Applications.

1.3.1. Hitchin components, maximal representations and deformation spaces of
geometric structures. By the uniformization theorem, the Teichmüller space of
a surface Σ can be identified with the moduli space of marked hyperbolic
structures on Σ, and consequently with a connected component of the space
Hom(π1(Σ),PSL(2,R))/PSL(2,R). In 1992 Hitchin defined the Teichmüller com-
ponent, now called the Hitchin component, a connected component of the space
Hom(π1(Σ), G)/G of representations into a split real adjoint simple Lie group, which
he proved to be homeomorphic to a ball [46]. Choi and Goldman [25] showed that
the Hitchin component for PSL(3,R) can be realized as the moduli space of convex
real projective structures on Σ.

Hitchin’s work, using methods from the theory of Higgs bundles, does not provide
much information on the geometric significance of representations in the Hitchin
component. In recent years, due to work of Labourie [57, 58, 59] and of Fock and
Goncharov [29], it has been shown that representations in Hitchin components have
beautiful geometric properties, which generalize properties of classical Teichmüller
space. Parallel to this, the study of maximal representations of π1(Σ) into Lie
groups of Hermitian type [16, 17, 18, 21, 32, 36, 45, 73] showed that spaces of max-
imal representations also share several properties with classical Teichmüller space,
which itself is identified with the space of maximal representations into PSL(2,R)
[34]. Therefore, Hitchin components and spaces of maximal representations are also
referred to as higher Teichmüller spaces.
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Using the construction of domains of discontinuity for Anosov representations
we can show that Hitchin components parametrize connected components of defor-
mation spaces of locally homogeneous (G,X)-structures on compact manifolds.

Theorem 1.14. (Theorem 11.5) Let Σ be a closed connected orientable surface of
negative Euler characteristic. Assume that G is PSL(2n,R) (n ≥ 2), PSp(2n,R)
(n ≥ 2), or PSO(n, n) (n ≥ 3), and X = P2n−1(R); or that G is PSL(2n + 1,R)
(n ≥ 1), or PSO(n, n+ 1) (n ≥ 2), and X = F1,2n(R2n+1) = {(D,H) ∈ P2n(R)×
P2n(R)∗ | D ⊂ H}.

Then there exist a compact manifold M and a connected component D of the
deformation space of (G,X)-structures on M which is parametrized by the Hitchin
component in Hom(π1(Σ), G)/G.

Remarks 1.15. The Lie groups given in Theorem 1.14 comprise (up to local iso-
morphism) all classical split real simple Lie groups. An analogous statement holds
also for exceptional split real simple Lie groups with X = G/B, where B < G is
the Borel subgroup.

We expectM to have the homeomorphism type of a bundle over Σ with compact
fibers. In the case when G = PSL(2n,R) (n ≥ 2) or PSp(2n,R) (n ≥ 2) we prove in
[42] thatM is homeomorphic to the total space of an O(n)/O(n−2)-bundle over Σ.
For PSL(4,R) we refer the reader to [39]. The known topological relation between
M and Σ is the existence of a homomorphism π1(M)→ π1(Σ); this homomorphism
is in fact used to relate the component D to the Hitchin component, we refer to
Theorem 11.5 for a precise statement.

We also associate locally homogeneous (G,X)- structures on compact manifolds
to all maximal representations. We state the result in the case of the symplectic
group.

Theorem 1.16. (Theorem 11.6) Let Σ be a closed connected orientable surface of
genus ≥ 2.

Then for any connected component component C of the space of maximal repre-
sentations, there exists a compact manifold M and a connected component D of the
deformation space of (Sp(2n,R),P2n−1(R))-structures onM , which is parametrized
by a Galois cover of C.

Remarks 1.17. The components of the space of maximal representations can have
nontrivial fundamental group (see Section 11.5 for details).

There are similar statements for components of the space of maximal represen-
tations of π1(Σ) into other Lie groups G of Hermitian type, with

– G = SO(2, n), X = F1(R2+n) the space of isotropic 2-planes.
– G = SU(p, q), X ⊂ Pp+q−1(C) is the null cone for the Hermitian form.
– G = SO∗(2n), X is the null cone for the skew-Hermitian form.

Recall that SO∗(2n) can be realized as the automorphism group of a skew-Hermitian
form V × V → H on an n-dimensional right H-vector space V .

1.3.2. Compactifications of actions on symmetric spaces. The construction of do-
mains of discontinuity we give is very flexible as it applies to Anosov representations
into arbitrary semisimple Lie groups, in particular into complex groups. Using this
flexibility one can apply the construction to obtain natural compactifications of
non-compact quotients of symmetric spaces or of other homogeneous spaces. We
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illustrate this in the case when ρ : Γ→ Sp(2n,R), n ≥ 2, is a Q0-Anosov represen-
tation, where Q0 is the stabilizer of a line in R2n.

Let HSp(2n,R) denote the bounded symmetric domain associated to Sp(2n,R).
Since ρ(Γ) is discrete, the action of Γ on HSp(2n,R) is properly discontinuous. The
quotient M = Γ\HSp(2n,R) is not compact.

Theorem 1.18. (Theorem 12.1) Let ρ : Γ→ Sp(2n,R) be a Q0-Anosov represen-
tation. Then there exists a compactification M of M = Γ\HSp(2n,R) such that M
carries a (Sp(2n,R),HSp(2n,R))-structure, where HSp(2n,R) is the bounded symmet-
ric domain compactification, and the inclusion M ⊂M is an Sp(2n,R)-map.

The proof of this theorem relies on the fact that Γ→ Sp(2n,R)→ Sp(2n,C) is
a Q0-Anosov representation, where Q0 is the stabilizer of a line in C2n. With this,
one constructs a domain of discontinuity Ω in the space of complex Lagrangians
L(C2n), which contains the image of HSp(2n,R) under the Borel embedding into
L(C2n), then M = Γ\(Ω ∩HSp(2n,R)).

1.3.3. Compact Clifford-Klein forms. As we already mentioned, for some Anosov
representations ρ : Γ→ G the domain of discontinuity turns out to be empty. Nev-
ertheless embedding G into a bigger group G′ one can obtain a nonempty domain
of discontinuity Ω for ρ′ : Γ → G → G′. In some cases this nonempty domain
of discontinuity coincides with a G-orbit, Ω = G/H. Then Γ\Ω = Γ\G/H is a
compact Clifford-Klein form.

With this we recover several examples of compact Clifford-Klein forms (see
Proposition 13.1), including non-standard ones. In particular, using results of Bar-
bot [3] we prove the following.

Theorem 1.19. (Theorem 13.3) Let Γ < SO(1, 2n) be a cocompact lattice,
let SO(1, 2n) < SO(2, 2n) be the standard embedding, and consider ρ : Γ →
SO(1, 2n) < SO(2, 2n). Then any representation ρ′ in the connected component
of ρ in Hom(Γ,SO(2, 2n)) gives rise to a properly discontinuous and cocompact
action on the homogeneous space SO(2, 2n)/U(1, n).

This extends a recent result of Kassel [51, Theorem 1.1].
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Part 1. Anosov representations

2. Definition

In this section we recall the notion of Anosov representations, a concept intro-
duced by Labourie [57, Section 2], and we generalize it to representations of arbi-
trary finitely generated word hyperbolic groups. A variety of examples of Anosov
representations are discussed in Section 6 (see also Remark 8.5).
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2.1. For Riemannian manifolds. Let (N, g) be a closed negatively curved Rie-
mannian manifold and let M = T 1N be its unit tangent bundle, equipped with the
geodesic flow φt for the metric g. The geodesic flow is an Anosov flow. We denote
by M̂ = T 1Ñ the π1(N)-cover of M and by φt again the geodesic flow on M̂ .

Let G be a semisimple Lie group and (P+, P−) be a pair of opposite parabolic
subgroups1 of G and set F± = G/P±. The subgroup L = P+ ∩ P− is the Levi
subgroup of both P+ and P−. The homogeneous space X = G/L is the unique open
G-orbit in the product F+ × F− = G/P+ × G/P−. From this product structure
X inherits two G-invariant distributions E+ and E−: (E±)(x+,x−) = Tx±F±. As
a consequence any X -bundle is equipped with two distributions which are denoted
also by E+ and E−.

Notation 2.1. Let M be a topological space, Γ be a group, and let M̂ be the
Γ-cover of M . Let ρ : Γ→ G be a representation and let S be a G-space. We set

Sρ = M̂ ×ρ S = Γ\(M̂ × S),

where Γ acts diagonally, as deck transformations on M̂ and via the representation
ρ on S. The projection onto the first factor gives M̂ ×ρ S the structure of a flat
S-bundle over M .

Definition 2.2. A representation ρ : π1(N)→ G is said to be (P+, P−)-Anosov if
(i) the flat bundle Xρ admits a section σ : M → Xρ which is flat along flow

lines (i.e. the restriction of σ to any geodesic leaf is flat).
(ii) The (lifted) action of φt on σ∗E+ (resp. σ∗E−) is dilating (resp. contract-

ing).
The section σ will be called Anosov section.

Remarks 2.3.
(a) The second condition means more precisely that there exists a continuous

family of norms (‖ · ‖m)m∈M on the fibers of the vector bundle σ∗E+ → M (resp.
σ∗E− → M) and positive constants A, a such that, for any t ∈ R≥0, e ∈ σ∗E+

(resp. e ∈ σ∗E−), with π(e) = m, one has ‖φ−te‖φ−tm ≤ Ae−at‖e‖m (resp.
‖φte‖φtm ≤ Ae−at‖e‖m).

(b) Due to the compactness of M , the definition does not depend on the partic-
ular choice of ‖ · ‖m or the particular parametrization of the flow on M .

(c) The Anosov section is uniquely determined (see Lemma 3.3).

2.2. In terms of equivariant maps. Let N , M = T 1N and M̂ be as before.
We denote by ∂∞Ñ the boundary at infinity of the universal cover Ñ of N and by

∂∞π1(N) the boundary at infinity of π1(N). We can identify ∂∞Ñ and ∂∞π1(N).
Since N is negatively curved, ∂∞Ñ is homeomorphic to a sphere.

The space of geodesic leaves M̂/{φt} in M̂ is canonically identified with

∂∞Ñ
(2) = ∂∞Ñ × ∂∞Ñ r {(t, t) | t ∈ ∂∞Ñ};

the identification associates to a geodesic its endpoints in ∂∞Ñ .

1We review the structure theory of parabolic subgroups in Section 3.2. Pairs of opposite
parabolic subgroups arise as follows: choose a semisimple element g ∈ G and set Lie(P+) (resp.
Lie(P−)) to be the sum of eigenspaces of Ad(g) associated with eigenvalues of modulus ≥ 1 (resp.
≤ 1).
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Given a representation ρ : π1(N)→ G, a section σ of Xρ = M̂×ρX is completely
determined by its pullback σ̂ to M̂ , which is a ρ-equivariant map:

σ̂ : M̂ −→ X .
Conversely, such a ρ-equivariant map σ̂ descends to a section σ. The section σ

is flat along flow lines if and only if σ̂ is φt-invariant. In this case, one can consider
σ̂ as being defined on M̂/{φt} ∼= ∂∞Ñ

(2):

σ̂ = (ξ+, ξ−) : ∂∞Ñ
(2) −→ X ⊂ F+ ×F−.

The contraction property implies immediately (see [57, Proposition 3.2] and [41,
Proposition 2.5]) that ξ+ : ∂∞Ñ

(2) → F+ factors through the projection to the
first factor π1 : ∂∞Ñ

(2) → ∂∞Ñ , i.e. ξ+ is a map from ∂∞Ñ to F+. Similarly ξ−
factors through the projection to the second factor. Thus we get a pair of maps
ξ+ : ∂∞Ñ → F+ and ξ− : ∂∞Ñ → F−.
Remark 2.4. In definition 2.2 the dilatation property and contraction property on
E+ and E− have been exchanged compared to the original definition [57, Sec-
tion 2.0.1]. The convention chosen here are such that ξ+ factors through the pro-
jection onto the first factor and also such that ξ+(t+γ ) is the attracting fixed point
of γ (see Lemma 3.1). These two properties seem natural to us.

Definition 2.5. The maps ξ± : ∂∞Ñ → F± are said to be the Anosov maps
associated to the Anosov representation ρ : π1(N)→ G.

Let τ+, τ− : M̂ → ∂∞Ñ be the maps associating to a tangent vector the end-
points at +∞ and −∞ of the corresponding geodesic. The dilatation/contraction
property in Definition 2.2 translates into a dilatation property for φt on the family
of tangent spaces (Tξ+(τ+(m̂))F+)

m̂∈M̂ (resp. contraction on (Tξ−(τ−(m̂))F−)
m̂∈M̂ ).

Conversely, one can use the maps ξ+, ξ− to express the Anosov property.

Definition 2.6. A pair of points (x+, x−) ∈ F+ × F− is said to be transverse, if
(x+, x−) ∈ X ⊂ F+ ×F−.

Given x ∈ F+ and y ∈ F− we say that y is transverse to x (and x is transverse
to y) if (x, y) is transverse.

Proposition 2.7. Let ρ : π1(N)→ G be a representation. Suppose that there exist
maps ξ+ : ∂∞Ñ → F+ and ξ− : ∂∞Ñ → F− such that:

(i) ξ+ and ξ− are continuous and ρ-equivariant.
(ii) For all (t+, t−) ∈ ∂∞Ñ (2) the pair (ξ+(t+), ξ−(t−)) is transverse.
(iii) For one (and hence any) continuous and equivariant family of norms

(‖ · ‖m̂)
m̂∈M̂ on (Tξ+(τ+(m̂))F+)

m̂∈M̂ (resp. (Tξ−(τ−(m̂))F−)
m̂∈M̂ ), the fol-

lowing property holds:
– there exist positive constants A, a such that for all t ∈ R≥0, m̂ ∈ M̂
and e ∈ Tξ+(τ+(m̂))F+ (resp. e ∈ Tξ−(τ−(m̂))F−):

‖e‖φ−tm̂ ≤ Ae−at‖e‖m̂ (resp. ‖e‖φtm̂ ≤ Ae−at‖e‖m̂).

Then the representation ρ is (P+, P−)-Anosov and the pull-back to M̂ of the Anosov
section σ of Xρ is the map σ̂ : M̂ → X , m̂ 7→ (ξ+(τ+(m̂)), ξ−(τ−(m̂))).

Remark 2.8. We will see later (Theorem 4.11) that in the case of Zariski dense
representations the existence of ξ+ and ξ− satisfying (i) and (ii) is sufficient to
ensure the Anosov property.
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2.3. For hyperbolic groups. In order to define the notion of Anosov represen-
tations ρ : Γ → G for an arbitrary finitely generated word hyperbolic group Γ we
need a replacement for the space (M̂, φt). Geodesic flows for hyperbolic groups
were introduced by Gromov [37] and later developed by Champetier [24], Mineyev
[60] and others. We recall the results necessary for our purpose.

Let Γ be a finitely generated word hyperbolic group and let ∂∞Γ denote its
boundary at infinity ([26, Chapitre 2]). We set ∂∞Γ(2) = ∂∞Γ× ∂∞Γr {(t, t) | t ∈
∂∞Γ}.

Theorem 2.9. [37, Theorem 8.3.C], [60, Theorem 60]
Let Γ be a finitely generated word hyperbolic group. Then there exists a proper

hyperbolic metric space Γ̂ such that:
(i) Γ×Ro Z/2Z acts on Γ̂.
(ii) The Γ× Z/2Z-action is isometric.
(iii) Every orbit Γ→ Γ̂ is a quasi-isometry. In particular, ∂∞Γ̂ ∼= ∂∞Γ.
(iv) The R-action is free, and every orbit R → Γ̂ is a quasi-isometric embed-

ding. The induced map Γ̂/R→ ∂∞Γ̂(2) is a homeomorphism.

In fact Γ̂ is unique up to a Γ×Z/2Z-equivariant quasi-isometry sending R-orbits
to R-orbits. We shall denote by φt the R-action on Γ̂ and by (τ+, τ−) : Γ̂→ Γ̂/R ∼=
∂∞Γ(2) the maps associating to a point the endpoints of its R-orbit.

Definition 2.10. A representation ρ : Γ → G is said to be (P+, P−)-Anosov if
there exist continuous ρ-equivariant maps ξ+ : ∂∞Γ → F+, ξ− : ∂∞Γ → F− such
that:

(i) For all (t+, t−) ∈ ∂∞Γ(2) the pair (ξ+(t+), ξ−(t−)) is transverse.
(ii) For one (and hence any) continuous and equivariant family of norms (‖ ·
‖m̂)m̂∈Γ̂ on (Tξ+(τ+(m̂))F+)m̂∈Γ̂ (resp. (Tξ−(τ−(m̂))F−)m̂∈Γ̂), there exist
A, a > 0 such that for all t ≥ 0, m̂ ∈ Γ̂ and e ∈ Tξ+(τ+(m̂))F+ (resp.
e ∈ Tξ−(τ−(m̂))F−):

‖e‖φ−tm̂ ≤ Ae−at‖e‖m̂ (resp. ‖e‖φtm̂ ≤ Ae−at‖e‖m̂).

The maps ξ± are said to be the Anosov maps associated to ρ.

Remark 2.11. As explained in Section 2.2, the definition here is equivalent to the
existence of a section σ of the X -bundle Xρ = Γ̂ ×ρ X over Γ\Γ̂ that is flat along
R-orbits and such that the action of φt on the vector bundle σ∗E+ (resp. σ∗E−)
is dilating (resp. contracting).

3. Controlling the Anosov section

In this section we first recall some well known properties of Anosov representa-
tions. Then we introduce L-Cartan projections which are Γ-invariant continuous
maps from Γ̂×R with values in a closed Weyl chamber of L = P+ ∩P−. These L-
Cartan projections provide a simple criterion for a section to satisfy the contraction
property (see Definition 2.10.(ii)).

3.1. Holonomy and uniqueness. Any non-torsion element γ ∈ Γ has two fixed
points in ∂∞Γ. We denote the attracting fixed point by t+γ and the repelling fixed
point by t−γ . From the definition of Anosov representation, one deduces easily.
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Lemma 3.1. Let ρ : Γ → G be a (P+, P−)-Anosov representation and let ξ± :
∂∞Γ→ F± be the associated Anosov maps. Let γ ∈ Γ be a non-torsion element.

Then ξ+(t+γ ) is the unique attracting fixed point of ρ(γ) ∈ F+. The basin of
attraction is the set of all points in F+ that are transverse to ξ−(t−γ ). In particular
the eigenvalues of ρ(γ) acting on Tξ+(t+γ )F+ are all of modulus less than 1.

An analogous statement holds for the action on F−.

Corollary 3.2. Let ρ : Γ → G be a (P+, P−)-Anosov representation and γ ∈ Γ a
non-torsion element. Then ρ(γ) is conjugate to an element of L, whose action is
dilating on TP−F− and contracting on TP+F+.

A refinement of this corollary will be given in Lemma 3.9, providing a quantita-
tive statement for the contraction.

Lemma 3.1, together with the density of the fixed points {t+γ }γ∈Γ in ∂∞Γ, has
the following consequence:

Lemma 3.3. [41, Proposition 2.5] Let ρ : Γ → G be a (P+, P−)-Anosov repre-
sentation. Then the maps ξ+ : ∂∞Γ → F+ and ξ− : ∂∞Γ → F− satisfying the
properties of Definition 2.10 are unique.

The uniqueness of the Anosov maps (ξ+, ξ−) gives the following corollaries:

Corollary 3.4. [41, Proposition 2.8] Let Γ′ < Γ be a finite index subgroup. A
representation ρ : Γ → G is (P+, P−)-Anosov if and only if ρ|Γ′ is (P+, P−)-
Anosov. Furthermore with the canonical identification ∂∞Γ ∼= ∂∞Γ′ the Anosov
maps ξ+ and ξ− are the same for ρ and for ρ|Γ′ .

Corollary 3.5. Let ρ : Γ → G be a (P+, P−)-Anosov representation and let ξ+ :
∂∞Γ→ F+ and ξ− : ∂∞Γ→ F− be the corresponding Anosov maps.

Then any element z ∈ ZG(ρ(Γ)) in the centralizer of ρ(Γ) fixes ξ±(∂∞Γ) point-
wise, i.e. for any t ∈ ∂∞Γ, z · ξ±(t) = ξ±(t).

Corollary 3.6. Let π : Ĝ → G be a covering of Lie groups, (P+, P−) a pair of
opposite parabolic subgroups of G so that (P̂+, P̂−) = (π−1(P+), π−1(P−)) is a pair
of opposite parabolic subgroups of Ĝ.

Then a representation ρ : Γ → Ĝ is (P̂+, P̂−)-Anosov if and only if π ◦ ρ is
(P+, P−)-Anosov.

3.1.1. Lifting. Even though we do not use it in this article, for future reference we
describe when the maps ξ± : ∂∞Γ → G/P± can be lifted to maps ξ′± : ∂∞Γ →
G/P ′± where P ′± ⊂ P± are finite index subgroups.

Recall that P+ (and P−) is the semi-direct product of its unipotent radical by
L. Hence π0(P+) ∼= π0(L) ∼= π0(P−), and a finite index subgroup P ′+ ⊂ P+

corresponds to a finite index subgroup π0(P ′+) ⊂ π0(P+), and hence to a finite
index subgroup L′ ⊂ L as well as to a finite index subgroup P ′− ⊂ P−. Using that
the unipotent radical of P+ is contractible (and the classical fact that the space
of sections of a bundle with contractible fibers is nonempty and contractible) one
deduces:

Lemma 3.7. Let ρ : Γ → G be a (P+, P−)-Anosov representation with Anosov
maps ξ+, ξ− : ∂∞Γ → F+,F−. Let σ be the corresponding section of Xρ = Γ̂ ×ρ
G/L. Then the following are equivalent:
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(i) ξ+ lifts to a continuous ρ-equivariant map ∂∞Γ→ G/P ′+.
(ii) σ lifts to a continuous section σ′ of X ′ρ = Γ̂×ρ G/L′.
(iii) ξ− lifts to a continuous ρ-equivariant map ∂∞Γ→ G/P ′−.

In that case the ρ-equivariant lift σ̂′ : Γ̂ → G/L′ of the section σ′ is of the form
(ξ′+ ◦ τ+, ξ′− ◦ τ−), with maps ξ′+, ξ′− : ∂∞Γ→ G/P ′+, G/P ′−.

Note that the maps ξ′+, ξ′− in the above lemma are not necessarily unique.

Proof. Note that ξ+ naturally defines a section ζ+ of F+
ρ = Γ̂×ρ F+. This section

is the image of σ under the map Xρ → F+
ρ induced by the projection to the first

factor. The spaces X ′ρ and F ′+ρ are defined similarly, and it is easy to see that ξ+

lifts if and only if ζ+ lifts. Furthermore X ′ρ is the fiber product Xρ ×F+
ρ
F ′+ρ so

that σ lifts if and only if ζ+ does. This proves the equivalence of (i) and (ii); the
remaining statements follow. �

3.2. Structure of parabolic subgroups. In the following sections we will use
the finer structure of parabolic subgroups. In order to fix notation we recall here
the classical structure theory of parabolic subgroups.

– Let G be a semisimple Lie groups and let g be its Lie algebra. Let K be a
maximal compact subgroup of G and k its Lie algebra; the decomposition g = k⊕k⊥
is orthogonal with respect to the Killing form.

– Let a be a maximal abelian subalgebra contained in k⊥; its action on g gives
rise to a decomposition into eigenspaces:

g =
⊕

α∈Σ∪{0}

gα, where gα =
⋂
a∈a

ker(ad(a)− α(a)),

where Σ = {α ∈ a∗ r {0} | gα 6= 0} is the system of restricted roots of g.
– Let NK(a) and ZK(a) be the normalizer and the centralizer of a in K. The

Weyl group W = NK(a)/ZK(a) acts on a and also on Σ.
– Let <a∗ (or simply <) be a total ordering on the group a∗. The sets Σ+ =

{α ∈ Σ | α > 0} and Σ− = {α ∈ Σ | α < 0} are the positive roots and the negative
roots, Σ− = −Σ+.

– A positive root is decomposable if it is the sum of two positive roots; it is called
simple otherwise. The set ∆ ⊂ Σ+ is the set of simple roots.

– The unique element w0 ∈W sending Σ− to Σ+ induces an involution ι : Σ+ →
Σ+, α 7→ −w0(α), called the opposition involution; ι(∆) = ∆. The opposition
involution is also defined on a.

– A Weyl chamber is a+ = {a ∈ a | α(a) > 0,∀α ∈ Σ+} = {a ∈ a | α(a) >
0,∀α ∈ ∆}. The involution ι sends a+ into itself.

– Any element g ∈ G can be written as a product

g = k exp(µ(g))l, with k, l ∈ K and µ(g) ∈ a+;

µ(g) is uniquely determined by g, it is called the Cartan projection of g. The map
µ : G → a+ is continuous. Another continuous projection λ : G → a+ comes from
the Jordan decomposition. The two projections are related by λ(g) = limn→∞

µ(gn)
n

[6, Corollaire in Paragraph 2.5.].
– The subalgebra n+ =

⊕
α∈Σ+ gα is nilpotent, N = exp(n+) is unipotent.

The subgroup AnN = exp(a) n exp(n+) < G will be denoted by AN .
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– The set B+ = ZK(a)AN is a subgroup of G called the minimal parabolic
subgroup. Its Lie algebra is b+ = g0 ⊕ n+.

– Similarly one defines n−, N−, B−, b−. The group B− is conjugate to B+.
Parabolic subgroups of G are conjugate to subgroups containing B+. A pair of

parabolic subgroups is said to be opposite if their intersection is a reductive group.
Conjugacy classes of parabolic subgroups are in one to one correspondence with

subsets Θ ⊂ ∆. Given such a subset we set aΘ =
⋂
α∈Θ kerα and denote by MΘ =

ZK(aΘ) its centralizer in K. Then P+
Θ = MΘ exp(a)N and P−Θ = MΘ exp(a)N−

are parabolic subgroups, which are opposite. A parabolic subgroup containing B+

is of the form P+
Θ for a uniquely determined Θ. Any pair of opposite parabolic

subgroups is conjugate to (P+
Θ , P

−
Θ ) for some Θ ⊂ ∆.

Remark 3.8. The conjugacy class of (P+, P−) is determined by the conjugacy class
of P+. In view of this, we will sometimes say that a representation is P+-Anosov
(or L-Anosov).

Note also that P−Θ is conjugate to P+
ι(Θ). In particular P+

Θ is conjugate to its
opposite if and only if Θ = ι(Θ).

The intersection LΘ = P+
Θ ∩P

−
Θ is the common Levi component of P+

Θ and P−Θ .
The groupMΘ is a maximal compact subgroup of LΘ. We denote the Weyl chamber
of LΘ by a+

LΘ
= {a ∈ a | α(a) > 0, for all α ∈ Θ}. The Cartan decomposition for

LΘ is LΘ = MΘ exp(a+
LΘ

)MΘ.
We denote by ΣΘ the roots in the span of Θ: ΣΘ = SpanR(Θ) ∩ Σ. The Lie

algebras of P+
Θ , P−Θ and LΘ are:

p+
Θ =

⊕
α∈Σ+∪ΣΘ∪{0}

gα, p
−
Θ =

⊕
α∈Σ−∪ΣΘ∪{0}

gα, lΘ =
⊕

α∈ΣΘ∪{0}

gα.

The nilpotent radicals of p+
Θ and p−Θ are hence:

n+
Θ =

⊕
gα

α∈Σ+rΣΘ

, n−Θ =
⊕

gα
α∈Σ−rΣΘ

.

There are LΘ-equivariant identifications of the tangent space of G/P+
Θ at P+

Θ

with n−Θ, and respectively of the tangent space of G/P−Θ at P−Θ with n+
Θ.

An element exp(a) with a ∈ a+
LΘ

contracts on n−Θ (resp. dilates on n+
Θ) if and

only if α(a) > 0 for all α ∈ ∆ r Θ. Moreover one has the quantitative statement:

Lemma 3.9. There is a positive constant C such that:
– For any k and a ∈ a+

LΘ
, if exp(a) is k-Lipschitz on TP+

Θ
G/P+

Θ then, for all
α ∈ ∆ r Θ, one has α(a) ≥ − log k.

– For any M ≥ 0 and a ∈ a+
LΘ

, if for all α ∈ ∆ r Θ, α(a) ≥M then exp(a)

is Ce−M -Lipschitz on TP+
Θ
G/P+

Θ .

In particular this lemma implies that an element of a+
LΘ

whose action is con-
tracting on TP+

Θ
G/P+

Θ is contained in the closed Weyl chamber a+ of G.

3.3. Lifting sections and L-Cartan projections. Let (P+, P−) = (P+
Θ , P

−
Θ ) be

a pair of opposite parabolic subgroups, and let LΘ, MΘ, etc. be as in the preceding
section. We occasionally drop the subscript Θ. We set Y = G/M , this is an
L/M -bundle over X = G/L.
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Let ρ : Γ→ G be a representation and let Xρ = Γ̂×ρ X and Yρ = Γ̂×ρ Y be the
associated flat bundles over Γ\Γ̂. Then π : Yρ → Xρ is an L/M -bundle and hence
has contractible (even convex) fibers. This implies

Lemma 3.10. Let σ be a section of Xρ, then there exists a section β of Yρ such
that π ◦ β = σ.

Proof. Indeed it is equivalent to finding a section of the L/M -bundle σ∗Yρ over
Γ\Γ̂ (the pull back by σ of the L/M -bundle Yρ → Xρ). This is a locally trivial
bundle, thus local sections exist. Moreover Γ\Γ̂ is a compact metric space and
admits partitions of unity, so that local sections can be glued together to a global
section. �

Two different lifts are equal up to finite distance:

Lemma 3.11. Let β and β′ be two lifts of σ, and denote by β̂, β̂′ : Γ̂ → Y
their ρ-equivariant pull-backs. Then there exists R > 0 such that ∀m ∈ Γ̂,
dG/M (β̂(m), β̂′(m)) ≤ R, where dG/M is a G-invariant Riemannian distance
Y = G/M .

Suppose now that σ is flat along R-orbits. The section β corresponds to an equi-
variant continuous map β̂ : Γ̂ → Y lifting σ̂ : Γ̂ → X , the equivariant map corre-
sponding to σ. As σ̂ is R-invariant, for any m̂ ∈ Γ̂ and any t ∈ R, β̂(m̂) and β̂(φtm̂)

project to the same point in X = G/L. Thus the pair (β̂(m̂), β̂(φtm̂)) is in the G-
orbit of a unique pair of the form (exp(µ+,Θ(m̂, t))M,M) with µ+,Θ(m̂, t) ∈ a+

LΘ
;

similarly it is in the G-orbit of a unique pair of the form (M, exp(µ−,Θ(m̂, t))M)
with µ−,Θ(m̂, t) ∈ a+

LΘ
.

Definition 3.12. Let σ : Γ\Γ̂→ Xρ be a section which is flat along R-orbits, and
let β be a lift of σ to a section of Yρ. The maps

µ+,Θ, µ−,Θ : Γ̂×R→ a+
LΘ

are called LΘ-Cartan projections. They are continuous and Γ-invariant, and hence
well defined on Γ\Γ̂×R.

Remarks 3.13.
(a) The LΘ-Cartan projections take values in the closed Weyl chamber a+

LΘ
=

{a ∈ a | α(a) ≥ 0, for all α ∈ Θ} which is a closed cone of a with nonempty interior.
(b) It is possible to define maps into the closed Weyl chamber a+ of g, however

doing this will lead to a loss of information: we need to understand G-orbits of
pairs of points in G/M that project to the same element in G/L; this is the same
as understanding L-orbits of pairs of points in L/M which are ultimately completely
classified by the closed Weyl chamber of L. The maps into a+ would amount to
classifying G-orbits of pairs in G/K and cannot keep track of the action on n±Θ.

(c) The idea of lifting the section σ of Xρ to a section of Yρ is already implicit
in [57] and [18], where a specific metric on the bundle σ∗E± (see Section 2.1) is
chosen in order to prove the contraction property. The choice of this specific metric
corresponds to a choice of a lift β.

(d) The classical Cartan projection µ : G → a+ can be used to define a refined
Weyl chamber valued distance function: if δ denotes the Weyl chamber valued
distance on the symmetric space G/K, then µ(g) = δ(K, gK), see for example
[49, 64] for an account on this subject and references therein.
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The dependence of the L-Cartan projection on the section σ is crucial. However,
their asymptotic behavior does not depend on the choice of the lift β:

Lemma 3.14. Let σ : Γ\Γ̂→ Xρ be a section which is flat along R-orbits, and let
β and β′ be two lifts. Let µ±,Θ and µ′±,Θ be the L-Cartan projections associated
with β and β′ respectively.

Then there exists a constant C > 0 such that for all (m, t) ∈ Γ̂×R

d(µ±,Θ(m, t), µ′±,Θ(m, t)) ≤ C,
where d is the distance for some norm on the vector space aLΘ

.

Proof. Denote by σ̂, β̂, and β̂′ the ρ-equivariant lifts of σ, β and β′. Let (m, t) ∈
Γ̂ × R, since π(β̂(m)) = π(β̂(φtm)) = σ̂(m) = π(β̂′(φtm)) = π(β̂′(m)), the four
points β̂(m), β̂(φtm), β̂′(φtm) and β̂′(m) lie in one fiber, which we can assume to
be L/M .

Moreover by Lemma 3.11 there exists R > 0 such that ∀m ∈ Γ̂: d(β̂(m), β̂′(m)) ≤
R and d(β̂(φtm), β̂′(φtm)) ≤ R.

The statement now follows from the triangle inequality for the Weyl chamber
valued distance function on the symmetric space L/M [49, 64]. �

Recall that λ(g) denotes the hyperbolic part of the Jordan decomposition of g
(Section 3.2):

Lemma 3.15. Let γ ∈ Γ be a non-torsion element and denote by γ̂ ⊂ Γ̂ the
corresponding γ-invariant R-orbit in Γ̂. Let T be the period of this orbit (i.e. γ
acts as φT on γ̂) and m̂ ∈ γ̂. Assume that ρ : Γ→ G is an Anosov representation.
Then

µ+,Θ(m̂, T ) = λ(ρ(γ)), and µ−,Θ(m̂, T ) = λ(ρ(γ)−1).

For (m, t) ∈ Γ\Γ̂×R we set

A+(m, t) = min
α∈∆rΘ

α(µ+,Θ(m̂, t)), A−(m, t) = min
α∈∆rΘ

α(µ−,Θ(m̂, t)).

Note that µ−,Θ(m̂, t) = ιΘ(µ+,Θ(m̂, t)) where ιΘ is the opposition involution
for LΘ, and also that µ+,Θ(m̂, t) = µ−,Θ(φtm̂,−t). This means that dilatation on
σ∗E+, which is governed by µ+,Θ, is equivalent to contraction on σ∗E−, which
is governed by µ−,Θ. Hence, in the next proposition, only one of the L-Cartan
projections needs to be considered:

Proposition 3.16. Let ρ : Γ → G be a representation, let σ be a section of Xρ
which is flat along R-orbits. Let A+, A− be as above. The following are equivalent:

(i) σ is an Anosov section (and hence ρ is (P+, P−)-Anosov).
(ii) There exist positive constants C and c such that for all t ≥ 0 and all

m ∈ Γ\Γ̂, one has A+(m, t) ≥ ct− C and A−(m,−t) ≥ ct− C.
(iii) There exist positive constants C and c such that for all t ≥ 0 and all

m ∈ Γ\Γ̂, one has A+(m, t) ≥ ct− C.
(iv) limt→+∞ infm∈Γ\Γ̂A+(m, t) = +∞.

Remark 3.17. Note that this implies that µ+,Θ(m, t) belongs to a+ for t big enough.

Proof. Indeed (i)⇒ (ii) follows from Lemma 3.9; the implications (ii)⇒ (iii)⇒ (iv)
are immediate. By Lemma 3.9, condition (iv) implies weak dilatation of the flow on
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the bundle σ∗E+, and thus also weak contraction for the flow on the bundle σ∗E−,
from the relations between µ+,Θ and µ−,Θ mentioned above. Uniform estimates
follow from the compactness of Γ\Γ̂. For details on this last argument see [57,
Section 6.1]. �

3.4. Consequences. Proposition 3.16 reduces the property of being Anosov to the
control of a few eigenvalues (or rather principal values). From this one immediately
deduces the following

Lemma 3.18. Let ρ : Γ→ G be a representation.
(i) If ρ is PΘ-Anosov, then it is Pι(Θ)-Anosov.
(ii) If ρ is PΘ-Anosov, then it is PΘ′-Anosov for any Θ′ ⊃ Θ.
(iii) If ρ is PΘ1

-Anosov and PΘ2
-Anosov, then it is PΘ1∩Θ2

-Anosov.
(iv) If ρ is Anosov, then it is PΘ-Anosov for some Θ satisfying ι(Θ) = Θ.

The first statement is a consequence of the fact that the Z/2Z-action on Γ̂ anti-
commutes with the action of R. The other consequences follow immediately from
Proposition 3.16.

4. Lie group homomorphisms and equivariant maps

In this section we first describe how the property of being Anosov behaves with
respect to compositions with Lie group homomorphisms. Then we show that for
irreducible or Zariski dense representations the existence of equivariant maps readily
implies the contraction property.

4.1. Lie group homomorphisms. Let φ : G → G′ be a homomorphism of
semisimple Lie groups and let ρ : Γ → G be a PΘ-Anosov representation. For
several arguments we give later it will be essential to determine the parabolic sub-
group P ′ < G′ such that the composition φ ◦ ρ : Γ → G′ is P ′-Anosov. Whereas
this has a rather simple answer when G is of rank one (see Proposition 4.7), it is
more complicated when G is of higher rank (see Section 4.3 for examples). In this
section we give an explicit construction of P ′.

Let φ : G → G′ be a homomorphism between semisimple Lie groups. We can
assume that the maximal compact subgroup K ′ < G′ and the Cartan algebra a′ are
chosen to be compatible with φ, i.e. φ(K) ⊂ K ′, φ∗(a) ⊂ a′ ([50], [62, Theorem 6]).
The set of simple roots of G′ relative to a′ is denoted by ∆′. We shall usually denote
with primes the objects associated with G′.

Proposition 4.1. Let ρ : Γ → G be a representation. Suppose that φ ◦ ρ is P ′Θ′-
Anosov then ρ is PΘ-Anosov where Θ = {α ∈ ∆ | α|φ−1(a′

Θ′ )
is zero}.

For the other direction we first describe in detail the case when G′ = SL(V ) for
some irreducible G-module V .

Lemma 4.2. Let V be an irreducible G-module and denote by φ : G → SL(V )
the corresponding homomorphism and by φ∗ : g→ sl(V ) the Lie algebra homomor-
phism.

Suppose that there exists a line D ⊂ V that is PΘ-invariant for some Θ ⊂ ∆.
Then the following holds:
(i) there exists a basis (e1, . . . , en) of V with e1 ∈ D and consisting of eigenvec-

tors for a:
φ∗(a) · ei = λi(a)ei, ∀a ∈ a, with λi ∈ a∗.
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(ii) For all i > 1, λ1 − λi is a linear combination with integer coefficients of the
elements of ∆:

λ1 − λi =
∑
α∈∆

nα,iα, nα,i ∈ N,

(iii) with the property that (nα,i)α∈∆rΘ are not simultanously zero.

Proof. For that proof we use standard tools from representation theory (see [31] for
example). By irreducibility V = n− ·D. Also if v ∈ V is an eigenvector for a with
eigenvalue λ and if n ∈ nβ , for β ∈ Σ, then the vector w = n · v, if nonzero, is an
eigenvector with eigenvalue λ+β. These two remarks give the two first conclusions
of the lemma (starting with e1 = v ∈ D). To prove the third conclusion, one only
has to note that the hypothesis implies n−α · e1 = 0 for all α ∈ Θ. �

Proposition 4.3. Let φ : G → G′ = SL(V ) be an irreducible finite dimensional
linear representation of G. Let V = D⊕H be a decomposition of V into a line and a
hyperplane, and set Q+

0 = Stab(D) and Q−0 = Stab(H). Suppose that (P+, P−) =
(StabG(D),StabG(H)) is a pair of opposite parabolic subgroups.

Then a representation ρ : Γ→ G is (P+, P−)-Anosov if and only if φ ◦ ρ : Γ→
SL(V ) is (Q+

0 , Q
−
0 )-Anosov. Furthermore the Anosov maps satisfy φ± ◦ ξ±ρ = ξ±φ◦ρ,

where φ+ : F+ → P(V ) and φ− : F− → P(V ∗) are the maps induced by φ.

Proof. The if part is a consequence of Proposition 4.1.
For the converse statement, we can assume (up to conjugating in G) that

P+ = P+
Θ . Let (e1, . . . , en) denote the basis obtained in Lemma 4.2 and λi the

corresponding eigenvalues. The Cartan subalgebra a′ ⊂ sl(V ) is chosen to be the
set of matrices that are diagonal with respect to the basis (ei) and the Weyl chamber
a′+ is the set of diagonal matrices diag(t1, . . . , tn) with t1 > · · · > tn.

With these choices the root α′ ∈ ∆′ such that Q+
0 = P ′+∆′rα′ is diag(t1, . . . , tn) 7→

t1 − t2. The Weyl chamber a′+L′
∆′rα′

of the Levi component L′∆′rα′ is the set of

diagonal matrices diag(t1, . . . , tn) with t2 > · · · > tn, the Weyl group W ′∆′rα′ of
L′∆′rα′ acts on a′L′

∆′rα′
⊂ a′ as the group of permutations on the last (n − 1)-th

diagonal coefficients.
The maps φ+ : F → P(V ) and φ− : F− → P(V ∗) induced by φ, give rise to a

map φX : X → X ′ with
X ′ = {(L,P ) ∈ P(V )× P(V ∗) | V = L⊕ P} = SL(V )/L′∆′rα′ .

Let σ̂ : Γ̂→ X be the lift of the Anosov section for ρ. We want to prove that φX ◦ σ̂
is the lift of an Anosov section for φ ◦ ρ.

For this let β̂′ : Γ̂ → Y ′ be an equivariant lift of σ̂′ = φX ◦ σ̂ where
Y ′ = SL(V )/M ′∆′rα′ , with M ′∆′rα′ = L′∆′rα′ ∩ SO(V ) the maximal compact
subgroup of L′∆′rα′ . Let µ′+ : Γ\Γ̂ × R → a′+L′

∆′rα′
the Cartan projection as-

sociated to β̂′ (Section 3.3). By Proposition 3.16 it is enough to prove that
limt→+∞ α′(µ′+(m, t)) = +∞.

There is also a natural map φY : Y → Y ′ induced by φ. If β̂ is an equivariant lift
σ̂, one can suppose that β̂′ = φY◦β̂. Let µ+ the Cartan projection associated with β̂.
By Proposition 3.16 we have that, for all α ∈ ∆ r Θ, limt→+∞ α(µ+(m, t)) = +∞.
Furthermore µ′+(m, t) is the unique element of the orbit of φ∗(µ+(m, t)) under the
Weyl group W ′∆′rα′ of L

′
∆′rα′ that belongs to the Weyl chamber a′+L′

∆′rα′
. From
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this fact and the above description of the Weyl chamber and the Weyl group we
get that

α′(µ′+(m, t)) = min
i=2,...,n

(λ1 − λi)(µ+(m, t)).

The third conclusion of the previous lemma implies then:

α′(µ′+(m, t)) ≥ min
α∈∆rΘ

α(µ+(m, t)).

This last inequality proves: limt→+∞ α′(µ′+(m, t)) = +∞. �

The above proof relies on the fact that we are able to estimate µ′+ in terms of µ+.
More precisely, we used the fact that µ+(m, t) belongs to a+ r

⋃
α∈Θ ker(α) and

that the image of this last cone by φ∗ is contained in W ′Θ′ ·
(
a′+ r

⋃
α′∈Θ′ ker(α′)

)
,

which is a reformulation of the properties deduced in Lemma 4.2. This is precisely
the condition in the general statement:

Proposition 4.4. Let φ : G → G′ be a Lie group homomorphism as above. Let
Θ ⊂ ∆ and suppose that there exist w′ in W ′ and Θ′ ⊂ ∆′ such that

φ∗
(
a+ r

⋃
α∈Θ

ker(α)
)
⊂ w′ ·W ′Θ′ ·

(
a′+ r

⋃
α′∈Θ′

ker(α′)
)
.

Then, for any P+
Θ -Anosov representation ρ : Γ → G, the representation φ ◦ ρ

is P ′+Θ′ -Anosov. Furthermore φ(P±Θ ) ⊂ w′P ′±Θ′w
′−1 and hence there are maps φ+ :

F+
Θ → F

′+
Θ′ and φ

− : F−Θ → F
′−
Θ′ . If ξ± are the Ansosov maps associated to ρ, the

Anosov maps for φ ◦ ρ are φ± ◦ ξ±.

Remark 4.5. It can happen that Θ′ = ∆′, i.e. that P ′+Θ′ = G′.

Proof. Up to changing the Weyl chamber of G′ one can suppose that w′ = 1.
We first prove that φ(P±Θ ) ⊂ P ′±Θ′ . For this note that P+

Θ contains the stabilizer
of any point of the visual compactification of the symmetric space G/K that is the
endpoint at infinity of a geodesic ray (exp(ta) ·K)t∈R≥0

with a ∈ a+r
⋃
α∈Θ ker(α).

This geometric characterization and the hypothesis on φ∗ imply that φ(P+
Θ ) is

contained in ωP ′+Θ′ ω
−1 for some ω ∈ W ′Θ′ . Here ω ∈ W ′Θ′ is such that ω ·

(
a′+ r⋃

α′∈Θ′ ker(α′)
)
contains φ∗(a) with a ∈ a satisfying α(a) = 0 for α ∈ ∆ r Θ

and α(a) > 0 for α ∈ Θ. In conclusion φ(P+
Θ ) ⊂ ωP ′+Θ′ ω

−1 = P ′+Θ′ . Similarly
φ(P−Θ ) ⊂ P ′−Θ′ .

Now the proof follows the same lines as the proof of the Proposition 4.3, where
the hypothesis on φ∗ replaces the use of Lemma 4.2. �

Notice that in view of establishing Proposition 3.16 one could equally work with
a continuous function µ+,Θ : Γ\Γ̂ × R → C + a+

LΘ
, where C ⊂ a is a compact

subset, satisfying that, for all (m̂, t), the pair (β̂(m̂), β̂(φtm̂)) is in the G-orbit of
(exp(µ+,Θ(m̂, t))M,M). This gives a refined version of Proposition 4.4:

Proposition 4.6. Let Θ ⊂ ∆ and let ρ : Γ→ G be a PΘ-Anosov representation; let
µ+,Θ : Γ\Γ̂×R→ a+

LΘ
be the LΘ-Cartan projection defined in Section 3.3. Suppose

that there exist w′ in W ′ and Θ′ ⊂ ∆′ and a compact C ′ ⊂ a′ such that

φ(Im(µ+,Θ)) ⊂ C ′ + w′ ·W ′Θ′ ·
(
a′+ r

⋃
α′∈Θ′

ker(α′)
)
.

Then φ ◦ ρ is Θ′-Anosov.
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4.2. Groups of rank one. When G is of rank one, for any homomorphism φ :
G→ G′ one can arrange that the closed Weyl chamber a′+ contains φ∗(a+). Thus
Proposition 4.4 implies the following (see also [57, Proposition 3.1])

Proposition 4.7. Let G be a Lie group of real rank one. Let ρ : Γ → G be an
Anosov representation and φ : G → G′ a homomorphism of Lie groups. Assume
that the Weyl chambers of G and G′ are arranged so that φ(a+) ⊂ a′+.

Then φ ◦ ρ is PΘ′-Anosov where Θ′ = {α′ ∈ ∆′ | φ∗α′ = 0}, where φ∗ : a′∗ → a∗

is the map induced by φ..

4.3. Injection of Lie groups: examples and counterexamples. We describe
an example that shows that composing an Anosov representation ρ : Γ → G with
an injective Lie group homomorphism φ : G → G′ does not always give rise to a
(nontrivial) Anosov representation.

Let G1 and G2 be two copies of SL(2,R), G = G1×G2 and G′ = SL(4,R) with
the natural injection φ : G1 × G2 → G′. Let P1 and P2 be parabolic subgroups
of G1 and G2. Up to conjugation the proper parabolic subgroups of G1 × G2 are
P1 ×G2, P1 × P2 and G1 × P2.

Let Q0 be the stabilizer in G′ of a line in R4 and let Q2 be the stabilizer of
a 2-plane. Let ι1, ι2 : Γ → G1, G2 be non-conjugate discrete and faithful repre-
sentations of a surface group Γ; ι1 is P1-Anosov, ι2 is P2-Anosov. Define the two
representations

ρ = (ι1, 1) : Γ→ G1 ×G2, ρ′ = (ι1, ι2) : Γ→ G1 ×G2;

then ρ and ρ′ are P1×G2-Anosov. The representation φ ◦ ρ : Γ→ G is Q0-Anosov.
However the representation φ ◦ ρ′ is not Q0-Anosov. If it were, this would imply
that for all γ ∈ Γ one has |tr(ι1(γ))| ≥ |tr(ι2(γ))|. This is impossible unless ι1 and
ι2 are conjugate (see [72, Theorem 3.1]).

The representation ρ′ is P1×P2-Anosov and, as a consequence, the composition
φ ◦ ρ′ is Q2-Anosov. However, by choosing ι2 appropriately (not discrete and faith-
ful), one can ensure that the composition φ ◦ ρ′ is also not Q2-Anosov, and hence
not Anosov with respect to any proper parabolic subgroup of G′.

4.4. Equivariant maps. In this section we consider representations ρ : Γ → G
that admit a pair of continuous transverse equivariant maps (ξ+, ξ−), ξ± : ∂∞Γ→
F± without requiring any contraction property. We conclude that such represen-
tations are Anosov, at least up to considering them into a subgroup of G.

Recall that a pair (x+, x−) ∈ F+×F− is transverse if it belongs to X ⊂ F+×F−.

Definition 4.8. A pair (x+, x−) ∈ F+ × F− is said to be singular if Stab(x+) ∩
Stab(x−) is a parabolic subgroup. There is one G-orbit of singular pairs, namely
the orbit of (P+

Θ , P
+
ι(Θ)); we denote the set of singular pairs by S ⊂ F+ ×F−.

Definition 4.9. A pair of maps (ξ+, ξ−), ξ± : ∂∞Γ→ F±, is said to be compatible
if

∀t ∈ ∂∞Γ, (ξ+(t), ξ−(t)) ∈ S, ∀t+ 6= t− ∈ ∂∞Γ, (ξ+(t+), ξ−(t−)) ∈ X .

Due to Proposition 4.3 the main case we have to consider is when G = SL(V ).

Proposition 4.10. Let V = D ⊕ H be a decomposition of a vector space V into
a line and a hyperplane. Q+

0 = Stab(D) and Q−0 = Stab(H), and denote by F+ =



ANOSOV REPRESENTATIONS: DOMAINS OF DISCONTINUITY 23

G/Q+
0 = P(V ) and F− = G/Q−0 = P(V ∗) be the corresponding homogeneous spaces.

Let ρ : Γ→ SL(V ) be a representation.
Suppose that:

– ρ is irreducible, and
– ρ admits a compatible pair (ξ+, ξ−) of continuous equivariant maps.

Then ρ is (Q+
0 , Q

−
0 )-Anosov and ξ± are its Anosov maps.

Proof. Only the contraction property needs to be proved. The basic observation
is that the action of the group Γ on its boundary at infinity ∂∞Γ already exhibits
some contraction property and hence one gets contraction along the image of ∂∞Γ
by ξ+. We will use the maps ξ± as much as possible to define an equivariant family
of norms (‖ · ‖m̂)m̂∈Γ̂ and prove the contraction property.

The projection Γ̂→ Γ\Γ̂ is denoted by π.

Definition of ‖ · ‖m̂.
We already observed earlier, that it is enough to prove dilatation on (σ∗E+)m̂ =

Tξ+(τ+(m̂))P(V ), thus we define norms only on these spaces.
The irreducibility of ρ implies that for any p̂ ∈ Γ̂:

– there exist an open neighborhood Vp̂ of p̂ and t1p̂, . . . , t
n−1
p̂ ∈ ∂∞Γ, such

that
– for all m̂ ∈ Vp̂, the sum ξ+(τ+(m̂)) + ξ+(t1p̂) + · · ·+ ξ+(tn−1

p̂ ) is direct,
– for all m̂ ∈ Vp̂ and all i, the sum ξ−(τ−(m̂)) + ξ+(tip̂) is direct,
– π is injective in restriction to Vp̂.

In particular, for all m̂ ∈ Vp̂ and all i, τ±(m̂) 6= tip̂. Furthermore, the set
{(τ+(m̂), tip̂, τ

−(m̂)) | m̂ ∈ Vp̂} is contained in a compact subset of the set of
pairwise distinct triples of ∂∞Γ, which we denote by ∂∞Γ(3).

We first construct a basis (eip̂(m̂))i=1,...,n−1 of Tξ+(τ+(m̂))P(V ), for any m̂ ∈ Vp̂,
that varies continuously with m̂. The vector eip̂(m̂) is defined by the property
that the corresponding map φ : ξ+(τ+(m̂))→ ξ−(τ−(m̂)) (under the isomorphism
Tξ+(τ+(m̂))P(V ) ∼= Hom(ξ+(τ+(m̂)), ξ−(τ−(m̂)))) is such that ξ+(tip̂) = {v + φ(v) |
v ∈ ξ+(τ+(m̂))}. We say that eip̂(m̂) corresponds to the line ξ+(tip̂).

In turn, when m̂ is in Vp̂, we can define a norm on Tξ+(τ+(m̂))P(V ):

‖v‖p̂ =
∑
|λi| if v =

∑
λieip̂(m̂).

By compactness, there exist p̂1, . . . , p̂K such that Γ\Γ̂ =
⋃
π(Vp̂k). For ease of

notation, we will write Vk = Vp̂k , eik(m̂) = eip̂k(m̂), ‖ · ‖k = ‖ · ‖p̂k . There exist
continuous functions f1, . . . , fK : Γ\Γ̂→ R≥0 such that

∑
fk = 1 and Supp(fk) ⊂

π(Vk) for all k.

For all m̂ ∈ Γ̂, we now define a norm ‖ · ‖m̂ on Tξ+(τ+(m̂))P(V ) in a Γ-equivariant
way using the ‖ · ‖k and the fk. For all k, if m̂ ∈ Γ · Vk = π−1(π(Vk)), there exists
a unique γm̂k ∈ Γ such that γm̂k · m̂ belongs to Vk. We then set

‖v‖m̂ =
∑

fk(π(m̂))‖ρ(γm̂k )v‖k =
∑

fk(π(m̂))‖v‖m̂,k, for v ∈ Tξ+(τ+(m̂))P(V ),

this is well defined and continuous in m̂.
The relation γm̂k = γγm̂k γ is easy to check and implies the equivariance:

‖ρ(γ)v‖γ·m̂ =
∑

fk(π(γm̂))‖ρ(γγm̂k )ρ(γ)v‖k =
∑

fk(π(m̂))‖ρ(γm̂k )v‖k = ‖v‖m̂.



24 OLIVIER GUICHARD AND ANNA WIENHARD

The contraction property.
To check the contraction property, as in the proof of Proposition 3.16, we only

need to prove weak dilatation, that is

– ∀m̂ ∈ Γ̂, v ∈ Tξ+(τ+(m̂))P(V ), and sequence (xl)l∈N in R with xl 7→ +∞,
one has lim ‖v‖φxlm̂ = +∞.

Note that it is enough to have lim ‖v‖φxlm̂,k = +∞ for some k. Hence we can
assume (up to passing to a subsequence) that, for all l, φxlm̂ ∈ Γ · Vk. Let γl be
such that γl · φxlm̂ ∈ Vk. Thus, by definition,

‖v‖φxlm̂,k =
∑
|λil| with ρ(γl)v =

∑
λile

i
k(γl · φxlm̂);

hence v =
∑
λilε

i
l where ε

i
l = ρ(γ−1

l )eik(γl ·φxlm̂) is the vector of Tξ+(τ+(m̂))P(V ) ∼=
Hom(ξ+(τ+(m̂)), ξ−(τ−(m̂))) which corresponds to the line ξ+(γ−1

l ·tik). It is there-
fore enough to prove that εil 7→ 0 which is equivalent to ξ+(γ−1

l · tik) 7→ ξ+(τ+(m̂)).
From the continuity of ξ+, it suffices to prove γ−1

l · tik 7→ τ+(m̂).
For this, note first that, since the sequence (γl ·φxlm̂)l∈N is contained in Vk, the

triples (τ+(γl ·φxlm̂), tik, τ
−(γl ·φxlm̂)) belong to a compact subset of ∂∞Γ(3). The

action of Γ on ∂∞Γ(3) is proper and cocompact (see [15]), thus γl 7→ ∞ implies that
the sequence (τ+(φxlm̂), γ−1

l · tik, τ−(φxlm̂)) = (τ+(m̂), γ−1
l · tik, τ−(m̂)) diverges in

∂∞Γ(3). This means either that γ−1
l · tik 7→ τ+(m̂) or that γ−1

l · tik 7→ τ−(m̂). The
second possibility is easily eliminated (as it would contradict that φxlm̂ = γ−1

l · m̂l

tends to τ+(m̂) with m̂l = γl · φxlm̂ being bounded). Thus we conclude that
γ−1
l · tik 7→ τ+(m̂). �

From Proposition 4.10 and Proposition 4.3, we deduce the following

Theorem 4.11. Let ρ : Γ→ G be a Zariski dense representation and P+, P− < G
opposite parabolic subgroups of G. Suppose that ρ admits a pair of equivariant
continuous compatible maps (Definition 4.9) ξ+ : ∂∞Γ→ F+, ξ− : ∂∞Γ→ F−.

Then the representation ρ is (P+, P−)-Anosov and (ξ+, ξ−) are the associated
Anosov maps.

Proof. By classical representation theory there exists an irreducible G-module V
admitting a decomposition V = D ⊕ H into a line and a hyperplane and such
that P+ = StabG(D) and P− = StabG(H). The result then follows from Proposi-
tion 4.10 and Proposition 4.3. �

Remark 4.12. A G-module satisfying the hypothesis of Proposition 4.3 is easy to
find; e.g.

∧p
g where p = dim p+. Taking the irreducible factor containing the line∧p

p+ gives an irreducible module V satisfying the requirements of the above proof.

Remark 4.13. As a conclusion of Theorem 4.11, a representation ρ : Γ → G ad-
mitting a pair of compatible ρ-equivariant and continuous maps (ξ+, ξ−) is Anosov
when considered as a representation into its Zariski closure H (or more precisely
into the quotient of H by its radical, since we define Anosov representations only
into semisimple Lie groups). Proposition 4.4 then gives sufficient conditions for the
representation ρ : Γ→ G to be Anosov.

Remark 4.14. Recently Sambarino [67] established counting theorems for represen-
tations of fundamental groups of negatively curved manifolds into SL(V ) satisfying
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the assumptions of Proposition 4.10. Using Proposition 3.16 his results should ex-
tend to all (Q+

0 , Q
−
0 )-Anosov representations of fundamental groups of negatively

curved manifolds into SL(V ).

4.5. Parabolic subgroups conjugate to their opposite. A parabolic subgroup
P+

Θ is conjugate to P−Θ if and only if Θ = ι(Θ). Lemma 3.18 states that any Anosov
representation is PΘ-Anosov for some Θ satisfying Θ = ι(Θ). In that case the two
homogeneous spaces F+

Θ = G/P+
Θ and F−Θ = G/P−Θ are canonically identified.

Hence, by uniqueness (Lemma 3.3), there is a single Anosov map

ξ = ξ+ = ξ− : ∂∞Γ→ F+
Θ = F−Θ = FΘ.

Definition 4.15. A map ξ : ∂∞Γ → FΘ is said to be transverse if for all t+ 6=
t− ∈ ∂∞Γ, the pair (ξ(t+), ξ(t−)) ⊂ FΘ ×FΘ is transverse.

A special case of Theorem 4.11 is the following

Corollary 4.16. Let ρ : Γ → G be a Zariski dense representation. Suppose that
Θ = ι(Θ) and assume that there exists a continuous ρ-equivariant map ξ : ∂∞Γ→
FΘ such that for all t+ 6= t− ∈ ∂∞Γ, the pair (ξ(t+), ξ(t−)) is transverse.

Then the representation ρ is PΘ-Anosov.

When Θ = ι(Θ), there exists an irreducible G-module V with a G-invariant non-
degenerate bilinear form F , and an isotropic line D in V such that P+

Θ = StabG(D).
We denote by GF the automorphism group of (V, F ). The irreducibility implies that
F can be supposed to be either symmetric or skew-symmetric, i.e. GF = O(V, F )
or Sp(V, F ). We denote by Q0 the stabilizer in GF of the line D. This discussion
together with Proposition 4.3 implies

Proposition 4.17. A representation ρ : Γ → G is Anosov if and only if there is
a self-dual G-module (V, F ) with φ : G → GF the corresponding homomorphism,
such that φ ◦ ρ is Q0-Anosov.

Applying the construction of Lemma 8.8.(iii) below we deduce the following

Corollary 4.18. A representation ρ : Γ → G is Anosov if and only if there is a
Lie group homomorphism φ : G → O(V, F ) such that φ ◦ ρ : Γ → O(V, F ) is a
Q0-Anosov representation.

5. Discreteness, metric properties and openness

5.1. Quasi-isometric embeddings and well displacing. The group Γ is en-
dowed with the left invariant distance dΓ coming from a word length `Γ. The group
G is endowed with the distance dG comming from a left invariant Riemannian met-
ric. With this distance G is quasi-isometric to any homogeneous space G/M where
M is a compact subgroup, endowed with a left invariant Riemannian metric. The
translation length of an element γ ∈ Γ (resp. g in G) is

tΓ(γ) = inf
x∈Γ

dΓ(x, γx) (resp. tG(g) = inf
x∈G

dG(x, gx)).

Definition 5.1. A representation ρ : Γ→ G is a quasi-isometric embedding if there
exist positive constants K,C such that, for every γ ∈ Γ,

K−1`Γ(γ)− C ≤ dG(1, ρ(γ)) ≤ K`Γ(γ) + C
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(for generalities on quasi-isometries, quasi-geodesics, etc. see [26, Chapitre 3]). A
representation ρ : Γ→ G is said to be well displacing [27, 59] if, for all γ ∈ Γ,

K−1tΓ(γ)− C ≤ tG(ρ(γ)) ≤ KtΓ(γ) + C.

Remark 5.2. Note that, since Γ is finitely generated, the upper bound is
automatically satisfied. Furthermore, from the classical equality tG/K(g) =
lim dG/K(K, gnK)/n, where G/K is the symmetric space associated with G, en-
dowed with a left invariant Riemannian metric, it follows that any representation
ρ which is a quasi-isometric embedding is also well displacing.

Theorem 5.3. Let ρ be an Anosov representation, then ρ : Γ → G is a quasi-
isometric embedding. In particular:

(i) ker ρ is finite, (ii) ρ(Γ) < G is discrete, and (iii) ρ is well displacing.

Proof. We consider σ̂, β̂, µ+,Θ, µ−,Θ, which were introduced in Section 3.3. Since
Γ and Γ̂ are quasi-isometric, it is enough to show that β̂ : Γ̂ → G/M is a quasi-
isometric embedding. As a matter of fact Proposition 3.16 already shows that there
are constants (K,C) such that the restriction of β̂ to any R-orbit is a (K,C)-quasi-
geodesic. To conclude, one has to note the following property of Γ̂, which is a
consequence of its hyperbolicity: there exists D ≥ 0 such that for any m, p in Γ̂

there exist m0, p0 ∈ Γ̂ that are on the same R-orbit and such that d(m,m0) ≤ D
and d(p, p0) ≤ D. �

In the case when Γ = π1(Σ) is the fundamental group of a closed connected
oriented surface of genus ≥ 2, following arguments of [59, Section 6.3], or when Γ
is a free group, following the arguments of [61, Theorem 3.3] one can deduce from
Theorem 5.3 and from Theorem 5.14 that the action of the outer automorphism
group of Γ on the set of Anosov representations is proper. We expect that the
arguments of [61, Theorem 3.3] can be generalized to arbitrary word hyperbolic
groups.

For this let HomAnosov(Γ, G) denote the set of Anosov representations and de-
note by (HomAnosov(Γ, G)/G)red its Hausdorff quotient (i.e. two elements x, y ∈
HomAnosov(Γ, G)/G are identified if every neighborhood of x meets any neighbor-
hood of y).

Corollary 5.4. Let Σ be a connected orientable surface of negative Euler charac-
teristic and Γ = π1(Σ). Then the outer automorphism group of Γ acts properly on
(HomAnosov(Γ, G)/G)red.

5.2. Proximality. In this section we show that images of Anosov representations
have strong proximality properties.

Recall that (P+, P−) is a fixed pair of opposite parabolic subgroups in G and
F± = G/P± denote the corresponding homogeneous spaces.

For x− ∈ F−, set V −(x−) = {x ∈ F+ | x and x− are not transverse}.

Definition 5.5. An element g ∈ G is said to be proximal relative to F+ (or F+-
proximal) if g has two fixed points, x+ ∈ F+ and x− ∈ F− with x+ /∈ V −(x−) and
such that for all x /∈ V −(x−), limn→+∞ gn · x = x+.

A subgroup Λ < G is proximal if it contains at least one proximal element.

When g is proximal, the fixed points x+ and x− are uniquely determined, we
denote them by x+

g and x−g .
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When Λ < G is a subgroup which is proximal with respect to F±, then there
exists a well defined closed Γ-invariant minimal set L±Λ ⊂ F±, which is called the
limit set of Γ, see [6]; it is the closure of the set of attracting fixed points of proximal
elements in Λ.

Let d be a (continuous) distance on F+ and define
– for x+ ∈ F+, bε(x+) = {x ∈ F+ | d(x, x+) ≤ ε}, and
– for x− ∈ F−, Bε(x−) = {x ∈ F+ | d(x, V −(x−)) ≥ ε}.

Definition 5.6. An element g is (r, ε)-proximal (or (r, ε)-F+-proximal) if g has
two fixed points x+ ∈ F+ and x− ∈ F− such that d(x+, V −(x−)) ≥ r, g ·Bε(x−) ⊂
bε(x

+) and g|Bε(x−) is ε-contracting.

In [1] Abels, Margulis and Sŏıfer investigated proximality properties of strongly
irreducible subgroups of GL(V ). In order to restate their result let us make the
following

Definition 5.7. A subgroup Λ < G is said to be (AMS)-proximal (or proximal
in the sense of Abels, Margulis ans Sŏıfer) relative to F+ if there exist constants
r > 0 and ε0 > 0 such that, for any ε < ε0 the following holds:

– there exists a finite subset S ⊂ Λ with the property that, for any δ ∈ Λ,
there is s ∈ S such that sδ is (r, ε)-proximal.

A representation ρ : Γ → G is said to be (AMS)-proximal if ker ρ is finite and
ρ(Γ) is (AMS)-proximal.

With this, the result of Abels, Margulis and Sŏıfer can be reformulated as follows.

Theorem 5.8. [1, Theorem 4.1]
If Λ < SL(V ) is strongly irreducible (i.e. any finite index subgroup acts irreducibly

on V ) then Λ is (AMS)-proximal relative to P(V ).

For Anosov representations we have the following:

Theorem 5.9. If ρ : Γ → G is P+-Anosov, then ρ is (AMS)-proximal relative to
F+.

Proof. Lemma 3.1 already shows that ρ(γ) is proximal relative to F±, when γ 6= 1.
The following theorem thus implies the statement. �

Theorem 5.10. Let Λ < G be a subgroup. If Λ is proximal relative to F±, then Λ
is (AMS)-proximal relative to F±.

Proof. The strategy is to reduce to the situation of a strongly irreducible subgroup
of SL(V ) and then to apply Theorem 5.8.

Let V be an irreducible G-module with a decomposition V = D ⊕H into a line
and a hyperplane, such that P+ = StabG(D) and P− = StabG(H), and denote
by φ : G → SL(V ) the embedding. The induced maps φ+ : F+ → P(V ) and
φ− : F− → P(V ∗) satisfy the following property: for x− ∈ F− we have V −(x−) =
(φ+)−1(P(φ−(x−))), where one considers φ−(x−) as a hyperplane in V . Thus, if
g ∈ G is proximal with respect to F±, then φ(g) is proximal with respect to P(V )
and P(V ∗). Moreover, if φ(g) is (r, ε)-proximal on P(V ) then g is (r′, ε′)-proximal
on F+ for some functions r′ = r′(r) and ε′ = ε′(r, ε) satisfying ε′(r, ε) ε→0−−−→ 0. Thus
from now on we suppose that G = SL(V ).
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We consider the Λ-invariant subspace W =
⋂
x∈L−Λ

x, where x is regarded as
hyperplane in V , and assume that W is non-empty. Using the minimality of the
action of Λ on L+

Λ we have L+
Λ ∩ P(W ) = ∅. Moreover Λ < Stab(W ) and thus,

Λ defines a subgroup Λ̄ < SL(V/W ) which is P(V/W ) and P(V/W ∗) proximal.
Lemma 5.11 below (with δ = d(L+

Λ ,P(W )) > 0) implies that if Λ̄ is (AMS)-proximal
then so is Λ.

Therefore, we can assume
⋂
x∈L−Λ

x = {0}. Analogously we can assume∑
x∈L+

Λ
x = V . By Lemma 5.12 below this implies that Λ is strongly irreducible.

Thus Theorem 5.8 implies that Λ is (AMS)-proximal. �

Lemma 5.11. Let δ > 0 be a real number and W ⊂ V two vector spaces. Then
there are functions r′ : R>0 → R>0 and ε′ : R2

>0 → R>0 satisfying ε′(r, ε) ε→0−−−→ 0
and such that:

– If g ∈ Stab(W ) is proximal with W ⊂ x−g and d(W,x+
g ) ≥ δ and π(g) ∈

SL(V/W ) is (r, ε)-proximal, then g is (r′, ε′)-proximal.

Proof. The statement follows from a direct compactness argument. �

Lemma 5.12. Let Λ < SL(V ) be a F±-proximal subgroup. Suppose that⋂
x∈L−Λ

x = {0} and
∑
x∈L+

Λ

x = V.

Then Λ is strongly irreducible.

Proof. Let Λ′ be a finite index subgroup of Λ. Any closed Λ′-invariant subset of L±Λ
is either ∅ or L±Λ . Suppose that W ⊂ V is Λ′-invariant. For any proximal element
g ∈ Λ′ one has

W = x+
g ∩W ⊕ x−g ∩W,

where x±g are the attractive fixed points of g in P(V ) and P(V )∗ respectively. Hence
x+
g ⊂W or x−g ⊃W , and consequently one of the following two closed Λ′-invariant

subset is nonempty:

{x ∈ L+
Λ | x ⊂W} or {x ∈ L−Λ | x ⊃W}.

If the first is nonempty, one concludes that W ⊃
∑
x∈L+

Λ
x = V ; if the second set

is nonempty, W ⊂
⋂
x∈L−Λ

x = {0}. In either case W is trivial, proving the strong
irreducibility of Λ. �

5.3. Openness. In this section we prove that the set of Anosov representations is
open. In the case of fundamental groups of negatively curved Riemannian mani-
folds, this is proven in [57, Proposition 2.1].

Let P be a parabolic subgroup of G. Denote by HomP -Anosov(Γ, G) the set of
P -Anosov representations.

Theorem 5.13. The set HomP -Anosov(Γ, G) is open in Hom(Γ, G).
Furthermore the map HomP -Anosov(Γ, G)→ C0(∂∞Γ,F) associating to a repre-

sentation ρ its Anosov map is continuous.

As a corollary a small adaptation of the proof of Theorem 5.3 gives the following
uniformity statement:
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Theorem 5.14. Let ρ : Γ → G be a P -Anosov representation. Then there exist
constants K,C > 0 and an open neighborhood U of ρ in Hom(Γ, G) such that every
representation ρ′ ∈ U is a (K,C)-quasi-isometric embedding.

Proof of Theorem 5.13. By Proposition 4.3 we can reduce to the case when G =
SL(V ) and P = Q+

0 . Let F+ = P(V ) and F− = P(V ∗). Given a representation
ρ : Γ → G consider the bundles F+

ρ = Γ̂ ×ρ F+ and F−ρ = Γ̂ ×ρ F−. We denote
by (dm)m∈Γ\Γ̂ a (continuous) family of distances on the fibers of F+

ρ , i.e. dm is a
distance on (F+

ρ )m ∼= P(V ). We will regard an element in (F−ρ )m ∼= P(V ∗) as a
hyperplane in (F+

ρ )m.
Suppose now that ρ is Anosov. Let ξ+ and ξ− be the Anosov maps, and σ :

Γ\Γ̂ → Xρ ⊂ F+
ρ × F−ρ the section defined by (ξ+, ξ−). For all ε > 0 consider

(topological) subbundles Bε and bε defined fiberwise, i.e. for all m ∈ Γ\Γ̂,

(Bε)m = {l ∈ (F+
ρ )m | dm(l, ξ−(m)) > ε},

(bε)m = {l ∈ (F+
ρ )m | dm(l, ξ+(m)) < ε}.

The space of continuous sections of those bundles are denoted by Γ(F+
ρ ), Γ(Bε)

and Γ(bε). Note that Γ(F+
ρ ) is a complete metric space. Furthermore there exists

ε0 > 0 such that for all ε < ε0, bε ⊂ Bε.
The flow φt acts naturally on F+

ρ and on the space of sections Γ(F+
ρ ). The

contraction property implies:
– for all ε < ε0 there exists Tε such that for all t ≥ Tε, and for all f ∈ Γ(Bε)

one has φ−t · f ∈ Γ(bε). Moreover, for all t ≥ Tε, the map φ−t : Γ(Bε) →
Γ(Bε) is ε-contracting.

Now let U be a neighborhood of ρ in Hom(Γ, G). Consider the bundles F±U over
U × Γ\Γ̂:

F±U = (U × Γ̂)×ρ F±,

where the action of Γ on U×Γ̂ is trivial on the first factor, i.e. γ ·(ρ′, m̂) = (ρ′, γ ·m̂).
For U small enough the bundles (F±ρ′ )ρ′∈U are all isomorphic, i.e. there exists a

bundle isomorphism ψ : F+
U → U ×F+

ρ with ψ|F+
ρ

= Id ([70, p. 53]). Note that the
flow φt acts on F+

U and hence on the space of sections Γ(F+
U ).

By continuity (and again for U small enough) there exists ε1 > 0 such that for
all ε < ε1 there exists T0 such that for all t ≥ T0 the following holds:

– for any section fU ∈ Γ(ψ−1(U × Bε)), its image φ−t · fU by the flow
belongs to Γ(ψ−1(U × bε)); moreover the map φ−t : Γ(ψ−1(U × Bε)) →
Γ(ψ−1(U ×Bε)) is 2ε-contracting.

Since {φ−t}t≥T0 is a commuting family of contracting maps, they have a unique
common fixed point ξ+

U in Γ(ψ−1(U × Bε)). Certainly ξ+
U is also fixed by φt for

any t ∈ R. Furthermore, the contraction property implies that ξ+
U |{ρ}×Γ\Γ̂ = ξ+.

Similarly one finds ξ−U extending ξ−.
Since ξ+

U and ξ−U are transverse in restriction to {ρ} × Γ\Γ̂, for U small enough,
ξ+
U and ξ−U are transverse on U × Γ\Γ̂. Therefore XU = (U × Γ̂)×ρ X ⊂ F+

U ×F
−
U

admits a section σU = (ξ+
U , ξ

−
U ) that is flat along flow lines.

The action of φt on (σ∗UE
+)|{ρ}×Γ\Γ̂ (resp. (σ∗UE

−)|{ρ}×Γ\Γ̂) is dilating (resp.
contracting) (see Section 2.1 for the definition of E±). Hence, again for U small
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enough, this implies that the action of φt is dilating on σ∗UE
+ (resp. contracting on

σ∗UE
−).

This shows that there exists a neighborhood U of ρ in Hom(Γ, G) such that
any ρ′ ∈ U is Q+

0 -Anosov, and moreover the Anosov map varies continuously with
ρ′. �

5.4. Groups of rank one. When G is of rank one, there is only one conjugacy
class of parabolic subgroups. Henceforth we can talk of Anosov representations
unambiguously. Furthermore two points in F = G/P are transverse if and only if
there are distinct.

A subgroup Λ < G is said to be convex cocompact if it acts properly discon-
tinuously and cocompactly on a convex subset C of the symmetric space G/K. In
that case Λ is hyperbolic, and ∂∞Λ ∼= ∂∞C injects into ∂∞(G/K) ∼= G/P and the
injection Λ → G is a quasi-isometric embedding. Conversely, [14, Corollaire 1.8.4,
Proposition 1.8.6] if the injection Λ→ G is a quasi-isometric embedding then Λ is
convex cocompact. Thus from [14] and the characterizations of Anosov representa-
tions one has:

Theorem 5.15. Let G be a Lie group of real rank one. Let ρ : Γ → G be a
representation. Then the following are equivalent:

(i) ρ is Anosov.
(ii) There exists ξ : ∂∞Γ→ G/P a continuous, injective and equivariant map.
(iii) ρ is a quasi-isometric embedding.
(iv) ker ρ is finite and Λ = ρ(Γ) is convex cocompact.

6. Examples

In this section we give various examples of Anosov representations.

6.1. Groups of rank one. If G is a semisimple Lie group of rank one and Γ <
G is a convex cocompact subgroup, then the injection ι : Γ → G is Anosov by
Theorem 5.15. This gives the following examples:

(i) Inclusion of uniform lattices.
(ii) Embeddings of free groups as Schottky groups.
(iii) Embeddings of Fuchsian groups into PSL(2,R).
(iv) Embeddings of quasi-Fuchsian groups into PSL(2,C).

Composing the representation ι : Γ → G with an embedding φ : G → G′ of G
into a Lie group of higher rank G′, we obtain an Anosov representation φ◦ι : Γ→ G′

(Proposition 4.7). By Theorem 5.13 any small enough deformation of φ◦ι is also an
Anosov representation. In many cases there exist small deformations with Zariski
dense image. In some particular cases all deformations of φ ◦ ι remain Anosov
representations.

We list some examples, several of which will be discussed in more detail below:
(i) Holonomies of convex real projective structures: Let ι : Γ → SO(1, n)

be the embedding of a uniform lattice. Consider φ ◦ ι : Γ → PGL(n +
1,R), where φ : SO(1, n) → PGL(n + 1,R) is the standard embedding;
this is a Q0-Anosov representation, where Q0 < PGL(n + 1,R) is the
stabilizer of a line. Moreover, ι(Γ) preserves the quadric in Pn(R) (the
Klein model for hyperbolic space) and acts on it properly discontinuously
with compact quotient. In particular, φ ◦ ι is an example of a holonomy
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representation of a convex real projective structure. In [8] Benoist shows
that the entire connected component of Hom(Γ,PGL(n+1,R)) containing
φ ◦ ι consists of holonomies of convex real projective structures, hence of
Anosov representations. More details are given in Section 6.2.

(ii) Hitchin component: Let Γ be the fundamental group of a closed connected
oriented surface Σ of genus ≥ 2, and ι : Γ→ PSL(2,R) a discrete embed-
ding. Let φ : PSL(2,R) → PSL(n,R) be the n-dimensional irreducible
representation. Then φ◦ ι is B-Anosov, where B < PSL(n,R) is the Borel
subgroup. The connected component of Hom(Γ,PSL(n,R))/PSL(n,R)
containing φ ◦ ι is called the Hitchin component, it is known that every
representation in the Hitchin component is B-Anosov. More details are
given in Section 6.3.

By a theorem of Choi and Goldman [25], for n = 3 representations
in the Hitchin component are precisely the holonomy representations of
convex real projective structures on Σ.

(iii) Quasi-Fuchsian groups in SO(2, n): In [4] Barbot and Mérigot introduced
the notion of quasi-Fuchsian representations ρ : Γ→ SO(2, n) of a uniform
lattice Γ < SO(1, n), the basic example being the injection of a lattice
Γ < SO(1, n) composed with the natural embedding SO(1, n) < SO(2, n).
They showed that quasi-Fuchsian representations are precisely Q0-Anosov,
where Q0 < SO(2, n) is the stabilizer of an isotropic line. In unpublished
work, Barbot shows furthermore that the entire connected component in
Hom(Γ,SO(2, n)) of the injection Γ → SO(1, n) → SO(2, n) consists of
quasi-Fuchsian representations [3].

6.2. Holonomies of convex projective structures. A discrete group Γ <
SL(V ) is said to divide an open convex set C in P(V ) (i.e. the projectivization
of a convex cone in V ) if Γ acts properly discontinuously on C with compact quo-
tient (see [11, 66] for surveys on this subject). The cone C is said to be strictly
convex if ∂C intersects every projective line in at most two points.

A discrete group Γ < SL(V ) dividing a convex set C, is hyperbolic if and only if
C is strictly convex [7, Théorème 1.1]. In that case ∂∞Γ is naturally homeomorphic
to ∂C ⊂ P(V ). This identification gives an equivariant map ξ+ : ∂∞Γ → P(V ).
Since Γ also divides the dual cone C∗ in P(V ∗) (see [66, Lemme 2.10]) one gets a
second equivariant map ξ− : ∂∞Γ → P(V ∗). Strict convexity of C easily implies
that (ξ+, ξ−) is compatible (Definition 4.9). Furthermore by [74] the action of Γ on
V is irreducible. Hence Proposition 4.10 applies and we have

Proposition 6.1. Let Γ < SL(V ) be a discrete subgroup dividing a strictly convex
set C ⊂ P(V ). Then the inclusion Γ→ SL(V ) is a Q0-Anosov representation, where
Q0 is the stabilizer of a point in P(V ).

The quotient Γ\C is an orbifold with a convex real projective structure. A repre-
sentation ρ : Γ→ SL(V ) whose image divides a strictly convex set is thus the holo-
nomy of a convex real projective structure. Koszul [56] showed that for any finitely
generated group Γ, the set of such holonomy representations in Hom(Γ,PGL(n,R))
is open. Benoist [8] showed that this set is a connected component if and only if
the virtual center of Γ is trivial.

Examples of convex real projective structures on manifolds whose fundamental
groups are not isomorphic to a lattice in a Lie group have been constructed by
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Benoist [9, 10]. Kapovich [48] provides several examples of convex real projec-
tive structures on Gromov-Thurston manifolds, i.e. compact manifolds which carry
a metric of negative curvature pinched arbitrarily close to −1 but which do not
admit a metric of constant negative curvature. The corresponding holonomy rep-
resentations thus give examples of Anosov representations of hyperbolic groups Γ
into SL(V ), with Γ not being isomorphic to a lattice in a Lie group.

6.3. Hitchin components. Let G be the split real form of an adjoint simple
algebraic group, i.e. G = PSL(n,R), PSO(n, n), PSO(n, n + 1), PSp(2n,R) or a
split real form of an exceptional group. Any such group admits a principal three
dimensional subgroup, that is an (up to conjugation) well defined homomorphism
φp : PSL(2,R) → G that generalizes the n-dimensional irreducible representation
PSL(2,R) → PSL(n,R). The principal PSL(2,R) (or, more accurately, its Lie
algebra) was discovered simultaneously by Dynkin and de Siebenthal, later Kostant
studied its connection with the representation theory of G. The relevant results, as
well as references to Kostant’s papers, are summarized in [46, Sections 4 and 6].

Let Γ be the fundamental group of a closed connected oriented surface of genus
≥ 2. The Hitchin components are the connected components of Hom(Γ, G)/G
containing representation of the form φp ◦ ι where ι : Γ → PSL(2,R) is a discrete
embedding.

Theorem 6.2. [57, Theorems 4.1, 4.2], [29, Theorem 1.15] Every representation ρ
in the Hitchin component is (B+, B−)-Anosov, where (B+, B−) is a pair of opposite
Borel subgroups of G.

Remark 6.3. In fact, Fock and Goncharov in [29] provide a continuous equivariant
map ξ : ∂∞Γ→ G/B+ that satisfies the transversality property of Definition 4.15.
Thus Corollary 4.16, together with an analysis of the potential Zariski closures of
Hitchin representations, implies the above theorem. One can also use the positivity
property of the equivariant curve, see [29, Definition 1.10], to obtain directly the
control on A+(m, t) required in Proposition 3.16.

Remark 6.4. When G is a split real simple Lie group, which is not adjoint (e.g.
SL(n,R) of Sp(2n,R)), we call a connected component of Hom(Γ, G)/G a Hitchin
component if and only it its image in Hom(Γ, Gad)Gad is the Hitchin component,
where Gad is the adjoint group of G.

6.4. Maximal representations. Let G be a Lie group of Hermitian type, i.e. G
is connected, semisimple with finite center and has no compact factors and the
symmetric space H = G/K admits a G-invariant complex structure. Let Γ be the
fundamental group of a closed connected oriented surface of genus ≥ 2. There is
a characteristic number, often called the Toledo invariant, τG : Hom(Γ, G) → Z,
which satisfies a Milnor-Wood type inequality [21, Section 3]: |τG(ρ)| ≤ (2g −
2)c(G), where c(G) is a constant depending only on G.

Definition 6.5. A representation is said to be maximal if τG(ρ) = (2g − 2)c(G).

Let Š = G/P̌ be the Shilov boundary of G; it is the closed G-orbit in the
boundary of the bounded symmetric domain realization of H. (see [75, Chapter 4]
and [68]).

Theorem 6.6. [20] Any maximal representation ρ : Γ→ G is P̌ -Anosov.
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The symplectic group Sp(2n,R) is of Hermitian type. Its Shilov boundary Š
is the space L of Lagrangian (i.e. maximal isotropic) subspaces of R2n. In that
case the map ξ : ∂∞Γ→ L associated to a maximal representation was constructed
in [18]; it satisfies the following transversality condition: for all t+ 6= t− in ∂∞Γ,
ξ(t+)⊕ ξ(t−) = R2n.

Remark 6.7. In many cases Theorem 6.6 can be deduced from the corresponding
result for symplectic groups.

Indeed note that, up to passing to a finite index subgroup, the image of a maximal
representation ρ : π1(Σ) → G is contained in a Lie group H of Hermitian type,
which is of tube type [21, Theorem 5]. Furthermore if G is a classical Lie group,
then H is also a classical group and therefore (up to taking finite covers) admits a
tight embedding φ : H → Sp(2n,R), which extends to an equivariant map of the
Shilov boundary Š of H into the space of Lagrangians L, (this was already used in
[76], see definitions and references therein, in particular [19] for the notion of tight
embeddings). Up to passing to a finite index subgroup, the composition φ ◦ ρ :
π1(Σ) → Sp(2n,R) is a maximal representation into the symplectic group. Thus,
as a consequence of Corollary 3.4 and Proposition 4.1 one can deduce Theorem 6.6
in the case when G is a classical Lie group from the case of the symplectic group.

6.5. Projective Schottky groups. In [63] Nori constructed Schottky groups Γ ⊂
PGL(2n,C), which act properly discontinuously and cocompactly on an open subset
Ω ⊂ P(C2n). These examples have been generalized by Seade and Verjovsky in
[69]. Their construction also gives discrete free subgroups of PGL(2n,R). The
embeddings ρ : Γ → PGL(2n,K), K = R,C, of these projective Schottky groups
are Pn-Anosov representations, where Pn is the stabilizer of an n-dimensional K-
vector subspace in K2n (see [38]). Such Schottky groups do not exist in PGL(2n+
1,K), see [23].

Part 2. Domains of discontinuity

7. Automorphism groups of sesquilinear forms

In this section we construct domains of discontinuity for discrete subgroups of
automorphism groups of non-degenerate sesquilinear forms, which exhibit special
dynamical properties. We then apply this construction to Anosov representations
of hyperbolic groups.

7.1. Notation. Let (V, F ) be a (right) K-vector space (with K = R,C or H) with
a non-degenerate form F : V ⊗R V → K, linear in the second variable (F (x, yλ) =
F (x, y)λ)2 and such that:

– If K = R, F is an indefinite symmetric form or a skew-symmetric form.
– If K = C, F is a symmetric form, a skew-symmetric form or an indefinite

Hermitian form.
– If K = H, F is an indefinite Hermitian form or a skew-Hermitian form.

Let GF < GL(V ) be the automorphism group of (V, F ). Then GF is O(p, q)
(0 < p ≤ q), Sp(2n,R); O(n,C), Sp(2n,C), U(p, q), (0 < p ≤ q); Sp(p, q) (0 < p ≤
q) or SO∗(2n) respectively.

2the order in the equation matters only for the case K = H.
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We denote by

F0 = GF /Q0 = P({x ∈ V | F (x, x) = 0}) ⊂ P(V )

the space of isotropic lines and by

F1 = GF /Q1 = {P ∈ Grl(V ) | F |P = 0}

the space of maximal isotropic subspaces of V . Here Grl(V ) denotes the Grassman-
nian of l-planes with l = p if GF = O(p, q) (0 < p ≤ q), l = n if GF = Sp(2n,R),
etc. When we explicitly want to refer to the vector space we will use the notation
F0(V ) and F1(V ). In the case of GF , transversality of points in Fi can be put
concretely:

Lemma 7.1. A pair (P1, P2) ∈ Fi ×Fi is transverse if and only if P1 +P⊥F2 = V

(or equivalently P1 ∩ P⊥F2 = {0}, or P⊥F1 + P2 = V , etc.).

The closed G-orbit in F0 ×F1 is

F01 = {(D,P ) ∈ F0 ×F1 | D ⊂ P}.

There are two projections πi : F01 → Fi, i = 0, 1.
For any subset A ⊂ Fi we define a subset KA in F1−i by

KA = π1−i(π
−1
i (A)) = {D ∈ F0 | ∃P ∈ A,D ⊂ P} if i = 1,

= {P ∈ F1 | ∃D ∈ A,D ⊂ P} if i = 0.

If A is closed, KA is closed.

7.2. Subgroups with special dynamical properties. We denote the Lie al-
gebra of GF by g and use the notation introduced in Section 4.5. One can
choose a basis of V such that a ⊂ g ⊂ gl(V ) is the set of diagonal matrices
diag(t1, . . . , tl, 0, . . . , 0,−tl, . . . ,−t1) with ti ∈ R for all i (here l = rkRGF ), and
such that a+ are those matrices satisfying t1 > t2 > · · · > tl > 0. Let α1 de-
note the simple root of a such that Q1 = P∆r{α1} (see Section 4.5). Then α1 is
diag(t1, . . . , tl, . . . ) 7→ tl (or diag(t1, . . . , tl, . . . ) 7→ 2tl if there are no “zeroes”). The
root α0 such that Q0 = P∆r{α0} is diag(t1, . . . , tl, . . . ) 7→ t1 − t2.

Definition 7.2. A discrete subgroup Γ < GF is αi-divergent, i = 0, 1, if:
– any sequence (gn)n∈N in G diverging to infinity has a subsequence

(gφ(n))n∈N such that limn→∞ αi(µ(gφ(n))) =∞.

Lemma 7.3. Let Γ < GF be a discrete αi-divergent subgroup. Then Γ is proximal
with respect to Fi.

Proof. This is a direct consequence of [6, Section 3.2, Lemme]. �

Theorem 7.4. Let Γ < GF be a discrete subgroup, and let i be 0 or 1. Assume
that Γ is αi-divergent. Let LΓ < Fi denote the limit set of Γ. Set

ΩΓ = F1−i rKLΓ
.

Then ΩΓ ⊂ F1−i is a Γ-invariant open subset. Moreover, Γ acts properly discon-
tinuously on ΩΓ.
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Proof. We consider the case when Γ < GF is α1-divergent. The proof for the other
case is entirely analogous. We consider a point x ∈ F1 as a subspace of V , in
particular P(x) ⊂ F0 ⊂ P(V ).

Let LΓ < F1 be the limit set. We want to show the properness of the action of
Γ on ΩΓ, where

ΩΓ = F0 rKLΓ
= F0 r

⋃
x∈LΓ

P(x) ⊂ P(V ).

We argue by contradiction.
Suppose that there exist compact subsets A and B of ΩΓ and a sequence (γn)n∈N

in Γ such that: γn
n→+∞−−−−−→∞, and for all n, γnA ∩B 6= ∅.

(i) By Theorem 5.10 there is a finite set S ⊂ Γ such that, for all n, there is sn ∈ S
such that snγn is (r, ε)-proximal relative to F1. Also snγnA ∩ snB is nonempty.
Hence, up to replacing (γn) by (snγn) and B by

⋃
s∈S sB, we can suppose that γn

is (r, ε)-proximal for all n.
(ii) Let x+

n , x
−
n ∈ LΓ be the attracting and repelling fixed points of γn ∈ Γ. Up

to extracting a subsequence we can suppose that x±n converge to x± ∈ LΓ. Since,
for all n the element γn is (r, ε)-proximal we have, for all n, that d(x+

n , V
−(x−n )) ≥ r,

hence also d(x+, V −(x−)) ≥ r (see Section 5.2 for notation). This shows that x+

and x− are transverse.
(iii) Without loss of generality, we can assume that L = Stab(x+, x−) is the Levi

component of Q1, and that x+ is the attracting fixed point of exp(a) when a is in
the Weyl chamber a+

L ⊂ a.
(iv) As limn→∞(x+

n , x
−
n ) = (x+, x−) in X = G/L, there exists a sequence

(gn)n∈N in GF converging to 1 and such that, for all n, we have (x+
n , x

−
n ) =

gn(x+, x−). Hence, for all n, gnγng−1
n fixes (x+, x−) and hence belongs to L.

We can thus write gnγng−1
n = kn exp(an)ln with an ∈ a+

L and kn, ln ∈ M . Up to
passing to a subsequence we can assume that (kn) and (ln) converge to k and l.
Since Γ is α1-divergent we have that (α1(an)) tends to +∞.

(v) Now consider the set
⋃
n∈N lng

−1
n A∪lA. It is a compact subset of F0rP(x−).

Therefore there exists η > 0 such that⋃
n∈N

lng
−1
n A ∪ lA ⊂ Bη := {y ∈ F0 | d(y,P(x−)) ≥ η}.

A simple calculation shows that, for all ε > 0, there exists R such that if a ∈ aL
+

satisfies α1(a) ≥ R, then

exp(a) · C ⊂ {y ∈ F0 | d(y,P(x+)) ≤ ε}.

This implies that, for any sequence (yn)n∈N in A, any accumulation point
of (exp(an)lng

−1
n yn) is contained in P(x+). Since limn→∞ gn = 1 and since

k = limn→∞ kn stabilizes P(x+), also any accumulation point of γnyn =
gnkn exp(an)lng

−1
n yn is contained in P(x+).

Now we are ready to conclude. If γnA ∩ B 6= ∅ for all n, then there exists an
accumulation point of γnyn which is contained in B. With the above this means
in particular that B ∩ P(x+) is nonempty. This contradicts the assumption that
B ⊂ ΩΓ ⊂ F0 r P(x+). �

Remarks 7.5.
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– In the special case when G = SO(2, n) Frances [30] constructed domains of
discontinuity in F0 for discrete subgroups with special dynamical properties. In
this case, α1-divergent groups in the sense of Definition 7.2 are called groups of the
first type in Frances’ paper, see [30, Definition 4 and Proposition 6].

– Benoist criterion for the properness of actions on homogeneous spaces [5, Sec-
tion 1.5, Proposition] implies that a discrete subgroup Γ < O(p, q) is α1-divergent
if and only if Γ acts cocompactly on O(p, q)/O(p − 1, q); Proposition 6 in [30] is a
special case of this.

7.3. Other Lie groups. The following proposition allows to use the above con-
struction of the domain of discontinuity to obtain domains of discontinuity for
discrete subgroups of more general Lie groups.

Proposition 7.6. Let Γ < G be a subgroup and φ : G → G′ be an injective
homomorphism. Suppose that F is a closed G-invariant subset of a G′-space F ′.
Let U ′ ⊂ F ′ be an open φ(Γ)-invariant subset such that U = U ′ ∩ F is nonempty.

(i) If Γ acts (via φ) properly on U ′ then Γ acts properly on U .
(ii) If furthermore the quotient of U ′ by Γ is compact, then the quotient of U

by Γ is also compact.

In Section 9 we will use Proposition 7.6 to reduce the discussion of a general
Anosov representation to the case of a Q0-Anosov representation into a symplectic
group or an orthogonal group. We will also use this proposition in the applications
discussed in Sections 12 and 13.

8. Anosov representations into orthogonal or symplectic groups

Here we apply the constructions of Section 7 in order to obtain cocompact do-
mains of discontinuity for Anosov representations. We first describe the structure of
the domain of discontinuity in more detail and deduce the properness of the action.
Then we introduce some reduction steps, which allow us to simplify the proof for
the compactness of the quotient.

8.1. Structure of the domain of discontinuity. Recall that given a Qi-Anosov
representation ρ : Γ → GF , the image ρ(Γ) < GF is a discrete subgroup which is
(AMS)-proximal relative to Fi. In particular, its limit set Lρ(Γ) < Fi is well defined
and equals the image of the Anosov map associated to ρ, Lρ(Γ) = ξ(∂∞Γ).

Proposition 8.1. Let ρ : Γ → GF be a Qi-Anosov representation with associated
Anosov map ξ : ∂∞Γ→ Fi. Set

Ωρ := F1−i rKξ(∂∞Γ).

Then:
(i) Ωρ is an open ρ(Γ)-invariant subset of F1−i.
(ii) The map π1−i : π−1

i (ξ(∂∞Γ))→ Kξ(∂∞Γ) is a homeomorphism. In partic-
ular,

Kξ(∂∞Γ)
∼= π−1

i (ξ(∂∞Γ))
πi−→ ξ(∂∞Γ) ∼= ∂∞Γ

is a locally trivial bundle over ∂∞Γ whose fiber over a point t is P(ξ(t))
when i = 1, and F1(P⊥F /P ) when i = 0.
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Proof. The first statement is obvious.
For the second statement note that the map ξ is injective, thus ∂∞Γ ∼= ξ(∂∞Γ).

The transversality condition P1 ∩ P⊥F2 = {0} implies KP1
∩ KP2

= ∅. Since ξ is
transverse this implies that Kξ(∂∞Γ) is the disjoint union

∐
t∈∂∞ΓKξ(t). �

Recall that the cohomological dimension of a group Γ is the smallest n such
that every cohomology group with coefficient in any Γ-module vanishes in degree
> n. The virtual cohomological dimension vcd(Γ) is the infimum of the cohomo-
logical dimensions of finite index subgroups. Dimensions of topological spaces in
the following statements are also cohomological dimensions (for Čech cohomology)
or, what amounts to the same, covering dimensions. In the next proposition,We
will replace the dimension of ∂∞Γ by the virtual cohomological dimension of Γ
thanks to the following result of Bestvina and Mess. Formally, this replacement
is not necessary in our proofs, however it gives a hint why the quotient should be
compact.

Lemma 8.2. [13, Corollary 1.4] Let Γ be a word hyperbolic group, then

dim ∂∞Γ = vcd(Γ)− 1.

Proposition 8.3. Let ρ : Γ → GF be a Qi-Anosov representation and i be 0 or
1. Let vcd(Γ) be the virtual cohomological dimension of Γ. Set δ = dimF1−i −
dimKξ(∂∞Γ). Then

(i) – If GF = O(p, q), U(p, q) or Sp(p, q) (0 < p ≤ q), then δ = q−vcd(Γ),
2q − vcd(Γ) or 4q − vcd(Γ) respectively.

– If GF = O(2n,C) or O(2n− 1,C) then δ = 2n− vcd(Γ).
– If GF = Sp(2n,R) or Sp(2n,C) then δ = n+ 1− vcd(Γ) or 2n+ 2−

vcd(Γ) respectively.
– If GF = SO∗(2n) then δ = 4n− 2− vcd(Γ).

(ii) If ∂∞Γ is a topological manifold and δ = 0, then Kξ(∂∞Γ) = F1−i. In
particular, in this case, Ωρ is empty.

Proof. By Proposition 8.1 the dimension of Kξ(∂∞Γ) is:

dimKξ(∂∞Γ) = dimπ−1
i (ξ(∂∞Γ)) = dimπ−1

i ({P}) + dim ξ(∂∞Γ)

= dimπ−1
i ({P}) + dim ∂∞Γ,

and π−1
i ({P}) ∼= F1(P⊥F /P ) if i = 0 and π−1

i ({P}) ∼= P(P ) if i = 1. With
Lemma 8.2 we thus have

δ = dimF1 − dimF1(P⊥F /P )− vcd(Γ) + 1, if i = 0,

= dimF0 − dimP(P )− vcd(Γ) + 1, if i = 1.

The first statement follows now by calculating the dimensions of the homogeneous
spaces F0 and F1.

When ∂∞Γ is a topological manifold, then Kξ(∂∞Γ) is also a manifold (by Propo-
sition 8.1). If δ = 0 this implies that Kξ(∂∞Γ) is an open submanifold of F1−i, since
it is also closed, the equality Kξ(∂∞Γ) = F1−i follows. �

Remark 8.4. The coincidence for the values of δ for Q0 and Q1-Anosov representa-
tions is explained by the following observation: if p1 : M →M1 and p2 : M →M2

are two submersions such that p1 × p2 : M → M1 ×M2 is an immersion, then,
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for any m1 ∈ M1 and m2 ∈ M2, the codimensions of p1(p−1
2 (m2)) in M1 and of

p2(p−1
1 (m1)) in M2 are equal to dimM1 + dimM2 − dimM .

Remark 8.5. The control on the codimension of Kξ(∂∞Γ) given by Proposition 8.3
allows to deduce nonemptyness for many examples of Anosov representations. Here
we give some examples where the domain of discontinuity is empty; we come back
to these examples in Section 13.

(i) Let ι : Γ ↪→ SO(1, q) be a convex cocompact representation, i.e. ι is Q0-
Anosov. The composition of ι with embedding φ : SO(1, q)→ SO(1+p′, q+
q′) gives a Q0-Anosov representation φ ◦ ι (see Lemma 8.8.(i)). When i(Γ)
is a cocompact lattice in SO(1, q) and φ : SO(1, q) → SO(p, q), p ≤ q, the
equality case of Proposition 8.3 is attained and Ωφ◦ι = ∅.

(ii) Let ι : Γ → G be a convex cocompact representation into SU(1, n),
Sp(1, n) or GO (the isometry group of the Cayley hyperbolic plane). If
G = SU(1, n) consider the natural injection φ : SU(1, n) → SO(2, 2n) be
the natural injection; if G = Sp(1, n) consider φ : Sp(1, n)→ SO(4, 4n); if
G is GO consider φ : G → SO(8, 8). In any case φ ◦ ι is Q1-Anosov and
Ωφ◦ι is empty when ι(Γ) is a cocompact lattice.

Theorem 8.6. Let ρ : Γ→ GF be a Qi-Anosov representation. if i = 1 GF should not

be PSO(n, n) If Ωρ ⊂ F1−i(V ) is nonempty (e.g. if δ > 0), then
(i) Γ acts properly discontinuously on Ωρ
(ii) The quotient Γ\Ωρ is compact.

The proof of statement (i) is a direct consequence of Theorem 7.4, Theorem 5.9,
and the following lemma.

Lemma 8.7. Let ρ : Γ → GF be a Qi-Anosov representation, then ρ(Γ) is αi-
divergent.

Proof. This is a direct application of Proposition 3.16, which gives control on the
contraction rate in terms of the L-Cartan projections. �

The proof of statement (ii) is deferred to Section 8.3.

8.2. Reduction steps. Before we turn to the proof of compactness of the quotient
Γ\Ωρ we introduce some reduction steps, which will allow us to restrict our attention
mainly to Qi-Anosov representations into O(p, q).

Lemma 8.8. Let (V, F ) be a vector space with a sesquilinear form that satisfies the
conditions of Section 8.1. Let ρ : Γ→ GF be a representation.

(i) Let (V ′, F ′) be of the same type as (V, F ). Then the injection V → V ⊕V ′
induces a homomorphism φ : GF → GF+F ′ . If ρ is Q0-Anosov then φ ◦ ρ
is Q0-Anosov.

Let (V, F ) be a complex orthogonal space of dimension 2n − 1, and
(V ′, F ′) a complex orthogonal space of dimension one, then if ρ is Q1-
Anosov, then φ ◦ ρ is Q1-Anosov.

(ii) Let k a positive integer. Consider the vector space V k, which is endowed
with the form F k, and let φ : GF → GFk be the diagonal embedding. If ρ
is Q1-Anosov then φ ◦ ρ is Q1-Anosov.

(iii) Suppose F is skew-symmetric (i.e. GF = Sp(2n,R) or Sp(2n,C)) then the
form F⊗F on V ⊗V is symmetric. Let φ : GF → GF⊗F the corresponding
homomorphism. If ρ is Qi-Anosov then φ ◦ ρ is Qi-Anosov.
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(iv) If F is Hermitian, <F is a non-degenerate symmetric bilinear form on VR
the real space underlying V . Hence there is a homomorphism φ : GF →
G<F . If ρ is Q1-Anosov then φ ◦ ρ is Q1-Anosov.

In all of the above cases, if ρ is Qi-Anosov, one has

Ωρ = F1−i(V ) ∩ Ωφ◦ρ.

Proof. The cases (i) through (iv) follow from the general proposition 4.4. In order
to illustrate the ideas we give a direct proof for (iii) and ρ being a Q0-Anosov
representation. Consider the φ-equivariant maps

φ0 : F0(V )→ F0(V ⊗ V ), D 7→ D ⊗D

and

φ1 : F1(V )→ F1(V ⊗ V ), L 7→ L⊗ V.

If D,D′ ∈ F0(V ) are transverse then φ0(D) and φ0(D′) are also transverse:
indeed D⊥⊕D′ = V implies V ⊗V = (D⊗D)⊥⊕D′⊗D′. So if ξ : ∂∞Γ→ F0(V ) is
transverse, then φ0◦ξ is transverse (see Definition 4.15). Concerning the contraction
property required for an Anosov representation (see Definition 2.10) it is enough to
remark that if a diagonal element g in GF fixes D in F0(V ) and contracts TDF0(V )
then φ(g) contracts Tφ0(D)F0(V ⊗ V ).

The equality Ωρ = F1(V ) ∩ Ωφ◦ρ results from the fact that, for D ∈ F0(V ) and
L ∈ F1(V ), D ⊂ L if and only if D ⊗D ⊂ L⊗ V . �

Remarks 8.9.
(a) Due to this lemma the proof of Proposition 8.3 reduces in many cases to the

case of orthogonal groups O(p, q). However, this reduction does not seem to work
for Q0-Anosov representations into GF (V ) = O(n,C), U(p, q) or Sp(p, q). Indeed
in these cases one would consider the orthogonal space W =

∧2
R V (or

∧4
R V ) and

the corresponding embedding φ : GF → GF (W ) sends Q0-Anosov representations
to Q0-Anosov representations. Yet there is no corresponding embedding of F1(V )
into F1(W ), so that the final conclusion of the lemma does not hold.

(b) Cases (i) and (ii) of the above lemma together with the formula for the
codimension given in Theorem 8.6 will allow us to assume that the open Ωρ has
high connectedness properties when proving the compactness of Γ\Ωρ.

8.3. Compactness. In this section we prove the compactness of Γ\Ωρ, claimed in
Theorem 8.6.(ii).

For clarity of the exposition we will suppose in the following that GF = O(p, q).
Applying Lemma 8.8 and Proposition 7.6 this proves Theorem 8.6 in all cases except
for Q0-Anosov representations into O(n,C), U(p, q) or Sp(p, q). In the remaining
cases the proof is a straightforward adaptation of the arguments presented here.

8.3.1. Homological formulation. Let ρ : Γ → GF = O(p, q) be a Qi-Anosov rep-
resentation. In view of Lemma 8.8 we can assume without loss of generality that
min(p− 2, q − p) > max(m+ 1, vcd(Γ)), for some m ∈ N which will be fixed later.

Furthermore, up to passing to a finite index subgroup, we can assume that Γ is
torsion-free, and that ρ is injective.
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To simplify some of the cohomological arguments we consider the following 2-fold
covers of F0 and F1:

For0 = {D ∈ S(V ) | D oriented line with F |D = 0} ∼= Sp−1 × Sq−1

For1 = {P ∈ Grorp (V ) | P oriented p-plane with F |P = 0} ∼= SO(q)/SO(q − p).

The homogeneous spaces Fori are min(p−2, q−p)-connected. The lift Ωorρ of Ωρ
to For1−i is a 2-fold cover of Ωρ and its complement Kor

ξ(∂∞Γ) fibers over ∂∞Γ with
fibers isomorphic to Sp−1 if i = 0, and to SO(q− 1)/SO(q− p) if i = 1; in both case
the fibers are also min(p− 2, q − p)-connected.

Up to passing to a finite index subgroup we suppose that Γ preserves the orien-
tation on Ωorρ hence Γ\Ωorρ is an oriented manifold.

For the rest of this section we denote Ωorρ , Kor
ξ(∂∞Γ) and For1−i by Ω, K and F

respectively.
Let l = dim Ω = dimF . By our assumption q − p > vcd(Γ), and hence

δ = codimK = q−vcd(Γ) ≥ 2, and Ω is connected. Therefore Γ\Ω is a l-dimensional
connected oriented manifold. Thus Γ\Ω is compact if and only if H0

c (Γ\Ω) (coho-
mology with compact support and coefficients inR) is nonzero. By Poincaré duality
this is equivalent to the top-dimensional homology group Hl(Γ\Ω) = H0

c (Γ\Ω)∗ be-
ing nonzero.

Therefore Theorem 8.6.(ii) follows from the following

Proposition 8.10. With the notation above

Hl(Γ\Ω) ∼= R.

We will now first prove Proposition 8.10 in the case when Γ is the fundamental
group of a negatively curved closed manifold, then we consider the case when Γ is
an arbitrary word hyperbolic group.

8.3.2. Fundamental groups. Let Γ = π1(N) be the fundamental group of a nega-
tively curved closed manifold N of dimension m.

The fibration Γ\(Ñ×Ω)→ Γ\Ω has contractible fibers (isomorphic to Ñ), hence
induces an isomorphism in homology

Hl(Γ\Ω) = Hl(Γ\(Ñ × Ω)).

Applying Poincaré duality to this (l +m)-dimensional manifold gives

Hl(Γ\(Ñ × Ω))∗ ∼= Hm
c (Γ\(Ñ × Ω)).

By definition, this last group is the direct limit

Hm
c (Γ\(Ñ × Ω)) = lim−→

O⊃Γ\(Ñ×K)

Hm(Γ\(Ñ ×F),O),

where the limit is taken over the open neighborhoods of Γ\(Ñ ×K) in Γ\(Ñ ×F).
The long exact sequence of the pair (Γ\(Ñ ×F),O) reads as

Hm(O) −→ Hm(Γ\(Ñ ×F)) −→ Hm(Γ\(Ñ ×F),O) −→

Hm+1(O) −→ Hm+1(Γ\(Ñ ×F)).
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Passing to the limit one gets

Ȟm(Γ\(Ñ ×K)) −→ Hm(Γ\(Ñ ×F)) −→ Hm
c (Γ\(Ñ × Ω)) −→

Ȟm+1(Γ\(Ñ ×K)) −→ Hm+1(Γ\(Ñ ×F)),

where Ȟ∗(Γ\(Ñ × K)) is the Čech cohomology of Γ\(Ñ × K). Furthermore the
fibrations Γ\(Ñ×K)→ Γ\(Ñ×∂∞Γ) and Γ\(Ñ×F)→ Γ\Ñ induce isomorphisms
in cohomology up to degree m+ 1, since the fibers are min(p− 2, q − p)-connected
and min(p− 2, q − p) > m+ 1. Therefore the last long exact sequence reads as:

Ȟm(Γ\(Ñ × ∂∞Γ)) −→ Hm(Γ\Ñ) −→ Hm
c (Γ\(Ñ × Ω)) −→

Ȟm+1(Γ\(Ñ × ∂∞Γ)) −→ Hm+1(Γ\Ñ).

When we replace Ω,K and F by Ñ , ∂∞Ñ ∼= ∂∞Γ and Ñ = Ñ∪∂∞Ñ respectively,
the same argument leads to the long exact sequence

Ȟm(Γ\(Ñ × ∂∞Γ)) −→ Hm(Γ\Ñ) −→ Hm
c (Γ\(Ñ × Ñ)) −→

Ȟm+1(Γ\(Ñ × ∂∞Γ)) −→ Hm+1(Γ\Ñ).

Comparing these two exact sequences shows that

Hm
c (Γ\(Ñ × Ω)) ∼= Hm

c (Γ\(Ñ × Ñ)).

Poincaré duality implies Hm
c (Γ\(Ñ × Ñ))∗ ∼= Hm(Γ\(Ñ × Ñ)); the fibers Γ\(Ñ ×

Ñ) → Γ\Ñ being contractible, one has Hm(Γ\(Ñ × Ñ)) ∼= Hm(Γ\Ñ). Recapitu-
lating, we obtain the following chain of isomorphisms:

(8.11) Hl(Γ\Ω) ∼= Hl(Γ\(Ñ × Ω)) ∼= Hm
c (Γ\(Ñ × Ω))∗ ∼=

Hm
c (Γ\(Ñ × Ñ))∗ ∼= Hm(Γ\(Ñ × Ñ)) ∼= Hm(Γ\Ñ) ∼= Hm(N) ∼= R.

8.3.3. Hyperbolic groups. The previous proof is deeply based on the fact that we are
calculating (co)homology groups of manifolds. In order to adapt the proof to the
case of a general finitely generated word hyperbolic group Γ we need a replacement
for N and Ñ .

Let Rd(Γ) be a Rips complex for Γ. This is the simplicial complex whose k-
simplices are given by (k + 1)-tuples (γ0, . . . , γk) of Γ satisfying dΓ(γi, γj) ≤ d for
all i, j. For d big enough Rd(Γ) is contractible [26, Chapitre 5]. Let R̃ denote
such a contractible Rips complex Rd(Γ) and let R = Γ\R̃ be its quotient. Then
R is a finite simplicial complex and as such admits an embedding R ↪→ Rm into
Euclidean space [44, Corollary A.10] [28, II.9]. A small (and regular) neighborhood
of R in Rm gives an m-dimensional manifold with boundary (U, ∂U) such that R
is a retract of U .

In particular R̃ is a retract of Ũ which is hence a contractible manifold. Note
also that ∂∞Ũ ∼= ∂∞R̃ ∼= ∂∞Γ and that Ũ ∪ ∂∞Γ retracts to R̃ ∪ ∂∞Γ which is a
contractible space ([13, Theorem 1.2]), therefore Ũ ∪ ∂∞Γ is also contractible.

The same argument as in Section 8.3.2 (working with manifolds with boundary)
gives the following sequences of isomorphisms, with m = dimU and l = dim Ω,

(8.12) Hl(Γ\Ω) ∼= Hl(Γ\(Ω× Ũ)) ∼= Hm
c (Γ\(Ω× Ũ))∗ ∼= Hm

c (Γ\(˚̃U × Ũ))∗ ∼=

Hm(Γ\(˚̃U × Ũ),Γ\(˚̃U × ∂Ũ)) ∼= Hm(U, ∂U) ∼= R,
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where the last two isomorphisms are given by Poincaré duality for manifolds with
boundary and by considering the fibration Γ\(˚̃U × Ũ) → U of manifolds with
boundary (the fibers are isomorphic to ˚̃U , thus contractible).

9. General groups

We now turn to the case of Anosov representations into general semisimple Lie
groups. We explicitly construct an open subset of G/AN , on which Γ acts properly
discontinuously and with compact quotient. The set we construct will depend on
the choice of an irreducible G-module (V, F ), hence a homomorphism φ : G→ GF ,
such that the composition φ ◦ ρ : Γ → GF is Q0-Anosov. We consider then the
domain of discontinuity Ωφ◦ρ ⊂ F1(V ) (constructed in Section 8.1) and apply
Proposition 7.6 in order to obtain a domain of discontinuity in G/AN on which Γ
acts with compact quotient. The dependence of the domain of discontinuity on the
choice of G-module (V, F ) is illustrated by several examples in Section 10.

We give an explicit description of the domain of discontinuity in terms of the
Bruhat decomposition of G. This allows us to describe sufficient conditions for the
domain of discontinuity to be nonempty. In the case when Γ is a free group or the
fundamental group of a closed surface of genus ≥ 2 this leads to the statements of
Theorem 1.11 and Theorem 1.12.

9.1. G-Modules. We use the notation introduced in Section 3.2.
Let Θ ⊂ ∆ with ι(Θ) = Θ, and P = P+

Θ < G the corresponding parabolic
subgroup. Let (V, F ) be an irreducible G-module, where F is a non-degenerate
bilinear form on V , (indefinite) symmetric or skew-symmetric, and such that there
is an F -isotropic line D ⊂ V with P = StabG(D). In this section, we use standard
theory for decomposition of a G-module V into weight spaces Vχ. The reader who is
not familiar with basic representation theory is referred to [31] and [43, Chapter IV].

The G-module V decomposes under the action of a into weight spaces:

V =
⊕
µ∈C

Vµ, Vµ = {v | ∀a ∈ a, a · v = µ(a)v}, C = {µ ∈ a∗ | Vµ 6= {0}}.

The set C is a finite subset of a∗ that may contain 0; it is invariant by the action of
the Weyl group W ; it is also invariant by µ 7→ −µ since V is isomorphic to V ∗.

We set V+ =
⊕

µ>0 Vµ and V− =
⊕

µ<0 Vµ.
Let λ be the highest weight of V , i.e. the highest element of C with respect to

the order < on a∗. Then Vλ is in the kernel of every element n ∈ n+ and is in fact
equal to the intersection of the kernels ker(n), n ∈ n+, (this follows from the fact
that, for n ∈ gα and for v ∈ Vµ, n · v ∈ Vµ+α and is nonzero when µ, µ+α ∈ C and
v 6= 0).

Lemma 9.1.
(i) The highest weight space Vλ is one-dimensional, Vλ = D.
(ii) The spaces V+ and V− are F -isotropic subspaces of V .
(iii) There exists a maximal F -isotropic AN -invariant subspace T containing

V+. For any such T , T ∩ V− = {0}.

Proof. The line D is p+
Θ-invariant, hence D ⊂ Vλ. The n−-module generated by D

is g-invariant. By irreducibility of V this implies D = Vλ, in particular dimVλ = 1.
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The map given by the bilinear form F : V ⊗V → R is a morphism of G-modules,
where R is the trivial G-module. Hence, for any µ in a∗, F ((V ⊗ V )µ) ⊂ Rµ and
Rµ = {0} unless µ = 0. It follows that F (Vµ ⊗ Vµ′) = {0} whenever µ + µ′ 6= 0.
Therefore the decomposition

V = V0 ⊕
⊕
µ>0

(Vµ ⊕ V−µ)

is F -orthogonal and V+ and V− are isotropic. This proves that the restriction of F
to V0 and to V+ ⊕ V− is non-degenerate and that (V+)⊥ = V+ ⊕ V0.

As a consequence any isotropic space containing V+ is contained in V+⊕ V0 and
henceforth intersects V− trivially.

Note now that V+ and V0 are a-invariant and that n+ · V0 ⊂ V+ and that a acts
trivially on V0. Thus for any maximal isotropic space W of (V0, F |V0

), the space
T = V+ ⊕W is maximal isotropic in V and is (a + n+)-invariant. �

Remark 9.2. In the announcement [40] we claimed that V+ is itself maximal
isotropic, this is false. A counter-example is the O(p, p+ k)-module V =

∧2
R2p+k,

where the restriction of F to V0 has signature (k(k − 1)/2, p).
We do not know if it is always possible to choose some G-module V that has a

B-invariant maximal isotropic subspace.

Corollary 9.3. Let (V, F ) be an irreducible G-module as in Section 9.1 and let φ :
G → GF = G(V, F ) be the corresponding homomorphism. It induces the following
φ-equivariant maps

φ0 : G/P −→ F0(V ) φ1 : G/AN −→ F1(V )
gP 7−→ φ(g)Vλ gH 7−→ φ(g)T,

where T ⊂ V is a maximal F -isotropic subspace, whose existence is guaranteed by
Lemma 9.1.

9.2. Domains of discontinuity in G/AN . Let now ρ : Γ → G be a P -Anosov
representation, and φ : G → GF the homomorphism considered in Section 9.1.
Then φ ◦ ρ : Γ → GF is Q0-Anosov, and hence admits a cocompact domain of
discontinuity Ωφ◦ρ ⊂ F1(V ) (see Section 8.1).

Applying Proposition 7.6 to the G-orbit φ1(G/AN) ⊂ F1(V ) we obtain

Theorem 9.4. Let G be a semisimple Lie group and P < G a proper parabolic
subgroup. Let ρ : Γ → G be a P -Anosov representation. Let φ : G → GF (V )
such that φ ◦ ρ is Q0-Anosov and let T ⊂ V be a maximal isotropic AN -invariant
subspace.

Then Γ acts properly discontinuously and with compact quotient on the ρ(Γ)-
invariant subset

Ω = Ωρ,V,T = φ−1
1 (Ωφ◦ρ) ⊂ G/AN,

where Ωφ◦ρ is the domain of discontinuity constructed in Section 8.1.

Remark 9.5. Examples in Section 10 illustrate that different choices of irreducible
representations φ can lead to different domains of discontinuity Ω ⊂ G/AN .

The main problem is that the domain of discontinuity Ω might be empty (see
the examples in Remark 8.5). In order to get criteria for Ω to be nonempty, we
describe its complement K = (G/AN r Ω) ⊂ G/AN . Note that

K = Kρ,V,T = φ−1
1 (Kφ0◦ξ(∂∞Γ)),
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where ξ : ∂∞Γ→ G/P is the Anosov map associated with ρ.
The compact K is the union:

(9.6) K =
⋃

t∈∂∞Γ

φ−1
1 (Kφ0◦ξ(t)).

The φ-equivariance of φ1 and φ0 implies that for any element gP ∈ G/P

φ−1
1 (Kφ0(gP )) = φ−1

1 (φ(g)Kφ0(P )) = gφ−1
1 (KVλ).

We now describe in more detail the set φ−1
1 (KVλ) which is P -invariant and

in particular B-invariant where B = ZK(a)AN is a minimal parabolic subgroup
contained in P . Let W be the Weyl group, it is generated by reflections (sα)α∈∆

corresponding to the simple roots.

Lemma 9.7. Let T ⊂ V be a maximal isotropic subspace given by Lemma 9.1.
Consider the subset Sφ = {w ∈W | Vw·λ ⊂ T} of the Weyl group. Then:

(i) The set φ−1
1 (KVλ) is the disjoint union:

φ−1
1 (KVλ) =

⋃
w∈Sφ

BwAN ⊂ G/AN.

(ii) The set {w ∈W | w · λ < 0} is contained in W r Sφ.
(iii) The subset Sφ is right invariant under the action of the subgroupWP < W ,

which is generated by the sα, α ∈ Θ, if P = PΘ.

Proof. The set φ−1
1 (KVλ) is a union of B-orbits. The Bruhat decomposition

for G [53, Theorem 7.40] reads as G =
⋃
w∈W BwB (disjoint union). Since

W = NK(a)/ZK(a) one has, for w in W , ZK(a)wZK(a) = ZK(a)w and since
B = ZK(a)AN one has also BwB = BwAN . The space G/AN is therefore the
disjoint union of finitely many B-orbits: BwAN (w ∈W ).

It is hence enough to understand when wAN belongs to φ−1
1 (KVλ). This happens

precisely when φ1(wAN) ∈ KVλ or, equivalently, when Vλ ⊂ φ(w)T . This is
equivalent to φ(w)−1Vλ = Vw·λ ⊂ T , which precisely means that w ∈ Sφ. This
proves the first claim. The second follows from the fact that V− ∩ T = 0; the third
claim from the fact that φ−1

1 (KVλ) is not only B-invariant but P -invariant. �

Corollary 9.8. Let w0 ∈ W be the longest element with respect to the generating
set (sα)α∈∆. Then w0 is not in Sφ.

Proof. The highest weight of V ∗ is −w0 · λ, thus −w0 · λ = λ in view of the
isomorphism V ∗ ∼= V . Hence w0 is not in Sφ. �

Remark 9.9. The orbit Bw0B is the unique open orbit; for w in W one has
codim(Bw0wAN) ≥ `(w), where `(w) is the length of w.

9.3. Groups of small virtual cohomological dimension. The following theo-
rem implies Theorems 1.11 and 1.12 in the introduction.

Theorem 9.10. Let G be a semisimple Lie group, ρ : Γ → G be a P -Anosov
representation of a finitely generated word hyperbolic group and let φ : G→ GF (V )
be such that φ ◦ ρ is Q0-Anosov. Let Ω = Ωρ,V,T be the domain of discontinuity
constructed above (Section 9.2).

(i) If vcd(Γ) = 1, then Ω is nonempty.
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(ii) If vcd(Γ) = 2 and P < G is a proper parabolic subgroup which contains ev-
ery factor of G that is locally isomorphic to SL(2,R), then Ω is nonempty.

In any case Γ acts properly discontinuously and cocompactly on Ω.

Proof. We only have to prove that Ω is nonempty. In the cases under consideration
∂∞Γ is 0 or 1 dimensional. Using the description of K = G/AN r Ω given above
(Equation 9.6) it is thus enough to establish that:

– codimφ−1
1 (KVλ) ≥ 1 if vcd(Γ) = 1, and

– codimφ−1
1 (KVλ) ≥ 2 if vcd(Γ) = 2.

If G is of rank one, this is immediate. If G is of rank ≥ 2 let Sφ ⊂ W be the
set defined in Lemma 9.7. Using the fact that codimBw0wAN is at least `(w),
Corollary 9.8 implies the claim in the case when vcd(Γ) = 1.

When vcd(Γ) = 2, we need to prove furthermore that, for all α ∈ ∆, either
codimBw0sαAN ≥ 2 or w0sα /∈ Sφ. If α is a root corresponding to a rank one
factor of G, the bound for the codimension is satisfied by the hypothesis on P . If
α corresponds to a higher rank factor, the following lemma and the point (ii) of
Lemma 9.7 insure that w0sα /∈ Sφ. �

Lemma 9.11. If rkRG ≥ 2 and G is simple and λ ∈ a∗ is the highest weight of a
nontrivial G-module, then there exist a total order <a∗ on a∗ such that Σ+ = {α ∈
Σ | α >a∗ 0} and such that, for all α in ∆, sα · λ >a∗ 0.

In other words, we can modify the order on a∗ without changing the set of
positive roots and such that, every sα · λ becomes positive.

Proof. Let ρ be the half sum of positive roots, ρ =
∑
α∈∆mαα with mα ∈ 1

2N
∗.

Let 〈·, ·〉 be a W -invariant scalar product on a∗. Hence 〈λ, α〉 ≥ 0 for all α and
there exists α such that 〈λ, α〉 > 0. Using the fact that for any positive roots α1,
α2 such that 〈α1, α2〉 < 0, α1 +α2 is a positive root, one easily gets that mα ≥ 3/2
for all α unless g ∼= sl(3,R).

We see that 〈ρ, λ〉 > 0 and that for any α′

〈ρ, sα′ · λ〉 = 〈sα′ · ρ, λ〉 = 〈ρ− α′, λ〉 =
∑
α

(mα − δα,α′)〈α, λ〉 > 0.

Hence a lexicographic order on a∗ ∼= Rk where the first coordinate is 〈ρ, ·〉 gives the
desired order. The case of sl(3,R) can be treated directly. �

9.4. Homotopy invariance. In general it is not easy to determine the topol-
ogy of the quotient manifolds Γ\Ωρ,V,T . The following theorem shows that the
homeomorphism type of Γ\Ωρ,V,T only depends on the connected component of
HomP -Anosov(Γ, G) the representation ρ lies in. This allows to restrict the compu-
tation to representations ρ : Γ→ G of a particularly nice form.

Theorem 9.12. Let ρ : Γ → G be a P -Anosov representation. Let V, T be as in
Section 9.1, and let Ωρ,V,T ⊂ G/AN be the domain of discontinuity constructed in
Section 9.3.

Suppose that Ωρ,V,T is nonempty.
Then there exists a neighborhood U of ρ in HomP -Anosov(Γ, G) such that, for any

ρ′ ∈ U , Ωρ′,V,T is nonempty. Furthermore there exists a trivialization:

Γ\
⋃
ρ′∈U

Ωρ′,V,T ∼= U × Γ\Ωρ,V,T
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as a bundle over U . In particular, the homotopy type of Γ\Ωρ,V,T is locally constant.

Proof. The proof is a variation of the openness of the holonomy map for geometric
structures [12, 33].

We can suppose without loss of generality that Γ is torsion-free. Hence the
quotient X = Γ\Ωρ,V,T is a compact manifold. We shall denote by X̂ = Ωρ,V,T the
corresponding Γ-cover of X.

Denote by Bρ = X̂ ×ρ G/AN the flat G/AN -bundle over X associated with the
representation ρ : Γ → G. It comes with a canonical section σ : X → Bρ that
is transverse to the horizontal distribution so that the corresponding ρ-equivariant
map σ̂ : X̂ → G/AN is a local diffeomorphism (in fact σ̂ is the injection Ωρ,V,T ↪→
G/AN).

The complement Kρ of Ωρ,V,T in G/AN defines a closed subset Kρ = X̂ ×ρ
Kρ ⊂ Bρ. By construction σ(X) ∩ Kρ = ∅, thus there exists ε > 0 such that
d(σ(X),Kρ) > 2ε, where d is a fixed continuous distance on Bρ.

Let U be a neighborhood of ρ contained in the space of P -Anosov representa-
tions. For U sufficiently small, we can suppose that the (topological) G/AN -bundle
BU =

∐
ρ′∈U Bρ′ is trivial, i.e. there exists ψ : BU ∼= U × Bρ with ψ|Bρ = Id.

Note that KU =
∐
Kρ′ is a closed subset of BU (this follows from the fact that

ξρ′ varies continuously with ρ′, see Theorem 5.13). Hence, for U sufficiently
small, the section σU = ψ−1(σ) is transverse to the flat horizontal distribution
and d(σU (U × X),KU ) > ε. This means that for any ρ′ ∈ U there is a ρ′-
equivariant local diffeomorphism σ̂ρ′ : X̂ → G/AN whose image is contained in
G/AN rKρ′ = Ωρ′,V,T ; in particular this last set is nonempty. Furthermore, pass-
ing to the quotient, this gives a local diffeomorphism βρ′ : X → Γ\Ωρ′,V,T that
varies continuously with ρ′ and such that βρ = Id. From this we get that βρ′ is a
diffeomorphism for any ρ′ ∈ U and that∐

βρ′ : U ×X →
∐

Γ\Ωρ′,V,T

gives a trivialization. �

10. Explicit descriptions of some domains of discontinuity

In this section we describe in more detail some domains of discontinuity which
are obtained by applying the construction of Section 9.2.

10.1. Lie groups of rank one. Let Γ < G be a convex cocompact subgroup in
a rank one Lie group. The group Γ is word hyperbolic and by Theorem 5.15 the
injection Γ ↪→ G is an Anosov representation; the corresponding ρ-equivariant map
is the identification of ∂∞Γ with the limit set LΓ ⊂ G/P of Γ (Section 6.1).

Theorem 8.6 implies that Γ acts properly discontinuously and with compact
quotient on the complement of the limit set ΩΓ = G/P r LΓ.

Note that ΩΓ = ∅ if and only if Γ is a uniform lattice in G.

10.2. Representations into SL(n,K). We now describe domains of discontinuity
for representations ρ : Γ → SL(n,K), K = R,C of an arbitrary word hyperbolic
group, which are P -Anosov with P being

– the minimal parabolic B (or Borel subgroup), i.e. B is the stabilizer of a
complete flag in Kn.
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– a maximal parabolic subgroup Pk of SL(n,K), k = 1, . . . , n− 1, i.e. Pk is
the stabilizer of a k-plane in Kn.

Note that the parabolic subgroup opposite to Pk is (conjugate to) the maximal
parabolic subgroup Pn−k. By Lemma 3.18 the study of Pk-Anosov representations
thus reduces to the study of Pk,n−k-Anosov representations, k = 1, . . . , bn/2c, where
Pk,n−k is the stabilizer of a partial flag consisting of a k-plane and an incident
(n− k)-plane.

In order to fix notation we consider
– F = G/B = {(F1, . . . , Fn−1) | Fi ⊂ Fi+1,dimFi = i},
– Fk,n−k = G/Pk,n−k = {(Fk, Fn−k) | Fk ⊂ Fn−k,dimFi = i},

and we set F0 = {0} and Fn = Kn.

10.2.1. The modules. We introduce now the SL(n,K)-modules we use to apply the
construction of Section 9.2. In this section, ⊥ will be used for the duality between
a vector space and its dual: for F ⊂ V , F⊥ is the space of linear forms canceling
on F , F⊥ = {ψ ∈ V ∗ | ψ(f) = 0,∀f ∈ F}.

Adjoint Representation. The adjoint representation provides a homomorphism
SL(n,K) → O(sl(n,K), qK) where qK is the Killing form. Note that sl(n,K) ⊂
End(Kn) and O(sl(n,K), qK) ⊂ O(End(Kn), tr) is a natural injection which, by
Lemma 8.8, gives the same domain of discontinuity. Therefore we can use the latter
SL(n,K)-module and denote by

φAd : SL(n,K) −→ O(End(Kn), tr)

the corresponding homomorphism. The maps:

φAd0 : F1,n−1 −→F0(End(Kn))

(F1, Fn−1) 7−→{h ∈ End(Kn) | h(Fn−1) = {0}, h(Kn) ⊂ F1}

= {h | h(Kn) ⊂ F1, h
t(Kn∗) ⊂ F⊥n−1}

φAd1 : F −→F1(End(Kn))

(F1, . . . , Fn−1) 7−→{h ∈ End(Kn) | h(Fi+1) ⊂ Fi, i = 0, . . . , n− 1}

are φAd-equivariant.

Endomorphisms of
∧k

Kn. There is a natural homomorphism

φk : SL(n,K)→ O(End(
∧k

Kn), tr).

The map

φk0 : Fk,n−k −→F0(End(
∧k

Kn))

(Fk, Fn−k) 7−→{h ∈ End(
∧k

Kn) | Im(h) ⊂
∧k

Fk, Im(ht) ⊂
∧k

F⊥n−k}

is φk-equivariant.
In order to define the map φk1 : F → F1(End(

∧k
Kn)), we need to introduce

some notation.
Let (F1, . . . , Fn−1) be a complete flag of Kn and let (ei)i∈{1,...,n} be an adapted

basis, i.e. (ei)i∈{1,...,l} is a basis of Fl, for each l = 1, . . . , n. For an ordered k-tuple
I = (i1 < · · · < ik) of integers between 1 and n, we set eI = ei1 ∧ · · · ∧ eik ; then
(eI)I is a basis of

∧k
Kn. The flag (FI)I , where FI = 〈eJ | J ≤lex I〉 and ≤lex is
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the lexicographic order on the k-tuples, depends only on the initial flag (Fi)i. We
define:

φk1 : F −→F1(End(
∧k

Kn))

(Fi) 7−→φk1(Fi) = {h ∈ End(
∧k

Kn) | ∀I, h(FI) ⊂ FI , and h is nilpotent}

= {h ∈ End(
∧k

Kn) | ∀I, h(FI) ⊂
⋃

J<lexI

FJ}.

Remark 10.1. Other self-dual SL(n,K)-modules that could be used are V ⊕ V ∗

with its natural orthogonal structure or with its natural symplectic structure and∧
V =

⊕
k

∧k
V where V is any SL(n,K)-module.

10.2.2. Anosov representation with respect to the minimal parabolic. Let Γ be a
finitely generated word hyperbolic group and ρ : Γ → SL(n,K) be a B-Anosov
representation. Let ξ = (ξ1, . . . , ξn−1) : ∂∞Γ → F be the corresponding Anosov
map.

Adjoint representation. The representation φAd ◦ ρ : Γ→ O(End(Kn), tr) is a Q1-
Anosov representation with Anosov map φAd1 ◦ ξ : ∂∞Γ→ F1(End(Kn)).

Let ΩAd◦ρ ⊂ F0(End(Kn)) be the domain of discontinuity given by Theorem 8.6.
Intersecting ΩAd◦ρ with the image of φAd0 gives a domain of discontinuity ΩAdρ in
F1,n−1. Then

ΩAdρ = F1,n−1 rKAd
ξ

with KAd
ξ =

⋃
t∈∂∞ΓK

Ad
ξ(t) and, for t ∈ ∂∞Γ,

KAd
ξ(t) = {(F1, Fn−1) ∈ F1,n−1 | ∃k ∈ {1, . . . , n− 1}, with F1 ⊂ ξk(t) ⊂ Fn−1}.

Endomorphisms of
∧k

Kn. Analogously, for any k = 1, . . . , bn/2c the representa-
tion φk ◦ ρ : Γ → O(End(

∧k
Kn), tr) is Q1-Anosov and we obtain a domain of

discontinuity in Fk,n−k:
Ωkρ = Fk,n−k rKk

ξ

with Kk
ξ =

⋃
t∈∂∞ΓK

k
ξ(t), where

Kk
ξ(t) = {(Fk, Fn−k) ∈ Fk,n−k | ∃I with

∧k
Fk ⊂ ξI(t) ⊂ (

∧k
F⊥n−k)⊥}.

The representations φk ◦ ρ : Γ → O(End(
∧k

Kn), tr) are also Q0-Anosov; the
corresponding domains of discontinuity are described in the next paragraph.

10.2.3. Anosov representation with respect to maximal parabolics.

Adjoint representation. Let ρ : Γ → SL(n,K) be a P1,n−1-Anosov representation
and ξ = (ξ1, ξn−1) : ∂∞Γ → F1,n−1 the corresponding Anosov map. The composi-
tion φAd ◦ ρ is a Q0-Anosov representation, and φAd0 ◦ ξ : ∂∞Γ → F0(End(Kn)) is
the corresponding Anosov map. The intersection of the domain of discontinuity in
F1(End(Kn)) with the image of φAd1 gives a domain of discontinuity Ω′Adρ in F ;

Ω′Adρ = F rK ′Adξ with K ′Adξ =
⋃

t∈∂∞Γ

K ′Adξ(t),

and for t in ∂∞Γ,

K ′Adξ(t) = {(F1, . . . , Fn−1) ∈ F | ∃k ∈ {1, . . . , n− 1}, ξ1(t) ⊂ Fk ⊂ ξn−1(t)}.
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Endomorphisms of
∧k

Kn. Let ρ : Γ → SL(n,K) be a Pk,n−k-Anosov represen-
tation (or, what amounts to the same, a Pk-Anosov representation), and ξ =
(ξk, ξn−k) : ∂∞Γ→ Fk,n−k the corresponding Anosov map. Then the composition
φk ◦ ρ is Q0-Anosov with Anosov map φk0 ◦ ξ : ∂∞Γ→ F0(End(

∧k
Kn)). We obtain

a domain of discontinuity Ω′kρ in F which is the complement of K ′kξ =
⋃
t∈∂∞ΓK

′k
ξ(t)

where

K ′kξ(t) = {(F1, . . . , Fn−1) ∈ F | ∃I,
∧k

ξk(t) ⊂ FI ⊂ (
∧k

ξn−k(t)⊥)⊥}

A flag (F1, . . . , Fn−1) belongs to K ′kξ(t) if and only if the following holds:

(i1, . . . , ik) ≤lex (j1, . . . , jk)

where the two sequences (il) and (jl) are defined by:

∀l ∈ {1, . . . , k}, il = min{i | dimFi ∩ ξk(t) = l}(10.2)
jl = max{j | dimFj + ξn−k(t) = n− k − 1 + l}.

The sequence I = (il) satisfies in fact I = min{I ′ |
∧k

ξk(t) ⊂ FI′} where the min
is taken with respect to the lexicographic order, and similarly J = max{J ′ | F⊥J′ ⊂∧k

ξn−k(t)⊥}.

Remark 10.3. The explicit descriptions of the domains of discontinuity given here
show that different choices of G-modules in the construction of Section 9 can lead
to different domains of discontinuity in the same flag variety. For example, let
ρ : Γ → SL(n,K) be a B-Anosov representation. Then we can consider ρ as
Pk-Anosov representation for any k = 1, . . . , bn/2c. The domains of discontinuity
Ωkρ ⊂ F , if nonempty, are different.

10.2.4. Codimension. We give bounds for the codimensions of the sets KAd
ξ , Kk

ξ ,
K ′Adξ and K ′kξ .

Proposition 10.4. Let k ≤ n/2.
(i) Let E = (E1, . . . , En−1) be a complete flag in Kn and let (EI)I be the flag

of
∧k

Kn constructed in Section 10.2.1. Then the codimension of

Kk
E = {(Fk, Fn−k) ∈ Fk,n−k | ∃I, with

∧k
Fk ⊂ EI ⊂ (

∧k
F⊥n−k)⊥}

in Fk,n−k is a least n− k.
(ii) Let F = (Fk, Fn−k) ∈ Fk,n−k, then the codimension of

K ′kF = {(E1, . . . , En−1) ∈ F | ∃I, with
∧k

Fk ⊂ EI ⊂ (
∧k

F⊥n−k)⊥}

in F is a least n− k.

Proof. We discuss here only the last case. The treatment of the other case is similar.
If (E1, . . . , En−1) ∈ K ′kF , then i1 ≤ j1 where i1 = min{i | dimEi ∩ Fk = 1} and
j1 = max{j | Ej ⊂ Fn−k(t)} (see Equation (10.2)). Hence K ′kF is the union of the
Ls,u, for 1 ≤ s ≤ u, with

Ls,u = {E ∈ K ′kF | Es ∩ Fk is a line and Eu ⊂ Fn−k}.

In particular it is enough to calculate the codimension of the projection L̄s,u of Ls,u
to the partial flag manifold

Fs,u = {Es ⊂ Eu | dimEs = s,dimEu = u}.
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The dimension of Fs,u is s(n− s) + (u− s)(n−u) whereas the dimension of L̄s,u =
{Es ⊂ Eu | Es ∩ Fk is a line and Eu ⊂ Fn−k} is k − 1 + (s− 1)(n− k − s) + (u−
s)(n−k−u). Thus, the codimension is n−k+(k−1)(s−1)+k(u−s) ≥ n−k. �

Corollary 10.5. Let k ≤ n/2. Let Γ be a finitely generated word hyperbolic group
and let ρ : Γ → SL(n,K) be a Pk-Anosov representation (respectively a B-Anosov
representation). Let Ω be the domain of discontinuity constructed in Section 10.2.3
(respectively Section 10.2.2). Set εR = 1 and εC = 2. If the virtual cohomological
dimension vcd(Γ) is less than or equal to εK(n− k), then Ω is nonempty.

Proof. Indeed by Proposition 10.4 the real codimension of the complement of Ω is
at least εK(n− k)− dim ∂∞Γ = εK(n− k)− vcd(Γ) + 1 (Lemma 8.2). �

10.2.5. The case of SL(2n,K). The SL(2n,K)-module V =
∧n

K2n has a natural
invariant non-degenerate bilinear form F : V ⊗ V →

∧2n
K2n ∼= K, v ⊗ w 7→ v ∧ w

that is symmetric when n is even and symplectic when n is odd. Let us denote by
φ∧ : SL(2n,K)→ GF (V ) the corresponding homomorphism.

φ∧1 :P(K2n) −→ F1(V ), [v] 7−→ ker(v ∧ · :
∧n

K2n →
∧n+1

K2n)

φ∧0 : Grn(K2n) −→ F0(V ), P 7−→
∧n

P.

Given a P1-Anosov representation ρ : Γ→ SL(2n,K) with Anosov map ξ1 : ∂∞Γ→
P(K2n), the composition φ∧◦ρ is Q1-Anosov with Anosov map φ∧1 ◦ξ1. Let Ωφ∧◦ρ ⊂
F0(V ) be the domain of discontinuity constructed in Section 8. The preimage under
φ∧0 is a domain of discontinuity Ωφ

∧,1
ρ = φ∧0

−1
(Ωφ∧◦ρ) ⊂ Grn(K2n) for Γ. It can be

described more explicitly by setting

Kξ1 =
⋃

t∈∂∞Γ

Kξ1(t) =
⋃

t∈∂∞Γ

{P ∈ Grn(K2n) | ξ1(t) ⊂ P}.

Then
Ωφ
∧,1
ρ = Grn(K2n) rKξ1 .

Similarly, given a Pn-Anosov representation ρ : Γ → SL(2n,K) with Anosov map
ξn : ∂∞Γ → Grn(K2n) one constructs a domain of discontinuity Ωφ

∧,n
ρ ⊂ P(K2n).

It satisfies

Ωφ
∧,n
ρ = P(K2n) rKξn , where Kξn =

⋃
t∈∂∞Γ

P(ξn(t)).

In order to compare those open sets with the domains of discontinuity Ω1
ρ,Ω

n
ρ

constructed in Section 10.2.3 we denote by π1 : F(K2n) → P(K2n) and by πn :
F(K2n)→ Grn(K2n) the natural projections.

Proposition 10.6. With the notations introduced above:
(i) Let ρ : Γ→ SL(2n,K) be P1-Anosov, then π−1

n (Ωφ
∧,1
ρ ) = Ω1

ρ.
(ii) Let ρ : Γ→ SL(2n,K) be Pn-Anosov, then π−1

1 (Ωφ
∧,n
ρ ) = Ωnρ .

Proof. We prove (ii). One has Ωnρ = FrKn
ξ withKn

ξ =
⋃
t∈∂∞ΓKξn(t) andKξn(t) =

{(E1, . . . , E2n−1) ∈ F | ∃I,
∧n

ξn(t) ⊂ EI ⊂ (
∧n

ξn(t)⊥)⊥}. Also π−1
1 (Ωφ

∧,n
ρ ) =

FrK ′ξ with K ′ξ =
⋃
t∈∂∞ΓK

′
ξn(t) and K

′
ξn(t) = π−1

1 (Kφ∧,n
ξn(t)) and K

φ∧,n
ξn(t) = {D | D ⊂

ξn(t)}. It is easy to see that (using e.g. Equation 10.2) that Kξn(t) ⊂ K ′ξn(t). Hence
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Kn
ξ ⊂ K ′ξ and π

−1
1 (Ωφ

∧,n
ρ ) ⊂ Ωnρ . Since the action of Γ is proper and cocompact on

both these open sets, this last inclusion implies the equality π−1
1 (Ωφ

∧,n
ρ ) = Ωnρ . �

Remark 10.7. For the projective Schottky groups, discussed in Section 6.5, the
domain of discontinuity constructed in P(K), K = R,C, is precisely the domain of
discontinuity given in [63, 69].

10.2.6. The Case of SL(3,R). By Lemma 3.18.(iv) an Anosov representation ρ :
Γ → SL(3,R) is automatically B-Anosov (because B = P1,2 is the only parabolic
subgroup of SL(3,R) conjugate to its opposite). The corresponding Anosov map is
a pair of compatible maps ξ1 : ∂∞Γ→ P2(R), ξ2 : ∂∞Γ→ P2(R)∗ and the domain
of discontinuity Ωρ ⊂ F(R3) is the following open set (see Section 10.2.2):

Ωρ = {(E1, E2) ∈ F(R3) | E1 /∈ ξ1(∂∞Γ) and E2 /∈ ξ2(∂∞Γ)}.
When Γ = π1(Σ) is a surface group, B-Anosov representations and the above

domain of discontinuity have been studied by Barbot [2]. He proved the following
dichotomy:

(i) If ρ is in the Hitchin component, then Ωρ has three connected components.
One component Ω1 is the pull-back of the invariant convex set C ⊂ P2(R)
(see Goldman [35]), another component Ω2 is the pull-back of the invariant
convex set C∗ ⊂ P2(R)∗. The third component Ω3 is “de-Sitter like”, it is
the set of flags (D,P ) with D /∈ C and P /∈ C∗. For any i, π1(Σ)\Ωi is
homeomorphic to the projectivized tangent bundle of Σ.

(ii) If ρ is not in the Hitchin component, then Ωρ is connected and π1(Σ)\Ωρ is
diffeomorphic to a circle bundle over Σ; Barbot asked if it is always home-
omorphic to the double cover π1(Σ)\SL(2,R) of T 1Σ ∼= π1(Σ)\PSL(2,R).
This is known to be true in some explicit examples.

10.2.7. Holonomies of convex projective structures. If Γ ⊂ SL(n + 1,R) divides a
strictly convex set C in Pn(R) (see Section 6.2) then the injection ι : Γ → SL(n +
1,R) is P1,n-Anosov. Thus the construction in Section 10.2.3 provides a domain of
discontinuity Ω in the full flag variety F(Rn+1). The pull-back of C to F(Rn+1)
and the pull-back of the dual convex set C∗ are components of Ω. However, Ω has
in general other components, for example for a lattice in SO(1, n), Ω has n + 1
components.

10.3. Representations into Sp(2n,K). Section 8 gives a direct construction of
domains of discontinuity for Qi-Anosov representations ρ : Γ→ Sp(2n,K), i = 0, 1.
By embedding Sp(2n,K) into SL(2n,K), the construction in Section 10.2.3 can be
applied to representations ρ : Γ → Sp(2n,K) which are Pk-Anosov, where Pk is
the stabilizer of an isotropic k-plane. This gives domains of discontinuity in the
complete flag variety of Sp(2n,K):

FSp = {(E1, . . . , E2n−1) ∈ F(K2n) | ∀i, E2n−i = E⊥,ωi }.
For Qi-Anosov representations this is the same as applying the general construc-

tion of Section 9 using the representations φ1 : Sp(2n,K)→ O(End(K2n), tr) when
i = 0 and φn : Sp(2n,K) → O(End(

∧n
K2n), tr) when i = 1. Thus, for a Q0-

Anosov representation, we constructed three domains of discontinuity: Ω0
ρ ⊂ L,

Ω0,Sp
φ1,ρ ⊂ FSp, and Ω0,Sp

φn,ρ ⊂ FSp. Similarly, for a Q1-Anosov representation, we
obtain Ω1

ρ ⊂ P(K2n), Ω1,Sp
φ1,ρ ⊂ FSp, and Ω1,Sp

φn,ρ ⊂ FSp.
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Proposition 10.8. Let π1,Sp : FSp → P(K2n) and πn,Sp : FSp → L be the natural
projection.

(i) If ρ is Q0-Anosov, then Ω0,Sp
φ1,ρ = Ω0,Sp

φn,ρ = π−1
n,Sp(Ω0

ρ).
(ii) If ρ is Q1-Anosov, then Ω1,Sp

φ1,ρ = Ω1,Sp
φn,ρ = π−1

1,Sp(Ω1
ρ).

Proof. The equalities Ω0,Sp
φn,ρ = π−1

n,Sp(Ω0
ρ) and Ω1,Sp

φn,ρ = π−1
1,Sp(Ω1

ρ) follow from Propo-
sition 10.6. To prove, for example, the second equality in (i): Ω0,Sp

φ1,ρ = π−1
n,Sp(Ω0

ρ),
it is enough to note that, for L ∈ P(K2n), {(E1, . . . , E2n−1) ∈ FSp | ∃k, L ⊂ Ek ⊂
L⊥ω} = {(E1, . . . , E2n−1) ∈ FSp | L ⊂ En}. �

Remark 10.9. As mentioned in Section 6.4 any maximal representation ρ : π1(Σ)→
Sp(2n,R) is Q1-Anosov. The quotient manifolds M = π1(Σ)\Ω1

ρ will be investi-
gated in more detail in [42], using results on topological invariants for maximal
representations from [41]. In particular, we deduce that the manifoldsM are home-
omorphic to the total space of O(n)/O(n−2)-bundles over Σ. This implies also that
for representations ρ : π1(Σ) → SL(2n,R) in the Hitchin component the quotient
manifold π1(Σ)\Ωφ∧,nρ is homeomorphic to the total space of a O(n)/O(n−2)-bundle
over Σ.

10.4. Representations into SO(p, q). The construction in Section 8 gives an ex-
plicit description of domains of discontinuity Ω1−i

ρ ⊂ F1−i for Qi-Anosov represen-
tations ρ : Γ→ SO(p, q), i = 0, 1.

(i) Let Γ < SO(1, n) be a convex cocompact subgroup. Consider the Q0-
Anosov representation ρ : Γ → SO(1, n + 1), obtained by naturally em-
bedding SO(1, n) < SO(1, n+ 1). Then the quotient Γ\Ωρ is the union of
two copies of Γ\Hn when Γ is cocompact or the double of the compact
manifold with boundary whose interior is Γ\Hn otherwise. This is similar
to what happens for Fuchsian groups embedded in PSL(2,C).

(ii) When Γ < SO(1, n) < SO(p, q) (p ≤ q) is a convex cocompact subgroup
of SO(1, n), we have Ω1−i

ρ = ∅ if q = n and Γ is a lattice, but one gets
interesting domains of discontinuity for q = n+ 1, see Section 13.

(iii) A representation ρ : π1(Σ) → SO(2, 3) in the Hitchin component is Q1-
Anosov. In this case we obtain a nonempty domain of discontinuity Ω0

ρ ⊂
F0 in the Einstein space. The quotient π1(Σ)\Ω0

ρ consists of two connected
components, which are both homeomorphic to the unit tangent bundle of
the surface. Considering the representation ρ asQ0-Anosov representation,
one obtains a domain of discontinuity in P3(R).

Part 3. Applications

11. Higher Teichmüller spaces

In Part 2 we gave a construction of domains of discontinuity for Anosov rep-
resentations ρ : Γ → G. The domains of discontinuity are open subsets Ωρ of a
homogeneous space X = G/H for some subgroup H containing AN . The quotient
W = Γ\Ωρ is naturally equipped with a (G,X)-structure. Thus one can rephrase
the result of Theorem 9.4 as associating a (G,X)-structure to an Anosov repre-
sentation. In this section we make this statement precise for representations in a
Hitchin component as well as for maximal representations.
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11.1. Geometric structures. Let G be a Lie group and X be a manifold with
a smooth G-action. (The definition below can be adapted to treat more general
G-spaces.)

A (G,X)-variety W is a topological space together with a (maximal) G-atlas on
W , that is

(i) an open cover U and, for each U in U a homeomorphism φU : U → φU (U)
onto an open subset of X, such that

(ii) for any U and U ′ in U , φU ′ ◦ φ−1
U : φU (U ∩ U ′)→ φU ′(U ∩ U ′) is (locally)

the restriction of an element of G.
The maps φU are called charts. A map ψ : W → W ′ between (G,X)-varieties is a
G-map if ψ is (locally) in the charts an element of G.

A (G,X)-structure on a manifold M is a pair (W, f) of a (G,X)-variety W and
a diffeomorphism f : M → W . Two (G,X)-structures (W, f) and (W ′, f ′) on M
are said to be equivalent if there exists a G-map ψ : W →W ′. They are said to be
isotopic if there exists a G-map ψ : W →W ′ such that ψ ◦ f ′ is isotopic to f .

The space of isotopy classes of (G,X)-structures on M is denoted by DG,X(M).
The space of equivalence classes is denoted byMG,X(M). There is a natural action
of Diff(M) onDG,X(M) (by precomposition) that factors through the mapping class
group Mod(M) = π0(Diff(M)); andMG,X(M) = DG,X(M)/Mod(M).

11.2. The holonomy theorem. In this section we recall some background on
locally homogeneous (G,X)-structures, we refer the reader to [33, Section 3] for
more details.

Every (G,X)-structure (W, f) onM induces a π1(M)-invariant (G,X)-structure
on the universal cover M̃ . As M̃ is simply connected, the (G,X)-structure on M̃
can be encoded in one map dev : M̃ → X that is a local diffeomorphism (the charts
φU can be “patched” together). The map dev is called the developing map and is
unique up to postcomposition with elements of G.

This uniqueness means that there exists a representation ρ : π1(M) → G such
that dev ◦ γ = ρ(γ) · dev for any γ ∈ π1(M). The homomorphism ρ is called the
holonomy representation. If dev is changed to g · dev then ρ is changed to the
conjugate homomorphism γ 7→ gρ(γ)g−1, in particular only the conjugacy class of
ρ is well defined by the (G,X)-structure (W, f). This conjugacy class is denoted
by hol(W, f) ∈ Hom(π1(M), G)/G.

The space of isotopy classes DG,X(M) is thus identified with equivalence classes
of pairs (dev,hol), of a local diffeomorphism dev that is equivariant with respect to
a representation hol, and can be topologized using the compact open topology on
these spaces of maps.

If ψ : M →M is a diffeomorphism, then the holonomy representations for (W, f)
and (W, f ◦ ψ) are related by hol(W, f ◦ ψ) = hol(W, f) ◦ ψ∗ where ψ∗ : π1(M) →
π1(M) is the induced homomorphism. Hence the holonomy map descends to a map
hol : DG,X(M)→ Hom(π1(M), G)/G that is Mod(M)-equivariant.

Theorem 11.1. [71, §5.3.1] (Holonomy Theorem)
The holonomy map hol : DG,X(M) → Hom(π1(M), G)/G is a local homeomor-

phism.

Remark 11.2. In order to avoid having to deal with potential singularities in the
G-quotient Hom(π1(M), G)/G, one can work with the space D∗G,X(M) of based
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(G,X)-structures. Here, in addition, a germ of (G,X)-structure at a point m ∈M
is specified. Then the holonomy map is well defined as a map hol : D∗G,X(M) →
Hom(π1(M,m), G) that is a local homeomorphism.

11.3. Hitchin component for SL(2n,R).

Theorem 11.3. Let Σ be a closed connected orientable surface of genus ≥ 2. Let
C be the Hitchin component of Hom(π1(Σ),PSL(2n,R))/PSL(2n,R). Assume that
n ≥ 2.

Then there exist
– a compact (2n− 1)-dimensional manifold M ,
– a homomorphism π : π1(M)→ π1(Σ),
– and a connected component D of the space DPSL(2n,R),P2n−1(R)(M) of

(PSL(2n,R),P2n−1(R))-structures on M .
such that

(i) The map

C −→ CM ⊂ Hom(π1(M),PSL(2n,R))/PSL(2n,R)

ρ 7−→ ρ ◦ π

is a homeomorphism onto a connected component CM .
(ii) The restriction of the holonomy map hol to D is a homeomorphism onto
CM , i.e. hol|D : D ∼−→ CM .

Furthermore, there exists a homomorphism θ : Mod(Σ) → Mod(M) such that
the identification C ∼= CM is θ-equivariant. In other words, D ∼= C is equivariant
with respect to the action of the mapping class group.

Proof. For ρ ∈ C, let Ωρ ⊂ S2n−1 the lift to the sphere of the domain of disconti-
nuity constructed in Section 10.2.5, considering ρ : π1(Σ) → PSL(2n,R) as a Pn-
Anosov representation. When n = 2 the domain of discontinuity has two connected
components and Ωρ denotes any one of them. The quotient space Wρ = Γ\Ωρ
is a (PSL(2n,R),P2n−1(R))-variety. Moreover, by Theorem 9.12, the total space
W =

∐
ρ∈CWρ is a fiber bundle over the base C (i.e. locally over C,W is a product).

Since C is simply connected (actually, by [46, Theorem A], C is a cell), this fiber
bundle is trivial, i.e. W = C ×M .

In particular, for each ρ ∈ C, there is a diffeomorphism fρ : M → Wρ. Hence
there is a continuous map σ : C → DPSL(2n,R),P2n−1(R)(M), ρ 7→ (Wρ, fρ). Moreover
the Γ-cover Ωρ → Wρ gives a homomorphism π : π1(Wρ) ∼= π1(M) → Γ that does
not depend on ρ (again using that C is simply connected).

The map σ fits in the diagram

DPSL(2n,R),P2n−1(R)(M)

hol

��

C

σ
44

// Hom(π1(M),PSL(2n,R))/PSL(2n,R)

where the bottom map is ρ 7→ ρ ◦ π. Since σ is injective and hol is a local homeo-
morphism, the statements of the theorem follow if the map β : ρ 7→ ρ ◦ π is onto a
connected component CM of Hom(π1(M),PSL(2n,R))/PSL(2n,R). For this, it is
enough to show that β is open.
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When n ≥ 4, the codimension of Kρ = S2n−1 r Ωρ is bigger than 3, hence
π1(Ωρ) = π1(S2n−1) = {1} and π1(M) = π1(Σ) and β is the identity and is obvi-
ously open.

For n = 2, one observes (considering a Fuchsian representation and using Theo-
rem 9.12) that Ωρ ∼= SL(2,R) or Ωρ ∼= SL(2,R)/(Z/3Z), Z/3Z ⊂ SO(2), depend-
ing on which connected component of the domain of discontinuity one considers.
In particular, M is the total space of a circle bundle over Σ with Euler number
g − 1 or 3g − 3. The set {ρ ∈ Hom(π1(M),PSL(2n,R)) | Z(ρ) is finite} is open
in Hom(π1(M),PSL(2n,R)) and since π1(M) → π1(Σ) is a central extension, the
image by β of {ρ ∈ Hom(π1(Σ),PSL(2n,R)) | Z(ρ) is finite} is open. By [57,
Lemma 10.1] C ⊂ {ρ ∈ Hom(π1(Σ),PSL(2n,R)) | Z(ρ) is finite}, hence β is open.

For n = 3 the complement Kρ of Ωρ in S5 is homeomorphic to (S1 × S2)/{±1}.
Hence π1(Kρ) ∼= Z and H3(Kρ,Z) ∼= Z/2Z. Alexander duality implies that
H1(Ωρ,Z) ∼= Z/2Z. If U denotes a tubular neighborhood of Kρ, then U r Kρ

has abelian fundamental group. The Van Kampen theorem implies now that
π(U r Kρ) → π1(Ωρ) is onto (otherwise, one would get π1(S5) 6= 0) and hence
that π1(Ωρ) is abelian. In conclusion, π1(Ωρ) ∼= H1(Ωρ,Z) ∼= Z/2Z is finite. This
is enough to show that β is open.

The mapping class group acts naturally on C and on
∐
ρ∈C Ωρ and hence on

W = Γ\
∐
ρ∈C Ωρ. Thus, for each ψ ∈ Mod(Σ), we get a bundle automorphism

of W ∼= C ×M , that is to say a family of diffeomorphisms {fψ,ρ}ρ∈C . Since C is
connected, the class θ(ψ) ∈ Mod(M) of fψ,ρ is well defined independently of ρ.
This defines a homomorphism θ : Mod(Σ) → Mod(M) satisfying all the wanted
properties. �

Remarks 11.4.
(i) Theorem 11.3 and Theorem 11.5 below solve the problem of giving a geomet-

ric interpretation of Hitchin components3. We obtain an embedding of the Hitchin
component into the deformation space of geometric structures (e.g. real projective
structures when G = PSL(2n,R)), such that the image is a connected component of
DG,X(M). This implies that the Hitchin component parametrizes specific (G,X)-
structures on a manifold M . However, in the general case, we do not characterize
the image in DG,X(M) in geometric terms. A geometric characterization had been
obtained for PSL(3,R) by Choi and Goldman [25, 35], and for PSL(4,R) by the
authors [39].

(ii) In [42] we determine the homeomorphism type of M and show that M is
homeomorphic to the total space of an O(n)/O(n− 2)-bundle over Σ.

11.4. Hitchin components for classical groups.

Theorem 11.5. Let Σ be a closed connected orientable surface of genus ≥ 2.
Assume that G is PSL(2n,R) (n ≥ 2), PSp(2n,R) (n ≥ 2), or PSO(n, n) (n ≥ 3),
and X = P2n−1(R); or that G is PSL(2n+1,R) (n ≥ 1), or PSO(n, n+1) (n ≥ 2),
and X = F1,2n(R2n+1) = {(D,H) ∈ P2n(R)× P2n(R)∗ | D ⊂ H}.

Let C ⊂ Hom(π1(Σ), G)/G be the Hitchin component.

3Hitchin did ask for such a geometric interpretation in [46].
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Then there exists a compact manifold M , a homomorphism π : π1(M)→ π1(Σ),
and a connected component D of the deformation space DG,X(M) such that

C → CM , ρ 7→ ρ ◦ π
is a homeomorphism onto a connected component CM of Hom(π1(M), G)/G and
such that

hol|D : D → CM
is a homeomorphism.

Furthermore there is a homomorphism θ : Mod(Σ) → Mod(M) such that the
identification C ∼= D is θ-equivariant.

Proof. The proof proceeds along the same lines as the proof of Theorem 11.3,
considering the following domains of discontinuity Ωρ ⊂ X.

(i) When X = P(R2n), Ωρ is defined in Section 10.2.5, regarding ρ : π1(Σ)→
G→ PSL(2n,R) as a Pn-Anosov representation.

(ii) When X = F1,2n(R2n+1), ΩAdρ is defined in Section 10.2.2, regarding ρ :
π1(Σ)→ G→ PSL(2n+ 1,R) as a B-Anosov representation.

The central ingredients are that the Hitchin component C is simply connected and
that the fundamental group of the domain of discontinuity is finite (or centralized
by π1(Σ)). �

11.5. Components of the space of maximal representations. Components of
the space of maximal representations might have nontrivial topology, in particular
their fundamental groups can be nontrivial.

For example, work of Gothen [36, Propositions 5.11, 5.13 and 5.14] implies that
the components of the space of maximal representations of π1(Σ) into Sp(4,R),
which are not Hitchin components, have fundamental groups which are isomorphic
to surface groups, (Z/2Z)2g, or to Z2g.

Theorem 11.6. Let Σ be a closed connected orientable surface of genus ≥ 2. Let
C ⊂ Hom(π1(Σ),Sp(2n,R))/Sp(2n,R)), n ≥ 2, be a component of the space of
maximal representations.

Then there exists a compact manifold M of dimension 2n − 1 and a homomor-
phism π : π1(M) → π1(Σ), such that ρ 7→ ρ ◦ π gives an identification of C with a
connected component CM of Hom(π1(M),Sp(2n,R))/Sp(2n,R).

Furthermore there exists a connected component D of the deformation space
DSp(2n,R),P2n−1(R)(M) and a homomorphism κ : π1(C) → Mod(M) such that
hol : D → CM ∼= C is the Galois cover associated with kerκ. The correspond-
ing isomorphism of universal covers induces a local homeomorphism D̃ ∼= C̃ → D,
that is equivariant with respect to the subgroup ModC of Mod(Σ) stabilizing C.

Remark 11.7. Work of García-Prada, Gothen and Mundet i Riera [32] seems to
imply that components of the space of maximal representations of π1(Σ) into
Sp(2n,R) with n ≥ 3 are always simply connected. If this holds true the statement
of the theorem can be simplified when n ≥ 3.

Of course, there are similar statements for components of the space of maximal
representations of π1(Σ) into other Lie groups G of Hermitian type. For classical Lie
groups we list here the homogeneous space X the geometric structure is modeled
on:

– G = SO(2, n), X = F1(R2+n) the space of isotropic 2-planes.
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– G = SU(p, q), X ⊂ Pp+q−1(C) is the null cone for the Hermitian form.
– G = SO∗(2n), X ⊂ Pn−1(H) is the null cone for the skew-Hermitian form.

12. Compactifying quotients of symmetric spaces

Let Γ be a word hyperbolic group and ρ : Γ → G an Anosov representation.
Then ρ(Γ) < G is a discrete subgroup, and the action of ρ(Γ) on the symmetric
spaceH = G/K by isometries is properly discontinuous. In most cases, the quotient
M = ρ(Γ)\H will not be compact nor of finite volume.

In this section we will describe how the construction of domains of discontinuity,
together with Proposition 7.6 can be applied in order to describe compactifications
of Γ\H. More precisely, in a suitable compactification H of H we will describe
a ρ(Γ)-invariant subset Hρ containing H such that the following holds: ρ(Γ) acts
properly discontinuously on Hρ with compact quotientM = Γ\Hρ, andM contains
M as an open dense set.

We will now describe the construction in detail in the case when ρ : Γ →
Sp(2n,R) is a Q0-Anosov representation, and H is the bounded symmetric domain
compactification of the symmetric space HSp(2n,R). We then list other examples,
to which an analogous construction applies.

12.1. Quotients of the Siegel space. Let us recall the geometric realization of
the Borel embeddings for the Siegel space HSp(2n,R). Let (R2n, ω) be a symplectic
vector space and (C2n, ωC) be its complexification, and φ : Sp(2n,R)→ Sp(2n,C)
the corresponding embedding. Let h be the non-degenerate Hermitian form of
signature (n, n) on C2n defined by h(v, w) = iωC(v, w). Then h is preserved by
φ(Sp(2n,R)). The symmetric space HSp(2n,R) admits a φ-equivariant embedding
into the complex Lagrangian Grassmannian L(C2n), namely

HSp(2n,R)
∼= H = {W ∈ L(C2n) |h|W > 0},

where h|W > 0 means that h restricted to W is positive definite. The natural
compactification

HSp(2n,R) = H = {W ∈ L(C2n) |h|W ≥ 0},

where h|W ≥ 0 means that h restricted toW is positive semi-definite, is isomorphic
to the bounded symmetric domain compactification of HSp(2n,R).

The compactification H decomposes into Sp(2n,R)-orbits Hk, k = 0, . . . , n with
H0 = H and Hn ∼= L(R2n). The other G-orbits Hk have the structure of a fiber
bundle over Fk = {V ⊂ R2n | dim(V ) = k, ω|V = 0}, the space of isotropic k-
dimensional subspace in R2n. The fiber over V ∈ Fk is

{W ∈ L(C2n) |h|W ≥ 0, W ∩W = V ⊗R C}.

Theorem 12.1. Let Γ → Sp(2n,R) be a Q0-Anosov representation. Then there
exists a compactification M of M = Γ\H such that M carries a (Sp(2n,R),H)-
structure and the inclusion M ⊂M is an Sp(2n,R)-map.

More precisely, there exists an open ρ(Γ)-invariant subset Hρ of H containing H
such that Γ acts properly discontinuously and cocompactly on Hρ, and M = Γ\Hρ.

In conclusion, M is a manifold with corners that is locally modelled on H.
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Proof. Let ρ : Γ → Sp(2n,R) be the Q0-Anosov representation with associated
Anosov map ξ : ∂∞Γ → P(R2n). Then φ ◦ ρ : Γ → Sp(2n,C) is a Q0-Anosov
representation with Anosov map ξC : ∂∞Γ → P(C2n). Let Ωφ◦ρ ⊂ L(C2n) be the
domain of discontinuity associated to φ ◦ ρ in Section 8.

Then, by Proposition 7.6, ρ(Γ) acts properly discontinuously and cocompactly
on

Hρ := H ∩ Ωφ◦ρ.

Recall that

Ωφ◦ρ = {W ∈ L(C2n) | ∀t ∈ ∂∞Γ,W ∩ ξC(t) = 0}.

Since ξ(t) is a real line, if ξC(t) ⊂ W , then ξC(t) ⊂ W . This implies that Ωφ◦ρ
contains the set {W ∈ L(C2n) |W ∩W = 0}, which contains H. �

We can describe Hρ more explicitly. For this we set

Kk(ξ) :=
⋃

t∈∂∞Γ

{V ∈ Fk | ξ(t) ⊂ V }.

Then

Hρ =

n⋃
i=0

(Hk rHk|Kk(ξ)),

where Hk|Kk(ξ) is the restriction of the bundle to Kk(ξ) ⊂ Fk .

Corollary 12.2. Let ρ : π1(Σ)→ Sp(2n,R) be a Hitchin representation, then there
is a natural compactification of M = π1(Σ)\H as (Sp(2n,R),H)-manifold.

An analogous construction applies for example to:
(i) Q0-Anosov representations ρ : Γ → SU(n, n), where GC = SL(2n,C).

Then φ ◦ ρ : Γ → SL(2n,C) is a P1-Anosov representation and Ωφ◦ρ ⊂
Grn(C2n) is the domain of discontinuity described in Section 10.2.5.

(ii) Q0-Anosov representations ρ : Γ → SO(n, n) where we consider φ :
SO(n, n)→ SL(2n,R). Then φ ◦ ρ : Γ→ SL(2n,R) is a P1-Anosov repre-
sentation and Ωφ◦ρ ⊂ Grn(R2n) is the domain of discontinuity described
in Section 10.2.5.

Remark 12.3. In the case of an arbitrary Anosov representation ρ : Γ → G we do
not know how to construct a natural compactification of the quotient manifolds
M = ρ(Γ)\H, where H = G/K is the symmetric space.

However, we propose to investigate the following approach. Recall that for a
general semisimple Lie group G the symmetric space H = G/K can be embedded
into the space of probability measuresM(G/Q) onG/Q, whereQ < G is any proper
parabolic subgroup. The closure of the image H is a Furstenberg-compactification
of H.

Assume that ρ : Γ → G is an Anosov representation which admits a domain of
discontinuity Ωρ ⊂ G/Q with compact quotient. Let Kρ = G/Qr Ωρ, and denote
by Kρ ⊂ M(G/Q) the set of probability measures with support on Kρ. Then the
action of ρ(Γ) on M(G/Q) r Kρ is proper. Furthermore M(G/Q) r Kρ contains
the image of H.

When is the action of ρ(Γ) on H ∩ (M(G/Q) rKρ) cocompact ?
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13. Compact Clifford-Klein forms

In this section we apply the construction of domains of discontinuity to construct
compact Clifford-Klein forms of homogeneous spaces. The examples indicate that
a more systematic treatment would be very interesting. For a recent survey on
compact Clifford-Klein forms we refer the reader to [55].

13.1. Q1-Anosov representations. Let G = SU(1, n), Sp(1, n) or GO (the isom-
etry group of the Cayley hyperbolic plane) and let Γ < G be a convex cocompact
subgroup. Denote by G → SO(p, q) the natural embedding, i.e. (p, q) = (2, 2n),
(4, 4n), or (8, 8) respectively (see Remark 8.5). Let ρ : Γ → SO(p, q) be the
corresponding embedding of Γ. Then ρ is a Q1-Anosov representation. The do-
main of discontinuity Ωρ ⊂ F0(Rp,q) is empty if and only if Γ is a uniform lat-
tice, see Remark 8.5. Consider φ : SO(p, q) → SO(p, q + 1). The composition
φ ◦ ρ : Γ → SO(p, q + 1) is again a Q1-Anosov representation, but now with a
domain of discontinuity Ωφ◦ρ ⊂ F0(Rp,q+1) that is always nonempty. By Theo-
rem 8.6, the action of φ ◦ ρ(Γ) on Ωφ◦ρ is properly discontinuous with compact
quotient.

Proposition 13.1. Let Γ, ρ and (p, q) be as above.
Then the embedding ρ : Γ → SO(p, q) as well as any sufficiently small defor-

mation of ρ leads to a properly discontinuous action on the homogeneous space
SO(p, q)/SO(p− 1, q).

(i) If Γ is a uniform lattice, then Γ\SO(p, q)/SO(p− 1, q) is compact.
(ii) If Γ is not a uniform lattice the quotient Γ\Ωφ◦ρ is a compactification of

Γ\SO(p, q)/SO(p− 1, q).

When Γ is torsion free, this compactification is a manifold. In general,
Γ\SO(p, q)/SO(p− 1, q) is an orbifold.

Proof. Let v = (v1, . . . , vp+q+1) be an isotropic vector in Rp,q+1 with vp+q+1 6= 0.
Then, the stabilizer of Rv ∈ F0(Rp,q+1) in SO(p, q) is SO(p − 1, q), and the orbit
SO(p, q)(Rv) ⊂ Ωφ◦ρ, with equality if and only if Γ is a uniform lattice. �

Remark 13.2. The Clifford-Klein forms given by ρ have been studied by Kobayashi,
[54]. When Γ is a uniform lattice the only deformations that exist are deformations
into the normalizer of G.

13.2. Q0-Anosov representations. Let Γ < SO(1, 2n) be a convex cocompact
subgroup, and SO(1, 2n)→ SO(2, 2n) the standard embedding. The corresponding
embedding ρ : Γ → SO(2, 2n) is a Q0-Anosov representation. The domain of
discontinuity Ωρ ⊂ F1 is empty if and only if Γ is a uniform lattice (Remark 8.5).
Let φ : SO(2, 2n) → SO(2n + 2,C) be the embedding into the complexification.
Then φ ◦ ρ is Q0-Anosov. The construction of Section 8 provides a domain of
discontinuity Ωφ◦ρ ⊂ F1(C2n+2), on which φ ◦ ρ(Γ) acts properly discontinuously
with compact quotient.

Barbot [3] shows that the entire connected component of ρ in Hom(Γ,SO(2, 2n))
consists of Q0-Anosov representations. Using this and Theorem 9.12 we deduce:

Theorem 13.3. If Γ is a uniform lattice, then any representation ρ′ in the con-
nected component of ρ in Hom(Γ,SO(2, 2n)) leads to a properly discontinuous, and
cocompact action on the homogeneous space SO(2, 2n)/U(1, n).
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Let Γ < SO(1, 2n) be a convex cocompact subgroup and ρ : Γ → SO(1, 2n) →
SO(2, 2n) the embedding. Then ρ and any sufficiently small deformation of ρ leads
to a properly discontinuous action of Γ on SO(2, 2n)/U(1, n). The quotient Γ\Ωφ◦ρ
is a compactification of the quotient Γ\SO(2, 2n)/U(1, n).

Proof. Let L ∈ Ωφ◦ρ ⊂ F1(C2n+2) be a n + 1-plane such that L ∩ L = 0.
A direct calculation gives that the stabilizer of L in SO(2, 2n) is U(1, n), and
SO(2, 2n)/U(1, n) ⊂ Ωφ◦ρ with equality if and only if Γ is a cocompact lattice. �

Note that Theorem 13.3 extends, in the case of SO(2, 2n), a recent result of Kassel
[51, Theorem 1.1], that small deformations of ρ lead to properly discontinuous action
on the homogeneous space SO(2, 2n)/U(1, n).

In particular, as is noted in [51], Johnson and Millson [47] constructed explicit
bending deformations with Zariski dense image in SO(2, 2n) when Γ is an arithmetic
lattice. This allows to conclude the following

Corollary 13.4. [51, Corollary 1.2] There exist Zariski dense subgroups Λ <
SO(2, 2n) acting properly discontinuously, freely and cocompactly on the homoge-
neous space SO(2, 2n)/U(1, n).
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linear maps, Israel J. Math. 91 (1995), no. 1-3, 1–30. MR 1348303 (96i:22029)

[2] Thierry Barbot, Three-dimensional Anosov flag manifolds, Geom. Topol. 14 (2010), no. 1,
153–191. MR 2578303

[3] , Deformations of Fuchsian AdS representations are quasi-Fuchsian, in preparation,
2011.

[4] Thierry Barbot and Quentin Mérigot, Anosov AdS representations are quasi-Fuchsian,
arXiv/0710.0969, arXiv/0710.0618, to appear in Groups, Geometry and Dynamics, 2007.

[5] Yves Benoist, Actions propres sur les espaces homogènes réductifs, Ann. of Math. (2) 144
(1996), no. 2, 315–347. MR 1418901 (97j:22023)

[6] , Propriétés asymptotiques des groupes linéaires, Geom. Funct. Anal. 7 (1997), 1–47.
[7] , Convexes divisibles. I, Algebraic groups and arithmetic, Tata Inst. Fund. Res., Mum-

bai, 2004, pp. 339–374. MR 2094116 (2005h:37073)
[8] , Convexes divisibles. III, Ann. Sci. École Norm. Sup. (4) 38 (2005), no. 5, 793–832.

MR 2195260 (2007b:22011)
[9] , Convexes divisibles. IV. Structure du bord en dimension 3, Invent. Math. 164 (2006),

no. 2, 249–278. MR 2218481 (2007g:22007)
[10] , Convexes hyperboliques et quasiisométries, Geom. Dedicata 122 (2006), 109–134.

MR 2295544 (2007k:20091)
[11] , A survey on divisible convex sets, Geometry, analysis and topology of discrete groups,

Adv. Lect. Math. (ALM), vol. 6, Int. Press, Somerville, MA, 2008, pp. 1–18. MR 2464391
[12] Nicolas Bergeron and Tsachik Gelander, A note on local rigidity, Geom. Dedicata 107 (2004),

111–131. MR 2110758 (2005k:22015)
[13] Mladen Bestvina and Geoffrey Mess, The boundary of negatively curved groups, J. Amer.

Math. Soc. 4 (1991), no. 3, 469–481. MR 1096169 (93j:20076)
[14] Marc Bourdon, Structure conforme au bord et flot géodésique d’un CAT(−1)-espace, Enseign.

Math. (2) 41 (1995), no. 1-2, 63–102. MR 1341941 (96f:58120)
[15] Brian H. Bowditch, Convergence groups and configuration spaces, Geometric group the-

ory down under (Canberra, 1996), de Gruyter, Berlin, 1999, pp. 23–54. MR 1714838
(2001d:20035)

[16] Steven B. Bradlow, Oscar García-Prada, and Peter B. Gothen, Surface group representations
and U(p, q)-Higgs bundles, J. Differential Geom. 64 (2003), no. 1, 111–170. MR 2015045
(2004k:53142)

[17] , Maximal surface group representations in isometry groups of classical Hermitian
symmetric spaces, Geom. Dedicata 122 (2006), 185–213. MR 2295550 (2008e:14013)



ANOSOV REPRESENTATIONS: DOMAINS OF DISCONTINUITY 61

[18] Marc Burger, Alessandra Iozzi, François Labourie, and Anna Wienhard, Maximal representa-
tions of surface groups: Symplectic Anosov structures, Pure Appl. Math. Q. 1 (2005), no. 3,
Special Issue: In memory of Armand Borel. Part 2, 543–590. MR 2201327 (2007d:53064)

[19] Marc Burger, Alessandra Iozzi, and Anna Wienhard, Tight homomorphisms and Hermitian
symmetric spaces, Geom. Funct. Anal. 19 (2009), no. 3, 678–721. MR 2563767

[20] , Maximal representations and Anosov structures, in preparation, 2010.
[21] , Surface group representations with maximal Toledo invariant, Ann. of Math. (2)

172 (2010), no. 1, 517–566. MR 2680425
[22] , Higher Teichmüller spaces: From SL(2,R) to other Lie groups, arXiv/1004.2894, to

appear in the Handbook of Teichmüller Theory vol. IV, 2011.
[23] Angel Cano, Schottky groups can not act on P2n

C as subgroups of PSL2n+1(C), Bull. Braz.
Math. Soc. (N.S.) 39 (2008), no. 4, 573–586. MR 2465265 (2010c:20064)

[24] Christophe Champetier, Petite simplification dans les groupes hyperboliques, Ann. Fac. Sci.
Toulouse Math. (6) 3 (1994), no. 2, 161–221. MR 1283206 (95e:20050)

[25] Suhyoung Choi andWilliam M. Goldman, Convex real projective structures on closed surfaces
are closed, Proc. Amer. Math. Soc. 118 (1993), no. 2, 657–661. MR 1145415 (93g:57017)

[26] Michel Coornaert, Thomas Delzant, and Athanase Papadopoulos, Les groupes hyperboliques
de Gromov. [Gromov hyperbolic groups], with an english summary, Lecture Notes in
Mathematics, vol. 1441, Springer-Verlag, Berlin, 1990, Géométrie et théorie des groupes.
MR 1075994 (92f:57003)

[27] Thomas Delzant, Olivier Guichard, François Labourie, and Shahar Mozes, Displacing Rep-
resentations and Orbit Maps, Geometry, Rigidity, and Group Actions (Benson Farb, David
Fisher, and Robert J. Zimmer, eds.), University of Chicago Press, 2011, pp. 494–514.

[28] Samuel Eilenberg and Norman Steenrod, Foundations of algebraic topology, Princeton Uni-
versity Press, Princeton, New Jersey, 1952. MR 0050886 (14,398b)

[29] Vladimir Fock and Alexander Goncharov, Moduli spaces of local systems and higher Teich-
müller theory, Publ. Math. Inst. Hautes Études Sci. (2006), no. 103, 1–211. MR 2233852

[30] Charles Frances, Lorentzian Kleinian groups, Comment. Math. Helv. 80 (2005), no. 4, 883–
910. MR 2182704 (2006h:22009)

[31] William Fulton and Joe Harris, Representation theory, a first course, Graduate Texts
in Mathematics, vol. 129, Springer-Verlag, New York, 1991, Readings in Mathematics.
MR 1153249 (93a:20069)

[32] Oscar García-Prada, Peter B. Gothen, and Ignasi Mundet i Riera, Higgs bundles and surface
group representations in the real symplectic group, arXiv/0809.0576, 2008.

[33] William M. Goldman, Geometric structures on manifolds and varieties of representations,
Geometry of group representations (Boulder, CO, 1987), Contemp. Math., vol. 74, Amer.
Math. Soc., Providence, RI, 1988, pp. 169–198. MR 957518 (90i:57024)

[34] , Topological components of spaces of representations, Invent. Math. 93 (1988), no. 3,
557–607.

[35] , Convex real projective structures on compact surfaces, J. Differential Geom. 31
(1990), no. 3, 791–845.

[36] Peter B. Gothen, Components of spaces of representations and stable triples, Topology 40
(2001), no. 4, 823–850. MR 1851565 (2002k:14017)

[37] Misha Gromov, Hyperbolic groups, Essays in group theory, Math. Sci. Res. Inst. Publ., vol. 8,
Springer, New York, 1987, pp. 75–263. MR 919829 (89e:20070)

[38] Olivier Guichard, Misha Kapovich, and Anna Wienhard, Schottky groups are Anosov, in
preparation, 2011.

[39] Olivier Guichard and Anna Wienhard, Convex foliated projective structures and the Hitchin
component for PSL4(R), Duke Math. J. 144 (2008), no. 3, 381–445. MR 2444302

[40] , Domains of discontinuity for surface groups, C. R. Math. Acad. Sci. Paris 347
(2009), no. 17-18, 1057–1060. MR 2554576

[41] , Topological invariants of Anosov representations, J. Topol. 3 (2010), no. 3, 578–642.
MR 2684514

[42] , Domains of discontinuity for maximal symplectic representations, in preparation,
2011.

[43] Yves Guivarc’h, Lizhen Ji, and John C. Taylor, Compactifications of symmetric spaces,
Progress in Mathematics, vol. 156, Birkhäuser Boston Inc., Boston, MA, 1998.



62 OLIVIER GUICHARD AND ANNA WIENHARD

[44] Allen Hatcher, Algebraic topology, Cambridge University Press, Cambridge, 2002.
MR 1867354 (2002k:55001)

[45] Luis Hernàndez, Maximal representations of surface groups in bounded symmetric domains,
Trans. Amer. Math. Soc. 324 (1991), 405–420. MR 1033234 (91f:32040)

[46] Nigel J. Hitchin, Lie groups and Teichmüller space, Topology 31 (1992), no. 3, 449–473.
MR 1174252 (93e:32023)

[47] Dennis Johnson and John J. Millson, Deformation spaces associated to compact hyperbolic
manifolds, Discrete groups in geometry and analysis (New Haven, Conn., 1984), Progr. Math.,
vol. 67, Birkhäuser Boston, Boston, MA, 1987, pp. 48–106.

[48] Michael Kapovich, Convex projective structures on Gromov-Thurston manifolds, Geom.
Topol. 11 (2007), 1777–1830. MR 2350468 (2008h:53045)

[49] Michael Kapovich, Bernhard Leeb, and John J. Millson, The generalized triangle inequalities
in symmetric spaces and buildings with applications to algebra, Mem. Amer. Math. Soc. 192
(2008), no. 896, viii+83. MR 2369545 (2009d:22018)

[50] Fridrikh I. Karpelevič, Surfaces of transitivity of a semisimple subgroup of the group of
motions of a symmetric space, Doklady Akad. Nauk SSSR (N.S.) 93 (1953), 401–404.
MR 0060283 (15,647g)

[51] Fanny Kassel, Deformation of proper actions on reductive homogeneous spaces, to appear in
Mathematische Annalen, DOI: 10.1007/s00208-011-0672-1, 2009.

[52] Bruce Kleiner and Bernhard Leeb, Rigidity of invariant convex sets in symmetric spaces,
Invent. Math. 163 (2006), no. 3, 657–676. MR 2207236 (2006k:53064)

[53] Anthony W. Knapp, Lie groups beyond an introduction, second ed., Progress in Mathematics,
vol. 140, Birkhäuser Boston Inc., Boston, MA, 2002. MR 1920389 (2003c:22001)

[54] Toshiyuki Kobayashi, Deformation of compact Clifford-Klein forms of indefinite-Riemannian
homogeneous manifolds, Math. Ann. 310 (1998), no. 3, 395–409. MR 1612325 (99b:53074)

[55] Toshiyuki Kobayashi and Taro Yoshino, Compact Clifford-Klein forms of symmetric spaces—
revisited, Pure Appl. Math. Q. 1 (2005), no. 3, part 2, 591–663. MR 2201328 (2007h:22013)

[56] Jean-Louis Koszul, Déformations de connexions localement plates, Ann. Inst. Fourier (Greno-
ble) 18 (1968), no. fasc. 1, 103–114. MR 0239529 (39 #886)

[57] François Labourie, Anosov flows, surface groups and curves in projective space, Invent. Math.
165 (2006), no. 1, 51–114. MR 2221137

[58] , Cross ratios, surface groups, PSL(n,R) and diffeomorphisms of the circle, Publ.
Math. Inst. Hautes Études Sci. (2007), no. 106, 139–213. MR 2373231

[59] , Cross ratios, Anosov representations and the energy functional on Teichmüller
space, Ann. Sci. Éc. Norm. Supér. (4) 41 (2008), no. 3, 437–469. MR 2482204

[60] Igor Mineyev, Flows and joins of metric spaces, Geom. Topol. 9 (2005), 403–482 (electronic).
MR 2140987 (2006b:37059)

[61] Yair Minsky, On dynamics of Out(Fn) on PSL(2, C) characters, arXiv:0906.3491, 2009.
[62] George D. Mostow, Some new decomposition theorems for semi-simple groups, Mem. Amer.

Math. Soc. 1955 (1955), no. 14, 31–54. MR 0069829 (16,1087g)
[63] Madhav V. Nori, The Schottky groups in higher dimensions, The Lefschetz centennial con-

ference, Part I (Mexico City, 1984), Contemp. Math., vol. 58, Amer. Math. Soc., Providence,
RI, 1986, pp. 195–197. MR 860414 (88c:32017)

[64] Anne Parreau, La distance vectorielle dans les immeubles affines et les espaces symétriques,
Preprint 2010.

[65] Jean-François Quint, Groupes convexes cocompacts en rang supérieur, Geom. Dedicata 113
(2005), 1–19. MR 2171296 (2006h:22010)

[66] , Convexes divisibles (d’après Yves Benoist), Astérisque (2010), no. 332, 45–73, Sémi-
naire Bourbaki. Volume 2008/2009. Exposés 997–1011. MR 2648674

[67] Andrés Sambarino, Quantitative properties of convex representations, Preprint,
arXiv:1104.4705, 2011.

[68] Ichirô Satake, Algebraic structures of symmetric domains, Kanô Memorial Lectures, vol. 4,
Iwanami Shoten, Tokyo, 1980. MR 591460 (82i:32003)

[69] José Seade and Alberto Verjovsky, Complex Schottky groups, Astérisque (2003), no. 287, xx,
251–272, Geometric methods in dynamics. II. MR 2040008 (2005d:20091)

[70] Norman Steenrod, The Topology of fibre bundles, Princeton Mathematical Series, vol. 14,
Princeton University Press, Princeton, N. J., 1951. MR 0039258 (12,522b)



ANOSOV REPRESENTATIONS: DOMAINS OF DISCONTINUITY 63

[71] William Thurston, Geometry and topology of 3-manifolds, Notes from Princeton University,
Princeton, NJ, 1978.

[72] , Minimal stretch maps between hyperbolic surfaces, arXiv:math/9801039, January
1998.

[73] Domingo Toledo, Representations of surface groups in complex hyperbolic space, J. Differen-
tial Geom. 29 (1989), no. 1, 125–133. MR 978081 (90a:57016)

[74] Jacques Vey, Sur les automorphismes affines des ouverts convexes saillants, Ann. Scuola
Norm. Sup. Pisa (3) 24 (1970), 641–665. MR 0283720 (44 #950)

[75] Anna Wienhard, Bounded cohomology and geometry, Ph.D. thesis, Bonn Universität, January
2005, Bonner Mathematische Schriften Nr. 368, Bonn 2004; arXiv:math/0501258, p. 126
pages.

[76] , The action of the mapping class group on maximal representations, Geom. Dedicata
120 (2006), 179–191. MR 2252900 (2008g:20112)

CNRS, Laboratoire de Mathématiques d’Orsay, Orsay cedex, F-91405, Université
Paris-Sud, Orsay cedex, F-91405

Department of Mathematics, Princeton University, Fine Hall, Washington Road,
Princeton, NJ 08540, USA


	1. Introduction
	1.1. Anosov representations
	1.2. Domains of discontinuity
	1.3. Applications

	Part 1. Anosov representations
	2. Definition
	2.1. For Riemannian manifolds
	2.2. In terms of equivariant maps
	2.3. For hyperbolic groups

	3. Controlling the Anosov section
	3.1. Holonomy and uniqueness
	3.2. Structure of parabolic subgroups
	3.3. Lifting sections and L-Cartan projections
	3.4. Consequences

	4. Lie group homomorphisms and equivariant maps
	4.1. Lie group homomorphisms
	4.2. Groups of rank one
	4.3. Injection of Lie groups: examples and counterexamples
	4.4. Equivariant maps
	4.5. Parabolic subgroups conjugate to their opposite

	5. Discreteness, metric properties and openness
	5.1. Quasi-isometric embeddings and well displacing
	5.2. Proximality
	5.3. Openness
	5.4. Groups of rank one

	6. Examples
	6.1. Groups of rank one
	6.2. Holonomies of convex projective structures
	6.3. Hitchin components
	6.4. Maximal representations
	6.5. Projective Schottky groups


	Part 2. Domains of discontinuity
	7. Automorphism groups of sesquilinear forms
	7.1. Notation
	7.2. Subgroups with special dynamical properties 
	7.3. Other Lie groups

	8. Anosov representations into orthogonal or symplectic groups
	8.1. Structure of the domain of discontinuity
	8.2. Reduction steps
	8.3. Compactness

	9. General groups
	9.1. G-Modules
	9.2. Domains of discontinuity in G/AN
	9.3. Groups of small virtual cohomological dimension
	9.4. Homotopy invariance

	10. Explicit descriptions of some domains of discontinuity
	10.1. Lie groups of rank one
	10.2. Representations into SL(n, K)
	10.3. Representations into Sp(2n, K)
	10.4. Representations into SO(p,q)


	Part 3. Applications
	11. Higher Teichmüller spaces
	11.1. Geometric structures
	11.2. The holonomy theorem
	11.3. Hitchin component for SL(2n, R)
	11.4. Hitchin components for classical groups
	11.5. Components of the space of maximal representations

	12. Compactifying quotients of symmetric spaces
	12.1. Quotients of the Siegel space

	13. Compact Clifford-Klein forms
	13.1. Q1-Anosov representations
	13.2. Q0-Anosov representations

	References


