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ABSTRACT. We find a g-analog of the following symmetrical identity involving binomial
coefficients (:;) and Eulerian numbers A, ,,:

Z <a ;: b>Ak,a1 = Z <a—]:b)Ak,b17

k>0 k>0

which was published by Chung, Graham and Knuth (J. of comb., Vol. 1, Numberl, 29-38,
2010). We shall give two proofs using generating function and bijections, respectively.

1. INTRODUCTION

The Eulerian polynomials A, (t) are defined by the exponential generating function

S a2 = L0 (1.1)

n! T eft — tex
n>0

The classical Eulerian numbers A, are the coefficients of the polynomial A,(t), i.e.,
An(t) = 1_y Anit®. Recently, Chung, Graham and Knuth [2] noticed that if we modify
the value of Ay(t), which is 1 by (L], by taking the convention that Ay(t) = Ago = 0,
then the following symmetrical identity holds:

> <a Z b) Apaa1 =Y <a Z b) Ao (a,b>0). (1.2)

k>0 k>0
Equivalently, instead of (IL1l), we define the Eulerian polynomials by the generating func-
tion

ZA"(t);_T _ (L —t)e 1= & (1.3)

et — te? e#t — te?’
n>0

At the end of [2], the authors asked for, among other unsolved problems, a g-analog of
(L2). The aim of this paper is to give such an extension and provide two proofs, of which
one is analytical and another one is combinatorial.

We first introduce some g-notations. The g-shifted factorial (z; q), is defined by (z; ¢), :=
H?:_Ol(l —2q") for any positive integer n and (z; ¢)o = 1. The g-exponential function e(z; q)

is defined by
z
e(z;q) == Z —.
= (4:9)n
1

n
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Several ¢g-analogs of (1)) have been proposed in the literature (see [6]). Inspired by the
recent work of Shareshian and Wachs [6] we consider the following g-analog of (L.3):

2" e(zq) —e(tz;q)
> Ault.q) @ (1.4)

~ (Q)n e(tzig) —te(zq)

The g- Eulerian polynomials A, (t, q) have many remarkable properties analogous to Euler-
ian polynomials, see Shareshian and Wachs [6] and Foata and Han [4]. The ¢-Eulerian
numbers A, x(q) are then defined by

k=0

The first few terms of A, x(¢) are as follows:

Aoo(q) =0, Aio(q) =1, Asg(q) =1, Aa1(q) =1, As0(q) =1, A31(¢) =2 +q+ ¢

and Aso(q) = 1. Also, replacing ¢t by ¢t~ and z by ¢tz in ([4) yields that t"A,(t7!, q) =
tA,(t,q). Thus we have the symmetrical property

Ani(q) = Anpn—k-1(q). (1.5)
Recall that the g-binomial numbers mq are defined by

k s On—k(¢ @)k
and m =0ifk<O0ork>n.
q

The following symmetrical identity involving both the g-binomial coefficients [Z]q and

[n} = (¢ 9)n for 0<k<n,
. (@

¢-Eulerian numbers A, x(¢) is a true g-analog of (L2)).
Theorem 1. We have the g-symmetrical identity

2 [a N b] Araal0) =3 {“ . b] Apea(9) (1.6)

k>0 k>0

for any positive integers a and b.

We shall first give a generating function proof of (L6]) in Section 2 and then a com-
binatorial proof in Section 3. We conclude the paper with some further extensions and
remarks.

2. A GENERATING FUNCTION PROOF OF ([L.0)
It follows from (L.4]) that
2" (1 —tF)2*
(e(tzq) —te(z9) > Anlt,q) » o (2.1)

n>0 (Gaon 57 (G
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Now,
e(tziq) Y An(t,q) =~ => (t) > At &
= (@@ 7 (@G @)k 45 (¢ @)n
n+k i 2TE
- A
ki q q;49)n+k
n "
= An ki k(Q)t - ;
> [ i
and
te(zq) Y Anlt,q) - =ty : > Anig)t &
= (¢ @)n =GOS (69)
n+k i 2R
S e
o ; @ @tk
n 2"
- An ki l(q)tZ
o [k‘] q (¢ @)n

Substituting the last two expressions in (2] and identifying the coefficients of t'2"/(q; ),
of both sides, we obtain

1, ifi=0#n,

Z[Z} nkzk Z|::| nkle) -1, IfZITl;lAO7

k k 0,  otherwise.
Setting i = a, n = a + b and using the symmetrical property (L3]) we obtain (L.0). O

We can also derive g-analogs of other identities in [2]. For example, let H,(t;q) =
S [ﬂqti be the Rogers-Szegd polynomials, see [II, p. 49]. Then

n

e(tz; q)e(zq) = Y (27

H,(t; q).
= (@9

If we multiply (I4) with e(tz; q)? —t%e(z; q)* = (e(tz; q) +te(z; q))(e(tz; q) —te(z;q)), then
the right-hand side is equal to

(e(tz; q) +te(2;q))(e(2;q) — 6(tZ' q))

= Z — ) Hy(t;q) + (8 = ") Ha(1; q)) -

n>0
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On the other hand, we have

e(tz;q))

= Hi(l;q { } ok ik(g)t

n>0 n,i,k (Q7 q)n

and

n

=2 Hillig { ] nokimalO)t (q;zq)n'

n>0 n,i,k

Hence, identifying the coefficients of t°2™/(q; q), in these expressions yields

;Hk(l;q) {Z} nkik(q ZHk 1;q) { } n—k,i—2(q)

Hn(]-aq)a ifi=1 %77'7
n n .
. H - L._ 1] L H (g, izl
a a 0, otherwise.

Of course, we can also multiply (L) with e(tz;q)" — t"e(z; q)" for any integer r > 1
and derive a g-analog of the more general (and complicated) identity in [2].

3. A COMBINATORIAL PROOF OF (L)

For each permutation 7 = mmy...m, of [n| := {1,...,n}, define the following four
statistics:

exc(m):={i: 1 <i<mn,m >i};
des(ﬂ) =i 1<i<n-—1,m>m1};

maj (7 Z 7

T >T541
inv(m) == [{(4,4) : ¢ < j,m > 7}
called number of excedances, number of descents, major index and inversion number,
respectively. It is well-known that the Eulerian number A, ; counts the number of per-

mutation of [n] with k& descents or k excedances.
Let &, be the set of permutations of [n]. Sherashian and Wachs [6] prove that

— Z q(maj—exc)wtexmr )

7T€6n

For our purpose we shall use another interpretation of A, (¢, ¢) due to Foata and Han [3]/4].
This interpretation is based on Gessel’s hook factorization of permutations [5], that we
recall now. A word w = x5 ... 1, is called a hook if x; > x5 and either m = 2, or m > 3
and o < 23 < ... < x,,. Clearly, each permutation 7 = mm, ... 7, admits a unique
factorization, called its hook factorization, pm7o...7., where p is an increasing word and
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each factor 7y, 7, ..., 7% is a hook. To derive the hook factorization of a permutation,
one can start from the right and factor out each hook step by step. For each i let invr;
denote the number of inversions of 7; and define

lec(m) == Y inv(m). (3.1)
1<i<k
For example, the hook factorization of 7 =134141225111586713910 is
13414]12251115|867]139 10.
Hence p=13414, 7 =12251115, 7, =867, 73 = 13910 and
lec(m) = inv(12251115) + inv(86 7) + inv(13910) = 7.

Let pmi7s...7 be the hook factorization of a permutation 7. Let Ay (resp. A; (1 <i <
r)) denote the set of all letters in the word p (resp. in the hook 7;). We call Ay = cont(p)
(resp. A; = cont(r;) (1 < i < r)) the content of p (resp. of hook 7;) and content of 7
the sequence Cont () = (Ao, Ay, ..., A,). The statistic (inv —lec)7 is equal to the number
of pairs (k,l) such that k € A;, l € A;, k > [ and ¢ < j, a number we shall denote by
inv(Ag, Ay, ..., A,.).

From Foata and Han [3/[4] we derive the following combinatorial interpretations:
An(t, q) — Z q(inV—lCC)ﬂ'tlocw'
TeGy

Therefore

An,k(Q) — Z q(inv—lec)ﬂ‘ (32)

TEGH
lecr=k

Recall [I] that the g-multinomial coefficient

{ n } _ (4 @)n
ao, a1y -5 i)y (4 Dao (@5 Dary (€5 Qay

has the following interpretation

n inv
[a a a } - Z gt A A, (3.3)
0, &1y ..., UL q (Ao, AL, Ar)
where the sum is over all ordered partitions (Ag, Ay, ..., Ax) of [n] such that |A4;| = a;,

0<i<k.
We will give a combinatorial proof of (L)) using (3.2)) and (B.3]). As a warm up we first
prove the symmetric property (ILH) by constructing an explicit involution on permutations.

Lemma 2. There is an involution ™ +— o on &,, satisfying

lec(m) =n —1—lec(o), and (inv— lec)m = (inv— lec)o.
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Proof. Let 7 be a hook with inv(7) = k and cont(7) = {x1, ..., 2}, where x; < ... < z,.
Define d(7) = Ty—k+1%1 - - - Tk Ti—ks2 - - - Ty Clearly d(7) is the unique hook satisfying
cont(d(7)) = cont(7) and inv(d(7)) = m — k = |cont(7)| — inv(7).

Let 7 be a word with inv(7) = k and cont(7) = {z1,...,z,}, where 7 < ... < zy,.
Define d' (1) = &p_k®1 -« - Ton— k- 1Tm—k+1 - - - Ty Clearly d'(7) is the unique word satisfying
cont(d'(1)) = cont(7) and inv(d'(17)) = m — k — 1 = |cont(7)| — inv(7) — 1.

Let m = p1i7 ... 7, be the hook factorization of 7 € &,,.

o If p#£0, let o =d(p)d(m)d(r),...,d().

o Ifp=10,let o =d(m)d(r)d(rs)...d(7).
Since d and d are two involutions, it is routine to check that such a mapping is an
involution with the required properties. O

For each fixed positive integer n, a two-piz-permutations of [n] is a sequence of words
V= (p17T17T27"-77-7“—177—7“7])2) (34)

satisfying the following conditions:
(C1) p1 and ps are two increasing words, possibly empty;

(C2) 7,..., 7, are hooks for some positive integer r;
(C3) The concatenation p1717s ... 7,_17.po of all components of v is a permutation of
[n].

We also extend the two statistics to the two-pix-permutations by
lec(v) = inv(m)+inv(re) + -« - + inv(7,),
inv(v) = inv(pimme... T 17:p2).
It follows that
(inv — lec)v = inv(cont(p; ), cont (7 ), cont(s), . . ., cont(7,.), cont(ps)). (3.5)

Lemma 3. The generating function of all two-piz-permutations v of n such that lec(v) = s

by the statistic inv — lec is
n
3 M Aa(g). (3.6)
q

k>0

Proof. By the hook factorization, the two-pix-permutation v in (3.4 is in bijection with
the pair (o, ps), where 0 = py7i7y ... 7,_17, is a permutation on [n] \ cont(ps) and ps is an
increasing word. Thus, by 2), (33) and (B.1), the generating function of all two-pix-
permutations v of [n] such that lec(v) = s and |p2| = n — k with respect to the weight
q(inv—lec)(v) is [Z] qu’s(q>. ]

Lemma 4. There is a bijection v — u on the set of all two-piz-permutations of [n]
satisfying

lec(v) =n—2—lec(u), and (inv— lec)v = (inv— lec)u.
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Proof. We give an explicit construction of the bijection. Let v be a two-pix-permutation
and write
vV = (7-09 T15T2y v oy Tr—1,Try Tr—i—l)a

where 79 = p; and 7,41 = po. If 7; (resp. 7;) is the leftmost (resp. rightmost) non-empty
word (Clearly 1 = 0,1 and j = r,7 + 1), we can write v in the following compact way by
removing the empty words at the beginning or at the end

VvV = (TZ’,Ti+1,...,Tj_1,Tj). (37)

It is easy to see that the above procedure is reversible by adding some necessary empty
words at the two ends of the compact form (37). Now we work with the compact form.
Recall that

(inv — lec)v = inv(cont(7;), cont(7;41), . . ., cont(7;_1), cont(r;)) (3.8)

and lec(v) = > _ lec(T).

If ¢ = j, then only one word 7; is in the sequence v. We define u = (0, o;, ), where o;
is the unique word (hook) with content [n] such that lec(o;) = n — 2 — lec(7;).

If j > i, we define the two-pix-permutation u as follows

u = (d/(Ti)a d(Ti+1)> d(Ti+2)a SRR d(Tj—l)a dl(Tj))a

where d and d’' are two involutions defined in the proof of Lemma [2
Since lec(d'(7;)) = |cont(r;)| — 1 — lec(r;), lec(d'(7j)) = |cont(7;)] — 1 — lec(r;) and
lec(d'(m)) = |cont(7y)| — lec(r, = for k # i, j, we have

lec(u) = Z |cont(7)| — 2 — lec(v) = n — 2 — lec(v).

Finally it follows from (B.8) that (inv — lec)u = (inv — lec)v.

We give an example to illustrate the bijection. Let v = (27,6389, 514,0). Then v is a
two-pix-permutation of [9] and inv(v) = 19,lec(v) = 3, (inv — lec)v = 16. The compact
form is (27,6389, 514), so that

u = (d'(27), d(6389), d'(514) = (72,9368, 145).

Since the first word 72 is not increasing, we obtain the standard form by adding the
empty word at the beginning. So that u = (0, 72,9368, 145). Hence inv(u) = 20, lec(u) =
4, (inv — lec)u = 16. O

Combining Lemmas [2], [ and [4] we obtain a combinatorial proof of (L.G).

4. FURTHER EXTENSIONS AND REMARKS

The classical Eulerian polynomials correspond to the generating function of descent
numbers of symmetric groups. Let > 1 be an integer. As a natural extension of (4],
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we consider the polynomial Al (t,q) defined by the following generating function

e(2;9") —e(t"2;4") ZA(T (t q
e(t"z;q") — te(z;q") (q";

; ) (4.1)

It is easy to see that A,(f)(l, 1) = r™n!, which is the cardinality of C, ! &,,, that is, the
wreath product of a cyclic group C,. of order r with the symmetric group &,,. Introduce
the coefficients Aﬁfﬁ by

APt q) Z AY) (4.2)

The generating function proof of (L) can be applied to derive immediately the following

identity
n r n r
S A=) 4w (4.3)
q- qr

k k
for positive integers ¢ and n such that i # rn.
Let r and n be two positive integers. Let A = {a,b, ...} be any subset of [n]. We define
the r-colored of A by

A" = {a" b, a0, a b
Define the order of [n]” by
<12 <1"<2'<2? . <2 <...<nl<n?<.. . <n"
A piz-r-colored-word is a sequence of colored words
w = (p, T, T2, ..., Tk)
satisfying the following conditions:

(C1) p is an increasing word, with content Aj, the r-colored of Ay, possibly empty;

(C2) 7; (1 < i < k) are hooks, with content A7, the r-colored of A;, and the positive
mteger k is not fixed;

(C3) (Ao, A1, .., Ax) is an ordered partition of [n].

Let #,., be the set of all pix-r-colored-words of [n]. For each w € #;,, we define two
statistics by

inv,.(w) =inv(pnre...%_17),
lec, (w) = inv(m) + - - - + inv(7g).
Proposition 5. Let A (t,q) be defined by ([A1). Then

$ glimeteen@)een(@) — A0 (¢, g).

oEWn,r
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Proof. By definition and (3.3]) we have

Z q(invr—lecr)(cr)tlocr(cr) _ Z H Prai(t> Z qinvr(Ao,A1,...,Ak)

UE%L,T' agtar+...tap=n ISZSk (Ag,A1,eees Ap)
a; >1 #A;=a;

Z { n
Qg, A1,

ag+ait+ag=n o a’j 4" 1<i<k
a; >1

Bra (1),

where P,,(t) :=t+t*+ ... +t™ . So the generating function is

Z Z qIHVT —lec,)( tlecr(g) T.an

T e (@ q")n

> ¥ "
ap, A1, ..., Q

n>0 a0+a1+m+ak:n L
- a;>1

N <; (q";q")a> b ;Pﬂ) )b)

I 2e® 0

" 1<i<k q )

(1 —t)e(zq")
e(t'zq") —te(zq)
This completes the proof in view of ([A.1). O

Similarly, we can define the two-piz-r-colored-words to be sequences of colored words

W = (p1, 71, T2y - -, Tky D2)
with the following conditions:

(C1) p1 and po are increasing words, with content A, and B, possibly empty;

(C2) 7; (1 < i < k) are hooks, with content A7, the r-colored of A;, and the positive
mteger k is not fixed;

(C3) (Ao, Ay, ..., A, By) is an ordered partition of [n].

Clearly we can give a combinatorial proof of ({3]) by applying the following generalization
of Lemma Ml

Proposition 6. There is a bijection v +— u on the set of all two-piz-r-colored-words such
that

lec,v =rn—2—lec,u, and (inv, — lec,)v = (inv,. — lec,)u.
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When r = 1, through Gessel’s hook factorization we can translate the statistic (inv,., lec,.)
onto &,,. It would be interesting to see whether there is an analogue hook factorization
for general r > 1 so that we can translate our (inv,,lec,) defined on %, , onto C, 1 G,,.

We conclude this paper with another symmetric identity for the Eulerian numbers.
Notice that for any positive integers n and k we have

2n 2n n
acs] =0 e ) = ()

It is known [8, Corollary 6.2] that if dk = n and wy is a primitive d** root of unity, then
1—¢4\"
At = a0 (75 )

In particular, if d = 2, then wy = —1. Hence, assuming that a + b is even, substituting

g =—1in ([LG) yields

g(f) > (T)Am=2<?b) > (lz)Aw. (4.4)

i+j=a—1 k>0 i+j=b—1

This identity can be rephrased as follows:

S5 (e s(1),5 On

£>0 itj=2c—1 £>0 itj=2d—1
and
c+d—1 k c+d—1 k
(V) 2 (e 2 (D
k>0 i+j=2(c—1) £>0 i+5=2(d—1)

for any positive integers ¢ and d.
The last two symmetrical identities involving binomial coefficients and Eulerian num-
bers cry out for a combinatorial interpretation.
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