NEW HOOK-CONTENT FORMULAS FOR STRICT PARTITIONS

GUO-NIU HAN AND HUAN XIONG*

ABSTRACT. We introduce the difference operator for functions defined on strict
partitions and prove a polynomiality property for a summation involving the
hook length and content statistics. As an application, several new hook-content
formulas for strict partitions are derived.

1. INTRODUCTION

The basic knowledge on partitions, Young tableaux and symmetric functions
could be found in [17]. In this paper, we focus on strict partitions. A strict partition
is a finite strict decreasing sequence of positive integers A = (A1, A2, ..., \¢). The
integer |A\| = >, ,<, Ai is called the size of the partition A and £(\) = £ is called
the length of \. For convenience, let \; = 0 for i > [(\). A strict partition A can
be identified with its shifted Young diagram, which means that the i-th row of the
usual Young diagram is shifted to the right by i boxes. Therefore the leftmost box
in the é-th row has coordinate (i,7 + 1). For the (i, j)-box in the shifted Young
diagram of the strict partition A, we can associate its hook length, denoted by h; ;),
which is the number of boxes exactly to the right, or exactly above, or the box
itself, plus A;. For example, consider the box O = (4,5) = (1,3) in the shifted
Young diagram of the strict partition (7,5,4,1). There are 1 and 5 boxes above
and to the right of the box [J respectively. Since A3 = 4, the hook length of [ is
equal to 1 +5+ 1+ 4 = 11, as illustrated in Figure 1. The content of O = (i, 7) is
defined to be ¢ = j — 4, so that the leftmost box in each row has content 1. Also,
let H(A) be the multi-set of hook lengths of boxes and Hy be the product of all
hook lengths of boxes in \.

Our goal is to find some hook-content formulas for strict partitions, by analogy
with that for ordinary partitions. For the ordinary partition v, it is well known
that (see [3, 9, 17])

]!

1 2
(1.1) f, = i and = =1,

|lv|=n
where H,, denotes the product of all hook lengths of boxes in v and f, denotes the
number of standard Young tableaux of shape v. The first author conjectured [4]

that i
P == Y 23 nk

|v|=n Oev
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FiGURE 1. The shifted Young diagram of the strict partition
(7,5,4,1) with its hook lengths and contents.

FIGURE 2. The skew shifted Young diagram of the skew strict
partition (7,5,4,1)/(4,2,1).

is always a polynomial in n for all k¥ € N, which was generalized and proved by
Stanley [16], and later generalized in [7] (see also [2, 5, 6, 8, 10, 11, 12, 13]).

For two strict partitions A and p, we write A O p if A\; > p; for all ¢ > 1. In this
case, the skew strict partition A/ can be identified with its skew shifted Young
diagram. For example, the skew strict partition (7,5,4,1)/(4,2, 1) is represented by
the white boxes in Figure 2. Let fy (resp. fy,,) be the number of standard shifted
Young tableaux of shape A (resp. A/u). The following are well-known formulas (see
[1, 15, 18]) analogous to (1.1):

(1.2) fro=

1 n—t(\) p2
A and EZQ =1L

|A|=n

In this paper, we generalize the latter equality of (1.2) by means of the following
results.

Theorem 1.1. Suppose that @ is a given symmetric function, and p is a given
strict partition. Then

[A[=[p|—=€(N)+€(1)
P(n): Z 2 Iz - Hf/\/uQ((CE):DE)\)

IA/pl=n

is a polynomial in n, where Q((°) : O € ) means that |\ of the variables are
substituted by (CQD) for O € A\, and all other variables by 0.

Theorem 1.2. Suppose that k is a given nonnegative integer. Then
> 2= £y > <CD+k1> 2k < n )
= — )

Tyt H)y £ 2k (k+DI\k+1

When k& = 0 we derive the latter identity of (1.2). When k = 1, Theorem 1.2

becomes
2\/\|*e()\)f c n
5t (3)-(6)

H
IX=n A Oea
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which could also be obtained by setting u = 0 in the next theorem.
Theorem 1.3. Let pu be a strict partition. Then

M=) —lul+e) £, B
13 Y 2 z;ﬁ " auHp 3 (025) S (C2|:|) _ (g) ol

IN/p|=n Oex Oep

The proofs of those theorems are given in Section 4, by using the difference
operator technique.

2. DIFFERENCE OPERATORS

For each strict partition A, the symbol AT (resp. A7) always represents a strict
partition obtained by adding (resp. removing) a box to (resp. from) A. In other
words, |[AT/A| = 1 and |A/A7| = 1. By analogy with the difference operator for
ordinary partitions introduced in [7], we define the difference operator for strict
partitions by

D(gN):= Y, g0H+2 > g\ - gV,
EO+H)>L(N) LOH)=£(N)

where A and AT are strict partitions and g is a function on strict partitions. Notice
that #£{AT : £(AT) > £(\)} =0 or 1.
For each skew strict partition A\/u, let f'y,, := 2"\|_|“|_é()‘)+é(“)f)\/#.
Lemma 2.1. For two different strict partitions A O p we have
! ! !
Paw= 2 pt2 X P
_LA2AT 2p s A2AT2m
LAT)<E(N) LAT)=L(N)

Proof. By the construction of standard shifted Young tableaux we have

Pw= Y hm
ADA~Dp
and therefore
R ] N R D L a e TN
A2\ 2p s A2A 2
CNT)<L(N) CNT)=L(N)
Then by the definition of f’),, we prove the claim. O

Lemma 2.2. For each strict partition p and each function g of strict partitions,
let

Am) =Y f'au9N)

[X/pl=n
and
B(n) := Z f’,\/HDg()\)-
[N/ ul=n
Then
n—1
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Proof. We have
An+1)—Am) = > i — D i)

lv/pl=n+1 X/ pl=n

- ¥ S 2 D e

[v/pl=n+1 | _ 4Dy Dpu yo Y2720
yT)<e() L(yT)=(v)
- Z flk/;,ag()\)
A pil=n
= > el DD 9O +2 >0 g -9
[A/p|=n EF)>L(N) LAT)=L(N)
= 3 fuDg() = B(n).
X/ p|=n

Thus
An+1) = A(n) + B(n)
=An—-1)+B(n—1)+ B(n)

= A(O)Jrzn:B(k). O
k=0

Theorem 2.3. Let g be a function on strict partitions and p be a given strict
partition. Then we have

(2.1) Z QIM—\u\—é(/\)-ké(u)fA/Hg()\) _ i (Z) DFg()
[N pl=n k=0
and
(2.2) D) = 3 (~ 1) (n) S ol ) £y o).
k=0 L2 it

In particular, if there exists some positive integer r such that D"g(X) = 0 for every
strict partition \, then the left-hand side of (2.1) is a polynomial in n with degree
at most r — 1.

Proof. We will prove (2.1) by induction. The case n = 0 is trivial. Assume that
(2.1) is true for some nonnegative integer n. Then by Lemma 2.2 we have

Z f/)\/lu,g()‘) = Z f/)\/lu.g()\)—i_ Z fIA/;LDg()‘)
A pl=nt1 I\l =n I\ l=n

n

=3 (1) ot + ; (1) 2"t

(ot

3 =
= O

k=0
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Identity (2.2) follows from the Mébius inversion formula [14]. O

Ezample. Let g(A\) = 1/Hx. Then Dg(A) = 0 by Theorem 3.3. The two
quantities defined in Lemma 2.2 are:

A(n) = Z M and  B(n)=0.

H
Mpl=n A
Consequently,
N =] =L(N)+£(w) 1
(23) 7
A/ pil=n A o
In particular, x4 = ) implies
o N—0V £,
2.4) P (Y
IX=n H
or equivalently,
(2.5) > R =,
[A|=n

3. CORNERS OF STRICT PARTITIONS

For a strict partition A, the outer corners are the boxes which can be removed
to get a new strict partition A~. Let (a1,51),. -, (Qm, Bm) be the coordinates of
outer corners such that oy > as > -+ > a,,. Let y; = B; — a; be the con-
tents of outer corners for 1 < j < m. We set a1 = 0, o = £(A) + 1 and call
(a1, P0), (@2, 81), - -+, (1, Bm) the inner corners of A. Let x; = 8; — c;+1 be the
contents of inner corners for 0 < i < m (see Figure 3). The following relations of
x; and y; are obvious.

(3.1) ro=1<y1 <21 <Y< T2 <+ < Ym < Ty
Notice that y1 = 1 iff Ay = 1.

We define

m "y k m " k

2 A) = ‘- !
32 w=3(5) -3 (%)
for each k > 0. For each partition v = (v1,va,...,¢) we define the function g, ()
of strict partitions by
(3-3) 0w (A) = @y (A gy (A) -+ g (A).

First we consider the difference between the hook length sets of A and AT =
AU {0} for some box .

Theorem 3.1. Suppose that AT = AU {0} such that cq = z;. If i =0, then

P MR
&)

e T () -

1<j<m
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If 1 <i<m, then

Hy 1 1<j<m

Hyv 2 1 ((5) = (%)
OS_]#S_m
V)

Proof. First we consider the case ¢ = 0, which means that y; > 2. In this case
we add the box 0 = ({ + 1,4+ 2) to A with ¢cg = 29 = 1 where £ is the length
of A\. By the definition, it is easy to see that the hook lengths of boxes which are
in the (¢ + 1)-th column and (¢ + 2)-th column of A increase by 1, and the hook
lengths of boxes in the other columns don’t change. Since the boxes which are in
the ¢ + 1-column and ¢ + 2-column of A have hook lengths
Uhiy—1<h<a; —2bu{h:y; <h <a;—1}),
j=1
then the boxes which are in the £ + 1-column and ¢ + 2-column of AT have hook
lengths

{BulJ@h: iy <h<a;—13U{h:y+1<h<ag))
j=1
Therefore
H()‘) \ H()‘+) = {y17y1 - 1vy2ay2 - 1; s Yms Ym — 1}
\{17$1;1‘1 717$2;1‘2717"' sy Ly T — 1};
which means that
[T yily; —1) IT (%) (%))
Hy  1<i<m _ 1<ism
Hye I iz =1 I ((%) - (%))

1<j<m 1<j<m

since xo = 1.

Similarly, for the case 1 < i < m, we add the box 0 = (a;41 + 1,8 + 1) to A
with ¢g = x;. By the definition, it is easy to see that the hook lengths of boxes
which are in the (a;41 + 1)-th column, (5; + 1)-th column and (a;41 + 1)-th row of
A increase by 1, and the hook lengths of other boxes don’t change. Since the boxes

; (a1, B1)
(az, B2)

T P

FIGURE 3. A strict partition and its corners. The outer corners
are labelled with (ay, ;) (i = 1,2,...,m). The inner corners are
indicated by the dot symbol “”.
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which are in the (a;4+1 + 1)-th column, (8; + 1)-th column and (a1 + 1)-th row of
A have hook lengths

U {h:zi+y;—1<h<uz +z; -2}
j=it1

U {h:y; —x; <h<z; —x; — 1},
j=it1
and
{h:xi—ylghgxi—l}u{h:xi—i—yi—1§h§2xi—3}
1—1
UU({hZ.Ti—yj+1Shgmi—l'j—l}U{hZ.Ti+yj—1§h§$i+$j—2})
j=1

respectively, then the same boxes which are in the (a1 +1)-th column, (5; +1)-th
column and (a;41 + 1)-th row of AT have hook lengths

U {h:zity; <h<wz+z; -1},
j=it1

m

U {h:y; —xi+1<h<z; —a;},
j=it1
and
{h:xi—yp+1<h<z}U{h:z;+y; <h<22x —2}
i1

UU({h:xi—yjﬂ—i—l§h§xi—xj}u{h:xi+yj§h§xi+xj—1})
j=1

respectively. Notice that the box O = (a;41 + 1,3; + 1) in AT has hook length 1,
then we have
HINHAT) ={lzi —yil 1 <j<mpU{mi+y; —1:1<j<m})
\ ({1, 24,20, — 2 U{|zi — 2| s 1 < G <m,j#i}
Ufzi+a;—1:1<j<m,j#i}),
which means that

(i —yj)(xi +y; — 1)

H)\ 1 1 m 1 1§1j_£m
I1

H,\+ N xi(Qxi — 2)

(.Ti —xj)(aci +x; — 1) o 5 .
m 0<j<m
5

IN
(=

NV

J

H
<A
*
<

Suppose that ag < a1 < -+ < @, and by < - -+ < b, are real numbers. Let

m

(3.4) ar({ai}, {bi}) :== Zaz‘k ~ . bi*

=0
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for each k > 0 and
‘
(3.5) av({ai}, {b:}) == H v, ({ai}, {b:})

for the usual partition v = (11, v, ...,v). Notice that

ak(A) = qx <{ <$21) Yo<i<m, { (?) }1<i<m) :

Theorem 3.2. Let k be a nonnegative integer. Then there exist some &, € Q such

that
IT (ai—0bj)

Z 1<j<m
. [ (a;i—ay)
0Sism o gm0
i

for all real numbers ag < a1 < -++ < am and by < by < -+ < by,

af = Z §VQV({ai}7{bi})
\

v|<k

Proof. First notice we just need to prove the case that a; # 0 for all i. Because if
we multiply by H0§i<j§n(ai — aj) on both sides of the above formula, then both
sides become polynomials in ag, a1, ..., a,, and by, bs, ..., by, which means they are
continuous functions on such variables. Therefore if the above formula is true for
all nonzero a;, then it is also true for the case a; = 0 for some i. Let

1<1'_£ (az_b])
gz)= ] =bjz)— > m IT a-a2).

<5< << A <5<
1<j<m 0<i<m 0<j<m O_in_zm
J#i

Then for 0 <7 < m we obtain
1 b 1<1‘1 (ai = ;) a
j <js<m J
()= I (-2) -y JL (%)~
Y%/ 1<<m @i [T (ai—aj) 22, @i

0<j< J =
A s
This means that g(z) has at least m + 1 roots, so that g(z) = 0 since g(z) is a
polynomial in z with degree at most m. Therefore
[T (ai—1b)
Z 1<j<m R [Ticjcm(l—052)
0<izm 0<1j_£m(ai —a;) 1-aiz Jlogjem(l —a;2)°
gz

which means that
Lo

- i — Qj
0<i<m 0<j<m k>0
J#i

= exp Z In(1—b;2) — Z In(1 — a;2)

1<j<m 0<i<m
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= exp

aclfod) (b}

Comparing the coefficients of z¥ on both sides, we obtain there exist some &, € Q

such that
1<11 (ai =)
Z ﬁ y= Z §oqu({ai}, {bi})
0<i<m o ST, v J lv|<k
i
for all real numbers ag < a1 < -+ < @y, and by < by < - -+ < byy,. O
By (3.6), when k =0, 1,2, we obtain
1<11 (ai = ;)
(3.7) Z e —
0<i<m (a; — )
— = 0<j<m
J#i
L
(3:5) > T a—ay = alad (o),
0ism o Ci<m !
7
[T (ai—0y)
1<j<m 7y daid b)) + e2({ai}, (b))
(3.9) > a? = .
0<i<m (a; —a;) 2
— = 0<y<m
J#i

Let A = AU{0;} such that ¢, = z; for 1 <i <m. Ify; > 1,let \°T = Au{0o}
such that ¢, = z¢ = 1.

Theorem 3.3. Suppose that \ is a given strict partition. Then

Proof. Notice that when y; = 1, we have {\T : £(AT) > £(\)} = 0, therefore
o\ __ (Y5
w L)
FOONE el T (U

When y; > 1, we have {A\T : £(AT) > £(\)} = {\T}, therefore by Theorem 3.1 we

also obtain ; »
R (R C)
(3))

(Hzey I @Qm ((3) -

and

((% '

H H) 1<j<m

LAF)>0(N) H OF)=£(N) Hi 0<i<m O<1j_£m (%) = (%))
BEZ
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Let a; = (%) and b; = (%) in (3.7), we obtain

1 1 H)\ H)\
Dl—)=_—— —2 19 —1] =0. O
(F)-ml = &2 ¥ 7 0

(OHy>en AT )=y AT

Corollary 3.4. Suppose that g is a function on strict partitions. Then

A AT) —g(A AT) — g\
p(MN) yn N, y o)

H L) >L(N) Hye L) =£(N) Hy+
for every strict partition .

Proof. The corollary follows directly from the definition of the operator D and the
last identity in the proof of Theorem 3.3. (I

Theorem 3.5. Let k be a given nonnegative integer and A be a strict partition.
Then there exist some &§; € Q such that

w0 000 = 36, ()

j=0
for every strict partition X\ and every i.

Proof. Denote by X = {xg,z1,...,2m} and Y = {y1,y2,...,ym}. For 1 <i <m,
four cases are to be considered.

(i) If B; +1 < Bit1 and ;41 + 1 < ;. Then it is easy to see that the contents of
inner corners and outer corners of A'* are X U{x; — 1,z; + 1} \ {z;} and Y U {z;}
respectively.

(i) If B;+1 = Bit1 and a1 +1 < ay, so that y;+1 = 2; + 1. Hence the contents
of inner corners and outer corners of A+ are X U{z; —1}\{z;} and Y U{z; }\ {z;+1}
respectively.

(iii) If 8; + 1 < Biy1 and a1+ 1 = «, so that y; = x; — 1. Then the contents of
inner corners and outer corners of A" are X U{z; +1}\ {z;} and Y U{x;}\ {z; —1}
respectively.

(IV) If Bz+1 = 6i+1 and Q41 +1 = Q. Then yl—i-l =Ti = Yi+1— 1. The contents
of inner corners and outer corners of A+ are X \ {z;} and Y U{x;}\{z; — 1,2, +1}
respectively.

For 7 = 0, two cases are to be considered.

(v) If y1 = 2, the contents of inner corners and outer corners of \°T are X and
Y U{1}\ {2} respectively.

(vi) If y1 > 2, the contents of inner corners and outer corners of A+ are X U {2}
and Y U {1} respectively.

In each of the six cases, we always have

(3.10) wN) — (V) = (2* 1)k 4 <°’” N 1>k - z(f;)

Next we have for all z € R,

(Z + 2)2k 4 (Z o 2)2k o 222]6 —_ 2 Z <2j)22j22k2].
1<5<k
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Replace z by 2z — 1, we obtain

(224 1)%F + (22 = 3)?F — 202z —1)* =2 Z ( )22J _ 1)

1<;<k

(7)) (3 266 )
A5 ) )

Then by induction on k we have

$1+1 k 56171 k €Z; k il €Z; J
(3 () 2 G) -2 ()

for some constants &; € Q. O

or

Theorem 3.6. Letv = (v1,14,. ..
such that

(3.11) D( i ) Y 6L ‘”

18] <[v|-1

, ) be a partition. Then there exist some & € Q

for every strict partition .

Proof. For 0 <1¢ < m, we have

Y4 0
312 JTaO) =TT e =D T e I (@ O = a0, (),
k=1 k=1

() keU K eV

where the sum (%) ranges over all pairs (U, V) of positive integer sets such that
DUV ={1,2,....0},UNV =0 and V # 0. Actually the Identity (3.12) follows
by the inclusion-exclusion principle. By Corollary 3.4 and Theorem 3.1 we have

H/\D(%i\)) _ Z Hy (quO};—/\)Jr qu()\)) +92 Z H) (QV(i‘;}L QV(A))
LAT)>E(N) LAT)=E(N)
I ((5)-%) /. .
=y b (A7) = m))
=gy (- I

AL
() Z —ﬁ—’”

(%) keU 0<i<m 0<j<m ((3621) - (2 )) KeV
GF

Then the claim follows from Theorems 3.5 and 3.2. O

I
g
—
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4. PROOFS OF THEOREMS

Instead of proving Theorem 1.1, we prove the following more general result,
which implies Theorem 1.1 when v = ().

Theorem 4.1. Suppose that v = (v1,va,...,Ve) i8S a given partition, [ is a given
strict partition and Q is a symmetric function. Then there exists some r € N such

that
o (@ (4):0en qum) "

H)

for every strict partition . Consequently,

A=l =L(N)+L()
HOEESY s fA/“Q((CQD) :De)\) @\
A/ ul=n

is a polynomial in n.

Proof. By linearity we can assume that

o((3) o) -IZ(3)

for some tuple (r1,79,...,75). Let
A=q,(N\),
AA= qu()‘H—) - ql/()‘)’

B= H 3 (CQD)T

t=10e\
B s e Tt S cn Tt
2o-113 (5) - (5)
t=1 e+ t=10eX
We have
AlA = Z H Quy, ()‘) H (q'/k’ ()‘H_) - ql’k’ ()\))’
(%) k€U k'eV

s Y (7) (X (5) -2 (9))
(xx) teU OeA eV \Oexit tex
X (y) ()
(xx) teU OeX t'eV

where the sum (k) (resp. (#x)) ranges over all pairs (U, V) of positive integer sets
such that UUV ={1,2,...,¢} (resp. UUV ={1,2,...,5}),UNV =0 and V # 0.
It follows from Corollary 3.4 and Theorem 3.1 that

H\D (ql’()‘) Hf:l ZDE/\ (CQD)”>

H)y

) z(v%:z(x) HH—; <qu<)\+) tl:[1 D§+ (025)” : qu()‘)f[ > CQD)H)
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Hy - o) co
+ 2 Qv AT ( ) —q( (
Z Hy < ( )ED§+ 2 t= 1D€)\ 2

LA+H)=£(N)

v I ()~ (4) e ey
"X () (ol 3 (3) -T2 (5))

= S /) (A-AiB+B-AjA+ANA-AB).

Then by Theorems 3.2, 3.5, and 3.6 each of the above three terms could be written as
a linear combination of some [[5_, 3 ex (5 ) g5 () satisfying one of the following
two conditions:

(1) 5 < s;
(2) s=sand |7| <|v|—1.
Therefore the theorem follows by induction on s and |v/|. O

Proof of Theorem 1.2. The special case in the proof of Theorem 4.1 with v = () and
s =1 yields

S, (5)"
P <T

(- @) ..
)Zm S @=m ()

0<j<m
J#

= Z ngu(A)v

[v|<ry

where &, are some constants. The last equality is due to Theorem 3.2. Notice that

() = 11(()- ()

Then by Theorems 3.6 and 2.3 we know that
Z f )\ Z (CD + k/’ — 1)
A= DE)\

is a polynomial in n with degree at most k + 1.
On the other hand,

P(k+1) = I k) <2k> - 2

H 1) \2k k+1)!
since A = (k+1) is the only strict partition with size k+1 who has contents greater
than k. Moreover, it is obvious that P(0) = P(1) = --- = P(k) = 0. Since the

polynomial P(n) is uniquely determined by those values, we obtain

P =)
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By Theorem 4.1, the left-hand side of (1.3) is a polynomial in n. To evaluate
this polynomial explicitly, we need the following lemma.
Lemma 4.2. Let A be a strict partition. Then
a1 (A) = [Al-

Proof. By the definition of the size of A\, we have

N z; Yi

=33 ((5) - (5)) - aon
=1 j=y;

O

Proof of Theorem 1.3. Tt is easy to check that both sides of (1.3) are equal for
n =0,1,2. By Corollary 3.4, Theorem 3.1 and Identity (3.8) it is easy to see that

o (ZDZ\’\(CQD)> B é()\+)2>€()\) 5 (DeA+ ( ) Oex ( )>

+2 Y

( (5)-5()
L(AT)= é(A) IZIeA+ Oex

[1
Zm ﬁm <2>

J#Z

=q (N
— AL

H)yD? (M) -1
D <zm (CE)) L

Then our claim follows from Theorem 2.3. O

Therefore we have

Similarly, by (3.7), (3.8) and (3.9) we have

co+1 1
y <ZD%(J4)> = 73 (@) +1AF —21A)),
ZD (CD+1) 2
2 EA 4 —
H\D ( 7, =31,
3 ZDG)\ (CD4+1) —
H\D ( s =3
H D4 ZDG)\ (CD4+1) =0
A H,\ ’
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Thus by Theorem 2.3 we obtain the following result.
Theorem 4.3. Let p be a strict partition. Then

QA==+ f, B, o+ 1 cg+1
H, 2y )2y

X/ pl=n Oex Hep

:%(g)+§mwg)+i%@ﬂmﬁﬁM2—ﬂan
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