DIFFERENCE OPERATORS FOR PARTITIONS AND SOME
APPLICATIONS

GUO-NIU HAN AND HUAN XIONG*

ABSTRACT. Motivated by the Nekrasov-Okounkov formula on hook lengths,
the first author conjectured that the Plancherel average of the 2k-th power
sum of hook lengths of partitions with size n is always a polynomial of n for
any k € N. This conjecture was generalized and proved by Stanley (Ramanujan
J., 23 (1-3) : 91-105, 2010). In this paper, inspired by the work of Stanley and
Olshanski on the differential poset of Young lattice, we study the properties of
two kinds of difference operators D and D~ defined on functions of partitions.
Even though the calculations for higher orders of D are extremely complex, we
prove that several well-known families of functions of partitions are annihilated
by a power of the difference operator D. As an application, our results lead
to several generalizations of classic results on partitions, including the marked
hook formula, Stanley Theorem, Okada-Panova hook length formula, and Fujii-
Kanno-Moriyama-Okada content formula. We insist that the Okada constants
K, arise directly from the computation for a single partition A, without the
summation ranging over all partitions of size n.

1. INTRODUCTION

The aim of this paper is to develop a formal method to discover new hook
length identities of partitions and generalize classical such identities which occur in
Combinatorics, Number Theory, Representation Theory and Mathematical Physics
by difference operator technique, which is motivated by the work of Stanley [28]
and Olshanski [21, 22, 23] on the differential poset of Young lattice. Our main
results are the Theorems 1.3 and 1.4.

First we recall some basic definitions. We refer the reader to [18, 29] for the basic
knowledge on partitions and symmetric functions. A partition is a finite weakly
decreasing sequence of positive integers A = (A1, A2, ..., \¢). Here the integer |\| =
D 1<ics i is called the size of the partition A. A partition A is identified with its
Young diagram, which is a collection of boxes arranged in left-justified rows with
A; boxes in the i-th row. The content of the box O = (4,75) in the i-th row and
j-th column of the Young diagram of a partition is defined by ¢ = j — i (see
[17, 29]). The hook length of the box OJ in the Young diagram, denoted by hp, is
the number of boxes exactly to the right, or exactly above, or the box itself (the
French convention for the Young diagrams is used in this paper) (see [10, 29]).
For example, the Young diagram and hook lengths of the partition (6,3,3,2) are
illustrated in Figure 1. A standard Young tableau of shape A is obtained by filling
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FIGURE 1. The Young diagram of the partition (6,3, 3,2) and the
hook lengths of corresponding boxes.

6[3]2]1]

in the boxes of the Young diagram of A with numbers from 1 to |\| such that the
numbers strictly increase along every row and every column. Suppose that A and pu
are two partitions with A O p, which means that the Young diagram of A contains
the Young diagram of p. Denote by fy (resp. fy/,) the number of standard Young
tableaux of shape A (resp. A/u). Let Hx = [[qc, ho be the product of all hook
lengths of boxes in A. Set fy = 1 and Hy = 1 for the empty partition (. It is well
known that (see [1, 5, 7, 9, 12, 13, 16, 29])
|
(1.1) fA:% and % Y R=1

[A|=n

2
Here % is called the Plancherel measure of the partition A and

=Y R

|A|=n
is called the Plancherel average of the function g(\) (see [14, 23]).
Nekrasov and Okounkov [19] obtained the following formula for hook lengths

n

S AITe+m) ) 5 =Tla-an"

n>0 \|A\=n Oex ’ i>1

which was generalized and given a more elementary proof by the first author [9].
Motivated by the above formula, the first author conjectured that the Plancherel
average of the power sum of hook lengths

DS O,
"IA=n  Oex

is always a polynomial of n for any given positive integer k, which was generalized
and proved by Stanley [27].

Theorem 1.1 (Stanley). Let F = F(z1,22,...) be a symmetric function of infinite
variables. Then the Plancherel average

(1.2) % > RFMmZ:0€ N
" IA=n

is a polynomial of n, where F(hQD : 0 € \) means that n of the variables z1, 2o, . ..
are substituted by hQD for O € A\, and all other variables by 0.
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The polynomiality of (1.2) suggested Okada to conjecture an explicit formula [27],
which was proved by Panova [24]. Let

S =Y I a =437
Oeal<j<r

and
(2r)!(2r +1)!
ri(r+1)12
The sequence (Ko = 1, K1 = 3, Ko = 40, K5 = 1050, ...) appears as A204515 in
the On-Line Encyclopedia of Integer Sequences [20)].

K, =

Theorem 1.2 (Okada-Panova [24]). For each positive integer n we have

(1.3) nt > S(I;’gr) :KT(TZI).

[Al=n

In this paper, we study two kinds of difference operators D and D~ defined on
functions of partitions, motivated by the work of Stanley [28] and Olshanski [21, 22,
23] on differential poset of Young lattice. As applications, we will generalize Stanley
Theorem, Okada-Panova hook length formula and obtain other more general results
by studying the difference operator D on each single summand F(hZ : O € X). As
will be seen in Corollary 1.5 the constants K, arise directly from the computation
for a single partition A, without the summation ranging over all partitions of size n.

The differential poset of Young lattice was first introduced in 1988 by Stanley
[28]. In his paper, Stanley studied the following two operators for partitions:

Ti(A) =Y AT and Tp(N):=) A7,
At A~

where A* (resp. A7) ranges over all partitions obtained by adding (resp. removing)
a box to (resp. from) A. Many remarkable results on Young lattice and partitions
were obtained by this technique [21, 22, 23, 25, 28]. For example, Olshanski [23]
gave a proof of the content case of Stanley Theorem by replacing A by certain
functions %i) related to contents of partitions in the definition of 7} and T5. In
this paper, we will give a systematic application of Stanley and Olshanski’s ideas,

which demonstrates the power of the difference operator approach.

Definition 1.1. Let g()\) be a function defined on partitions. The difference op-
erators D and D~ are defined by

Dg(\) = _g(\") —g(N)
At

and

D=g(\) = [Alg(\) = > g(A),

where A* (resp. A7) ranges over all partitions obtained by adding (resp. removing)
a box to (resp. from) A. Higher-order difference operators for D are defined by
induction D% := g and D¥g := D(D*"'g) (k > 1). Also, we write Dg(u) :=
Dg(N\)|a=, for a fixed partition p.



4 GUO-NIU HAN AND HUAN XIONG

We will show in Lemma 2.8 that the two difference operators D and D~ satisfy
the simple noncommutative law DD~ — D™D = D.

The functions of partitions which are annihilated by a power of the difference
operator D is crucial in our study.

Definition 1.2. A function g(\) of partitions is called a D-polynomial on parti-
tions, if there exists a nonnegative integer r such that D" (g())/Hy) = 0 for every
partition A. The minimal r satisfying this condition is called the degree of g(\).

In this paper, we will show that several types of functions of partitions, such as
the power sums of hook lengths and contents, are D-polynomials.
Our two main theorems are stated next.

Theorem 1.3. For each power sum symmetric function p,(z1,z22,...) of infinite
variables indezed by the partition v = (v1,va,...,vg), the function p,(h? : O € \)
of partition X is a D-polynomial with degree at most |v| + £.

Theorem 1.4. Let p be a given partition and k be a nonnegative integer. For each
power sum symmetric function p,(z1, z2,...) we have

> o (PIEEN - s ()

[N pl=n 0<i<|v|+L—Fk
is a polynomial of n, where

- py(RZ 0O

H(p)
In particular, let k = 0. Then
1
1.4 S Ixfaupy (B -0 € N)

[A/p|=n

is a polynomial of n with degree at most |v| + €. Furthermore,

1
S PfuF(h3 0 €N
(n+ ]! A/%E—n e

is a polynomial of n for any given partition p and any given symmetric function F'.

Theorem 1.3 is difficult to prove, since the calculations for higher orders of D are
extremely complex. We have to make a full study of a large family of D-polynomials.
In Example 3.2, we see that D3g(1) is equal to a sum of some fractions. Theorem
1.3 claims that the later sum can be annihilated.

Let us give some applications first. Knowing the polynomiality for some certain
functions gets us closer to explicit formulas. By Theorem 1.4 with u = (), we derive
Stanley Theorem. In Section 8 we prove the following corollary, and show that
Okada-Panova hook length formula can be derived by Corollary 1.5.

Corollary 1.5. For each nonnegative integer r, the function S(\,r) of partitions
is a D-polynomial with degree r + 1. More precisely,

(1.5) HXDT(%’;)) = K, |\l,
(1.6) HADT“(%’;)) - K,,
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(1.7) H@T”(%’;)) —0

The special case r = 1 of Okada-Panova hook length formula is usually called
marked hook formula [10]:

n
(1.8) > [J%S()"l) = 3(2).
IAl=n
In Section 5 we obtain the following generalization of (1.8). Notice that we couldn’t
find such nice explicit formulas for general S(\,r) since Dl(%;)) doesn’t have
nice expression for general ¢ < r — 1.

Theorem 1.6 (Skew marked hook formula). Let p be a given partition. For every
n > |u| we have

a2 B0 sun) = 2o ) o - 1),

2
Al=n, Ao A

Recall that the content of the box 0 = (7, j) in the Young diagram of a partition
is defined by ¢ = j — 7 (see [17, 29]). Let
canr)=> ] (@&-5
Oexo<yj<r—1

The following similar results are obtained for contents in Section 9.

Theorem 1.7. For each positive integer r, the function C'(\,r) of partitions is a
D-polynomial of degree r + 1. More precisely,

(111) H)\DTJrl(C(Ij;T)) _ (T‘(%:)l')"
(1.12) H)\DT"FQ(%;T)) —0.

Theorem 1.8 (Fujii-Kanno-Moriyama-Okada [8]). For each positive integer n we

have
C(Ar)  (2r)! n
n!z H3 _(r+1)!(r+1)'

[Al=n

Theorem 1.9 (Skew marked content formula). Let u be a given partition. For
every n > |u| we have

(1.13) 3 HHﬂ (1)~ € 1) = 5 () (0 + ] — 1),
[X=n,\Dpn

The rest of the paper is arranged in the following way. In Section 2 we study the
general properties for the difference operators D and D~. The connection between
difference operator D and the Plancherel average of functions of partitions will
be established in Section 3. In Sections 4 and 5, we study two specific families
of D-polynomials arising from the work of the first author on the shifted parts
of partitions [11] and the work of Carde, Loubert, Potechin and Sanborn [3]. In
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section 6, we study the properties of the functions ¢, (\) needed in the proof of our
main results. Later, we prove the main results Theorems 1.3 and 1.4 in Section 7.
Finally, we prove and generalize the Okada-Panova hook length formula and the
Fujii-Kanno-Moriyama-Okada content formula by difference operator technique in
Sections 8 and 9 respectively.

2. DIFFERENCE OPERATORS FOR PARTITIONS

The difference operators D and D~ defined in Section 1 are our fundamental
tools for studying hook length formulas. This section is devoted to establish some
basic properties. It is obvious that D and D~ are linear operators.

Lemma 2.1. Let X be a partition and g1, g2 be two functions of partitions. The
following identities hold for all a1,a2 € R :

D(a1g1 + a2g2)(A) = a1Dg1(N) + a2Dga (M),
D™ (a191 + a292)(N) = a1 D™ g1(A) + a2 D™ ga(N).

The function Hy is a D-polynomial with degree 0.

Lemma 2.2. For each partition A we have

1
D(4-) =0
H)y
Proof. Let n = |A|. Consider the following two sets related to standard Young
tableaux (written as “SYT” for simplicity)

A={(6T):1<i<n+1,Tisan SYT of shape A},

B={(\",TT): ]AT/A\|=1,T7 is an SYT of shape A*}.
Let (i,T) € A. First we increase every entry which is greater than or equal to i
by one in T'. Then we use the Robinson-Schensted-Knuth algorithm [16] to insert
the integer ¢ into T to get a new SYT T+. Let AT be the shape of T". We have
AT /Al =1, so that (AT,T%) € B. Tt is easy to see that this is a bijection between

sets A and B. The cardinalities of A and B are (n+1)fy and ), fi+ respectively.
Hence we obtain

(n+ =Y e

At
This implies

D(HL,\):;H%W_HLA:(n—il—l)!(;fA+_(n+l)f/\):0' H

For the difference operator D~ we obtain the following similar results.

Lemma 2.3. Let g(\) be a function of partitions. Then D~ g(\) = 0 for every
partition X if and only if

for some constant a.
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Proof. By the definition of SYTs it is obvious that f = >",_ fi-. Thus,

@1) Di(HA) B aw Z Hy |>\| (fA AZfA) =0

On the other hand, D~g(A\) = 0 implies [A\|g(A) = > - g(A7). Let a = g(0)

where () is the empty partition. By induction and (2.1) we obtain g(\) = i

Notice that it is not easy to determine the functions g(\) under the condition
Dg(X\) = 0 for every partition A. For example, by (1.5) and the following Lemma

2.4 we obtain
> (3 -1)-3(3)
D<D€)\ ) _
H)y

Lemma 2.4. For each positive integer r we have
2y _ () )y _ ()
p(ly_ )y oLyl
H)\ H)\ an H)\ H/\
Proof. Let n = |A|. By Lemmas 2.2 and 2.3 we obtain

: 0 ()6 ()
R e N
R Y s T

In fact, we obtain the following more general results for D and D~.

Lemma 2.5. For each function g defined on partitions we obtain

p(G)) = S
- (%) _ ; g(/\)HAg(A).

Proof. By Lemmas 2.2 and 2.3 we have

and

by >\+ )\Jr _
D(QI({)) g}({ Zg ) g(A
A T e At
(9 g(A g(A
(%) =W Z EP i e .
Lemma 2.6 (Leibniz’s rule). Let g1, g2, ,gr be functions defined on partitions.
We have
Ili<j<r94( )
0(7) > (e V) [T
A (%) keA leB
and

D(M) DI (H () =) [Ta),

A= (%) keA leB



8 GUO-NIU HAN AND HUAN XIONG

where [r] :== {1,2,--- ,r} and the sum (x) ranges over all pairs (A, B) C [r] x [r]
such that AUB =[r], ANB =10 and A # 0.

In particular,

p(2OEAY _ g, )p () 4 g0 (200)

+ Z Hl,\+ (gl(>‘+) - gl(A)) (92(>\+) — 92()\))
At

and

D (B0 0 (B) i (52)

Proof. By Lemma 2.5 we have

p(Heee ) o5 L (1 50~ TT s)
(

At l<j<r 1<j<r
1
=>_> H ( (0O =) T gz(A))
AT (%) AT rea leB
The proof for D~ is similar. 0

For higher-order difference operators, we have the following result.

Lemma 2.7. Suppose that k is a nonnegative integer. Let n = |\|. Then we have

k

(2.2) Dk<<:>g()\)) = <’j> <T " er l> Dig(\).

i=0
Proof. First we have

(" )ow) = (" a0 = (" v

(2.3 - E; g+ ()

We prove (2.2) by induction. The case k = 0,1 is trivial by (2.3). Assume that the
lemma is true for some k > 1, then

<
= |l

NG et (i) pa)

S (ol 4 o)
(’?
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k+1 . k .
k n+1i . k n—+i )
- Dig(\ D*g(A
;<i—1><r—kz+i—1) g()+;<i><r—k¢+i—1> 9N
k+1 .
k+1 n+1 )
- Dig(\). O
S () (k)P

Lemma 2.8. The two difference operators D and D~ are noncommutative, and
satisfy
DD™ — D™D =D.

Proof. It (A7)~ # A, then (A\T)™ = AU {0} \ {02} for some boxes [J; # Ua. This
means that we can switch the order of adding [J; and removing [y and get the
same partition (A \ {To}) U {01} € {(A\7)T : (A7) # A}. Consequently,

(2.4) [F) ()7 A2} = {7 (A7) £ AL

For a given partition, the number of ways to add a box minus the number of ways
to remove a box always equals 1. Thus

S g 7) = D> g()h) =g,
()~ Gyt

By definition of D and D™, we have
DD g(\) =Y D g(A\*) = D g()
A+

=Y IAFg) = > g((AH)7) = Mg + D> g(a)
At ()~ A
and

D™Dg(\) = |AIDg(A) = > Dg(A™)
=

=AY gAT) = Mg = D7 g((A)F) + D g(A).
At

()t A

The above three identities yield
DD™g(A) = D™Dg(\) = g(A") — g(A) = Dg()). O
AT

3. TELESCOPING SUM FOR PARTITIONS

In this section, we build the connection between the difference operator D and
the Plancherel average of functions of partitions. The main result in this section is
Theorem 3.2.

Lemma 3.1. For each given partition p and function g of partitions, let
[N/ pl=n
and

B(n):= Y fyuDg(N).

I/ ul=n



10 GUO-NIU HAN AND HUAN XIONG

Then
(3.1) A(n) = A(0) + > B(k).
k=0

Proof. By the definition of the operator D,
S (0) = g\) + Dg(N).

Summing the above equality over all SYTs T of shape \/u with |A/u| = n, we have
A(n+1) = A(n) + B(n).
By iteration we obtain (3.1). O

Example 3.1. Let g(\) = 1/H). Then Dg(\) = 0 by Lemma 2.2. The two
quantities defined in Lemma 3.1 are:

A(n) = Z % and  B(n)=0.

[N/ pl=n
Consequently,
Ia/u 1
3.2 = —.
[N/ pl=n

In particular, we derive the second identity in (1.1) by letting u = 0.

Theorem 3.2. Let g be a function of partitions and p be a given partition. Then
we have

(3.3 > fue =3 () Do)

IA/ul=n k=0
and
(3.4 D0 = Y0 (1) X fah
k=0 I\ =k

In particular, if there exists some positive integer v such that D" Ttg(\) = 0 for
every partition A, then the left-hand side of (3.3) is a polynomial of n with degree
at most r.

Proof. First, we prove (3.3) by induction. The case n = 0 is trivial. Assume that
(3.3) is true for some nonnegative integer n. Then by the proof of Lemma 3.1 we

have
Z f)\/ug Z fl//;,tg Z fl//pLDg

[A/p|=n+1 Vn/ul lv/pl=
e
:g:l (nzl)Dk (1)
k=0

Finally, Identity (3.4) is proved by the M&bius inversion formula [26]. (]
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Example 3.2. Let g(\) = =028 4 = (1), n = 0,1,2,3 in Identity (3.4). Note
that

fayyo =1
foyy =1 faym =1

foyo =1 fauya =1 feya =2

fwyo =1 famyo =1 feyo =3, feuyw =3, feza =2

Then we have

D%(1) = (-12(() fymah) = o(1) = 1
1 1111 1401
Dg(1) = (-1) 1) (f),192) + fanme(1l)) + (=1) (0) fayg(l)
=9(2) +g(11) — g(1)
5 5
= B + 5" 1 =4;

D?g(1) = (—1)**? 2) f3),m93) + fainag(111) + fenya9(21))

(
+ (—1)**! (i) (f2),19(2) + fary,yg(11))

1
+ (=1)*+° 0>f(1)/(1)g(1)
=g(3) +g(111) +2g(21) — 29(2) — 2¢(11) + g(1)
77 11 5 5
= — — 2. — —92.—-_92._ 1=3:
5T3Te 3 2 5 T '

3
D?g(1) = (—=1)°+? (3) (fay,m9@) + Ffary,mg(1111) + fz1),1)9(31)
+ fe1n),(09(211) + f(22)/(1)9(22))

+ (—1)** <g> (f3),093) + faiy,a)g(111) + fo1y1y9(21))
3
+(—1)**H! <1> (f2)/1)9(2) + fary,yg(11))

+ (—1)*+0 (3) fayg(1)

= g(4) + g(1111) + 3¢(31) + 3¢(211) + 2¢(22)
—39(3) — 3g(111) — 6g(21) + 3g(2) + 3g(11) — g(1)
5 5 11 11 3
=4 = bl = 49.2
R RraR Rreh I

7 7 11 ) )
~3.--3.-_¢6.—= - -——1=0.
33 33 6 3+3 2+3 5



12 GUO-NIU HAN AND HUAN XIONG

4. SHIFTED PARTS OF PARTITIONS

In this section, we will show that some certain functions related to shifted parts
of partitions are D-polynomials, which is motivated by the work of the first author
on hook lengths and symmetric functions [11].

Suppose that A = (A1, Aa, ..., \¢) is a partition with size n. Let

n

<p>\(z) = H(Z +n+ N\ — i),

i=1
where \; = 0 for ¢ > ¢+ 1. The following theorem is the main result in this section.
Theorem 4.1. Suppose that z is a formal parameter. For each partition A we have

D(so;(j)) _ zwg: )

Theorem 4.1 has several direct corollaries.

Corollary 4.2. Suppose that z is a formal parameter and r is a nonnegative integer.
For each partition A\ we have

rrr(a(2)Y _ 2z 1))z +r+1)
b ( ;IA ): Hy :

In particular, px(—r) is a D-polynomial with degree at most r, or equivalently,

pr+t (SQA}(I:T)) -0

By Corollary 4.2 and Theorem 3.2 we obtain

Corollary 4.3. Suppose that r is a nonnegative integer and v is a given partition.
Then we have

@) > a2 =3 (1) ()

IN/p=n k=0 .

is a polynomial of n with degree at most r.

To prove Theorem 4.1, we need the following lemma proved by the first author
in [11].

Lemma 4.4 ((2.2) of [11]). Suppose that X is a partition and \; > \ix1 for some
integer i. Then
Hy I G= XN +1+X-))
- n—1,. * .
Hix- [T (=X + A7 =)
where \* is obtained from A by removing a box from the i-th row.
Proof of Theorem 4.1. Let
ea(2)y  zea(z+1)
-o(5)-
o) = D(2F =

It is easy to see that ¢(z) is a polynomial of z with degree at most n+ 1 = |A| + 1.
Furthermore,

3

" EE U N
[="*1] ab(z)f;%+ — g =0
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and . .
[2"] ¢(Z):Z—([{2 ) —Hi—i( 213—’—” =0.
= U A A
This means that ¢(z) is a polynomial of z with degree at most n — 1. To show that
¢(z) = 0, we just need to find n distinct roots for ¢(z). Let z; =i — A\; —n — 1 for
1 <i < n. We will show that ¢(z;) = 0.

If \; = \i—1, we know the factor z4+n+ 14 X\; — i lies in ¢+ (2) since we can
not add a box in i-th row to A and thus ¢+ (z;) = 0. For similar reasons, for all
1 <4 < n we have p)(2;) = pa(z; + 1) = 0, which means that ¢(z;) = 0.

If \;+1 < A1, we can add a box in i-th row to \. First we also have py(z;+1) =
0 since z;+n+1+X;—1 = 0. To show ¢(z;) = 0, we just need to show D(%ji)) =0,
or equivalently,

Hy
> 1. o (zi) = ealz).
A AT

It is easy to see that only one term on the left side of last identity is not 0. Thus
we just need to show that
H)
Hyx
where \** is obtained by adding a box to A in i-th row. But the last identity is
equivalent to Lemma 4.4. The proof is complete.

xe=(2i) = oa(2i),

O

5. D-POLYNOMIALS FROM THE WORK OF CARDE-LOUBERT-POTECHIN-SANBORN

In this section, we derive some D-polynomials arising from the work of Carde,
Loubert, Potechin and Sanborn [3] on one of the first author’s conjecture [10] related
to hook lengths of partitions. Furthermore, the degrees of such D-polynomials can
be explicitly determined. As an application of Theorem 3.2 and Lemma 2.8, we
obtain the skew marked hook length formula (see Theorem 1.6).

Let z be a formal parameter and p(h, z) be the function defined on each positive
integer h (see [3, 10]):

NG R )
N (N S A
B thzo (zhk)zk

- Zkzo (21&1)21{

h?—1 (B2 =1)(h*—4) 5, (h?* —1)(h® —4)(2h> —11) 4
:1 —
Tt f 15 S 945 S

Definition 5.1. The functions Lk () of partitions are defined by the following

generating function
[T p(hc2) =D Le(h)2*
Oex k>0

For example, we have

Lo(\) =1 and Ll(A):%Z(h%q):S(A’U.
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For i =2r —1,2r,2r +1, D’ (L;{—()‘)) has an explicit expression.
A

Theorem 5.1. For each partition A we have

(5.1) D2+l (LT(?)) —0, (r > 0)
(5.2) DQT(L;X‘)) = (QTI;Al)!!, (r>1)
(5.3) DQ’””(L;X\)) = (27;:)” Al (r>1)

Recall the following result obtained in [3], which will be used in the proof of
Theorem 5.1.

Lemma 5.2 (Carde-Loubert-Potechin-Sanborn [3]). For each partition A we have
Yo w ) = w(ljw) + Y wh),
At A-

where

11 rlho, 2)
w(A) —;—[@\ Vs

Lemma 5.2 implies

Z HIZIG/\;{p(hDa z) _ HIZIG/\ p(ho, 2) _ ZZ HDGAI;thﬂv 2).
A+ =

A H) A

Comparing the coefficients of ¥, we obtain

(5.4) D(L;;j)) _ IAILE(A) B D,<Lk;A(A))'

Lemma 5.3. For each partition A and each integer r > 1 we have

Proof. The lemma is true when r» = 1 by (5.4). Assume that it is true for some
r > 1. By Lemmas 2.7 and 2.8 we have

Dr+1<L7;{_(j‘)) _ D(|)\|DT’1<Lk71(>\)) ¥ (r— 1)Dr72<Lk71(>‘))

H, T,
—D_Dr_l(Lk_Hil/\()‘)))
- |A|DT(L1}71A(A)) +TDT71(L1?171A(A)) fD*DT<L’“}{71A(>‘)), -

Proof of Theorem 5.1. Identity (5.1) is proved by induction on r. When r = 0, we
have D(L;I—(A)‘)) = D(%) = 0 by Lemma 2.2. Assume that (5.1) is true for some
r > 0. So that

DQTH(L;I—(j\)) _ D2T+2(L;{—(j\)) =0.



DIFFERENCE OPERATORS FOR PARTITIONS AND SOME APPLICATIONS 15

By Lemma 5.3 we obtain

D2r+3(L7"}r{1>\(>‘)) _ |)\|D2r+2<L;{_(j‘)) +(2r 4 2) D2 (L;{_(j\))

_ D*DQHQ(L;{—(;))
=0.

For (5.2) and (5.3) we proceed in the same manner. By Lemma 5.3, we have
L)) L) L

D2T+2 ( +1 ) —_ )\ D2T+1 ( ) 2 1 DQT ( )
)~ g (B 4 or 41y pie (222

A
— M2r+1 LT()\)
— DD ( H, )
2r LT(A)
= (2r+1)D (H—A)
B (2r — 1!
_(2r+1).T)\
(2r 4+ )N
H,

D2T+1(LT}r{1)\()\)) _ |>\|D2T<L;J—(>\)\)) 4 27,D2r71<L;{_(j‘))

and

— N2r LT()\)
DD ( H, )
oy @r=1)n 2r| Al _((2r—=1)N
= (2r + 1)!!%.

The case r = 1 is guaranteed by Lemma 5.3. O
By Theorems 5.1 and 3.2 we obtain the following result.
Theorem 5.4. Let p be a given partition and r a nonnegative integer. Then
- (%)
> = 2 (PG

I\ ul=n 0<k<2r

is a polynomial of n with degree at most 2r. In particular, let = (), we have

= 5 u()

IA|=n A 0<k<2r

where dj, = Dk(L;X‘))‘/\:@.

Proof of Theorem 1.6. Let r =1 in Theorem 5.4. Then we obtain

T -Gt ()b

_ L) el () L
“Hw "HE " <2>H(u)’
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(0!1,51)
hl = xi—xj—l
h i — Yj
(s, 85) 2 Yi+t
hs =y; — x;

(g1, Bj41) ha=yi=yn+1

(Olzw 5z’)

hs  hyg

h h
v (Ctiy1,Biv1)

(ama /Bm)

F1GURE 2. A partition and its corners. The outer corners are
labelled with (ay, 3;) (i =1,2,...,m). The inner corners are indi-
cated by the dot symbol “”.

. ) - Li(a)
L1 A 7L1 12 - n
Z f/\/uHuT =nlpl + 5
I\ pl=n
by (3.2). This is equivalent to (1.9). O

6. A FAMILY OF D-POLYNOMIALS ¢, ()

In this section, we study the properties of a family of functions ¢, (\) needed
in the proof of our main Theorems 1.3 and 1.4. The main result in this section is
Theorem 6.1.

For a partition A, the outer corners (see [2]) are the boxes which can be removed
to get a new partition A~. Let m = m(\) be the number of outer corners of A

and (a1, 51), ..., (am, Bm) be the coordinates of outer corners such that ay > ag >
o> Q. Let y; = y;(\) := B —a; be the contents of outer corners for 1 < j < m.
We set a1 = o =0 and call (o, 5o), (a2, 81), - - -, (Qmi1, Bm) the inner corners

of A\. Let x; = x;(\) := B; — a1 be the contents of inner corners for 0 < i < m
(see Figure 2). It is easy to verify that z; and y; satisfy the following relation:

(6.1) To<yr <T1 <Y <o <+ < Ym < Ty

According to Olshanski [23] we define

(6.2) ar(A) = Z it — Z yjk
0<i<m 1<j<m

for each & > 0. The first three values of {gi(\)}r>0 can be evaluated explicitly.
For each partition A\ we have

(6.3) 0N =1 @)=0 and @) =2[A.
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Let us prove (6.3). First we have ¢o(\) = (m + 1) —m = 1. By definition of z;

and y;, we obtain
Z T; = Z Yj = Z Bi — Z ;.

0<i<m 1<j<m 1<i<m 1<j<m

aN= Y w— Y y=0

0<i<m 1<j<m

g2(\) = Z x; — Z Y3

Thus

We also have

= Z Qﬁi(ai—ai+1).

1<i<m
By Figure 2 it is easy to see that >, ., Bi(a; — a;41) is equal to the number of
boxes in A, which is |A|. Hence g2(A\) = 2|\
For each partition v = (1, va,...,1y), the function ¢, (1)) is defined by
(6.4) @A) = @y (M@ (A) -+ - g, (N).

Theorem 6.1. Let v be a partition. Then g, (\) is a D-polynomial with degree at
most |v|/2. Furthermore, there exist some bs € Q such that
. DIy — b LN
(6.5) )= > bg
[6]<lv]—2

for every partition .

Notice that (6.5) could also be obtained by carefully reading [21] or [23]. But
for completeness and since it is not explicitly given in [21] or [23], we will include
a proof later.

First we prove some useful lemmas related to hook lengths and ¢, ()\). For each
k=0,1,...,m, denote by Oy = (as1 + 1, B + 1) and N+ = AU {0, }.

Lemma 6.2. Let g be a function defined on integers. Then we have

> gho) =Y go) =g+ Y (9lar —z:) — glar — yin1))

Oeak+ Oex 0<i<k—1
+ Z (9(zi — x) — gy — 1))
k41<i<m
and
[loerer 9(ho) ) g(xg — x;) g(z; — )
Tooeoo 0 1 ar—ry 1 =
Oex 9\O ogigk—1g E— Yi+1 k+1§i§mgyz k

In particular, we have

[ (zx— i)

0<:<
Hyer itk
Hy [T (zx —ys)

1<j<m
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Proof. When adding the box Oy to A, it is easy to see that the hook lengths of
boxes which are in the same row or the same column with [J; increase by one. The
hook lengths of other boxes don’t change. Thus we have

> ogho) =Y glho) = > (g(h(i,ﬁﬁl)()\kﬂ) - g(h(iﬁwl)()\)))

Oeak+ Oex 1<i<ag41
+ ) (g(hmﬂﬂ,j)@k*)) - 9(h<ak+1+1,j>(k))) +g(ho, (A1),
1<5<Bk

where hg(A) (resp. ho(M\F)) denotes the hook length of the box [J in A (resp.
Af+). On the other hand, the hook lengths of

(aps1 +1,1), (g1 +1,2), -+, (g1 + 1, Br)
in A and \** are
xp—xi— Lo —a; — 2, xp — Y1+ Lag —yip1 0<i<k-—1)
and
T =TTk — T — L w =y 22—y + 1 (0<i<k—1)

respectively. Hence we obtain

> (919 NN =9 (Marpir1. V) = D (9(@e—2)—g(zr—yit1))-

1<5<Bk 0<i<k—1
Similarly,
> (9 N) = g(hg ey N) = Y (gla — k) — gy — 1))
1<j<ak41 k+1<i<m

Thus we obtain the first identity in the lemma. The second follows from replacing
g(h) by In(g(h)). In particular, g(h) = h implies the third identity. O

Lemma 6.3. Let g be a function defined on integers. Define
gV = Y glz)— > gy
0<i<m 1<j<m
which is a function of partitions. Then

1(A z; +1 x; — 1) — 2¢9(x;
D(%/\)): )3 glwi+ )ﬂLgIEIAH ) — 29(:)

0<i<m

In particular, let g(z) = 2* so that g1(\) = qi.(\). Then we obtain

D(M) _ 2 <k,)xik2j_

Hy ogs:m Ho 1§§c/2 2

Proof. Let X = {xo,x1,...,2m} and Y = {y1,vy2,...,ym} be the sets of contents
of inner corners and outer corners of A respectively. Four cases are to be considered.
(i) If B; +1 < Bit1 and @41 + 1 < ;. Then it is easy to see that the contents of
inner corners and outer corners of A'™ are X U{x; — 1,z; + 1} \ {z;} and Y U {z;}
respectively. (i) If 8; + 1 = ;41 and @41 + 1 < «, so that y;41 = x; + 1. Hence
the contents of inner corners and outer corners of A'™ are X U {z; — 1} \ {;} and
Y U {x;} \ {z; + 1} respectively. (iii) If 8; + 1 < Bit1 and aj41 + 1 = a4, so
that 7; = 2; — 1. Then the contents of inner corners and outer corners of A\t are
XU{x; +1}\{z;} and Y U{z;} \ {@; — 1} respectively. (iv) If §; + 1 = 8,41 and
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;11 +1 = ;. Then y; +1 = x; = y;+1 — 1. The contents of inner corners and
outer corners of At are X \ {z;} and Y U {x;} \ {z; — 1, 2; + 1} respectively. Thus
we always have

(6.6) g (X)) —g1(\) = g(zi + 1) + g(z; — 1) — 2g(x;).
Therefore
( ) Z g (A) —a1(N) (A7) Z g(xi +1) + g(x; — 1) — 2g(x;)
0<i<m H)‘” 0<i<m Hyix
by Lemma 2.5. (I

Lemma 6.4. Let k be a nonnegative integer. Then there exist some b, € Q such

that
Z H = > b\

0<i<m AT V| <k
for every partition .

Proof. Let
)y
g)= [ A-y2- > . IT a-2).
1<j<m 0<i<m A 0<j<m
J#i

Then by Lemma 6.2 we obtain

1y _ Yy A _
o= T a-2)-3~ [ a-2)
1<j<m 0<j<m
At
Yy 1<1‘_£ (ztiyj) X
1 Yiy_lsism Y
1<1'1 ( zt) II (2 —2) 0<l1 ( zt)
=I=m 0<j<m S5
J# i7t

=0.

This means that g(z) has at least m + 1 roots, so that g(z) = 0 since g(z) is a
polynomial of z with degree at most m. Therefore we obtain

Z _ ngjgm(l _yjz)
HA1+ 1—301,2 iz)’

0<i<m HOSjﬁm(l - ;%)

which means that

> S @) men( X bl-y— Y l-52)

) it X X
0<i<m k>0 1<j<m 0<i<m

P32 )

k>1

Comparing the coefficients of ¥ on both sides, we obtain
S gt~ X b
0<i<m lv|<k
for some b, € Q. Notice that b, are independent of A\. This achieves the proof. [

Now we will give a proof of Theorem 6.1.
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Proof of Theorem 6.1. Let k be an integer. By Lemma 6.3 we have

o) 7 s ()

H
o<i<m AT 1<j<k)2

Then there exist some bs € Q such that
ar(N) g5 (M)
D(—~2) = E bs————
) *"H,
18] <k—2

for every partition A by Lemma 6.4. In other words, (6.5) is true for v = (k).
From (6.6) with g(z) = z* we actually obtain

) k Y
w0 a0 = 3 o) )at o,
1<y<kz N

which is a polynomial of z; with degree at most k—2. Then by Lemmas 2.6 and 6.4
there exist some b5 € Q such that

qéi\)): > bsgs(V)

[6]<|v]—2

H,\D(

for every partition . O

7. HOOK LENGTHS AND D-POLYNOMIALS

In this section, we prove the main Theorems 1.3 and 1.4.

Let r be a fixed nonnegative integer. The key step is to show that S(A,r)
defined in (1) can be written as a symmetric polynomial on {xg,x1,..., 2, } and
{y1,92,.-.,Ym}, as stated next.

Theorem 7.1. There exist some rational numbers b, = b,(r) indexed by integer
partitions v such that

(r1) son= 3 b
|v|<2r+42

for every partition .

Keep the same notations as in Section 6 (see Figure 2). Let

A ={0"j)eXaip1 +1 <7 <, 85 +1 <5 < Bjga}

A= Ay

0<j<i<m
The multiset of hook lengths of A;; are

so that

zr;—x;—1
J

U {a,a—1,a—2,...;a— (x; —y; — 1) }.

A=Ti—Yj+1

Let Fy(n) be a function defined on integers. Define

Fi(n):=Y Fyk) and  Fy(n):=Y_ Fi(k).
k=1 k=1
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Hence
ri—zj—1 x;—y;—1
Y. Foho)= > > Fo(a-b)
DEA,;J' A=Ti—=Yj+1 b=0
Ti—x;—1
= Z (Fi(a) — Fi(a —z; + vi))
aA=Ti—Yj+1
Ti—x;—1 Ti—x;—1
= Z Fi(a) - Z Fi(a — i+ y;)
A=Ti—Yj+1 a=T;i—Yj+1
= Fy(x; — x5 — 1) + Fo(yi —yj1 — 1)
= By(zi —yjp1 — 1) — Fa(y; — x5 — 1)
and thus
Do Fotho)= > > Folho)
e 0<j<i<m OeA;;
(7.2) = Z (Fa(w; — x5 — 1) + Fa(yi — yje1 — 1)
0<j<i<m

— Fy(; — yj1 — 1) = Fa(yi —z; — 1)).

For each n > 1 the polynomial P,(z) of real number z is defined by

" 1 n+1 Y )
P, = + — + E n—2j+1 -1 J+1B .
(2) n+1 2 n+l ( 2j >Z (=1) 2

1<j<n2 N Y

where Bs; are Bernoulli numbers [4, 6, 15]. Let k be a positive integer. According
to Euler-MacLaurin formula [15],

Po(k)=1"+2"+--- + k™.

Consequently, P,(k) = P,(k+ 1) — (k + 1)". It is easy to obtain the following
identity:

(7.3) Pu(—k—1) = (“1)""'P, (k). (n>1)
For simplicity we rewrite
_ 2" ] n—2j-+1
(7.4) P,(z) = > + Z Gi(n)z" =T
0<j<n/2

Let Go(j) = ]_[199(]'2 —i%) =3 o nwi*". We define

Gi(n):=)Y Go(k) and  Ga(n):=>» Gi(k).
k=1 k=1

The polynomial G(z) of real number z is defined by

w

(7.5) G(z):= (71)’”2 ! + Z UW(M + ZCj(Qw)PzwﬁjH(Z - 1))
=0

2 2

w=1



22 GUO-NIU HAN AND HUAN XIONG

Lemma 7.2. The function G(z) defined in (7.5) satisfies the following relations:
(7.6) G(0) =0,

(7.7) G(n) = (-1)" % +Gan—1), (neN)
(7.8) G(n) = G(-n). (neN)

Proof. Tt’s obvious that P, (0) = 0 and thus P,,(—1) = 0 by (7.3). So that G(0) =
follows from (7.5). By definitions of Gy, G; and G2 we have

n—1 k r

2(n— 1) ZIZZW

1 w=0

-1 k T
== Zn0+znwzp2w
w=1

k=1 ]:1

2770(;) wzlan( +Z§J (2w =2+

(1) <Z> + wz:nw (PQ”(+*1 + ; Gi(2w) Pou-251(n = 1)).
Hence (7.7) is true. By (7.3),
> (W + ij G(20) Po-ayr(n 1)
—an( +J§;<J (20) Pay—241 (n))
3 o (Pauto) - % -2 uini )

= 0. (]

G(n) = G(-n)

The above lemma implies that G(n) is an even polynomial of the integer n with
degree 2r 4 2, which means that there exist some rational numbers &; such that

r+1

(7.9) G(n)=> &n®
i=1
Proof of Theorem 7.1. By (7.2) we obtain
r) = Z Go(ho)
Oex
Z (GQ(:Ci*:Cj — 1)+G2(yifyj+1 71)

0<j<i<m
= Ga(zi — yje1 — 1) — Ga(y; — x5 — 1))
> (Gl =) + Gy — yju) — Glas — yj1) — Glys — ;).

0<j<i<m
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The last equality is due to (7.7) and
(i —x5) + (¥ — Y1) — (@i — 1) — (¥ — ;) = 0.
Thus by (7.9), we have
S = Y & D (@wi—z)™+ (i —yi)™
1<k<r4+1 0<j<i<m

— (i = yjp1) > = (yi — 5)%")

> &V(k),

1<k<r+1

where
Vi) = > @i—x)™+ DY wi-u)— D DY (m—y)™t
0<i<j<m 1<i<j<m 0<i<m 1<j<m

Notice that & is independent of X since G(n) is independent of A. Comparing the
coefficients of 22F (1 < k < r + 1) on both sides of the following trivial identity

m m m m
( iz Zey]z) (Z e Tiz Ze y]z)
=0 Jj=1 1=0 Jj=1
m m m m m m m m
= Z Ze(% )z 4 Z Z eWi—v;i)z _ ZZ e@i—ui)z _ Z Ze(yg i)z
i=0 j=0 1=1 j=1 1=0 j=1 1=0 j=1

we obtain there exist some rational numbers b, such that

(7.10) V(k)= Y ba)

lv|<2k
for every partition A. This achieves the proof. 0
For each partition v = (v, va,- -+ ,v) we define
Sy(A) = H S\, ;).
1<i<e

Combining Theorems 7.1 and 6.1 we derive the following result.

Theorem 7.3. Let v = (v1,v2, -+ ,14) be a given partition. Then S,(X\) is a
D-polynomial with degree at most |v| + €. Furthermore, there exist some bs € Q
indexed by partitions § such that

SV()\) q5(>‘)
N EAWANE qs\A)
(7.11) D ( )= E bs N

H |8]<2|v|+20— 2k H
for every partition .

Now we are ready to prove Theorems 1.3 and 1.4.

Proof of Theorem 1.3. Notice that pu(hé : [0 € \) can be written as a linear com-
bination of some S, (). Then by Theorem 7.3 we obtain Theorem 1.3. O

Proof of Theorem 1.4. Tt is easy to see that for any symmetric function F'(z1, 22, . . .)
of infinite variables, F((h% : O € A) can be written as a linear combination of some
pu(hQD : [0 € \). Then by Theorems 1.3, 3.2 and 7.3 we derive Theorem 1.4. U
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8. OKADA-PANOVA HOOK LENGTH FORMULA

Okada’s conjecture on hook lengths (1.3) was first proved by Panova [24] by
means of Theorem 1.1. In this section, we generalize and give another proof of
the Okada-Panova hook length formula by using difference operators. In fact, the
constants K, arise directly from the computation for a single partition A\, without
the summation ranging over all partitions of size n.

Proof of Corollary 1.5. By (6.3) and Theorem 7.3 there exist a,b € Q such that for
every A,

H,\DT(%’;)) = a|A| +b.

The explicit values of a and b are determined by taking two special partitions A = ()
and A = (1). Since S(A,r) = 0 if A does not have any hook length greater than r,

we have
S(A, 1)
b= (Z52)| =0
( H)\ ) A=0

by (3.4). On the other hand, it’s obvious that the only partitions of size r + 1 who
have hook lengths greater than r are {)\(k) :0 <k <r} where

AB) = (k41,1,1,---,1).
——

Then
fao = (;) and SR r) = H ((r+ 1)2 — i2).

By (3.4) we have

(S ) B S(\r) S(A®) )
=D (T T X AT X he T

H H
A IA=r+1 0<k<r AR

‘= 7«('2(:«13; 2 (DQ - ;'2(213'2 <2:> — A

0<k<r

so that

Hence (1.5) is true. Consequently, (1.6) and (1.7) are derived from (1.5) by applying
the difference operator D. O

Proof of Theorem 1.2. Since S(A,r) = 0 if A does not have any hook length greater
than r, we have

(8.1) Di(%;r))‘x:@ =0

for 0 <i <r by (3.4). Substituting g(A) by S(\,r)/Hx and u by () in (3.3) we get

= 07z =3 (1) Gl =l 1)
by (8.1), (1.6) and (1.7). O

[A|=n 0
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9. FuJil-KANNO-MORIYAMA-OKADA CONTENT FORMULA

In this section, we prove and generahze the Fujii-Kanno-Moriyama-Okada con-
tent formula. Recall C(\, ) = > qcy [T (cD —i?).

Theorem 9.1. There exist some b, € Q indezxed by partitions v such that

HAD( ) > buan(A

|v|<2r

for every partition \.

Proof. We have

Yo H =Y HE=(Bi-am)T =

Oexit Oex
Therefore
Yoexd H/\
mo(Bap) S (5 - T )Tt
D= Z T2 B &)= g
exi+ Oex Ait
The proof is achieved by Lemma 6.4 and linearity. (|

Proof of Theorem 1.7. By (6.3), Theorems 9.1 and 6.1 there exist a,b € Q such

that for every A,
C(\ )
H D’”(i7 ) = alA\| + b.
A a, al\| +

The explicit values of a and b are determined by taking two special partitions A = ()
and A = (1). Since C(A,r) =0 if A does not have any content whose absolute value
is greater than r — 1, we have

b= DT(C(I;;T))‘A 0

by (3.4). On the other hand, it’s obvious that the only partitions of size  + 1 who
have contents with absolute values greater than r — 1 are (17*!) and (r + 1). By
(3.4) we have

C(\ ) (2r)!
L e D S e T
!
( H ) Aot (r+1)!
Hence (1.10) is true. Consequently, (1.11) and (1.12) are derived from (1.10) by
applying the difference operator D. O

Proof of Theorem 1.8. Since C(A,r) = 0 if A does not have any content whose
absolute value is greater than r — 1, we have

(9-1) Di(%’:))‘,\—w -

for 0 <i <rby (3.4). Substituting g(A\) by C(\,r)/Hx and p by 0 in (3.3) we get

St =2 (07 G- (R )

by (9.1), (1.11) and (1.12). O

Theorem 1.9 is a simple consequence of Theorems 3.2 and 1.7.
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