DIFFERENCE OPERATORS FOR PARTITIONS UNDER THE
LITTLEWOOD DECOMPOSITION
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ABSTRACT. The concept of t-difference operator for functions of partitions is
introduced to prove a generalization of Stanley’s theorem on polynomiality
of Plancherel averages of symmetric functions related to contents and hook
lengths. Our extension uses a generalization of the notion of Plancherel mea-
sure, based on walks in the Young lattice with steps given by the addition
of t-hooks. It is well-known that the hook lengths of multiples of ¢ can be
characterized by the Littlewood decomposition. Our study gives some fur-
ther information on the contents and hook lengths of other congruence classes
modulo ¢t.

1. INTRODUCTION

1.1. Goal. The purpose of this paper is to compute explicit averages over parti-
tions of some statistics of their invariants, such as contents and hook lengths, and
establish polynomiality of these averages in the size of the partitions considered. In
contrast with previous results, we restrict our attention to subsets of partitions clas-
sified by the divisibility properties of those invariants, and we modify the averaging
measures accordingly. Our main result is stated in Theorem 1.3.

1.2. Basic definitions. A partition is a finite weakly decreasing sequence of pos-
itive integers A = (A1, Ag, -+, A.). The size of the partition A is defined by the
integer |A| = >, ,<, Ai. A partition A could be represented by its Young diagram,
which is a collection of boxes arranged in left-justified rows with \; boxes in the
i-th row. The content of a box 00 = (4, 7) in a partition A is defined by ¢g = j — 1.
With each (4, j)-box is associated its hook length, denoted by h; ;), which is the
number of boxes exactly to the right, or exactly below, including the box itself.
The hook length multi-set of A is denoted by H(A). In Figure 1 is represented the
Young diagram and hook lengths of the partition (6, 3,2,2). For example, h(; 2y = 8
and h(3’1) =3.
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FIGURE 1. The Young diagram of the partition (6,3,2,2) and the
hook lengths of corresponding boxes.
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Let ¢t be a positive integer. A partition is called a t-core partition if none of
its hook lengths is divisible by ¢. For example, from Figure 1 we can see that
A= (6,3,2,2) is a 7-core partition. Let

Hi(AN) ={heH(N): h=0 (modt)}
be the multi-set of hook lengths of multiples of .

1.3. 01-sequences, Littlewood decomposition and Plancherel averages.
Each partition A can be associated with its 01-sequence z(A) = (2x,:)icz = (2i)iez
as follows. First, consider the edges in the boundary of A, starting at the bottom
and ending to the right. Label the vertical (resp. horizontal) edges 0 (resp. 1). We
obtain a bi-infinite 01-sequence (z;);cz beginning with infinitely many 0’s and end-
ing with infinitely many 1’s. The index 0 of the bi-infinite 01-sequence is defined
by the condition #{z; = 0 : ¢ > 0} = #{z; = 1 : i < 0}. Every partition and
its 01-sequence are uniquely determined by each other (see Figure 2 for a running
example of the constructions presented in this section).

FIGURE 2. This is our running example for the 0l-sequence and
the Littlewood decomposition of a partition. The Young dia-
gram of the partition A = (18,7,6) is drawn, together with its
01-sequence - - -0111|1110101111111111101 -+ (the | indicates the
unique location where the number of 1’s to the left equals the
number of 0’s to the right, which is between index -1 and 0 in the
01-sequence; visually this corresponds to the main diagonal in the
Young diagram). Notice the mnemonic “RGB” for the colourings,
starting after the | mark. The grey shapes indicate a sequence of
3-hooks that can be removed from A, to finally obtain the 3-core
(3,1) of A\. One could start with the yellow shape for instance,
and then make various choices for the order of the removals. The
process always ends with the same 3-core (3, 1), irrespective of the
order of removals. Quotients will be - - 01|1011111 -+ (partition
(2)), ---0[1111111--- (empty partition @) and ---011|011101- - -
(partition (5,2)).

The 01-sequences contain a lot of information about partitions (see [2, 12]).
Lemma 1.1. For a partition A and its 01-sequence z(X\) = (z;)icz, we have
Al =#{(,7) :i<j, zz =1, z; =0}
Actually, each box in X is uniquely determined by such a pair (i, j).* The hook length

of such box is j—i. Also, for an edge labeled by z; = 0, the box to the left has content
i; for an edge labeled by z; = 1, the box above has content i + 1.

! Notice that here (i,5) is not the coordinate of the box in .
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By Lemma 1.1 a partition A is a t-core partition if and only if there are no i € Z
satisfying z; = 1, z;4+ = 0 in the Ol-sequence z(\). If z; = 1, z;4+ = 0 (resp.
zi =0, ziyy = 1) in a Ol-sequence z(\) = (z;) ez, by exchanging the values of z;
and z;4, we obtain a new 0l-sequence and thus a new partition. We say that this
new partition is obtained by removing (resp. adding) a t-hook from (resp. to) A.

Starting with a partition A, we can always remove several t-hooks until no more
t-hooks could be removed. The final partition we get by this operation is called the
t-core of A and denoted by As_core, Which is actually independent of the ordering
of removing t-hooks from A (see [2, 12]). For 0 < ¢ < ¢t — 1, the i-th t-quotient
of the partition A is defined to be the partition associated with the 0l-sequence
obtained by taking the subsequence (2¢j44)jez of z(\), which is denoted by A*. For
each positive integer ¢, we actually build a map

{partitions} — {t-core partitions} x {partitions}’

which sends a partition A to (Ar_core; A, AL, ..., A=1). This map is a bijection, called
the Littlewood decomposition of partitions at t [14]. In this paper, we always set
that a partition A is identical with its image under the Littlewood decomposition,
i.e., we always write A = (Apcore; A%, AL, ..., Af71). The Littlewood decomposition
has the following two fundamental properties (see [14]):

|A‘ = |)‘t—core| +t(|)\0| =+ |A1| 4+ o+ |/\t—1D

and

(h/t] h e HoN)} = HOO)UHOA) U - UHAY),

Let fx (resp. fx;,) be the number of standard Young tableaux of shape A (resp.
A/p) and Hy = []gey ho be the product of all hook lengths of boxes in A. For
convenience set fp = 1 and Hy = 1 for the empty partition ). It is well known that
(see [5, 8, 13, 22])

|
(1.1) fa= % and ;'MZ f3=1.

The latter identity defines a measure on partitions of size n, called the Plancherel
measure. Alternatively, we can see f) as counting “walks” among Young diagrams
up to the shape A (so-called hook walks, see [6, 7]).

1.4. Polynomiality of Plancherel averages and modified hook walks. Ex-
panding on a formula of Nekrasov and Okounkov on hook lengths [15], the second
author conjectured [9] that

Py= - S 25 0

“Al=n Oex

is always a polynomial of n for any £ € N. This conjecture was generalized and
proved by Stanley [20] (see also [1], [4], [10] and [18]), and later generalized in [11].
Let Q be a symmetric function in infinitely many variables and E be a finite set
with n elements. The symbol Q(z : © € E) means that n of the variables are
substituted by x for x € E, and all other variables by 0.
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Theorem 1.2 (Stanley [20]). Let Q be a symmetric function in infinitely many
variables. Then

(1.2) Pi) = 3 Qo 0
" Al=n

and

(13) ORI S =Py
" Al=n

are polynomials in n.

Olshanski [17] also proved the content case of Theorem 1.2.

Let A and p be two partitions. We say that A >; p if A could be obtained
by adding some t-hooks to p. Then, the set of all partitions becomes a partially
ordered set under this relation. If A >; u, define F,, to be the number of ways of
removing t-hooks:

(14)  Fuu=1 and Fy,= Y  Fy\y  (for X#p).
AZEAT >
[IA/A"|=t

It is easy to see that F\/, = #{(Fo, P1,...,Pi_1) : P; is a Young tableau of shape
A /ut, the union of entries in Py, Py, ..., Pi_y are 1,2,.. .,Zf;é |A?/u?|}. Hence,

— . . 71
Soizo I /| E
F = = i /0.
A (l/\O/IMO7)\1/“1|7.._’|/\t—1/ut—1| gh 7z

These F;, can be seen as counting hook walks distributed among the quotient
partitions of A. Let

t—1
n n
(1.5) EX = Fx/hrcore = <|/\0| AL, - |)\t—1|> I l fre = nlt"Gy,
) ) ) 7/:0

where n = [A°| + |\ + ...+ |AF7Y] and
_ 1
HhEHt()\) h

When t = 1, then Fy = f) and G, = 1/H). Also, when X is a t-core partition,
we have F = G = 1.

Gy

1.5. Difference operators and main result. Let g be a function of partitions
and A a partition. The difference operator D for partitions was defined in [11] as

Dg(\) = Y g(\")—g(N.
A+ /M]=1
In this paper, we introduce a generalization of D. For every integer ¢, let
(1.6) Dign) = Y g\ =gV,

At>a
At /A=t

Accordingly, D; = D.
The higher-order difference operators for D; are defined by induction:

DVg:=g and DFg:=D,(DF lg) (k>1).
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These operators also fit in Stanley’s theory of differential posets, although this is a
language we will not use here [21]. The following theorem is our main result, which
will be proved in Section 5.

Theorem 1.3. Suppose that t is a positive integer, u',v', ju,j ,, ku, k'v are non-
negative integers and p is a given t-core partition. Then, there exists some fized
r € N such that

D; (“(H 2. hé’““) (H 2 C’é”>> =0
u=1 Oe v=1 Oex
hOo==j.(modt) co=j, (modt)

for every partition X\ with A\t_core = p. Moreover,

- 2%k - k.,
Py = Y FA/MGA(H > h)(H > )
At-core=H u=1 Oex v=1 OeXx
[N/ p|=nt ho==ju.(modt) cn=j, (mod t)

is a polynomial in m (n is a nonnegative integer).

Let @1 and @2 be two symmetric functions. By Theorem 1.3, there exists some
fixed r € N such that

Dy (GAQ1(hE : O € NQa(co:OEN) =0
for every partition A with A;_core = . Moreover,
(1.7) P(n)= Y FyuGrQi(ht:0eNQalcn:OeN
At-core=
Nt
is a polynomial of n. When t = 1, u = (§, we have (1.7) implies Theorem 1.2.
1.6. Specialisation for square case. We now focus on expressions of square sum

of contents or hook lengths, and thereby obtain explicit results. Details of the proofs
are given in Section 6. We start by considering individual partitions.

Theorem 1.4. Let 0 < k <t — 1. For every partition A with Ai_core = 0 we have

(1.8) >oooma+ > h2—< ooy Y c%)

Llex Dea Dex Oex
hOo=k(mod t) hOo=t—k(modt) co=k(mod t) co=t—k(modt)

t—1—k k—1
2
=2t ( > ninigkt Y nim+t—k),
=0 =0
where n; = |\¥].

By summing identity (1.8) over 0 < k < t—1, we obtain the following well-known
result (see [14]).

Corollary 1.5. For every partition A we have

S - Y b= AR

Oex Oex
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Notice that the above identity can also be obtained from Theorem 1.4 with ¢ = 1.

We now turn to ¢-Plancherel averages, introducing F),, and G as weights in the
previous results and summing over A. The results are stated in two cases according
to the divisibility of the hook lengths by ¢.

Theorem 1.6. Suppose that p is a given t-core partition and 1 < k <t—1. Then
we have

> FA/MGA< >oomh+ > hé)

At-core =/t Uea Oex
[N/ p|=nt ho=k(mod t) hOo=t—k(modt)

— 61 (Z) + <2k(t k) + 4tp(R)| + 4|t — k:)\)n

oz e xom)
Oep Oep
ho=k(mod t) hOo=t—k(mod t)

where p(k) = {h € H(p) | h =k (mod t)}, viewed as a multiset. In particular, let
w=10. Then we have

ZFAGA< Sooonh+ Y h%)

At-core=0 OeX Oex
[X|=nt ho=k(mod t) ho=t—k(modt)

= 6t (;) + 2k(t — k).

Theorem 1.7. Suppose that p is a given t-core partition. Then we have

Y Rga Y h%znt2+3t(g>.

)\t-cure:M Oex
[N/ p|=nt h=0(mod t)

By Theorems 1.6 and 1.7 we obtain the following result.

Corollary 1.8. Suppose that p is a given t-core partition. Then

3t2n?  nt(t? — 3t — 1+ 24|u|)
Z Z 2 _ Z 2
F/\/MG)\ hiy = 5 + 6 + hg.
At-core=t Oex Oeun
[/ u|=nt

In particular, let = 0. Then we have

3t2n?  nt(t? -3t —1)
F 2 = )
Yo RG> o+ ;
Altfuurezm Oex

Al=nt

Similar results for contents can also be obtained.
Theorem 1.9. Let 0 <k <t—1. We have

Y RG Y &= t(Z) +k(t — k)n.

At-core=0 Dex
[X|=nt co=k(modt)
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Theorem 1.9 implies the following identity.

(1.9) Z F,\G)\ZCQDth(Z) +@.

At-core=0 Oex
X |=nt

In fact we will derive a more general result in Theorem 6.3 by replacing @ by a
general t-core partition.

2. PARTITIONS AND t-DIFFERENCE OPERATOR

We now turn our attention to preliminary lemmas on the t¢-difference opera-
tors DF, and in particular a theorem outlining how polynomiality of ¢-Plancherel
averages can be deduced from the vanishing of DF for large enough k. It is known
[11] that

(2.1) D(H%) =0.

We establish a similar result for the ¢-difference operator.

Lemma 2.1. Suppose that \ is a partition. Then

Dt(G)\) = 0
In other words,
Gr= > Gy
AT >
AT /A=t

Proof. Suppose that
A= Mcore; A0 AL L NTTENT XL AT
and
AT = Acore; A% AL, L AT (X TN AT
where [(A")T/Af| = 1. Then, by the definition of G\ we have
Gyx+  Hy
G tH(Ai)+.

By (2.1) we have

3 G rcore O AT A =LA+ AT A1) 1

(A1) + /A =1 G t

Summing the above equality over 0 < i <t — 1, we prove our claim. O

We now prove a commutation relation between the averaging over partitions of
a given weight and the D; operator.

Lemma 2.2. Suppose that i is a given partition and g is a function of partitions.
For every n € N, let

Py(n):= > Fxug().

A>ep
X/ p|=nt

Then
Py(n+1) — Py(n) = Pp,4(n).
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Proof. The proof is straightforward and follows from expanding definitions:

Pg(n+1)7pg(n): Z V/ug Z F/\/p,g

V> )\>t
lv/nl= (n+1)t IX/pl=
= Z Z Fu*/,ug(y)_ Z F)\/ug(A)
12470 v > A>ip
lv/pl= (n+1)t lv/v=|=t I/ pl=nt
= Z Fu( Z g(A") —g(V)
A>ip AF>A
[X/pl=nt AT /A=t
= PDtg(n)' U
Ezample. Let g(A) = G. Then D;g(A) = 0 by Lemma 2.1, which means that
Pp,4(n) = 0. Consequently, Py(n+ 1) = Py(n) =--- = Py(0) = G, or
(2.2) > FyuGr=G,
A>tp
I/ pl=nt

Recall that when p is a t-core partition, we have G;, = 1. This implies

(2.3) > FyuGr=1
At-core=H
X/ l=nt

In particular, let © = (), we obtain a generalization of the second identity of (1.1):

(2.4) Y RGN =1,

At-core=0
|A|=nt

or equivalently,

fi i
(2.5) Z 0 |\ t—1 H /2 =t
o) LR
[AO[H[A 4+ A=t [=n
Formulas such as this one can be used to create new measures on partitions, called
t-Plancherel.

Recall that the higher-order difference operators for D; are defined by induction

DV := g and DFg := D,(DF71g) (k > 1). We write D;g(v) := D;g(\)|r=y for a
fixed partition v.

Theorem 2.3. Let g be a function of partitions and pu be a given partition. Then,

(2. o= Y By =3 () Do)

A k=0
X/ ul=
and
27) Drg) = (-1 () Pa(h).

k=0
In particular, if there exists some positive integer r such that D} g(\) = 0 for every
partition A > p1, then Py(n) is a polynomial in n.
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Proof. Identity (2.6) will be proved by induction. The case n = 0 is obvious.
Assume that (2.6) is true for some nonnegative integer n. By Lemma 2.2 we obtain

Py(n+1) = Py(n) + Pp,4(n)
" /n
-2 (1)ptow -3 (1)t
k=0
n+1
n+1
Identity (2.7) follows from the famous Mobius inversion formula [19]. O

3. CORNERS OF PARTITIONS

Now we introduce the concept of corners in a partition. For a partition A, the
outer corners (see [3, 11]) are the boxes which can be removed in such a way that
after removal the resulting diagram is still a Young one. The coordinates of outer
corners are denoted by (ai1,81),...,(Qm, Bm) such that a3 > as > -+ > .
Let y; := B — o (1 < j < m) be the contents of outer corners. Set a1 =
Bo = 0. The inner corners of \ are defined to be the boxes whose coordinates are
(a1, P0), (@2,81),- -y (@1, Bm)- Let x; = B; — a1 be the contents of the inner
corners for 0 < i < m.

Ezample. For A = (6,3,2,2) (see Figure 1) we have m = 3, (a1,61) = (4,2),
(g, B2) = (2,3) and (ag,ﬂg) = (1,6). Therefore (zg,x1,x2,235) = (—4,0,2,6)
and (y1,92,y3) = (=2,1,5). Also note that > o, 37 — > 1<;<3y; = 0 and
Eogiggg r® — Z1§j33 y] =26 =2|\|.

Let A be a partition and z;,y; be the quantities associated to A defined above.
Define (see [11])

(3.1) V)= > w0 oyt

0<i<m 1<j<m

for each integer k, and

4
(3.2) 0\ = [T @)
k=1

for each partition v = (v, v, ..., vy). 2

We need the following results developed in [11] (see (6.3), (6.6), Theorem 6.1
and Lemma 6.4 in [11] respectively).

Theorem 3.1. Let A" = AU {0;} with co, = z; for 0 <i < m.
(1) For k=0,1,2, we have
oA =1, ¢gA\) =0 and qA\)=2|A.
(2) Suppose that k is a nonnegative integer. Then we have

w0 —a = Y 2(2’;)

1<j<k/2

2We need to be careful here: in general, g, (\) = I av;(N) # 11, ¢,: (), which was used in
Theorem 3.4 and commented on in footnote 3. Writing g, allows for a convenient access to |v|.
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(3) Let v be a partition. Then, there exist some 65 € Q such that
q(S
D bs
(%)= ¥
l6]<|v]—2

for every partition \.
(4) Let k be a nonnegative mteger. Then there exist some bs € Q such that

Z = bags(A

0<i<m i 1§]<k
for every partition .
The next result is easy to prove by Theorem 3.1(4).
Theorem 3.2. Let \'™ = AU {;} with co, = x; for 0 <i <m. Then,

> =0

0<i<m AT
and
H)y 2|y
Y i’ =)
- Hyiv
0<i<m

for every partition .
We obtain the following result, which is a generalization of Theorem 3.1(3).

Theorem 3.3. Let v be a given partition. Then, there exist some bso 51 5t-1 € Q
such that

t—1 t—1
(33) Dt (G)\ qua(Az)> = Zb60761,,,.,6t—1G>\ Hq(y()\
=0 (%) =0

for every partition \, where (¥) ranges over all partitions 6°,6%, ..., 81 such that
L8 < S 08 — 2. Notice that bgo g1 se—1 is independent of .
=0 =0 507 5eeey
Furthermore, if r > 1 Zz;é |t + 1, then

for every partition .

t—1
Dy (GA 11 qw(”)) =0
i=0
Proof. We have

Dy (G/\ 1:[ qyi (/\1)>

t—1
= 2 Gquu () =TT ann
=0

AT>A
I/\+/AI t

=Gy Y %1 (Hoq ()’ qu Al)

AT > A
AT /A=t
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oY I a0 Y 2 (g () - as (V)

j=00<i<t—1 IM)F /A7 =1 Hniy+
i#]
1, : i (V)
=-G {(ANYH\ D (2
tAZHCIV(),\ <HM>
7=00<i<t—-1
i#]
t—1
= Z bso 51, 5t-1Gx H qsi (A")
(%) i=0
for some bgo 51 st—1 € Q, where (x) ranges over all partitions §°,4",...,6 ! such
that Ef;é |§%] < Ef;é |t — 2. The last equality is due to Theorem 3.1(3). O

Definition 3.1. Let p be a t-core partition. A function g of partitions is called
w-admissible, if there exist some functions of partitions 7, (here ns depends on

t,g,i, ) such that g(AT) — g(\) = Zj:o ns(A)ey, is a polynomial of ¢, for every
pair of partitions

PRI LD Gt i U L D L))
and
AT = (s A0 N NN U {0, AT L),

where each coefficient 75()) is a linear combination of some H;;é ¢35 (N7) for some
partition 7,3 and for every partition A with Aicore = -

By Theorem 3.1(2), A — Hf;(l) q,:(\Y) is p-admissible for any partition v and
any t-core partition p. As can be seen in Section 5, the following two functions of

partitions
gN= >
Oex
hpg==£j(modt)
and

Oex
co=j(modt)
are p-admissible for any t-core partition u, any nonnegative integer k, and 0 < j <
t — 1. This is a consequence of Lemmas 5.2 and 5.4.

Theorem 3.4. Lett be a given integer, v be a partition, and p be a t-core partition.
Suppose that g1,92,...,9, are p-admissible functions of partitions. Then, there
exists some r € N such that

Dy <GA I 9™ ]:[ qy,-(x')> -
u=1 =0

SWe really need here a t-tuple of partitions. We decide to reuse the quotient notation for
this purpose. Different 7 with the same t-core would give the same tuple, but the surjectivity is
inconsequential here.
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for every partition \ with \i_core = pt. Furthermore, by Theorem 2.3,

(34) Z FA/MG)\ H gu
At mn—H
[N pl=

s a polynomial in n.

Proof of Theorem 3.4. Notice that this theorem is true for v = 0 by Theorem 3.3.
We will prove it by induction. First, we have

D, <G>\ H gu()‘) 1:[ QVi(/\i)>
v t—1
= GA Z Cg\+ <H )\+ HQM i) - H QU()‘) HQVi()‘i)>
u=1 =0

>\+Zt)\ A u=1
AT /A=t
=Gy Y. Gt (A-AB+B-AA+AA-AB),
G
AT>A
AT /A=t
where
A= H gu<)‘)7
u=1
AA= [T 9u3") =TT 9
u=1 u=1
t—1 ‘
B= Hqu’ ()‘1)7
t—1
AB = qul )\+ qu
=0
Next,
Gy Y. S (4. aB)
G
AT>A
At /A|=t
1 v t—1 q J(AJ)
:tG)\ng()‘)Z< H qlﬂ >H)\JD< H/\j >>
u=1 7=0 \0<i<t—1
i#£]
Gy > S (5. aA)
G
At>A
\,\+/,\|—t

fGAHqu DS =

170 1) oy o1 O
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(H gu (s X0, .., = ] gu(/\)>7

u=1 u=1

Gy Y. c(:;: (AA-AB)
AT > A

\/\+//\|—t

7G/\Z Z HH < H qzﬂ /\l ) <QW ((A) ) —Qyi (/\j)>

j= 0‘)\])+//\J| 1 (A)+ 0<i<t—1
i#]

(H gu((ILL; >\Ov SERE) (Aj)+v .. ")‘til)) - H gu()‘)>

By Theorems 3.1 and 3.3 each of the last three terms could be written as a
linear combination of some G H"/, 1 g (VTS q( i (AY) where, either v/ = v
and simultaneously Z:; (V') < ZZ oV' —2, or v/ < v. Then, by Theorem 3.3
and induction we prove the claim. g

4. FURTHER PROPERTIES OF LITTLEWOOD DECOMPOSITION

In this section, we always assume that p is a given t-core partition with 01-
sequence z(p) = (zp,5)jez. For 0 < i <t —1, we have ' = (). Thus, p’ has a
01-sequence equal to - - -0000|11111 -+, which means that z,: ; = 0 for j < 0 and
z,i ;= 1for j > 0. Let

b, :=b;(n) =min{j € Z: j =i(modt), z,,; =1}.

Then, there exist some d; € Z such that b; = td; + i for 0 < i <t — 1. Therefore,
Zuti+i = 0 for 7 < d; and B ti+i = 1 for 7> d;.

Ezample. The 01-sequence of the 3-core partition (5,3,1,1) is
--001001|1011011 - - -

Therefore, by = 0, by = 7, by = —4, dy = 0, d; = 2, and do = —2. Notice that
do + d1 + d2 =0.

Let
Bp={(iyi+k):0<i<t—1-k} J{(,i+t—k):0<i<k—1},

viewed as multisets for 1 < k <t —1 (i.e., if k equals t — k, we keep two copies).
We have

(4.1) > (i) =th(t— k).

(1,j)€Bk

Lemma 4.1. Suppose that u is a given t-core partition and let b; and d; be defined
as above. Then
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Proof. Let 0 < i <t — 1. First, the fact that p is a t-core partition implies that
Zuj4i = 0 for j < d; and 2,544 = 1 for j > d;. By the definition of 01-sequence
we have #{z,; =0:75 >0} = #{z,; =1:j <0}. Thus,

t—1

> di=#{z,;=0:j>0} —#{z,; =1:5 <0} =0.

i=0
|

For every partition A and 0 < k < ¢t — 1, recall that A(k) = {hg = k(mod?) :
O € A}, viewed as a multiset.

Lemma 4.2. Suppose that i is a given t-core partition and 1 < k <t —1. Then,
|1(0)] =0 and

di — d.
w4 -nl= ¥ (M5),
(i,4)E€ By,
Proof. First, |(0)] = 0 since u is a t-core partition. By Lemma 1.1 we have
(k) = 2L, 7)< .7 — i = k(mod ), 2 =1, 250 = O},

Now we just need to consider the right hand side of the above identity. Notice that
for 0 <i<t—1 we have z,j4; = 0 for j < d; and z,4j4; = 1 for j > d;. Then,
for each (i,j) € By, we have

#{(i',j) : 7' =i(modt),j = j(modt),i < j', 2z, =1, 2,5 =0}
+ #{(',j") 7' = j(mod ), = i(modt),i <j', 2z, =1, 2,5 =0}

di — d; dj —d; +1

whenever d; > d; or d; < d;. This means that

Wl +ue-ni= 3 (*5Y)

(4,J)€By

By Lemmas 4.1 and 4.2 we obtain

(4.2) Z (27 — 2i)(d; — dj) =t Z (di — dj),
(i,7)€Bk (4,4)€Bx
(4.3) ey di= Y (di—dy)?
0<i<t—1 0<i<j<t—1
(4.4) —2 Y idi= Y (di—dy),
0<i<t—1 0<i<j<t—1
and
_ di — d;
(45) W= (“3%)
0<i<j<t—1
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= % > (i=b)*=(i-3)%).

0<i<j<t—1

Lemma 4.3. Suppose that p is a given t-core partition and 0 < k <t —1. Let A
be a partition with Ai_core = i and |\ = |u| + nt. Then,

AE)] + A = R)| = [u(k)] = |t = k)| = 2n.

Proof. Adding a t-hook to a partition A means that we change some (z; = 0,
Zixt = 1) to (z; = 1, z;4¢ = 0) in the 0l-sequence of X\. Then, the lemma follows
directly from Lemma 1.1 and induction on the size of . O

5. CONTENTS, HOOK LENGTHS AND {-DIFFERENCE OPERATORS

By the construction of 01-sequences and Lemma 1.1, the following lemma is
obvious.

Lemma 5.1. Let z(\) = (2x )iz be the 01-sequence of a partition X. Then, X has
an inner (resp. outer) corner with content k if and only if zy -1 =0, 2 =1
(resp. zxp—1 =1, zx5=0).

For each partition A let C(A\) be the multiset of its contents. We explicitly
compute how contents change when adding a box to one of the quotients in the
Littlewood decomposition.

Lemma 5.2. Suppose that p is a given t-core partition. Let
A= (s A0 A NN LA
and
AT = (s A0 N AT U {0 A L N,
Then,
CA\NC) = {e,t + biyeo,t +b; — 1, eot + b — (£ — 1)}

Proof. Suppose that the 01-sequence of A is (2y;)jcz. For each 0 < i <t —1 let
(2xi,5)jez be the 01-sequence of Y. Then, Zxij = Zx,jt+b; SINCE Apcore = pt. Notice
that b; are determined by p. Let ¢ = ¢, be the content of [;. Then, by Lemma 5.1
adding the box [J; to A’ means that (zyi .1,z ), which is equal to (0,1) in the 01-
sequence of A\ is changed to (1,0); or equivalently, (27, (c=1)t+b1> Zr,ct+b;) = (0,1)
in the 0l-sequence of A is changed to (1,0). Then by Lemma 1.1 this means that
we add boxes with contents

cteri,cterl- 71,...,Ct+bl‘ — (t*].)
to A. O

By induction and Lemma 5.2 we obtain the following lemma.

Lemma 5.3. Suppose that p is a given t-core partition. Then
t—1
e\ C(u) = Jften, +bi—j:0<j<t—1,0; € \'}
i=0
for every partition N\ with \i_core = p-

For the partition A and 0 <7 <t —1, let z;; (0 <1 < m,;) be the contents of
inner corners of A’ and yiy (1 <1< m;) be the contents of outer corners of AL
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Lemma 5.4. Suppose that p is a given t-core partition, T is a given integer, 1 <
E<t—1,and 0<i<t—1. Let

A= (s O AL NN XL A

and ‘ ‘ ‘
AT = (s A0 AN XL U {0, AT L A,
Then
SREERED S
Oeat Oex
h=0(mod t) hO=0(mod t)
BT+ > (Hem, — ) = D (Hem, —wia)”
0<i<m; 1<i<m;
and
IR SRR DR D DI
Oeat Oex™ Oex Oex
ho=k(mod t) ho=t—k(mod t) hg=k(mod t) hg=t—k(mod t)
= Z (tCDi + bl — txi/J — bi/)2r — Z (tCDi + bl — ty,‘/J — bi/)2r
0<I<my 1<i<my
—|— Z (tCDi —|— bi — txi”,l — bi”)?r — Z (tCDi + bz — tyi”,l — bi//)2T
0<I<mys 1<I<mn

where 0 < ¢',i" <t—1 satisfy i’ =i+ k(modt) and i’ =i—k(modt). Furthermore,

t—1
Z h2r — Z hZDT =t + Z( Z (tCDi +b; —tx;; — bj)w
Oex+t Oex j=0 0<i<m;

o Z (tCDi + b1 - tij — bj)2T>,

1<i<m;

Proof. Suppose that the 0l-sequence of X is (2y;)jez. For each 0 < i <t —1,
let (zxi j)jez be the 0l-sequence of M. Then, by the Littlewood decomposition we
have zy: j = 2x jitb,- Let ¢ = co, = T4, By Lemma 5.1, adding the box [J; to
A" means that (zyi .1, 2 ) = (0,1) in the 01-sequence of A\ is changed to (1,0),
or equivalently, (zx,(c—1)t+b;» 2x,ct+5;) = (0,1) in the 0l-sequence of A is changed to
(At (c=1)t4b;5 Zat,ct4b;) = (1,0). By Lemma 1.1, to see the difference between hook
length sets of AT and A, we just need to consider the different pairs (j,j’) where
7 <7, (1,0) = (25, 2xr,5) Or (2x+ 4, 2a+57), and {7, 7"} (H(c— 1)t + by, ct +b;} # 0
in the 01-sequences of X and A\ ™.

Case (i). First consider such pairs (j,5’) satisfying j/ — 7 = 0(mod ). Since
(Z)\,(c—l)t+bm Z)\,cterz‘) = (07 1) and (Z)\+,(c—1)t+biaZ/\+7ct+bi) = (170)a it follows from
Lemmas 1.1 and 5.1 that the hook lengths of AT for such pairs (j, j') are

tt(c—xiy),tlc—xziy— 1), ,tlc—yiur1 +1) (0<I<w;—1),
t@ig— o)tz —c—1), -ty —c+1) (w; +1 <1< my),
and the hook lengths of A for such pairs are
tle—aig— 1), tlc—zig —2),- ,tlc—yigr1) (0<I<w; —1),
t(wig—c—1),t(zig —c—2), - t(yig —¢) (w; +1<1<my).
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Let |a| be the absolute value for every real number a. Thus

{ho € H(AT) : hg = 0(mod )} \ {hoy € H(A) : hgy = O(mod t)}
- ({t} Uttle—2i0) 0 <1< w, — 13| ft(wig —¢) s +1< 1 < mi})
\ ({te = piasn) 10 S U< wy = L {tlia = 0) swi +1 <1< mi})
= (1 UJHIte = 20l -0 1< mis L # wik) \{it(e — o)+ 1 <1< ma},
which means that

Z h2r _ Z hZDr _

Oext Oex
h=0(mod t) hp=0(mod t)

2y Z te—ziy)) N Z (t(C*yi,l))zr

0<i<m; 1<I<m;
since ¢ = T; ), -

Case (ii). For 1 < k < t — 1 consider such pairs (j,5’) satisfying j' — j =
kort—k(modt). Let 0 < ¢',i"” < t—1 satisfy i’ = i+k(modt) and i’ = i—k(mod ).
Then, by the similar argument as in Case (i) we obtain

({ho € H(AT) : by = k(mod )} _J{hoy € H(AT) : h = t — k(mod t)})
\ ({ho € H(N) : by = k(mod )} _J{ho € H(N) : hy = t — k(mod t)})
= ({[te — tmir s + b; — bir| : 0 <1< ma | J{lte — twim s + b — bin| 1 0 <1< myn})
\ ({lte —typq+b; —by| : 1 <1< mi'}UﬂtC* tyir g+ by — bin| : 1 <1< mgn}),

which means that

D S D - S N - S SR

Oext Oeat Oex Oex
ho=k(mod t) ho=t—k(modt) ho=k(mod t) hOo=t—k(modt)
= Z (tC + bi — t:z:if,l — bil)QT — Z (tC + bi - tyi’,l — bi/)Qr
0<i<m,/ 1<i<my/
+ Z tC + bl — t‘ri”7l — bi,,>27’ _ Z (tc + bz - tyiHJ — bi//)QT
0<i<m;n 1<i<m;n
Finally, by Cases (i) and (ii) the proof is completed. O

Now we are ready to prove Theorem 1.3.

Proof of Theorem 1.3. By Lemmas 5.2 and 5.4, the following two functions of par-

titions
gN = > b
Oex
hOo==4j(modt)
and

g =Y &

Oex
cn=j(modt)

are pu-admissible for any ¢-core partition u, nonnegative integer k, and 0 < j < t—1.
Then, the proof is achieved by Theorem 3.4. O
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6. EXPLICIT FORMULAS FOR THE SQUARE CASE

Now we are able to deduce more explicit results.

Theorem 6.1. Suppose that p is a given t-core partition. Recall that b; and d; are
defined as in Section 4. Let 1 < k <t — 1. For every partition A\ with Ai_core =
we have

T h%—( LTS cg>

Oex Oex Oex Oex

h=k(mod t) hOo=t—k(mod t) cn=k(mod t) c=t—k(mod t)
- X e X om( X oar ¥ 4

Oep Oep Oen Oep
ho=k(mod t) ho=t—k(mod t) co=k(mod t) cg=t—k(mod t)
30 (26 + t(b; + j — 2bg)dmi + i+ 2b;)dim,

(i,7)€ B

1 . )

- gtz (djgs(\') + diQ3()\J)))7

where n; = |\ for 0 <i <t —1.

Proof. We will prove this result by induction on the size of A. When \ = u, we have
A = (), n; = 0 and thus the identity holds. Now suppose that the identity holds for
A= (s AU N N N N ),

We just need to prove it for
AT = (s A0 AN XL U {0, AT L A,

Let 0 < 4,4 <t—1 satisfy ¢/ = i+k(modt) and " = i —k(modt). Set x;., = co,.
By Lemma 5.4, we have

> hh+ > hh— > hE-— > h3

Oeat Oext Oex Oex
ho=k(mod t) ho=t—k(modt) hg=k(mod t) hp=t—k(modt)
2 2
= Z (taiw, +b; —txy g —by)” — Z (ts,w; + bi — tysrq — bir)
0<Ii<m,, 1<I<my,
—l— Z (txl,’wl + b,L — txi”,l — bi”)2 — Z (tfl}i,wi + bl - tyi”,l — bi")2
0<i<m,n 1<i<m;n

= (ti, + bi = bi)? = 2t(tw;w, + bi — bi’)< PORETEEDY yZl>
0<I<m, 1<I<m,/
+t2< Z wg - Z yfz)

Oglgmi/ 1§l§mi/

+ (t2iw, + bi = bir)® = 2t(t,0, + bi — bi”>< Y@= Y yll>
0<i<m,n 1<I<m,n
+t2< Z .'I/'?//’l — Z y’?",l)

Oglfmi// 1Sl§mi//
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= (txi,wi +b; — bi/)Q + (t‘ri,wi +b; — biw)Q + 2t2n¢/ + 2t27’L7;H.

The last equality is due to Theorem 3.1(1). On the other hand, by Lemma 5.2 we
have

> oar Y oA ( X oar x4
Oext Oext Oex Oex

co=k(mod t) co=t—k(modt) cg=k(modt) cg=t—k(modt)

= (txiywi + bZ - ’i/)2 + (tii,wi + b1 — i,/)2.
By Theorem 3.1(3) we have

g3\ U{}) — gs(X') = 624 0,
Finally, after putting those identities together we know the theorem is also true

for AT and thus prove the claim. O

We now turn to a theorem still focused on one partition at a time, but this time
summing over contents or hook lengths divisible by t.

Theorem 6.2. Suppose that p is a given t-core partition. For every partition A
With Ai_core = |4 we have

>, h- ), @b

Oex Uex
h=0(mod t) co=0(modt)
t—1 1
— tz Z <7”LZ2 — dfm — 3dlq;3(>\l)) — Z C|2:|,
i=0 Oen
cg=0(mod t)

where n; = |\| for 0 <i<t—1.

Proof. We will prove this result by induction on the size of A. Notice that ©(0) =
{h€H(p) | h=0 (mod t)} = 0 since p is a t-core partition. When A = u, we have
A =0, n; = 0 and thus the identity holds. Now suppose that the identity holds for

A= (s AU N N N N ),
We just need to prove it for
AT = (s A0 N XN U {0, AT L A,
Let z; 4, = co,. By Lemma 5.4 we have

>, k- > h

Oext Oex

ho=0(mod t) h=0(mod t)
=24 > (i, —twi)® = Y (i, — i)’
0<I<m; 1<I<m;
:t2+(t$i,wi)2—2t2$i,wi< PR yi,l)
0<I<m; 1<1<m;
SRR )
0<i<m; 1<i<m;

=t + %27, + 2t°n;.
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The last equality is due to Theorem 3.1(1). Also, by Lemma 5.2 we have

Z CQD o Z CQD = tg(xi,wi + di)Q'
Oext Oex
c0=0(mod t) c=0(mod t)
By Theorem 3.1(3) we have
a(\ U{O:}) — a3 (X)) = 64,
Finally, putting these identities together, we prove the claim. O

It is clear that Theorem 1.4 is a consequence of Theorems 6.1 and 6.2 by let-
ting pu = 0.
Theorem 1.6 is on t-Plancherel averages of square sums of congruent hook lengths.
Proof of Theorem 1.6. For two partitions
A= (s 0N NN XL A

and ' ' _
>\+ = (,U, AO? )\1a ) )\2717 A"U {Di}a )‘l+17 R At71)7

by Case (ii) of Lemma 5.4 we have

Sooomd+ > k- > ma- >k

Oeat Oext e Oex
ho=k(mod t) ho=t—k(mod t) hpo=k(mod t) ho=t—k(modt)
= Z (tC[]z. +b; —twy — bi/)2 — Z (tCDi +b; =ty — bi/)Q
0<i<m,/ 1<i<mys
+ Z (tCDi + bz - t.’l?i//J - biH)Q - Z (tCDi + bz — tyi//J — bi//)z
Oglfmi// 1§l§mi//
where i’ =i+ k(modt) and i = ¢ — k(mod ).

Let

Pn)= > FA/MGA< > owd+ D) h‘é).

At-core=H Oex Oex
[N/ p|=nt ho=k(mod t) hOo=t—k(modt)

Then, by Lemma 2.2 and Theorems 3.1, 3.2 we have
P(n+1)— P(n)

1 = Hyi
LY ey ¥oM

At-core:/"f =0 )\1+:/\7U{DL}
[N/ p|=nt
Z (tC[]i +b; — tﬂji/J — bi/)2 — Z (tCI:Ii, +b; — tyr g — bi/)2
0<i<m,/ 1<I<mys
+ Z (tCDi + b7 - txi//_’l - bi//)z - Z (tCDT; + b7 — tyi”,l — bi//)2>
0<i<m,n 1<I<m;n

j— 1 F G — H)\i
SO SITCS S SR
At-core=H =0 Ai+=xiU{0;}

X/ | =nt



DIFFERENCE OPERATORS UNDER THE LITTLEWOOD DECOMPOSITION 21

(268, + 227 + 262X 4 (b = by)? + (b1 — bin)?)
t—1

= 2tn + 2tn + 2tn + % ;((bi —bir)? + (b — bi”)2>~

On the other hand,

t—1

z_: bi — byr)* + (b — bin)?)

1=

((d; — dj)* + (i — §)* + 2t(i — j)(d; — dj))

(4,J)€Bx
2k(t — k) + 4t(|p(k)| + [t — K)]).

The last equality is due to (4.2) and Lemma 4.2. Finally,
P(n+1) — P(n) = 6nt + 2k(t — k) + 4t|u(k)| + 4t|u(t — k)|

Thus,

P(n) = 6t <Z) + (2k(t — k) + 4t|u(k)| + 4t|u(t — k)|)n + P(0)

= 6t <”) + (2k(t — k) + 4t|p(k)| + 4t|u(t — k)|)n

2
+< TS h%). g

Oep Oep

ho=k(mod t) hOo=t—k(modt)

Theorem 1.7 is analogous to Theorem 1.6 when looking at t-Plancherel averages
of square sums of hook lengths, but only the lengths divisible by ¢ are taken into
account.

Proof of Theorem 1.7. For two partitions
PRI LD Lt I U L D L))
and
AT = (s A0 N XN U {0, AT L A,
by Case (i) of Lemma 5.4 we have

o= Y k=412 + 2%
Oeat Oex
h=0(mod t) hg=0(mod t)
Let
Yo ByuGh Y A
At-core =/ Oex

[N/ p|=nt ho=0(mod t)
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Then,
1 — H
_ A 42 2 2 2,
P(n+1) = P(n) = - > FA/NGAZ: / Z 7(t +t%ch, +2t%n;)
At-core=H =0 Nit=Xxiu{,}
[N/ pl=nt
t—1
=t +3tY n
i=0
=t + 3nt.
Thus, we have
2 n 2 n
P(n) =nt* + 3t 5 + P(0) = nt” + 3t 5 ) O

Finally, the next two theorems have similar concerns, looking at t-Plancherel
averages, but this time for squares of contents. They are differentiated by the
restriction in Theorem 6.3 or looking only at contents in one congruence class.

Theorem 6.3. Suppose that i is a given t-core partition and 0 < k <t —1. For
each 0 <i<t—1leti satisfy0<i¢ <t—1andi—1i = k(modt). Then

t—1
Z Ex/uGa Z = t(g) + % Z(bz —i')*n + Z .

At-core=b Oex i=0 Oeu

[N/ p|=nt co=k(modt) co=k(mod t)
Proof. For two partitions
A= (s 0N NN LA

and
M= (0N AT N U A LA,

by Lemma 5.2 we have

Z c - Z & = (teg, + b —i')2.

Oeat Oex
co=k(mod t) co=k(mod t)
Let
P(n) = Z F)\/P«GA Z CQD.
At-core=H Oex
[N/ p|=nt co=k(mod t)

Then, we have

t—1
1 Hy ,
P(n+1)—P(n) = 7 E Fy/,G E E oo (teg, +b; —i')?

At-core=H i=0 i+=XiU{0;}
[N/ pl=nt
=
=tn+ =Y (b —i')?
b
Finally, we obtain
t—1
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t—1
n 1 1\2 2
t<2>+t2(biz’)n+ Z .- O
=0 DG/L
co=k(mod t)
Theorem 6.4. Suppose that p is a given t-core partition. Then we have
2 2 (T (t° —t)n 2
Z Fx/uGa Z o=t (2> + 6 + 2tn|p| + Z cf-
At-core=b Oex Oep
[N/ pl=nt

Proof. By Theorem 6.3 we have

Y. BuGr)

At»core:l’b Oex
[X/pl=nt
=l
2
=e(5) S Tt b
i=0 j= Oepn
_p2(n (t* —t)n
=t <2> +T+2m|m+ St
Oep
The last equality is due to (4.3), (4.4) and (4.5). O
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