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Introduction

» Report on joint work with Julien Bichon (Clermont-Ferrand):
The lazy homology of a Hopf algebra, arXiv:0807.1651

» Original motivation: The classification of Hopf Galois extensions,
which are noncommutative analogues of principal fiber bundles

The r6le of the structural group for these noncommutative bundles is
played by a Hopf algebra



Previous work 1

> In joint work with Eli Aljadeff (Polynomial identities and noncommutative
versal torsors, Adv. Math. 218 (2008), 1453-1495), we concentrated on
a class of Hopf Galois extensions obtained from a given Hopf algebra
by twisting its product using a two-cocycle, and we constructed
“universal spaces” using polynomial identities



Previous work 1

> In joint work with Eli Aljadeff (Polynomial identities and noncommutative
versal torsors, Adv. Math. 218 (2008), 1453-1495), we concentrated on
a class of Hopf Galois extensions obtained from a given Hopf algebra
by twisting its product using a two-cocycle, and we constructed
“universal spaces” using polynomial identities

» The special case where the Hopf algebra is a group algebra had been
worked out by E. Aljadeff, D. Haile, M. Natapov (Graded identities of
matrix algebras and the universal graded algebra, to appear in Trans.
Amer. Math. Soc., 2008)

They make use of the second cohomology group H?(G, k*) of a
group G and the universal coefficient theorem relating the cohomology
of G to the integral homology of G via an exact sequence of the form

1 — Ext'(Hy(G), k*) — H*(G, k™) — Hom(Ho(G), k*) — 1
In particular, if k is algebraically closed, then

H?(G, k™) = Hom(Ha(G), k™)
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» Our aim: Construct homology and cohomology groups for general Hopf
algebras and a similar universal coefficient theorem connecting them
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Previous work 2

» Our aim: Construct homology and cohomology groups for general Hopf
algebras and a similar universal coefficient theorem connecting them

» Now Sweedler (1968) constructed a cohomology theory for
cocommutative Hopf algebras extending group cohomology

» For general Hopf algebras, Schauenburg, Chen, Bichon, Carnovale et
al. recently constructed two cohomology groups
H (H) and HZ(H)
called “lazy cohomology” groups
» Lazy cohomology coincides with Sweedler cohomology when H is
cocommutative.

In particular, it extends group cohomology: for any group
algebra H = k[G]

Hy(H) = H'(G,k*)  (i=1,2)
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Summary of joint work with Julien Bichon

» To any Hopf algebra H we associate their “lazy homology”
Hi{(H) and H;(H)

which are commutative Hopf algebras (not groups!)
> (i) together with a group isomorphism

H; (H) — AIg(Hi (H), k)
(if) and an exact sequence of groups (Universal coefficient theorem)
1 — Ext'(H, k) — HZ(H) - Alg(H5(H), k)
When the ground field k is algebraically closed, « is an isomorphism

k: HA(H) = Alg(Hs (H), k)



Summary of joint work with Julien Bichon

» To any Hopf algebra H we associate their “lazy homology”
Hi{(H) and H;(H)

which are commutative Hopf algebras (not groups!)
> (i) together with a group isomorphism

H; (H) — AIg(Hi (H), k)
(if) and an exact sequence of groups (Universal coefficient theorem)
1 — Ext'(H, k) — HZ(H) - Alg(H5(H), k)
When the ground field k is algebraically closed, « is an isomorphism
k@ Hy (H) — Alg(Hz(H), k)
» Moreover, if H= k[G] is a group algebra, then

Hf (H) = k[Hi(G, Z)] (i=1,2)



Part One

e Part One: Sweedler and lazy cohomology

e Part Two: A homological version of Sweedler cohomology

e Part Three: Lazy homology

o References



Convolution groups

> Let H be a coalgebra over some fixed field k with coproduct
A:H— H®Handcounite: H— k

The dual vector space Hom(H, k) is an associative unital algebra
whose product is the convolution product given for f,g € Hom(H, k)

and x € Hby
(f+g)(x) = Zf

where A(x) = X' ®x (Sweedlers sigma notation)
()

The counit ¢ : H — k is the unit for the convolution product



Convolution groups

> Let H be a coalgebra over some fixed field k with coproduct
A:H— H®Handcounite: H— k

The dual vector space Hom(H, k) is an associative unital algebra
whose product is the convolution product given for f,g € Hom(H, k)
and x € Hby

(fx9)(x) = Zf

where A(x) =3, X' @ x' (Sweedlers sigma notation)

The counit ¢ : H — k is the unit for the convolution product

> Let Reg(H) be the group of invertible elements of Hom(H, k)

The group Reg(H) is abelian if H is cocommutative, i.e., if
ZX/(X)X”:ZX”@XI
() ()

Since H*" = H® --- ® H (n copies of H) is a coalgebra for any n > 2,
we may also consider Reg(H®")



Sweedler’s cosimplicial group
Let H be a Hopf algebra
» For any n > 1 define coface maps
80,61, ...,0ns1 : Reg(H®") — Reg(H®™")
for f € Reg(H®") and xo, X1, ..., X, € Hby

e(x0) f(X1 @ -+ ® Xn) fori=0
Gi(F(X@X1®- - @Xn) = (X0 @ - @X_1X® - R Xy) fori=1,...,n
f(X0® - ® Xn—1) e(Xn) fori=n+1
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Sweedler’s cosimplicial group
Let H be a Hopf algebra

» For any n > 1 define coface maps
80,61, ...,0ns1 : Reg(H®") — Reg(H®™")

for f € Reg(H®") and xo, X1, ..., X, € Hby

e(x0) f(X1 @ -+ ® Xn) fori=0
Gi(F(X@X1®- - @Xn) = (X0 @ - @X_1X® - R Xy) fori=1,...,n
f(X0® - ® Xn—1) e(Xn) fori=n+1
» The maps do, d1, ..., dn41 a@re group homomorphisms satisfying the

standard simplicial relations

» Consider the alternating convolution product

-+

8= 0% 87w bp k-0  Reg(H®") — Reg(H®"")

n+1

We have 6™ 0 6" = . The maps §" are group homomorphisms if H is
cocommutative



Sweedler conomology

> Let H be a cocommutative Hopf algebra.
The Sweedler cohomology Hg,, (H) of H is the cohomology of the
cochain complex of abelian groups

Reg(k) = k* — Reg(H) - Reg(H® H) - Reg(H® H® H) > ..



Sweedler conomology

» Let H be a cocommutative Hopf algebra.

The Sweedler cohomology Hg,, (H) of H is the cohomology of the
cochain complex of abelian groups

Reg(k) = k* — Reg(H) - Reg(H® H) - Reg(H® H® H) > ..

> Let G be a group and H = k[G] the group algebra. Equipped with the
coproduct
Alg)=g®g  (9€q)

it is a cocommutative Hopf algebra

The cochain complex (Reg(H®*, §*) coincides with the standard
complex computing the cohomology of the group G acting trivially on
k* =k — {0}

Hence,
Hsw(k[G]) = H"(G, k™) (n>1)



Sweedler cohomology in low degree

» The Sweedler cohomology groups Hg,,(H) and H3,,(H) fit into the exact
sequence of abelian groups
0 — Hiu(H) — Reg(H) - Z2(H) — Hau(H) — 0

where
Z%(H) = Ker(6%)
is the group of two-cocycles, i.e., of elements « € Reg(H ® H) satisfying
> e @y)al'y @2)= 3 aly ®2)alx@y"2")
(x),¥) ),(2)

forall x,y,ze H



Sweedler cohomology in low degree

» The Sweedler cohomology groups Hg,,(H) and H3,,(H) fit into the exact
sequence of abelian groups
0 — Hiu(H) — Reg(H) - Z2(H) — Hau(H) — 0

where
Z%(H) = Ker(6%)

is the group of two-cocycles, i.e., of elements « € Reg(H ® H) satisfying
> e @y)al'y @2)= 3 aly ®2)alx@y"2")
(x),¥) ),(2)

forall x,y,ze H

» The differential 6" : Reg(H) — Z%(H) is given by

Smxoy)= > u(X) () (x"y")
0 0)

forall u € Reg(H) and x,y € H



Towards cohomology for general Hopf algebras

» When the Hopf algebra H is not cocommutative, the sequence

0 — Hi,(H) — Reg(H) 2= Z%(H) — H2,(H) — 0 (1)

may no longer be a sequence of groups



Towards cohomology for general Hopf algebras

» When the Hopf algebra H is not cocommutative, the sequence
0 — Hby(H) — Reg(H) = Z2(H) — Hau(H) ~0 (1)
may no longer be a sequence of groups
» Remedy: Replace (1) by a new exact sequence of groups (not abelian!)

1 = H!(H) — Reg,(H) % Z2(H) — H2(H) — 1

where
Reg,(H) c Reg(H) and  ZZ(H) c Z*(H)

The differential 6" : Reg,(H) — ZZ(H) is defined by the same formula
as in the cocommutative case



Lazy cocycles

» An element 1, € Reg(H) is called lazy if for all x € H,
Z M(X/)X// _ Z ,LL(X”)X, c H
() ()

The set of lazy elements of Reg(H) is an abelian subgroup Reg,(H)



Lazy cocycles

> Anelement u € Reg(H) is called lazy if for all x € H,

Z M(X’)X” _ Z ,LL(X”)X, c H

) *)

The set of lazy elements of Reg(H) is an abelian subgroup Reg,(H)

> Anelement a € Reg(H ® H) is called lazy if for all x,y € H,

Z Oz(X/ ®y/)X//y// _ Z a(XN ®y//)xly/ c H
(W) (€9167]

The set of lazy elements of Reg(H ® H) is an subgroup Regf)(H)



Lazy cocycles

> Anelement u € Reg(H) is called lazy if for all x € H,

Z M(X’)X” _ Z ,LL(X”)X, c H

) *)

The set of lazy elements of Reg(H) is an abelian subgroup Reg,(H)

> Anelement a € Reg(H ® H) is called lazy if for all x,y € H,

Z Oz(X/ ®y/)X//y// _ Z a(XN ®y//)xly/ c H
(W) (€9167]

The set of lazy elements of Reg(H ® H) is an subgroup Regf)(H)

» A lazy two-cocycle is an element of
Z{(H) = Z*(H) N Reg{? (H)
(Chen) The set ZZ(H) is a group



Lazy cohomology groups

» The differential 5 : Reg(H) — Z2(H) restricts to a homomorphism of
groups
§' 1 Reg,(H) — ZZ(H)

whose image is a central subgroup of ZZ(H)



Lazy cohomology groups

» The differential 5 : Reg(H) — Z2(H) restricts to a homomorphism of
groups
§' 1 Reg,(H) — ZZ(H)

whose image is a central subgroup of ZZ(H)

» Definition. The lazy cohomology groups H; (H) and H2(H) are defined
by the exact sequence of groups

1
1 — H}(H) — Reg,(H) — ZZ(H) — H(H) — 1



The lazy cohomology of group algebras

e If H is cocommutative, then laziness is no restriction:
Reg,(H) =Reg(H) and  ZZ(H) = Z*(H)
Hence, lazy cohomology coincides with the Sweedler cohomology:

Hi(H) = Hsu(H)  (i=1,2)

e In particular, if H = k[G] is a group algebra, then
Hé(H)EH,(GakX) (i:172)



Lazy cohomology groups may be non-abelian

» The group H}(H) is abelian for all Hopf algebras, but HZ(H) is not
always abelian



Lazy cohomology groups may be non-abelian

» The group Hj (H) is abelian for all Hopf algebras, but HZ(H) is not
always abelian

» Example. Let G be a finite group and H = O(G) the Hopf algebra of
k-valued functions on G (the Hopf algebra O(G) is dual to the Hopf
algebra k[G])

In the case when H = O(G)
(a) H{ (H) is isomorphic to the center of G

(b) a method to compute H2(H) was obtained jointly with Pierre
Guillot

(c) there are finite groups G (in particular one of order 2'%) for which
the group HZ(H) is not abelian

See P. Guillot, C. Kassel, Cohomology of invariant Drinfeld twists on
group algebras (arXiv:0903.2807)



The lazy cohomology of the Sweedler algebra

Assume that k has characteristic # 2
e The Sweedler algebra is the four-dimensional algebra
Hi=k(g,x|g®=1, gx+xg=0, x*=0)

It is the smallest noncommutative noncocommutative Hopf algebra with
Coproduct: A(9)=9g®g, AX)=13x+x®g
Codinit: e(g)=1, ex)=0
Antipode: S(g) =9, S(kx)=g9x

e Lazy cohomology:

Hi(Hs) = {1}  and  HZ(Ha) = (k. +)



Part Two

e Part One: Sweedler and lazy cohomology

e Part Two: A homological version of Sweedler cohomology

e Part Three: Lazy homology

o References



Predualizing Reg(H)

e Before constructing lazy homology, we present a homological version of
Sweedler cohomology for cocommutative Hopf algebras

e We need to associate to any coalgebra H a commutative Hopf
algebra F(H) together with a functorial group isomorphism

Alg(F(H), k) = Reg(H)

where Alg(F(H), k) is the group of characters of F(H), i.e., algebra
morphisms F(H) — k



Takeuchi’s free commutative Hopf algebra

e Takeuchi (1971) constructed such a Hopf algebra: as an algebra, it is
generated by symbols t, and t; ' (x € H) and the relations such that
(a) the maps x — t, and x — t; ' : H — F(H) are linear
(b) forall x € H,

Sty =e()1= to" ter
) )

The coproduct A, counit ¢, and (involutive) antipode S are given by

A(tx) = Z tX/ % tx” , g(tx) — €(X), S(tx) _ tx_1
()

The algebra F(H) is a commutative Hopf algebra

e If H is cocommutative, then F(H) is bicommutative (i.e., commutative and
cocommutative)



Predualizing Sweedler’s cochain complex

e Let H be a cocommutative Hopf algebra
There is a chain complex of bicommutative Hopf algebras

- FHe He H) 2 F(He H) 2 F(H) 25 F(k)

such that applying the functor Alg(—, k) we obtain Sweedler’s cochain
complex:
AIg(F(H®"), k) = (Reg(H""), ")
e We have
Oi(k) =e(X)t

32(tx®y Z by ty X// z
(€9167)

83(tX®y®Z) = Z ty’®z’ tx’®y’/z” t Ny///®zll/ tx”’®y””
NW)(2)

e By Takeuchi the category of bicommutative Hopf algebras is an abelian
category, so that we can take the homology of the above chain complex



Hopf kernels

» A Hopf algebra morphism = : H — H' is normal if

{er]Z yox'=1ext={xcH|> r(x)ox =12x}

(x)
)
Condition (2) is always satisfied if H is cocommutative

When = is normal, then we denote both sides of (2) by HKer(r): it is the
Hopf kernel of 7.



Hopf kernels

» A Hopf algebra morphism = : H — H' is normal if

{er]Z yox'=1ext={xcH|> r(x)ox =12x}

(x)
)
Condition (2) is always satisfied if H is cocommutative

When = is normal, then we denote both sides of (2) by HKer(r): it is the
Hopf kernel of 7.
> Properties. (a) The Hopf kernel HKer(r) is a Hopf subalgebra of H

(b) If u: G — G’ is a group homomorphism, then the induced Hopf
algebra morphism k[u] : k[G] — k[G'] is normal and

HKer(k[u]) = k[Ker(u)]



Hopf quotients

> Let Hy C H be a Hopf subalgebra and let H,” = Ker(e : Ho — k) be the
augmentation ideal of Hp

If Hf H = H Hy (always satisfied if H is commutative), then we define
the Hopf quotient to be

H/Hy = H/H H



Hopf quotients

> Let Hy C H be a Hopf subalgebra and let H,” = Ker(e : Ho — k) be the
augmentation ideal of Hp

If Hf H = H Hy (always satisfied if H is commutative), then we define
the Hopf quotient to be

H/Hy = H/H H

> Properties. (a) The quotient H// H, is a Hopf algebra

(b) If Go is a normal subgroup of G, then k[Go] is a Hopf subalgebra
of k[G] such that k[Go]" k[G] = k[G] k[Go]", and

K[G]/k[Go] = k[G/ Go]



A homology theory for cocommutative Hopf algebras

Let H be a cocommutative Hopf algebra
e Recall the chain complex of bicommutative Hopf algebras
P FHeHe H) 2 F(He H) -2 F(H) 2 F(k)

In the abelian category of bicommutative Hopf algebras we can take kernels
and quotients as above

o Definition. The Sweedler-type homology of H is given by
HS"(H) = HKer (9n : F(H®") — F(H®"™")) / Im(8p11)

These “homology groups” are bicommutative Hopf algebras



Properties

e The homology Hopf algebras HS"(H) are related to Sweedler cohomology
by natural homomorphisms of abelian groups

HEw(H) — Alg(HR"(H).k) ~ (n>1)
These maps are isomorphisms if k is algebraically closed
e They extend group homology: for any group G,
H2"(K[G]) = K[H.(G,Z)],

where H. (G, Z) is the homology of G with integral coefficients



Part Three

e Part One: Sweedler and lazy cohomology

e Part Two: A homological version of Sweedler cohomology

o Part Three: Lazy homology
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How to construct lazy homology

» We derived the homology of a cocommutative Hopf algebra H from the
chain complex of bicommutative Hopf algebras

LY FHeHoH) 2 F(Ho H) -2 F(H) 25 Ftk)  (3)



How to construct lazy homology

» We derived the homology of a cocommutative Hopf algebra H from the
chain complex of bicommutative Hopf algebras

..—>F(H®H®H)—>F(H®H) F(H)—>F(k) (3)

» We replace (3) by a short sequence of commutative Hopf algebras
He He H -2 F(HBY 22 F(HM) 25 Fk)
where H!'l and H® are coalgebras such that

Reg,(H) = Reg(H") and Reg?(H) = Reg(H®)



The first lazy quotient

» Given a coalgebra H, let H['! be the quotient of H by the subspace
spanned by the elements

DX )X =" p(x")x' (x € H, ¢ € Hom(H, k))
(%) (x)

The projection H — H!" turns H™" into a cocommutative coalgebra



The first lazy quotient

> Given a coalgebra H, let H!'l be the quotient of H by the subspace
spanned by the elements

DX )X =" p(x")x' (x € H, ¢ € Hom(H, k))
(%) (x)

The projection H — H!" turns H™" into a cocommutative coalgebra

» Proposition. The projection H — HU'! induces a group isomorphism

Reg(H!") =~ Reg, (H)

Corollary. There is a group isomorphism

Reg,(H) = Alg(F(H"), k)



The second lazy quotient

» Given a Hopf algebra H, let H? be the quotient of H ® H by the
subspace spanned by the elements

3 oY) x"ey" =3 (XY )X®y  (x.y € H, ¢ € Hom(H, k)
)W) )W)

The projection H — H® turns H? into a coalgebra



The second lazy quotient

» Given a Hopf algebra H, let H? be the quotient of H ® H by the
subspace spanned by the elements

3 oY) x"ey" =3 (XY )X®y  (x.y € H, ¢ € Hom(H, k)
)W) )W)

The projection H — H® turns H? into a coalgebra

» Proposition. The projection H — H? induces a group isomorphism

Reg(H") = Reg( (H)

Corollary. There is a group isomorphism

Reg?)(H) = Alg(F(H™), k)



The first lazy homology Hopf algebra
Let H be a Hopf algebra
» Proposition. There are morphisms of commutative Hopf algebras
F(H®) 22, F(HM) 25 F(k)
induced by

O : ey — Z te by t;/1y// and 01 : ty — E(X) ty
)W)



The first lazy homology Hopf algebra
Let H be a Hopf algebra
» Proposition. There are morphisms of commutative Hopf algebras
F(H®) 22, F(HM) 25 F(k)
induced by
Do by — Y botytsl, and 9t g(X)h
)W)
» Definition. The first lazy homology Hopf algebra of H is given by
Hi(H) = HKer (1) / Im(82)



The first lazy homology Hopf algebra
Let H be a Hopf algebra
» Proposition. There are morphisms of commutative Hopf algebras
F(H®) 22, F(HM) 25 F(k)
induced by
O : ey — Z te by tx_"1y” and 01 : ty — E(X) ty
)W)
» Definition. The first lazy homology Hopf algebra of H is given by
H{ (H) = HKer (1) Im(d2)
» Theorem. The Hopf algebra Hf(H) is bicommutative and there is a
natural isomorphism of abelian groups

H; (H) = Alg(H; (H), k)



The second lazy homology Hopf algebra
» Given a Hopf algebra H, consider the sequence of maps
HeHe H -2 F(HBY 22 F(HM) 24 Fk)
where d3(x ® y ® z) is the image in F(H?) of

—1 —1
ty/®z/ txf®y”z” tx”y"’@z”' tXII/®y///I



The second lazy homology Hopf algebra
» Given a Hopf algebra H, consider the sequence of maps
HeoHeH -2 F(HPY) 22, F(HMY 25 Fk)
where d3(x ® y ® z) is the image in F(H?) of
bywz bogyrzr t;’1y”’®2”’ t;"1’®y””
» Lemma (a) The Hopf algebra morphism 0, is normal

(b) Forallx,y,z € H, 95(x ® y ® z) belongs to the Hopf kernel HKer(d-)
(c) The ideal B5(H) of HKer(d,) generated by the elements

B(x®y®2z)—e(xyz)1 and  S(%(x®y®z)) —e(xyz)
is a Hopf ideal of the Hopf algebra HKer(92)



The second lazy homology Hopf algebra
» Given a Hopf algebra H, consider the sequence of maps
HeoHeH -2 F(HPY) 22, F(HMY 25 Fk)
where d3(x ® y ® z) is the image in F(H?) of
bywz bogyrzr t;’1y”’®2”’ t;"1’®y””
» Lemma (a) The Hopf algebra morphism 0, is normal

(b) Forallx,y,z € H, 95(x ® y ® z) belongs to the Hopf kernel HKer(d-)
(c) The ideal B5(H) of HKer(d,) generated by the elements

B(x®y®2z)—e(xyz)1 and  S(%(x®y®z)) —e(xyz)
is a Hopf ideal of the Hopf algebra HKer(92)

» Definition. The second lazy homology Hopf algebra of a Hopf
algebra H is given by

Hz (H) = HKer(02)/B3(H)



Some computations of lazy homology

» Proposition. If H = k[G] is the Hopf algebra of a group G, then
Hi (KIG]) = k[Hi(G,Z2)]  (i=1,2)

Remark. H/(k[G]) is a group algebra from which we can recover the
homology group H;(G, Z) by considering the group-like elements



Some computations of lazy homology

» Proposition. If H = k[G] is the Hopf algebra of a group G, then
Hi (KIG]) = k[Hi(G,Z2)]  (i=1,2)

Remark. H/(k[G]) is a group algebra from which we can recover the
homology group H;(G, Z) by considering the group-like elements

» Proposition. If H= O(G) is the Hopf algebra of k-valued functions on
a finite group G, then
Hi(0(G)) = 0(Z(G))

(the Hopf algebra of functions on the center of G)

Remark. When k is algebraically closed of characteristic zero, then
O(G) is a cosemisimple Hopf algebra



The cosemisimple case

Assume that the ground field k is algebraically closed of characteristic zero

» Let H be a cosemisimple Hopf algebra: the category of H-comodules is
semisimple

Definition (Baumgartel & Lledo, Miiger, Gelaki & Nikshych, Petit).

The universal abelian grading group Ty is the abelian group generated
by the isomorphism classes of finite-dimensional simple H-comodules
and the relations (U, V, W simple H-comodules)

u+v=w whenever W Cc U® V



The cosemisimple case

Assume that the ground field k is algebraically closed of characteristic zero

» Let H be a cosemisimple Hopf algebra: the category of H-comodules is
semisimple

Definition (Baumgartel & Lledo, Miiger, Gelaki & Nikshych, Petit).

The universal abelian grading group Ty is the abelian group generated
by the isomorphism classes of finite-dimensional simple H-comodules
and the relations (U, V, W simple H-comodules)

u+v=Ww whenever W Cc U® V
» Theorem. If H is a cosemisimple Hopf algebra, then
H{(H) = K[y

Remark. If Gis a finite group, then H = O(G) is cosemisimple and

S/~ def

My =2 Z(G) = Hom(Z(G), k) (Pontryagin dual of the center)

We recover HA(H) = K[y = k[Z(G)] = O(Z(G))



The lazy homology of the Sweedler algebra 1

» Theorem. For the Sweedler algebra Hy we have
Hi(Hy) =k  and  Hi(Hs) = K[X]
where X is a primitive element, i.e., A(X) =1 X+ X ® 1

Remark. In this case HZL’(H) is not a group algebra and the group of group-like
elements is trivial



The lazy homology of the Sweedler algebra 1

» Theorem. For the Sweedler algebra Hy we have
Hi(Hy) =k  and  Hi(Hs) = K[X]
where X is a primitive element, i.e., A(X) =1 X+ X ® 1

Remark. In this case HZL’(H) is not a group algebra and the group of group-like
elements is trivial

» To prove the theorem, we first determine the lazy quotients H‘[C] and HE]

We have HE] = k and Hf] is a five-dimensional coalgebra:

H£2] = kyo ® ky1 @ ky2 © kys @ kya

with A(yo) =yo®yo and A(y)=y®yi+yi®y (i=1,2,34)
Therefore, F(Hi') = k[T, T="] and F(H) = K[Yo, Y; ', Y4, Ya, Ya, Ya]



The lazy homology of the Sweedler algebra 2

» The differential 9- is the Hopf algebra map
B2 - F(H) = K[Yo, Yo", ¥4, Yo, Ya, Yol — F(HY) = k[T, T71]
given by 92(Yp) = Tand 92(Y;) =0if i =1,2,3,4

One deduces the first lazy cohomology group and the computation of HKer(9z),

namely
Hf(Hs) = k and HKer(d2) = k[Xi, Xz, X3, X4]

where Xi, Xz, X3, X4 are the primitive elements X; = Y;/ Yy (i = 1,2,3,4)



The lazy homology of the Sweedler algebra 2

» The differential 9- is the Hopf algebra map
B2 - F(H) = K[Yo, Yo", ¥4, Yo, Ya, Yol — F(HY) = k[T, T71]
given by 92(Yp) = Tand 92(Y;) =0if i =1,2,3,4
One deduces the first lazy cohomology group and the computation of HKer(9z),

namely
Hf(Hs) = k and HKer(d2) = k[Xi, Xz, X3, X4]

where Xi, Xz, X3, X4 are the primitive elements X; = Y;/ Yy (i = 1,2,3,4)

» Computing the values of 93 : H“?S — HKer(8-) yields the second lazy
cohomology:

HE(Ha) = K[X1, X2, X3, Xal /(X1 = Xo = —Xg = —X4) = K[X]



Short exact sequences of Hopf algebras

To obtain a universal coefficient theorem, we need to define what short exact
sequence of Hopf algebras are and how they behave under the contravariant
functor Alg(—, k)

> Let Hy C H be a Hopf subalgebra such that H H = H H; so that the
Hopf quotient H//Hy makes sense

An exact sequence of Hopf algebras is a sequence of the form

k— Hy— H— H/Hy, — k (4)



Short exact sequences of Hopf algebras

To obtain a universal coefficient theorem, we need to define what short exact
sequence of Hopf algebras are and how they behave under the contravariant
functor Alg(—, k)

> Let Hy C H be a Hopf subalgebra such that H H = H H; so that the
Hopf quotient H//Hy makes sense

An exact sequence of Hopf algebras is a sequence of the form
k— Hy — H— HJ/Hy — k (4)
» Proposition. (a) The sequence (4) induces an exact sequence of
groups
1 — Alg(H/ Ho, k) — Alg(H, k) — Alg(Ho, k)
(b) If furthermore H is commutative and k is algebraically closed, then
Alg(H, k) — Alg(Ho, k)

is surjective



A universal coefficient theorem

» Theorem. For any Hopf algebra H there is an exact sequence of groups
1 — Ext'(H, k) — HZ(H) - Alg(H5(H), k)
If in addition k is algebraically closed, then k is an isomorphism:

Kk HA(H) = Alg(Hs(H), k)



A universal coefficient theorem

» Theorem. For any Hopf algebra H there is an exact sequence of groups
1 — Ext'(H, k) — HZ(H) - Alg(H5(H), k)
If in addition k is algebraically closed, then k is an isomorphism:

Kk HA(H) = Alg(Hs(H), k)

» The exact sequence of commutative Hopf algebras
k — Im(8z) — HKer(8y) — H;(H) — k

defining the first lazy homology group Hf(H) induces the exact
sequence of groups

1 — Alg(H{ (H), k) — Alg(HKer(d1), k) - Alg(Im(2), k)
Definition. Ext'(H, k) is defined by

Ext' (H, k) = Coker (Alg(HKer(d+), k) ~— Alg(Im(d,), k))
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