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Hopf Galois extensions are noncommutative analogues
of principal fibre G-bundles (G-pfb).

Aim: Transfer basic topological properties of principal fibre
bundles to noncommutative geometry:

e Functoriality of the base space:

X — X
Pl | »
vy Ly

where [*X = {(y/,2) € Y x X | f(y') = p(x)}.

e Change of structural group: For a group morphism p :
G — H and a G-pfb p: X — Y, we have a H-pfb

P =XxgH—=Y.

e Homotopy invariance: If f,g : Y/ — Y are homotopic
maps, then f*X and g*X are isomorphic fibre bundles.



Definition of Hopf Galois extensions

e ['ix a commutative base ring k; ® = ®y,

e H is a Hopf k-algebra (coproduct A: H — H® H)
(H = functions on a group G)

e A is an associative unital k-algebra

(A = functions on a space X)

e H co-acts on A via algebra morphism 6 : A - A® H
(G acts on X)

e Subalgebra B ={a € A |d(a) =a ® 1y} of co-invariants

(B = G-invariant functions on X)
e Canonical map : ARpA— AR H:
Bla®a’) = (a®1)d(a’)

Definition: A is a H-Galois extension of B if 3 is an isomor-
phism and A is a faithfully flat B-module



Main problem: Determine the set of isomorphism classes of
H-Galois extensions of B

Galg(H/k) = { H-Galois extensions of B} /(iso’s)

What is known about Galg(H/k)?
o If H is a cocommutative k-flat Hopf algebra, then Galy(H/k)
is a group with product (A, A") — A0y A’, which is the kernel

of
IARA — ARy ARA - AQH® A

o If H = k|(] is a group algebra, then any H-Galois extension A
of k is a strongly graded G algebra, i.e., A = EBgeG Ay, Ae =k
and the product A, ® A, — A A, = Agy is bijective.

Proposition 1. (a) There is an exact sequence
0 — H*(G,U(k)) — Galy(k[G]/k) — Hom(G, Pic(k)).
(b) If Pic(k) = 0, then
H?(G,U(k)) = Gali,(k[G]/k).

(Here U (k) is the group of invertible elements of k)



Taft algebras I

e For an integer N > 2 and g € U(k) of order N,
H=kgzx|g" =12 =0, gr = qzg)

is a N2-dimensional Hopf algebra with coproduct A

Alg)=g®g, Alx)=20g+1® .

e Masuoka (1994) described all H-Galois extensions.
e Special case when B = k: For a € U(k) and (3 € k,

Aqp =k{a,b|a™ =a, b =8, ab = qba)
is a H-comodule-algebra with co-action ¢

d0a)=a®g, 0b)=bRg+1®x.

Proposition (Masuoka) :
(a) An g € Gal(H/E).
(b) If A € Galy(H/k), then A= A, g for some a, 3.
(¢) An.p = Ao g < there is v € U(k) such that

o' =av" and B = 5.

Corollary. Galp(H/k) = k*/k*N x k.



Functoriality I
e (Change of scalars) Let o : k — R be a morphism of commu-
tative rings. If A € Galg(H/k), then

R® A€ GalR®B(R® H/R)

Hence

R — GalR®B(R®H/R)

is a covariant functor CommAlg, — Sets

e (Base change) If f: B — B’ and A € Galg(H/k), then
f*A — B’ X B A

is not an algebra in general. Hence Galg(H/k) is not functorial
in B.

Let ZGalg(H/k) = {A € Galg(H/k) | B central in A}. Then
ZGaIB(H/k) = GalB(B & H/B)

is a covariant functor CommAlg, — Sets



Functoriality II

e (Cotensor product) For a morphism ¢ : H' — H of Hopf
algebras and a right H-comodule, define

QO*A = A DHH/
as the kernel of

SQH — AR (0@ HA:AH — A H® H'.

e (Change of Hopf algebras) Let ¢ : H' — H be a morphism of
Hopf algebras such that H' is a flat k-module. If A € Galg(H/k),
then

QO*A c GalB(H'/k)

Hence
H— GalB (H//C)

is a contravariant functor Hopfr — Sets



Homotopy equivalence

Definition. A, A" € Galg(H/k) are homotopy equivalent (we
write A ~ A') if there is A € Galpy(H/k) with t central in A
such that N N

A/t)= A and A/t —1) = A",

e Define the set of homotopy classes of H-Galois extensions of B

Hp(H/k) = Galg (H/k)/~ .

e Isomorphic H-Galois extensions are homotopy equivalent

A2 A — A~ A

Proposition 2. If Pic(k[t]) =0 and U(k[t]) = U(k), then
H?(G,U(k)) = Galy(k[G]/k) = Hr(k[G]/k).

Theorem 1 (Kassel-Schneider). If H = @, H(n) is a
graded Hopf k-algebra and H is flat as a k-module, then

Aw— AogH(0): Galg(H/k) — Galg(H(0)/k)
induces a bijection

HB(H/]{) = HB(H(O)//f)



Taft algebras I1

e The Taft algebra
H=Fkugz|g" =12 =0, gr = qug)
is a positively graded Hopf algebra:
H=&,>0H(n)
with ¢ € H(0) and = € H(1).
e The degree 0 Hopf subalgebra is a group algebra

H(0) =k{g|g" =1) = k[Z/N]

e By Theorem 1 and Proposition 2,
Hi(H/k) = H(H(0)/k) = Hy(k[Z/N]/k)
>~ Galy(k[Z/N]/k) = H*(Z/N, k*)

Hence,
Gal,(H/E) =2 k* /E*N x k % Hy(H/k)



Drinfeld-Jimbo quantum enveloping algebras over C

e Finite-type Cartan matrix (a;;)1<i j<r with ds,...,d, € {1,2,3}
such that d;a;; = d;a;j;

e ¢ # 0 such that ¢®% # 1 for all i

e Presentation of U,(g)

Generators: E;, F;, K*! (i=1,...,7)

Relations: K;K; = K; K,

K;E; = ¢%% E;K;, K;F; =q %% F;K;,
K; — Kt

E;F; — F;E; = §;;
J J I qdi — g—ds

Y

+ quantum Serre relations.

e Coproduct of U,(g) : A(K;) = K; ® K;,
AB)=K;,®E;+E;®1 and A(F,)) =1 F;+F, 0 K; .

e Grouplike elements of U,(g):

G=GU,(g) = (Ki,...,K,)=Z"

Theorem 2 (Kassel-Schneider). For any algebra B,

Hp(Uy(g)/C) = Hp(C|G]/C).
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Corollary. For B = C,

Hc(Uq(g)/C) = He(C[Z27]/C)

, HQ(ZT', C*)

=~ Homg(Az(Z"), C")
(C*)r('r’—l)/2.

112

Idea of proof of Theorem 2: Twisting

e From Hopf algebra H and convolution-invertible 2-cocycle o :
H ® H — k build twisted Hopf algebra H° = H as coalgebra
with new product

toy= Y olraym)teye o (@), Ym).
(z),(y)

e From H-comodule algebra A build twisted H-comodule algebra
A% = A as H-comodule with new product

a-sb= Z a(O))b(O) J_l(a(l), b(l)).
(a),(b)

Proposition (Montgomery-Schneider). If A € Galg(H/k),
then A% € Galg(H? /k).

Corollary.
Galg(H’ /k) =2 Galg(H/k) and Hp(H?/k) = Hp(H/k).
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Twisting Drinfeld-Jimbo algebras
o U,(g) is a filtered Hopf algebra
U/ (g)D---d2U" DU t>.--.2U'DU" D0
with K; € U% and E;, F; € U! — UY.
e Graded Hopf algebra

gr Uy(g) =EP U(n) with U(n) =U"/U™"!

n>0

and U(0) = U° = C[KT!, ..., K*!] = C[G] = C[Z"].

Proposition 3. There is an invertible 2-cocycle o on gr U,(g)

inducing an isomorphism of Hopf algebras

(gr Uq(g))a = U,(g).

Hence, Hp(U,(g)/C) = Hr(gr Uy(g)/C) = Hp(C|Z"]/C).

Question: Many pointed Hopf algebras are 2-cocycle twists of
graded Hopf algebras (Masuoka, Didt). Is there any pointed

Hopf algebra not of this type?
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