Second Joint Meeting of AMS, DMV, ÖMG Special session on Hopf algebras Mainz - 17.6.2005

Hopf Galois extensions up to homotopy

Christian Kassel

Institut de Recherche Mathématique Avancée CNRS - Université Louis Pasteur Strasbourg, France http://www-irma.u-strasbg.fr/~kassel/

Joint work with Hans-Jürgen Schneider (Universität München)

Hopf Galois extensions are noncommutative analogues of principal fibre G-bundles (G-pfb).

Aim: Transfer basic topological properties of principal fibre bundles to noncommutative geometry: • Functoriality of the base space: f^∗X −→ X p � �_p Y^{′ f}−→ Y where f^∗X = {(y^′, x) ∈ Y^′ × X | f(y^′) = p(x)}.

• Change of structural group: For a group morphism ρ : G → H and a G-pfb p : X → Y , we have a H-pfb p^′ = X ×_G H → Y.

• Homotopy invariance: If f, g : Y^′ → Y are homotopic maps, then f^∗X and g^∗X are isomorphic fibre bundles.

Definition of Hopf Galois extensions • Fix a commutative base ring k; ⊗ = ⊗_k • H is a Hopf k-algebra (coproduct Δ : H → H ⊗ H) (H = functions on a group G) • A is an associative unital k-algebra (A = functions on a space X) • H co-acts on A via algebra morphism δ : A → A ⊗ H (G acts on X) • Subalgebra B = {a ∈ A | δ(a) = a ⊗ 1_H } of co-invariants (B = G-invariant functions on X) • Canonical map β : A ⊗_B A → A ⊗ H: β(a ⊗ a^′) = (a ⊗ 1)δ(a^′)

Definition: A is a H-Galois extension of B if β is an isomorphism and A is a faithfully flat B-module

Main problem: Determine the set of isomorphism classes of H-Galois extensions of B

Gal_B (H/k) = {H-Galois extensions of B}/(iso’s)

What is known about Gal_B (H/k)?

• If H is a cocommutative k-flat Hopf algebra, then Gal_k(H/k) is a group with product (A, A^′) → A □_H A^′, which is the kernel of δ_A ⊗ A^′ − A ⊗ δ_A′ : A ⊗ A^′ → A ⊗ H ⊗ A^′

• If H = k[G] is a group algebra, then any H-Galois extension A of k is a strongly graded G algebra, i.e., A = � g∈G A_g, A_e = k and the product A_g ⊗ A_h → A_gA_h = A_{gh} is bijective.

Proposition 1. (a) There is an exact sequence

0 → H^2(G, U(k)) → Gal_k(k[G]/k) → Hom(G, Pic(k)).

(b) If Pic(k) = 0, then

H^2(G, U(k)) ∼= Gal_k(k[G]/k).

(Here U(k) is the group of invertible elements of k)

Taft algebras I • For an integer N ≥ 2 and q ∈ U(k) of order N, H = k⟨ g, x | g^N = 1, x^N = 0, gx = qxg ⟩ is a N^2-dimensional Hopf algebra with coproduct Δ Δ(g) = g ⊗ g, Δ(x) = x ⊗ g + 1 ⊗ x.

• Masuoka (1994) described all H-Galois extensions. • Special case when B = k: For α ∈ U(k) and β ∈ k, A_{α,β} = k⟨ a, b | a^N = α, b^N = β, ab = qba ⟩ is a H-comodule-algebra with co-action δ δ(a) = a ⊗ g, δ(b) = b ⊗ g + 1 ⊗ x.

Proposition (Masuoka) :

(a) A_{α,β} ∈ Gal_k(H/k).

(b) If A ∈ Gal_k(H/k), then A ∼= A_{α,β} for some α, β. (c) A_{α,β} ∼= A_α′_{,β}′ ⇐⇒ there is γ ∈ U(k) such that α^′ = αγ^N and β^′ = β.

Corollary. Gal_k(H/k) ∼= k^∗/k^{∗N} × k.

Functoriality I

• (Change of scalars) Let α : k → R be a morphism of commutative rings. If A ∈ Gal_B (H/k), then R ⊗ A ∈ Gal_{R⊗B} (R ⊗ H/R).

Hence R → Gal_{R⊗B}(R ⊗ H/R) is a covariant functor CommAlg_k → Sets

• (Base change) If f : B → B^′ and A ∈ Gal_B (H/k), then f_∗A = B^′ ⊗_B A is not an algebra in general. Hence Gal_B (H/k) is not functorial in B.

Let ZGal_B (H/k) = {A ∈ Gal_B (H/k) | B central in A}. Then ZGal_B (H/k) ∼= Gal_B (B ⊗ H/B) is a covariant functor CommAlg_k → Sets

Functoriality II

• (Cotensor product) For a morphism φ : H^′ → H of Hopf algebras and a right H-comodule, define φ^∗A = A □_H H^′ as the kernel of

δ ⊗ H^′ − A ⊗ (φ ⊗ H^′)Δ : A ⊗ H^′ → A ⊗ H ⊗ H^′.

• (Change of Hopf algebras) Let φ : H^′ → H be a morphism of Hopf algebras such that H^′ is a flat k-module. If A ∈ Gal_B (H/k), then φ^∗A ∈ Gal_B (H^′/k).

Hence H → Gal_B (H/k) is a contravariant functor Hopf_k → Sets

Homotopy equivalence

Definition. A, A^′ ∈ Gal_B (H/k) are homotopy equivalent (we write A ∼ A^′) if there is ~A ∈ Gal_{B[t]}(H/k) with t central in ~A such that ~A/(t) ∼= A and ~A/(t − 1) ∼= A^′.

• Define the set of homotopy classes of H-Galois extensions of B H_B (H/k) = Gal_B (H/k)/∼ .

• Isomorphic H-Galois extensions are homotopy equivalent A ∼= A^′ =⇒ A ∼ A^′.

Proposition 2. If Pic(k[t]) = 0 and U(k[t]) = U(k), then H^2(G, U(k)) ∼= Gal_k(k[G]/k) ∼= H_k(k[G]/k).

Theorem 1 (Kassel-Schneider). If H = � n≥0 H(n) is a graded Hopf k-algebra and H is flat as a k-module, then A → A □_H H(0) : Gal_B (H/k) → Gal_B (H(0)/k) induces a bijection H_B (H/k) ∼= H_B (H(0)/k).

Taft algebras II

• The Taft algebra H = k⟨ g, x | g^N = 1, x^N = 0, gx = qxg ⟩ is a positively graded Hopf algebra: H = ⊕_{n≥0} H(n) with g ∈ H(0) and x ∈ H(1).

• The degree 0 Hopf subalgebra is a group algebra H(0) = k⟨ g | g^N = 1 ⟩ ∼= k[Z/N]

• By Theorem 1 and Proposition 2,

H_k(H/k) ∼= H_k(H(0)/k) ∼= H_k(k[Z/N]/k) ∼= Gal_k(k[Z/N]/k) ∼= H^2(Z/N, k^∗) ∼= k^∗/k^{∗N} Hence, Gal_k(H/k) ∼= k^∗/k^{∗N} × k ≁= H_k(H/k)

Drinfeld-Jimbo quantum enveloping algebras over C • Finite-type Cartan matrix (a_{ij} )_{1≤i,j≤r} with d_1, . . . , d_r ∈ {1, 2, 3} such that d_ia_{ij} = d_j a_{ji} • q ≠ 0 such that q^{2di} ≠ 1 for all i • Presentation of U_q(g) Generators: E_i, F_i, K^{±1} (i = 1, . . . , r) Relations: K_iK_j = K_j K_i,

K_iE_j = q^{diaij} E_j K_i, K_iF_j = q^{−diaij} F_j K_i, E_iF_j − F_j E_i = δ_{ij}

K_i − K^{−1}_i q^{di} − q^{−di} , + quantum Serre relations.

• Coproduct of U_q(g) : Δ(K_i) = K_i ⊗ K_i, Δ(E_i) = K_i ⊗ E_i + E_i ⊗ 1 and Δ(F_i) = 1 ⊗ F_i + F_i ⊗ K^{−1}_i . • Grouplike elements of U_q(g): G = G(U_q(g)) = ⟨K_1, . . . , K_r⟩ ∼= Z^r

Theorem 2 (Kassel-Schneider). For any algebra B, H_B (U_q(g)/C) ∼= H_B (C[G]/C).

Corollary. For B = C, H_C(U_q(g)/C) ∼= H_C(C[Z^r]/C) ∼= H^2(Z^r, C^∗) ∼= Hom_Z(Λ^2_Z(Z^r), C^∗) ∼= (C^∗)^{r(r−1)/2}.

Idea of proof of Theorem 2: Twisting • From Hopf algebra H and convolution-invertible 2-cocycle σ : H ⊗ H → k build twisted Hopf algebra H^σ = H as coalgebra with new product

x ·_σ y = � (x),(y)

σ(x_{(1)}, y_{(1)}) x_{(2)}y_{(2)} σ^{−1}(x_{(3)}, y_{(3)}).

• From H-comodule algebra A build twisted H-comodule algebra A^σ = A as H-comodule with new product a ·_σ b = � (a),(b)

a_{(0)})b_{(0)} σ^{−1}(a_{(1)}, b_{(1)}).

Proposition (Montgomery-Schneider). If A ∈ Gal_B (H/k), then A^σ ∈ Gal_B (H^σ /k). Corollary.

Gal_B (H^σ /k) ∼= Gal_B (H/k) and H_B (H^σ /k) ∼= H_B (H/k).

Twisting Drinfeld-Jimbo algebras • U_q(g) is a filtered Hopf algebra

U_q(g) ⊃ · · · ⊃ U^n ⊃ U^{n−1} ⊃ · · · ⊃ U^1 ⊃ U^0 ⊃ 0 with K_i ∈ U^0 and E_i, F_i ∈ U^1 − U^0. • Graded Hopf algebra

gr U_q(g) = � n≥0 U(n) with U(n) = U^n/U^{n−1}

and U(0) = U^0 = C[K^{±1}_1 , . . . , K^{±1}_r ] = C[G] ∼= C[Z^r]. Proposition 3. There is an invertible 2-cocycle σ on gr U_q(g) inducing an isomorphism of Hopf algebras � gr U_q(g)

�_σ ∼= U_q(g).

Hence, H_B (U_q(g)/C) ∼= H_B (gr U_q(g)/C) ∼= H_B (C[Z^r]/C). Question: Many pointed Hopf algebras are 2-cocycle twists of graded Hopf algebras (Masuoka, Didt). Is there any pointed Hopf algebra not of this type?

References

N. Andruskiewitsch, H.-J. Schneider, Finite quantum groups over abelian groups of prime exponent, Ann. Sci. Ec. Norm. Supér. 35 (2002), 1–26.

D. Didt, Linkable Dynkin diagrams and quasi-isomorphisms for finite dimensional pointed Hopf algebras, PhD thesis, Ludwig- Maximilians-Universität München, 2002.

C. Kassel, Quantum principal bundles up to homotopy equivalence, The Legacy of Niels Henrik Abel, The Abel Bicentennial, Oslo, 2002, O. A. Laudal, R. Piene (eds.), Springer-Verlag 2004, 737–748. [See http://www-irma.u-strasbg.fr/~kassel/]

C. Kassel, H.-J. Schneider, Homotopy theory of Hopf Galois extensions, arXiv:math.QA/0402034, to appear in Ann. Inst. Fourier (Grenoble) 55 (2005).

A. Masuoka, Cleft extensions for a Hopf algebra generated by a nearly primitive element, Comm. Algebra 22 (1994), 4537–4559.

A. Masuoka, Defending the negated Kaplansky conjecture, Proc. Amer. Math. Soc. 129 (2001), 3185–3192.

S. Montgomery, H.-J. Schneider, Prime ideals and twisting in Hopf Galois extensions, preprint 2003.