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Introduction

> o We are interested in the noncommutative analogues of principal fiber
bundles. For these “quantum principal fiber bundles”, the structural
group is a Hopf algebra

e Our ultimate goal is to classify them; we approach this goal by
constructing certain universal objects



Introduction

> o We are interested in the noncommutative analogues of principal fiber
bundles. For these “quantum principal fiber bundles”, the structural
group is a Hopf algebra

e Our ultimate goal is to classify them; we approach this goal by
constructing certain universal objects

> e /dea: Use an adequate theory of polynomial identities

e This is a report on joint results with Eli Aljadeff (Technion) published in

Polynomial identities and noncommutative versal torsors,
arXiv:0708.4108, Adv. Math. 218 (2008), 1453—1495.



Basic dictionary of noncommutative geometry

¢ Replacing spaces by associative algebras

space X

map f: X —Y
product f: X x Y
point X = {x}

—

>

>

algebra A(X) (= functions on X)
algebramap f*: A(Y) — A(X)
tensor product A(X) ® A(Y)
ground field A(x) = k



Groups in noncommutative geometry

e Groups. Let G be a group and H = A(G)
product Gx G— G «— coproduct A:H—-H®H
unit {x} = G «<—— counit e:H—k

inverse G—+ G «+— antippde S:H—-H

So His a Hopf algebra

e Group actions. We also need the concept of an H-comodule algebra

action XxG— X +«— coaction §:A— AQH
orbitset Y =X/G +«— coinvariants B={ac A|df(a) = a® 14}



Comodule algebras

» Given a Hopf algebra H, an H-comodule algebra is an associative unital
algebra A together with an algebra morphism

§:A-A®H
called the coaction and satisfying

(0®idy) 06 = (idy®A) 05 and (idy®e) o = idy
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Comodule algebras

» Given a Hopf algebra H, an H-comodule algebra is an associative unital
algebra A together with an algebra morphism

§:A-A®H
called the coaction and satisfying
(6®idy)od = (dy®A)od and (idy®e)od =idy

» Coinvariants:
A ={ac Alé(a)=ax 14}

is a subalgebra and a subcomodule of A

» Examples of comodule algebras. Given a group G,

(a) a G-graded algebra A = EBQGG Ay is the same as an
H-comodule algebra with H = k[G]

(b) a G-algebra, i.e., an algebra on which G acts by algebra
automorphisms, is the same as an H-comodule algebra with
H = {functions on G}



POLYNOMIAL IDENTITIES
FOR COMODULE ALGEBRAS



A place where polynomial identities will live

e From now on we assume that the ground field k is infinite

e Polynomial identities are noncommutative polynomials. We take variables
indexed by a basis of a Hopf algebra

Let H be a Hopf algebra and Xy a copy of H together with a linear
isomorphism x — Xx

e Consider the tensor algebra

T(Xw) =P X5

r>0
on the vector space Xy. If {xi}ic; is a basis of H, then
T(Xu) =2 k(X |iel)

is the algebra of noncommutative polynomials in X, (i € /)



Identities for comodule algebras

» The algebra T(Xy) is an H-comodule algebra with coaction
§: T(Xw) — T(Xw) ® H given by

5(XX) = Z XX(U ® X2,
(%)

where A(X) =3, X1) ® X2)



Identities for comodule algebras

» The algebra T(Xy) is an H-comodule algebra with coaction
§: T(Xw) — T(Xw) ® H given by

(5(XX) = Z XX(U ® X2,
(%)

where A(X) =3, X1) ® X2)

» Let Abe an H-comodule algebra

Definition. An element P € T(Xu) is an H-identity of A if u(P) = 0 for
all comodule algebra morphisms i : T(Xy) — A

Recall: An algebra morphism p : T(Xy) — Ais a comodule algebra
morphism if it preserves the coactions, i.e.,

(p®idy)od=0dop



The ideal of identities

e Let A be an H-comodule algebra for some Hopf algebra H and consider the
vector space I4(A) of all H-identities of A

e Proposition. (a) I4(A) is a two-sided ideal of T(Xy) such that
5(In(A)) C lu(A) © H
(b) The ideal I4(A) is graded and

In(A) c P X"

r>2



The universal comodule algebra

e Definition. The universal comodule algebra for identities of the
H-comodule algebra A is the quotient-algebra

Un(A) = T(Xu)/In(A)

e Properties.
(a) Un(A) is a graded algebra coinciding with T(Xy) in degrees 0 and 1
(b) Un(A) is an H-comodule algebra

(c) All H-identities of A vanish in Uy(A)



Questions

e Can we determine the universal comodule algebra for identities Uy(A), or
its center Zy(A), or its subalgebra of coinvariants Uy (A)", or say something
about their structure?

o Is Uy(A) free as a module over Uy(A)" ? Do we have a Uy (A)"-linear
comodule isomorphism

Un(A) = Uy (A" @ H?

e We give a positive answer to these questions for a special class of
comodule algebras after having performed some central localization



THE SWEEDLER ALGEBRA



An example: the Sweedler algebra

e The Sweedler algebra is the smallest noncommutative noncocommutative
Hopf algebra

As an algebra,

Hy=k(x,y|x*=1, xy+yx=0, y*=0)

o Hopf algebra structure:

Coproduct: AX)=x@x, AY)=10y+y®x
Codinit: e(x)=1, ey)=0
Antipode: S(x)=x, S(y)=xy

e The algebra H, is four-dimensional with basis {1, x, y, z}, where z = xy



A three-parameter family of comodule algebras

e Given scalars a, b, ¢ with a # 0, consider the algebra

2 2
Aapc = k(ux, Uy | Uy =a, uxty+uyux=>b, u,=c)

e The algebra A, ¢ is a comodule algebra over the Sweedler algebra Hs with
coaction d : Az pc — Aap,c ® Hs given by

d(ux)=ux®x and d(uy)=10y+u ®x

e The subalgebra of coinvariants is trivial: (Azp.c)" = k1



|dentities for the comodule algebras A, ¢
e We have T(Xy,) =k(E,X,Y,Z), where
E=Xi, X=X, Y=X,, Z=X,
We keep the same notation for their images in Ua p,c = Un,(Aab,c)

e Theorem.
1. The center Z, . 0f U p,c coincides with the subalgebra of coinvariants:

Za,b,c = (Z/{a,b,c)H
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|dentities for the comodule algebras A, ¢
e We have T(Xy,) =k(E,X,Y,Z), where
E=Xi, X=X, Y=X,, Z=X,
We keep the same notation for their images in Ua p,c = Un,(Aab,c)

e Theorem.
1. The center Z, . 0f U p,c coincides with the subalgebra of coinvariants:

Zabo = (Uape)”
2. The following polynomials are central elements of Uz p ¢ :
E, R=X?, S=Y? T=XY+YX, U=X(XZ+2ZX) € Zape
3. Afterinverting E and R, there is an algebra isomorphism
ZabolET R 2 KIEX, REY, S, U|[T)/(Pap,c)

where

2 p—
Pape= T2 —4RS — % E?R



The universal comodule algebra of Az p ¢

eRecal R=X2, S=Y?, T=XY+YX, U= X(XZ + zZX)
Theorem. After inverting E and R,

1. thereis a Z,p[E~", R~ "]-linear comodule isomorphism

Ma,b,c[E717 R71] = Za,b,c[E71 3 R71] ® H4

o In Uy b We have
ERZ = RXY + @

(The elements in red are central)



The universal comodule algebra of Az p ¢

eRecal R=X2, S=Y?, T=XY+YX, U= X(XZ + zZX)
Theorem. After inverting E and R,

1. thereis a Z,p[E~", R~ "]-linear comodule isomorphism
UapolET R 2 Zapc[ET R @ Ha
2. andUap [E~", R™"] is isomorphic as an algebra to
ZanoET L RTUX, Y| XP=R, XY +YX=T, Y*=38)
o In Uy b We have

EU - RT

ERZ = RXY + 5

(The elements in red are central)



How did we determine the identities in the Sweedler
case?

e The comodule algebras A, ».c belong to a special class of comodule
algebras, called twisted algebras

e In the case of a twisted algebra A we can detect the H-identities of A and
embed Uy(A) into an easily controllable algebra
e Plan of the sequel

(a) Define the twisted algebras

(b) Define the controllable algebra and embed Uy(A) into it

(c) What localization is needed?

(d)

d) Results on Uy(A) after localization



TWISTED ALGEBRAS



Twisting the product with a cocycle

e Let H be a Hopf algebra and o : H x H — k be a two-cocycle, i.e., a
bilinear form such that for all x,y € H,

Z Xy, Yy) a(X@)Ye), 2) = Z a(Yay, Zay) a(X, ¥2)Z2)
(x),(¥) ¥):(2)

where A(X) = Z(x) X(1) ® X2),- - -

Also assume « normalized: a(1,x) = a(x,1) = ¢(x) forall x € H

e Let “H be a vector space isomorphic to H via a linear isomorphism
X € H— ux € “H. Equip “H with the product

Ux Uy = Z (X, Y1) Uxzyz)
(x),(¥)

This product is associative with uy as unit

e The algebra “H is called a twisted algebra



Twisted algebras are comodule algebras

e “His an H-comodule algebra with coaction § : “*H — *H ® H given by

o(un) =D Uy ® X
()

where A(X) =3, X1) ® X)

e The subalgebra of coinvariants of *H is trivial: (*H)" = k 1



The symbols t

e Let ty be a copy of H with linear isomorphism x € H — & € ty

e Consider the symmetric algebra

Sym(ty) = €D Sym'(t)

r>0
on the vector space ty. If {X;}ic, is a basis of H, then
Sym(ty) = k[t |i € 1]

is the polynomial algebra in the (commuting) variables i,



The symbols t;

> We also need “inverse variables” t, '. Let Frac Sym(ty) be the field of
fractions of Sym(ty)

Lemma. There is a unique linear map x — t; ' from H to Frac Sym(t)
such that for all x € H,

Z tX(ﬂ X(2) Z Xu) =e()1
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The symbols t;

> We also need “inverse variables” t, '. Let Frac Sym(ty) be the field of
fractions of Sym(ty)

Lemma. There is a unique linear map x — t; ' from H to Frac Sym(t)
such that for all x € H,

Z tX(U X(2) Z XU) - )1

> If x is grouplike, i.e., A(x) = x ® x, then ¢(x) = 1 and

_ _ 1
tt;'=1, hence tX1:t—

X

> If x is skew-primitive, i.e., A(x) = g ® x + x ® h for some grouplike
elements g, h, then e(x) = 0 and

bt + 6t =0, hence f'——
tgth



The universal evaluation map

> Let “H be a twisted algebra and consider the algebra morphism
to : T(Xy) — Sym(ty) ® *H
Xe Dt ® g
()
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The universal evaluation map

> Let “H be a twisted algebra and consider the algebra morphism
to : T(Xy) — Sym(ty) ® *H
Xe Dt ® g
()

» Lemma.

1. The map u., is an H-comodule algebra morphism

We call i1, the universal evaluation map for “H



The universal evaluation map

> Let “H be a twisted algebra and consider the algebra morphism
to : T(Xy) — Sym(ty) ® *H
Xe Dt ® g
()

» Lemma.
1. The map u., is an H-comodule algebra morphism
2. For every H-comodule algebra morphism . T(Xy) — “H,
there is a unique algebra morphism x : Sym(ty) — k such

that
p=(x®id)o pa

In other words, any comodule algebra morphism
T(Xy) — *H is a specialization of p,

We call i1, the universal evaluation map for “H
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» Theorem. We have Iy(*“H) = Ker pa

In other words, the map p. detects the H-identities of *H
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Detecting the identities for twisted algebras

» Theorem. We have Iy(*H) = Ker pa
In other words, the map . detects the H-identities of *H
» SetU = T(Xw)/Iu(*H). Then the map p. induces an embedding
Uy — Sym(ty) @ “H

of the universal comodule algebra into a twisted algebra with extended
scalars

» u € Uy is coinvariant if and only if ua(u) belongs to Sym(ty) ® 1

> u € Uf is central if and only if u«(u) belongs to Sym(ty) ® Z(“H),
where Z(“H) is the center of *H

» The center Z7 of U is a domain if Z(*H) is a domain



LOCALIZATION



The generic base algebra

> Let “H be a twisted algebra. The bilinear map
o : Hx H — Frac Sym(ty)

—1
a(x,y) = Z By Iy o(X2); Y2)) tX(s)}’(3)
(x),(¥)

is a two-cocycle
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The generic base algebra

> Let “H be a twisted algebra. The bilinear map
o : Hx H — Frac Sym(ty)

a(x,y) Z tX 7y(2))t731)}’(3)
(x),()

is a two-cocycle

» Definition. The generic base algebra is the subalgebra Bj; of
Frac Sym(ty) generated by the values of the generic two-cocycle o and
of its convolution inverse o~

» Immediate properties:
(a) By is a domain
(b) Transcendence degree of Frac B < dim H

(c) By is finitely generated if dim H < oo



The generic base algebra in the Sweedler case

e Each comodule algebra A, ¢ is a twisted algebra for some two-cocycle «
eRecall R=X? S=VY? T=XY+YX, U=X(XZ+2X) € 25,
o Presentation of 5;;, by generators and relations:
Bf, = K[E*',R*", 8, T, Ul/(Pas.c)
with

2 — 4ac

Pa,b,c - ?2 - 4§§— b Ezﬁ

Here
= ua(E) = i ®1
(R) = at?®1
= 1a(S) = at +btit, +ctE @1
(
(

» I m
=
3

U) = att (2t +bt) ® 1

D -



Relating the center of the universal comodule algebra
and the generic base algebra

o Let “H be a twisted algebra and Z be the center of the universal
comodule algebra U5

Theorem. If Z(*H) = k, then Z — Bj

e In the sequel we assume that Z(“H) = k and that B§; is a localization of Z5



The universal comodule algebra after localization

» Definition. The generic twisted algebra is the comodule algebra
Af = Bj ®zg Uy

with center B = (A"



The universal comodule algebra after localization

» Definition. The generic twisted algebra is the comodule algebra
Af = Bj ®zg Uy

with center B = (A"

» Theorem. (a) There is an H-comodule algebra isomorphism
A =B H
(b) There is a maximal ideal mg of B such that
Af/mo Al = “H

as comodule algebras

After localization, the universal comodule algebra U/; becomes a flat
deformation of the comodule algebra A



Forms

> A twisted algebra °H is a form of ®H if there is a field extension K D k
and a K-linear isomorphism of H-comodule algebras

KQPH2KQ“H.
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Forms

> A twisted algebra °H is a form of ®H if there is a field extension K D k
and a K-linear isomorphism of H-comodule algebras

KQPH2KQ“H.

» Theorem. If°H is a form of ®H, then there is an algebra morphism
X : Bfj — k such that
ky ®pg A% = PH

In other words, any form of “H is obtained from the generic Galois
extension Af; by a central specialization.

» There is a converse to the previous theorem; it requires an additional
condition

Theorem If the algebra Frac Sym(ty) is integral over the
subalgebra By, then for any algebra morphism x : By, — K, the algebra
ky ®@pg Aj is a form of *H



Versal deformation space

o If Frac Sym(ty) is integral over B§;, then the map
Alg(Bg, k) — Forms(“H)
x — Kk ®Bg Af

is a surjection from the set of algebra morphisms B}; — k to the set of
isomorphism classes of forms of “H

Thus the set Alg(Bj;, k) parametrizes the forms of *H.

The extension Bf; C Ay is a versal deformation space for the forms of “H

e Remark. To determine the set Alg(By, k), it is important to find a
presentation by generators and relations of By
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The integrality condition

» Question. Under which condition on (H, «) is the algebra Frac Sym(tx)
integral over the subalgebra Bj;?

» Proposition. If H is a finite-dimensional Hopf algebra generated by
grouplike and skew-primitive elements, and « is any two-cocycle, then
Frac Sym(ty) is integral over the subalgebra By

» Negative answer. For H = k[Z] and « trivial, Frac Sym(ty) is
transcendental (of degree 1) over Frac By



Rigidity properties of A%,

e Theorem. Assume that char(k) = 0 and dim(H) < oo.
If *H is simple, then so is
Frac By ®Bg Ag

o

e Theorem. Under the previous integrality condition, if “ H is simple, then A%
is an Azumaya algebra

An algebra A is Azumaya if A/m is simple for any maximal ideal m of its
center. E.g. A= M,(R), where R is a commutative ring
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