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DEFINITION. The braid group B,, s the group
generated by generators o1, 0o,...,0,_1 and
the relations

0;0; = 040 of ‘i—j‘>1,

0;0;0; — 040;0 Zf ‘Z—j‘:1

The braid group first appeared in work
by Hurwitz (1896) on ramified coverings of
the projective line.

It was formally introduced by Emil Artin
around 1926.

The braid groups appear in many fields:
algebra, topology, group theory, algebraic geo-
metry, and recently in cryptography.

OTHER DEFINITIONS:
e group of geometric braids

e mapping class group of a disk with
n punctures

e fundamental group of the configuration
space of n points in the plane



Recent progress on braid groups:

e P. DEHORNOY (Caen) in 1991-92: B,, has
an tnvariant linear ordering

This originates from an unexpected con-
nection between braid groups and modern set
theory (theory of large cardinals) via sets with
a self-distributive law.

e D. KRAMMER (Basel), S. BIGELOW (Berke-
ley) in 2000: B,, has a finite-dimensional faith-
ful linear representation



Linearity of B,,:

Burau (1935) : B, — GL,(Z[t,t'])

o Ry

o n = 2,3 : faithful
e n =4 : open question
e n =5 : not faithful (Bigelow, 1999)

e n =6,7,8 : not faithful (Long and Paton,
1993)

e n > 9 : not faithful (Moody, 1991)



In 1999 Krammer constructed a repre-
sentation

Pn - B, — GLn(n—l)/Q(Z[tvt_lvQ7q_1])

e Krammer (1999): p, is faithful

e Bigelow (2000): p,, is faithful for all n (topo-
logical proof)

e Krammer (2000): p, is faithful for all n
(algebraic proof)

Reference:

o V. Turaev, Faithful linear representations of
the braid groups, Séminaire Bourbaki n® 878

(June 2000)



Dehornoy’s linear ordering;:

DEFINITION. a) A braid is called o-positive if
it can be represented by a braid word in which
the generator with lowest index appears only
with positive powers.

b) B is o-negative if and only if 3~ is
o -positive.

EXAMPLE. 010201_1 = 02_10102 1s o-positive

THEOREM (Dehornoy, 1991-92). A braid is
either 1, or o-positive, or o-negative.

It is not obvious at all that a o-positive
braid is not trivial or o-negative, nor that a
braid # 1 is either o-positive or o-negative.



Consequences:

e Define 3 < 3 if 3713’ is o-positive. Then
< 1s a linear ordering on B,,, invariant under
left multiplication

e B, is a torsion-free group

e If R is a ring without zero divisors, then the
group ring R|B,] has no zero divisors (Ka-
plansky conjecture), and any invertible ele-
ment of R|B,] is of the form r3, where r € R*
and (€ B,

e Dehornoy constructed a very efficient algo-
rithm based on this ordering to solve the word
problem in B,

References:

e P. Dehornoy, Braids and self-distributivity,
Progr. in Math. 195, Birkhauser, 2000

e C. Kassel, L’ordre de Dehornoy sur les tresses,
Séminaire Bourbaki n® 865 (November 1999)
http:/ /www-irma.u-strasbg.fr/~kassel /



DEFINITION. A LSD-set is a set equipped
with a binary law S X S — § satisfying

ax(bxc)=(axb)x*(axc). (LSD)

EXAMPLE. Take S = Z[t,t'] and
axb=(1—1t)a+tb.

We get the Burau representation
B, — GL,(Z[t,t™1]).

This is an example of a LSD-set S in
which left multiplications are bijective. Such
a LSD-set gives rise to an action of the group
B,, on the power-set 5".

DEFINITION. A LSD-set S is acyclic if

((Cb*bl)*bg)*bg...#a

for all a,by,by,b3,... € S.



An acyclic LSD-set in set theory

AXIOM. There exists a rank E with an ele-
mentary embedding 7 : F/ — E.

Elementary embedding: a non-bijective injec-
tion preserving all properties of E that can be
defined using basic set-theoretical properties.

Rank: set considered in set theory with the
property that (roughly) any function £ — E
can be considered as an element of F.

Take the set S of all elementary embed-

dings of the rank E: S # (.
If i,j € S, define i x j = i(j) € S. This
binary laws satisfies Condition (LSD).

PROPOSITION (Laver, 1989). For any j €
S, the sub-LSD-set of S generated by 7 is an
acyclic LSD-set.



THEOREM (Dehornoy, 1991). The free LSD-
set D1 on one generator is acyclic.

Elements of D, are equivalence classes of
r, rxx, r*(x*x), (x*xx)*x,... modulo
the (LSD) Relation, or, equivalently, modulo
the action of the group G with the following
presentation:

Generators: V., where o runs over all
finite sequences of 0 and 1

Relations:

Va0 Valy = Vaiy Vaog
Va0 Va = Va Vai103 Vaoogs
ValOﬁ Va — va valOB
Va113Va = Vo Vaiis
Val VaVal Vao = Va Vai Ve
There exists a surjective homomorphism
of groups m = G — By = U,, B,, defined by
{ 1 if o contains 0

Va) =
7T( ) oiy1 fa=11...1 (z times)



