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Abstract 
In the present paper, a multi-objective shape optimization approach based on the adjoint 
system method has been developed and tested on a two-dimensional fixed-bed reactor. 
The optimization problem considered involves two performance indices (i.e. conversion 
rate and dissipated energy in the reactor) and three constraints consisting of an iso-volume 
constraint and two manufacturing constraints. The process model, solved using 
OpenFOAM software, is described by the mass balance and Navier-Stokes equations in 
laminar flow regime. The multi-objective optimization problem is converted into a single-
objective problem using weighting factors and then solved several times to determine the 
set of optimal solutions, i.e. Pareto front. The best optimal solution is then determined by 
means of the multi-attribute utility theory (MAUT) method. Finally, the resulting optimal 
shape which reduces the energy dissipation by 46.7% and improves the conversion rate 
by 2.7% is manufactured using a 3D printing technique. 
 
Keywords: Multi-objective shape optimization, Multi-attribute utility theory (MAUT), 
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1. Introduction 
In process optimization, the problems that are very often studied generally aim to 
determine a solution of a constrained minimization/maximization of a single objective. 
However, in many cases, multiple conflicting objectives are involved and need to be 
optimized simultaneously. In this case, the solution is no longer a single solution but a set 
of optimal solutions, called Pareto front. These solutions are then ranked by means of a 
decision-aid making method to choose the best one. 
 In one of our recent works (Courtais et al., 2020), a geometry optimization approach was 
developed to determine the optimal shape of a two-dimensional fixed-bed reactor. The 
objective was to maximize the conversion rate while satisfying four constraints: (i) an 
iso-volume constraint ensuring that the reactor operates at the same residence time, (ii) 
an inequality constraint which defines a maximum value for the energy dissipated by the 
fluid, (iii) and two manufacturing inequality constraints that impose minimum values on 
the pores width and the packing thickness. However, the performance index, i.e. the 
conversion rate, and the constraint on the dissipated energy are conflicting which means 
that the solution of the optimization problem is a Pareto set. 
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In the present paper, a constrained multi-objective optimization of the shape of a fixed-
bed reactor where a single-phase liquid flows in laminar regime, is developed. The multi-
objective problem is transformed into a single-objective problem using weighting factors, 
and solved many times to determine the Pareto front of the optimization problem. The 
multi-attribute utility theory (MAUT) method (Keeney et al., 1979) is then used as a 
decision-aid making method in order to select the “best” optimal shape of the reactor. 

2. Description of the fixed-bed reactor and its modeling 
The developed optimization method is used to determine the optimal packing shape of a 
fixed-bed reactor with a single-phase liquid flow. It is a structured packing made up of 
obstacles initially elliptical in shape (with half axes of 5mm and 2.5mm) uniformly 
distributed in the reactor. 

 
Figure 1 : Initial configuration of the fixed-bed reactor. 

The studied domain, whose initial shape is shown in Fig. Figure 1 is denoted by Ω and is 
delimited by its boundaries ∂Ω = ΓinUΓoutUΓlatUΓ. Γin and Γout represent respectively the 
fluid inlet, the fluid outlet and the side wall of the reactor. Γ is the packing whose shape 
will be modified during the optimization process and constitutes the decision variable of 
the optimization problem. The model of the fluid flow in the reactor is described by means 
of Navier-Stokes and continuity equations (1). It is based on the following main 
assumptions: laminar flow regime, incompressible fluid, and steady-state conditions. The 
model equations are expressed as: 

 (1) 

where σ(U,p) = 2νε(U) - pI with ε(U) =     (∇U + (∇U)T). ν is the fluid kinematic viscosity, 
I the identity matrix, p the kinematic pressure (i.e. the absolute pressure divided by the 
density), and ε(U) the strain tensor. 
Reagent transport is modeled by the system of PDEs (2). It is assumed that a first order 
reaction takes place in the bulk of the reactor and no reaction occurs on the walls. 

 (2) 
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D denotes the diffusion coefficient of the reagent in the solvent (i.e. water), C the 
reagent concentration and k the kinetic constant. 

3. Multi-objective optimization problem statement 
The multi-objective optimization problem is defined as follows: 
• Two performance indices are defined by the energy dissipated by the fluid in the 

reactor and the average reagent concentration at the outlet of the reactor. They are 
respectively expressed as: 

 (3) 

• The decision variable is the shape and the position of the packing Γ. 
• The constraints are defined by the following equality and inequality constraints: 

- The process model described in Section 2 and solved using OpenFOAM software. 
- An iso-volume constraint is considered in order to operate at the same residence 

time in the initial and optimal shapes of the reactor. It is expressed as follows: 

 (4) 

where v(Ω) denotes the volume of Ω. 
- Two inequality constraints related to the reactor manufacturing step. Indeed, the 

3D printing technique used to manufacture the reactor imposes minimal values on 
the local width of the pores and on the local thickness of the packing (Courtais et 
al., 2021) 

To solve the resulting multi-objective optimization problem, it is converted into a single-
objective problem by aggregating the two objectives using the linear scalarization method 
as: 

 (5) 

Kcrit is a constant used to ensure the same unit of measure and the same order of magnitude 
of both objectives J1 and J2. 

4. Adjoint system method for the shape gradient computation 
The approach used is an iterative method which builds from the initial form a series of 
shapes that improve the performance of the reactor at each iteration by adapting the 
position of its boundaries. This approach relies on the concept of shape derivative also 
called derivative in the sense of Hadamard (Henrot and Pierre, 2005). The method 
consists in determining at each iteration the sensitivity of the Lagrangian functional (6) 
with respect to a small perturbation of the domain boundaries. 

 (6) 

This perturbation is given by the following equation: 

 (7) 
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where Id is the identity operator, t is the step of the iterative method, and V is the vector 
field representing the displacement of the mesh. Thus, the product tV stands for the small 
perturbation applied to the mesh. 
 
Hadamard's derivative is a gradient method which involves adjoint states to compute the 
shape gradient G(Ω) This new functional is defined on the free boundary Γ and depends 
on the solutions (U,  p and C) and (Ua,  pa and Ca) of the process model equations and 
their associated adjoint state equations introduced by the method. Finally, the mesh 
displacement V leading to a decrease of the Lagrangian (6) depends on the shape gradient 
and is computed by solving the following system of equations: 

 (8) 

5. Implementation of the optimization algorithm 
The algorithm used to solve the multi-objective optimization problem consists of several 
resolutions of the single-objective problem by modifying the parameter τ. It is 
implemented within OpenFOAM CFD software which solves the PDEs using the finite 
volume method. The solution of each single-objective problem is achieved in 6 main steps 
as: 
1. The initial shape of the reactor is meshed using SNAPPYHEXMESH and CFMESH, two 

mesh generation utilities supplied by OpenFOAM. 
2. The systems of PDEs allowing to determine the state variables (U, p , C) and their 

associated adjoint states (Ua, pa , Ca) are solved. The pressure-velocity couplings in 
the Navier-Stokes equations and in the equations of its adjoint system are treated 
using the SIMPLE algorithm. 

3. The shape gradient G(Ω) and the mesh displacement V are then computed. Since the 
manufacturing constraints are dealt with during this step, the thickness of the 
obstacles is defined as the double of the distance between the skeleton and the 
obstacle. In 2D, the skeleton is defined as the set of points equidistant from the 
obstacle on each side, i.e. a thin version of the obstacle centered inside it. The local 
pore distance is computed using an OpenFOAM function named wallDist (Courtais 
et al., 2021). 

4. The Lagrange multiplier λv is updated as: 

 (9) 

where i denotes the iteration number and β > 0 is a small parameter. 
5. A test on the mesh quality is carried out by means of 3 criteria very often used in 

CFD simulation: the mesh aspect ratio, the mesh non-orthogonality and the face 
skewness (Holzinger, 2015). If the values of these criteria are respectively higher 
than 10, 65° and 3.8, a remeshing of the shape is performed. 

6. At the end of each iteration, a test on the convergence is carried out. If the ratio of 
the standard deviation to the average of the last 100 values of the Lagrangian is lower 
than 10-4, the algorithm stops. 
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Figure 2: Pareto front of the multi-objective shape optimization problem. 

6. Numerical results and discussion 
Figure 2 presents the Pareto front where each circle corresponds to the solution of a 
single-objective problem. As emphasized by Courtais et al. (2020), each single-objective 
optimization takes between 2 and 3 days to converge on a 3.7GHz Xeon Dell Computer 
5810. Consequently, the determination of this estimation of the Pareto front (Fig. 2) made 
up of 26 single-objective solution is time consuming and has required between 1.5 and 2 
months of computations.  

Figure 2 shows that the smaller the parameter τ, the greater the conversion rate and the 
better the homogeneity of the fluid flow in the reactor. Conversely, the closer τ is to one, 
the more important the energy criterion. In this case, channelings and dead zones appear 
thus causing the reduction of the energy dissipation in the fluid and the degradation of the 
conversion rate in the reactor. On Fig. 2, the black triangle of coordinates (9.56×10-2; 
1.7×10-11) has been determined by the ε-constraint method since the Pareto front is 
slightly concave near this point and consequently the linear scalarization method is unable 
to determine the concave parts of the front. The performances of the reactor configuration 
determined by Courtais et al. (2020) are also shown on the Pareto front (white triangle). 
They highlight the importance of carrying out a multi-objective optimization since it was 
possible to improve the energy dissipation criterion by 33% with an insignificant 
degradation of the conversion rate. 

Finally, all these optimal shapes of the reactor are ranked using the MAUT method 
(Fonseca et al., 2020) according to the importance given to the criteria by the decision-
maker. The solution at the top of the ranking is then chosen as the best optimal solution; 
it reduces the energy dissipation by 46.7% and improves the conversion rate by 2.7%. 
This configuration of the reactor is presented in Fig. 3 and has been manufactured 
using a 3D printing technique for experimental tests. 
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Figure 3: Comparison between the best optimal reactor chosen using MAUT method (a) and the 
corresponding reactor manufactured by a 3D printing technique (b). 

7. Conclusions 
A geometry optimization approach based on the adjoint system method has been 
developed, implemented within OpenFOAM and tested on a 2-dimensional fixed bed 
reactor where a homogeneous first order reactor occurs. The optimization problem has 
been formulated with two performance indices (energy dissipation in the fluid and 
conversion rate in the reactor) and the Pareto front has been determined. Finally, the 
configuration which offers the best compromise between the criteria has been determined 
using the MAUT method and manufactured by means of a 3D printing technique. 
This paper emphasizes the importance of performing multi-objective optimization of the 
reactor since the optimal shape determined by Courtais et al. (2020) by a single-objective 
optimization was not the best optimal configuration of the reactor for manufacturing 
issues. However, the developed method has shown several limitations. The first one is the 
method of shape optimization used to solve the optimization problem. Indeed, some dead 
zones that appear when the energy dissipation criterion is high (i.e. for τ > 0.7) would 
disappear if topology changes were allowed. Another limitation concerns the width 
constraints which do not allow their violation during the optimization iterations. These 
issues are being addressed and significant improvements are expected. 
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