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CNRS, Université de Strasbourg
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Abstract—This paper deals with the development of a geometry
optimization approach to determine the optimal shape of a
fixed-bed reactor where a catalytic surface reaction takes place.
The investigated problem is formulated as a multi-objective
optimization problem considering two antagonistic objectives: the
energy dissipation in the fluid and the average concentration of
reactant at the reactor outlet. The optimal solutions are subject
to four constraints: (i) the process model consisting of the Navier-
Stokes, the continuity and the convection-diffusion equations, (ii)
an iso-volume constraint and (iii) two thickness constraints which
allow us to take into account the manufacturability of the optimal
reactors. The solution of the optimization problem is computed
using the adjoint system method and the linear scalarization
method which tranforms the multi-objective problem into a
single-objective problem. The solution of the problem is a whole
set of solutions (i.e. Pareto front) and the best optimal solution is
chosen using the multi-attribute utility theory (MAUT). The best
optimal shape of the reactor leads to a significant improvement
of the conversion rate of 12.6% with respect to the initial shape
and to an increase in energy dissipation 3.5 times higher.

Index Terms—Multi-objective shape optimization, Adjoint sys-
tem method, Catalytic fixed-bed reactor, Computational fluid
dynamics (CFD), Thickness constraint, Conversion rate, Multi-
attribute utility theory (MAUT)

I. INTRODUCTION

In the specific field of fixed-bed reactors, shape optimization

methods have not been the subject of significant academic

or industrial research contributions. This topic deserves to be

addressed especially since these reactors are widely used in

chemical industries, particularly in catalytic hydrogenation,

hydrotreatment of oil fractions, water treatment, etc.. Optimiz-

ing the shape of these reactors typically consists in determining

the structure of the packing (i.e. its topology, its position and

its shape) that maximizes or minimizes a given performance

index, subject to constraints related to the manufacture and to

the operation of the reactor.

Numerous shape optimization methods have been identified

in the dedicated literature. They can be classified into three

distinct families [5]: parameter, geometry and topology op-

timization. The aim of this work is to develop a geometry

optimization approach based on the adjoint system method

for the gradient computation. Since a geometry method is

developed, the topology remains unchanged during the op-

timization process, and only the shape and the position of

the packing are subject to changes. The resulting method is

then used to determine the packing configuration of a catalytic

fixed bed-reactor that optimizes simultaneously the pressure

drops and the conversion rate of the reactor whose antagonistic

character has been highlighted in [6] using a multi-objective

optimization method. The considered optimization problem is

subjected to the Navier-Stokes and convection-diffusion equa-

tions and to three constraints consisting of an iso-volume and

two manufacturing constraints and is solved using OpenFOAM

CFD software. The resulting Pareto front is then ranked by

means of a multi-objective decision-making aid method to

select the best optimal shape.

This article is organized as follows. The optimization prob-

lem is first stated in Section II. Then, we recall and describe

the shape optimization tools used to design an efficient method

in Section III. The implemented algorithm is introduced in

Section IV while numerical results are discussed in Section V.

Finally, Section VI is devoted to conclusions and several

perspectives for future studies.

II. MODELING OF THE FIXED-BED REACTOR AND

OPTIMIZATION PROBLEM FORMULATION

A. Process modeling

The studied object is a two-dimensional packed-bed reactor

in which a single phase liquid flows and reacts on the surface
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Fig. 1: Initial configuration of the fixed-bed reactor.

of the packing. The initial shape of the considered reactor

consists of a structured packing composed of 2D elliptical

obstacles evenly spaced throughout the reactor as illustrated in

Fig. 1. The 128 obstacles (whose semi-axis are 5 and 2.5 mm)

that make up the packing are arranged in staggered rows whose

longitudinal and transverse pitches are both of 10 mm. The

studied domain is denoted Ω and is assumed connected and

bounded. Its boundary consists of: the inlet Γin, the outlet Γout,

the side wall Γlat and the packing Γ that will evolve during the

shape optimization process. It is often called free boundary and

stands for the decision variable of the optimization problem.

The fluid flow in the reactor is assumed to be Newtonian and

incompressible, in laminar and steady-state regimes, which

allow us to describe the fluid flow by the following system

of Navier-Stokes equations:































−ν∆U +U · ∇U +∇p = 0 in Ω

∇ ·U = 0 in Ω

U = Uin on Γin

U = 0 on Γlat ∪ Γ

σ(U , p)n = 0 on Γout

(1a)

(1b)

(1c)

(1d)

(1e)

where ν stands for the kinematic viscosity, U and p are

respectively the flow velocity and the kinematic pressure (i.e.

absolute pressure to fluid density ratio), n is the boundary

normal vector and σ(U , p) is the Cauchy stress tensor divided

by the fluid density, given by:

σ(U , p) = 2νε(U)− pI (2)

with I denotes the identity matrix, and

ε(U) =
1

2
(∇U + (∇U)T )

is the strain-rate tensor.

The mass transfer in the reactor is modeled by the following

diffusion-convection equations.



























−D∆C +U · ∇C = 0 in Ω

C = Cin on Γin

C = 0 on Γlat ∪ Γ

∂C

∂n
= 0 on Γout

(3a)

(3b)

(3c)

(3d)

where C is the reactant concentration and D the diffusion

coefficent of the reactant in the solvent. It is assumed that the

side wall and the packed-bed are impregnated with catalyst

and that the reaction is very fast on these surfaces (Eq. (3c)).

Therefore, the reaction is limited by the external mass transfer

of the reactant.

B. Statement of the problem

The multi-objective optimization problem considered is

formulated in the following way:

• The two objective functionals to minimize are the energy

dissipated in the fluid and the average concentration of

reactant at the outlet of the reactor which is equivalent to

minimize the pressure drops in the reactor and maximize its

conversion respectively. They read:

J1(Ω) = 2ν

∫

Ω

|ε(U)|2 dx (4)

J2(Ω) =

∫

Γout

C dσ (5)

• The decision variable that is modified in order to minimize

the objective functionals is the shape of the packing (i.e. the

free boundary Γ). The other boundaries are assumed to be

fixed.

• The set of constraints is composed of the following four

constraints:

– The process model described by the Navier-Stokes, the

continuity and the mass balance equations.

– An equality constraint on the reactor volume:

CV(Ω) = V(Ω)− V(Ω0) = 0 (6)

It ensures the same residence time between the initial

shape and all optimal ones of the reactor.

– Two additional inequality constraints to guarantee the

manufacturable nature of the optimal reactor are also con-

sidered. They aim at imposing a minimal thickness and

width of the packing (i.e. solid zone) and the pores (i.e.

fluid zone). These constraints involve minimal distances

between two obstacles or on the same obstacle, but the

computation of shape derivatives of those constraints is

not straightforward. Consequently, they are not conven-

tionally considered by including them in the Lagrangian,

but treated separately within the algorithm, as will be

commented in Section IV.
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III. PROBLEM-SOLVING APPROACH

A. Multi-objective optimization method

The multi-objective optimization approach used in this work

is the linear scalarization method which consists in converting

the multi-objective problem into a single-objective problem as

follows:

J(Ω) = τJ1(Ω) +Kcrit(1− τ)J2(Ω) (7)

where τ ∈ [0, 1] and (1 − τ) are the weighting factors

associated to each objective and Kcrit > 0 is a constant

used to ensure the same dimension and magnitude of the two

objectives (Eq. (7)). Thus, the multi-objective optimization

problem is formulated as follows:

min
Ω

J(Ω) = τJ1(Ω) +Kcrit(1− τ)J2(Ω)

s.t. Ω ∈ C

Eqs. (1) and (3)

(P1)

where C is the set of admissible shapes defined by:

C = {Ω ⊂ IR2 | CV(Ω) = 0}. (8)

The Lagrangian of the problem, aggregating the two objectives

and the volume constraint is therefore defined as:

L(Ω, λV) = τJ1(Ω) +Kcrit(1− τ)J2(Ω) + λVCV(Ω) (9)

where λV ∈ IR is the Lagrange multiplier associated to the

volume constraint. Finally, the single-objective problem (P1)

is solved several times modifying the parameter τ in order to

determine an estimation of the Pareto front.

B. Shape optimization approach: adjoint system method

The shape optimization approach developed is an iterative

geometry optimization method that builds, starting from an

initial shape, a sequence of shapes improving the performances

at each iteration by deforming the free boundary. It is based

on the concept of shape differentiation [2] and relies on the

determination of the Lagrangian sensitivity with respect to a

small perturbation of the domain boundaries, illustrated on

Fig. 2, expressed as:

Ωi+1 = (Id + tV )(Ωi) (10)

where the term Id is the identity operator, t is the step of the

method and V is a vector field modeling the perturbation of

the boundary. To summarize, at each iteration, the employed

method allows us to compute the vector field V and the step t

which is fixed in the proposed method so that they decrease the

Lagrangian functional. Relation (10) is then applied to each

node of the mesh to define the next iteration domain.

The computation of V relies on a gradient type calculation

and the adjoint system method is used to compute the shape

gradient G(Ω, λV) [1]. The latter is defined on the free

boundary of the domain and depends not only on the flow

velocity U and the reactant concentration C, but also on the

adjoint state variables introduced by the method (Ua and Ca)

[1]. Hence, the displacement V is determined by solving the

Fig. 2: Example of the domain deformation at iteration i.

following system of PDEs which allows to ensure a decrease

of the Lagrangian while preserving a good mesh quality for

the next iteration [1], [2]:










−γ∆V + V = 0 in Ω

V = 0 on Γin ∪ Γout ∪ Γlat

γ∇V n = −G(Ω, λV)n on Γ

(11a)

(11b)

(11c)

where γ > 0 is a parameter allowing to diffuse more or less

the mesh displacement. It must be carefully chosen because

if its value is too large, the displacement will only depend

on high shape gradient regions. A contrario, if it is set to too

small values the diffusion of the mesh will be low and the free

boundary will not be smooth.

C. Multiple-objective decision analysis

The Pareto front provides a global information on the area

of interest of the optimization problem, but does not allow

us to identify which optimal solution is the best to imple-

ment in practice. This identification is carried out by means

of multiple-objective decision-making analysis (MDCA), and

particularly, using the multi-attribute utility theory (MAUT)

which allows to classify all optimal solutions according to the

preferences of the user or decision-maker. The classification

is performed in two main steps [3]:

1) The decision-maker associates to each objective an individ-

ual utility function allowing to evaluate the performance of

a solution in the objective. The individual utility function

chosen is espressed as follows [3]:

ui(Xj) =

(

Jmax
i

− Ji(Xj)

Jmax
i

− Jmin
i

)αi

(12)

where Jmax
i

and Jmin
i

represent respectively the maximal

and minimal values of the objective i of optimal solutions,

Ji(Xj) is the value of the solution Xj in the objective i

and αi is the relative tolerance factor of objective i.

2) The two utility functions are then aggregated in order to

rate all solutions, by creating the multi-attribute utility

function given by :

U(X) = wu1(X) + (1− w)u2(X) (13)
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where w ∈ [0, 1] and (1−w) are weights associated to the

objectives.

The preferences of the decision-maker are taken into account

through the values assigned to the weighting and the tolerance

factors. In this work, the conversion rate objective is preferred

over the dissipated energy one (Table I).

TABLE I: Weighting and tolerance factors assigned to indi-

vidual utility functions.

Factor Objective 1 Objective 2

w 0,4 0,6
α 0,5 1

IV. IMPLEMENTATION WITHIN OPENFOAM SOFTWARE

A. Optimization algorithm

The solution of the multi-objective problem is based on

several resolutions of the single-objective problem (P1) by

varying the parameter τ . For each value of τ , the iterative

algorithm is implemented within the open-source software

OpenFOAM following the 6-step procedure:

1) Meshing of the initial shape of the reactor by means of

two mesh generators supplied by OpenFOAM: CFMESH

and SNAPPYHEXMESH.

2) Solving of the system of PDEs modeling the fluid flow,

the mass transfer and the associated adjoint equations. The

pressure-velocity couplings are treated using the SIMPLE

algorithm.

3) Computation of the shape gradient G(Ω, λV) and dis-

placement of the mesh. The manufacturing constraints are

treated during this step whose the procedure is explained

in sub-section IV-B.

4) Update of the Lagrange multiplier according to the follow-

ing recurrence relation:

λk+1

V
= λk

V + βVCV(Ωk) (14)

where k is the iteration number and βV > 0 is the update

parameter whose value must be chosen small.

5) Verification of the mesh quality using three criteria fre-

quently used in CFD field: the mesh aspect ratio, the

face skewness and the face non-orthogonality [7]. Those

criteria are computed using the OpenFOAM utility named

“CFMESH” and their upper bounds are respectively 10, 3.8

and 68◦. If at least one of these criteria is violated, the

reactor is remeshed.

6) Finally, the algorithm is assumed converged if the relative

standard deviation (i.e. standard deviation to mean ratio)

of the last hundred Lagrangian values is lower than 10−4.

While the convergence is not achieved, go back to step 2.

B. Treatment of width constraints

As previously mentioned, the two manufacturing constraints

are not aggregated in the Lagrangian functional but are treated

by post-processing the vector field V after its computation

using a projection method in 2 steps.

Fig. 3: Illustration of the channel constraint treatment.

Minimal width of pores (dchan
min ):

The first manufacturing constraint imposes a minimal size

on pores (i.e. the fluid zone) and is treated according to the

following algorithm:

1) Determination of the channel width at a point x (Fig. 3)

which is straightforward since it involves distances between

two different obstacles. Thus, its estimation is computed by

looping over all points belonging to another obstacle, the

nearest point determined is called x
near.

2) Once the width computed, the following test is carried

out: if the displacement leads to a reduction of this width

(i.e. V (x) · xxnear > 0) and the width is lower than the

constraint as illustrated in Fig. 3, then the displacement is

projected orthogonally to the vector xxnear.

Minimal thickness of obstacles (dobs
min):

The treatment of the obstacle constraint proceeds as follows:

1) Estimation of the obstacle thickness. It appears harder than

the estimation of the channel width since it involves a

distance between 2 points belonging to the same obstacle.

Consequently, its implementation is not straightforward in

practice. It involves the skeleton of the obstacle, which is

a thinner version of the obstacle shape equidistant from its

boundary on each side. It is therefore centered inside the

obstacle as illustrated in Fig. 4 and the thickness of the

obstacle is estimated as the double of the distance between

its skeleton and its boundary. In this work, the skeleton

is constructed by means of the Voronoı̈ diagram of the

obstacle [4].

2) Once the skeleton determined, the same kind of test as

above is performed. If the distance between the boundary of

the obstacle and its skeleton is lower than the minimal value

divided by 2 and the displacement results in a decrease of

this distance as illustrated in Fig. 4, then the vector V is

projected along the skeleton.

V. RESULTS AND DISCUSSIONS

The single-objective optimization problem (P1) has been

solved 40 times modifying the parameter τ and the optimal

solutions determined are displayed on Fig. 5 which presents

an estimation of the Pareto front of the multi-objective opti-

mization problem. To built Fig. 5, the values of parameter τ

have been chosen in order to determine a relatively uniform
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Fig. 4: Illustration of the obstacle constraint treatment.

Fig. 5: Pareto front of the multi-objective problem.

distribution of optimal points in the Pareto front. As hight-

lighted in [6], the determination of an optimal point of the

Pareto front requires between 7 and 10 days of computation

on a 3.7GHz Xeon Dell Computer 5810. Therefore, obtaining

the entire Pareto front using a single computer will be time-

consuming. Thus, it has been decided to use a supercomputer

(EXPLOR, belonging to the University of Lorraine) in order

to parallelize the single-objective resolutions. All the points

of the Pareto front determined are therefore computed at the

same time on different nodes of the supercomputer.

Figure 5 illustrates the antagonistic character of the con-

sidered objectives and shows that the smaller the weighting

factor τ is, the better the conversion of the reactor. This is

mainly explained by a significant increases in the reactive

surfaces (e.g. by 180 % for τ = 0) and by a better homo-

geneity of the fluid flow (Fig. 6). However, this significant

improvement of the conversion rate leads to a deterioration

of the energy dissipation objective which is 7 times higher.

A contrario, an increase of the value of parameter τ leads to

a degradation of the conversion rate and to an improvement

of energy dissipation, which results in a deterioration of the

homogeneity of the fluid flow (τ ∈ [0, 0.13]), an increase in

channellings (τ ∈ [0.13, 0.75]) and the appearance of dead

zones (τ ∈ [0.75, 1]) as illustrated in Fig. 6.

Finally, all Pareto solutions are rated and ranked using

MAUT method detailed in section III-A in order to choose

the best optimal shape of the reactor that most closely matches

to the decision-maker’s requirements (Table I). In this work,

the selected optimal shape is the one associated to τ = 0.09
which improves the conversion by 12.6% with respect to the
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Fig. 6: Concentration profiles in some optimal shapes of the catalytic fixed-bed reactor.

initial shape, but leads to an increase in energy dissipation

by a factor of 3.5. This final result highlights the benefits of

performing multi-objective optimization in the present case,

since the optimal shape of the reactor determined in [6] using

the ε-constraint method (iso-energy constraint and displayed

in cyan in Fig. 6) is not the best shape selected.

VI. CONCLUSIONS

A geometry optimization approach based on the adjoint

system and multi-objective optimization methods has been

developed in order to determine the optimal packing configu-

ration of a catalytic fixed-bed reactor. The shape optimization

problem has been defined as a multi-objective optimization

problem considering two antagonistic objective functionals

(i.e., reactor outlet concentration and energy dissipation) and

four constraints (i.e., the process model described by the

Navier-Stokes, continuity and convection-diffusion equations,

an iso-volume and two thickness constraints). The Pareto

front was determined by the scalarization method and the

best optimal shape of the reactor was selected by the MAUT

method. It allows a significant improvement of the reactor

conversion rate of 12.6%, but leads to a consequent loss of

energy in the fluid.

This work highlights the interest of carrying out a multi-

objective optimization of this type of catalytic reactors since

the optimal shape determined in [6] by a single-objective

optimization was not the optimal reactor shape for practical

reasons. The initial results obtained using the methodology

developed are encouraging and promising, but they have

certain limitations that need to be further developed. The first

limitation concerns the treatment of the thickness constraints

via post-treatment of the mesh displacement, which seems

to lack robustness, as opposed to a constraint included in

the Lagrangian. It would be interesting to reformulate these

constraints by using penalization or barrier functions so that

they would be more workable, for instance differentiable with

respect to the domain [8]. The second limitation concerns the

shape optimization approach used, which does not authorize

the creation or disappearance of inclusions in the reactor. This

appears interesting in some cases, for instance to eliminate

dead zones whenever τ > 0.75. The development of a topol-

ogy optimization will therefore further improve the optimal

shape of fixed bed reactors.
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Université Joseph Fourier - Grenoble I, 1995.

[5] G. Allaire, and M. Schoenauer. Conception optimale de structures. Vol.
58. Berlin: Springer, 2007.
http://dx.doi.org/10.1007/978-3-540-36856-4

[6] A. Courtais, F. Lesage, Y. Privat, C. Pelaingre and A.M. Latifi. Op-
timal design of fixed-bed reactors using geometry optimization and
Stratoconception printing process. Submitted tp Computers & Chemical
Engineering, 2021.

[7] G. Holzinger. ”OpenFOAM a little user-manual.” CD-Laboratory-
Particulate Flow Modelling, Johannes Keplper University: Linz, Austria
2015.

[8] G. Allaire, F. Jouve, et G. Michailidis. Thickness control in structural
optimization via a level set method. Structural and Multidisciplinary
Optimization, 53(6), 1349–1382, 2016.
http://dx.doi.org/10.1007/s00158-016-1453-y

107


