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Abstract

In this paper a shape optimization approach based on the Hadamard geometric optimization method
is developed. Four case studies representing typical fluid flow patterns in fluid dynamics, i.e. flow
around an obstacle, flow in a 90 ◦ or 180 ◦ elbow pipe and flow in a dyadic tree, are considered.
Low velocities are imposed at the inlet of each case study in order to operate in laminar flow
regime. The objective is to determine the shape that minimizes the energy dissipated by viscous
friction subjected to the Navier-Stokes equations and to iso-volumic constraint. The required gra-
dients of the performance index and constraint with respect to the shape are computed by means
of the adjoint system method. The momentum equations are implemented and solved using the
OpenFOAM CFD software, and the solver ’’adjointShapeOptimizationFoam’’ is modified in or-
der to compute the solution of the resulting optimization problems. The optimal shapes obtained
in the four case studies are in very good agreement with the available literature works. Moreover,
they allow a significant reduction of the dissipated energy ranging from 10.8 to 53.3 %.
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1. Introduction

Chemical industry is more than ever constrained to invest in research and innovation to remain
competitive. This competitiveness necessarily requires the development of more flexible, intensi-
fied, efficient and compact processes. The shape of the units involved in these processes is very
often critical to their efficiency and represents major scientific, technical and technological chal-
lenges. Shape optimization is a technology that is quite appropriate to meet these challenges. It
consists of a set of techniques and methods allowing to find the best shape of an object that opti-
mizes a cost function or a performance index while satisfying given constraints. Originally, shape
optimization has been developed for aerodynamic industry and particularly for aircrafts. More re-
cently, it has been used in chemical engineering to determine the optimal shape of a pipe (Henrot
and Privat, 2010) or microchannels (Tonomura et al., 2010).

This paper presents the development of a shape optimization approach based on adjoint system
method. The latter is used to derive the shape gradient needed in the optimal shape determination.
OpenFOAM software is used as CFD solver for the flow model ,i.e. the Navier-Stokes equations,
and adjoint system equations.

http://dx.doi.org/10.1016/B978-0-12-818634-3.50146-6 



A. Courtais et al.

2. Case studies and modeling

The optimization approach developed in this paper is tested on four 2D case studies: flow around
an obstacle, flow in a 90 ◦ or 180 ◦ elbow pipe and flow in a dyadic tree. Each initial domain,
Ω0, of the case studies is presented on Fig. 1. The boundary ∂Ω of the domain Ω is given by
∂Ω = Γin∪Γout ∪Γlat ∪Γ, where

- Γin is the inlet of the domain on which a quadratic velocity profile is imposed. Thus, the
laminar flow is already developed at the inlet boundary (Eq (1c)).

- Γout is the outlet of the domain on which the normal component of the stress tensor is equal
to zero (Eq (1e)).

- Γlat is the fixed edge of the domain on which a no-slip condition is applied (Eq (1d)).

- Γ is the free boundary of the domain, i.e. the unknown of the shape optimization prob-
lem. Moreover, it is the boundary that will evolve over the iterations of the optimization
algorithm. A no-slip condition is applied on this boundary (Eq (1d)).

In each case, the velocity is set to a value leading to Reynolds numbers lower than 500, thus
ensuring that the flow is laminar. The condition of zero absolute pressure is imposed at the outlet
boundary. The system of Navier-Stokes equations describing the fluid flow is given as⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

−νΔUUU +(UUU ·∇UUU)+∇p = 0 in Ω
∇ ·UUU = 0 in Ω
UUU =UUU in on Γin

UUU = 0 on Γlat ∪Γ
σ(UUU , p).n = 0 on Γout

(1a)
(1b)
(1c)
(1d)
(1e)

In the above system, σ(UUU , p) is the stress tensor, given by :

σ(UUU , p) = 2νε(UUU)− p I with ε(UUU) =
1
2
(∇UUU +(∇UUU)T ). (2)

where ν is the fluid kinematic viscosity, I the identity matrix, UUU and p respectively the velocity
and the absolute pressure of the fluid and ε(UUU) the strain tensor.

3. Shape optimization formulation

3.1. Optimization problem

In this work, the objective is to determine the shape of the four aforementioned case studies that
minimizes the energy dissipated by the fluid due to the work of viscous forces. Such a crite-
rion is relevant in practice since the energy dissipated is directly related to pressure losses. The
performance index is therefore defined as

J(Ω) = 2ν
∫

Ω
|ε(UUU)|2 dx (3)

This optimization problem is subjected to Navier-Stokes equations (1) and to the volume constraint
given by Eq. (4). It is solved using the adjoint system method.

C(Ω) = V(Ω)−V(Ω0) = 0 (4)
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Figure 1: Initial shapes of the four case studies, (a) flow in a 180 ◦ elbow pipe, (b) flow in a diadyc
tree, (c) flow around an obstacle, (d) flow in a 90 ◦ elbow pipe.

3.2. Adjoint system method

The shape optimization approach developed involves the differentiation with respect to the domain
also called derivative in the sense of Hadamard (Allaire, 2007; Henrot and Pierre, 2005). It consists
in moving all the meshpoints according to the following induction formula

Ωi+1 = (XXX + tVVV )(Ωi) (5)

where XXX is the vector of meshpoints coordinates at iteration i, t the method’s step and VVV is the
vector field describing the mesh displacement. The objective of the method is to compute t and VVV .

Let us introduce the lagrangian functional defined as

L (Ω) = J(Ω)+λC(Ω) = 2ν
∫

Ω
|ε(UUU)|2 dx+λ (V(Ω)−V(Ω0)) (6)

where λ is the Lagrange multiplier.

On the other hand, let VVV : IRd → IRd be a regular vector field. The derivative of the Lagrangian
L (Ω) in the direction of VVV is defined by (Henrot and Privat, 2010)

L ′(Ω)(VVV ) =< dL (Ω),VVV >= lim
t→0

L (Ωt)−L (Ω)

t
, with Ωt = (XXX + tVVV )(Ω). (7)

To implement the shape optimization algorithm, it is necessary to express the Lagrangian deriva-
tive in the following form

L ′(Ω)(VVV ) =
∫

∂Ω
(G+λ )(VVV ·nnn) (8)
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where G is the shape gradient, i.e. a function defined on the boundary of the domain Ω depending
on UUU but not on the vector field VVV . Under this form, it will be easy to determine a new mesh
choice leading to a decrease of the Lagrangian. The adjoint method is based on the introduction
of an adjoint state (UUUa,pa). Straightforward computations (see (Henrot and Privat, 2010) for more
details) lead to the following shape derivative of the Lagrangian functional expressed as

L ′(Ω)(VVV ) =
∫

∂Ω
(2ν(ε(UUU) : ε(UUUaaa)− ε(UUU) : ε(UUU))+λ )(VVV ·nnn)dσ (9)

Thus, the shape gradient is given by

G = 2ν(ε(UUU) : ε(UUUaaa)− ε(UUU) : ε(UUU)) (10)

where UUUaaa is the velocity of the adjoint state (UUUaaa,pa) defined as the solution of the following
equations⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

−νΔUUUa +(∇UUU)TUUUaaa−∇UUUaaaUUU +∇pa = 2νΔUUU dans Ω
∇ ·UUUaaa = 0 dans Ω

UUUaaa = 0 sur Γin∪Γlat ∪Γ
σ(UUUaaa, pa)nnn+(UUU ·nnn)UUUaaa = 4νε(UUU)nnn sur Γout

(11a)
(11b)
(11c)
(11d)

known as adjoint system equations. Finally, the mesh displacement VVV is computed by solving the
following system⎧⎪⎨⎪⎩

−ΔVVV +VVV = 0 dans Ω
VVV = 0 sur Γin∪Γout ∪ΓLat

∇VVV nnn =−(G+λ )nnn sur Γ

(12a)
(12b)
(12c)

4. Implementation of the optimization algorithm

Initial shape : run blockMesh
or snappyHexMexh Ω0

Converged ?

no

yes

Simple loop to solve Navier-
Stokes equations (UUU , p) and ad-
joint equations (UUUaaa, pa) in Ωi

Computation of the
shape gradient G

Mesh displacement :
run modifyMesh Ωi+1

Optimized shape

OptimizationFoam

Figure 2: Shape optimization algorithm

The CFD equations are implemented using
C++ language within OpenFOAM software
(Weller et al., 1998). The latter is a free and
open source software which allows to solve
partial differential equations (Navier-Stokes
and adjoint equations Eq. (1) and (11))
using finite volume method. OpenFOAM
supplies a solver which solves the Navier-
Stokes and an ajdoint system for topologic
optimization. This solver is named ’’ad-
jointShapeOptimizationFoam’’. The latter
is modified and enriched in order to imple-
ment the optimization algorithm and deter-
mine the best shape in each of the four con-
sidered case studies. The algorithm is de-
tailed in Fig.2. At each iteration, a test of
the quality of the mesh is carried out through
the aspect ratio. In 2D, the aspect ratio is
defined as the ratio of its longer side to its
shorter side. If the ratio is too large, i.e.
higher than 5, the domain is remeshed.
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Figure 3: Initial shape of the 180 ◦ elbow Figure 4: Optimized shape of the 180 ◦ elbow

Figure 5: Initial shape of the dyadic tree Figure 6: Optimal shape of the dyadic tree

Figure 7: Initial shape of the obstacle Figure 8: Optimal shape of the obstacle

Figure 9: Initial shape of the 90 ◦ elbow Figure 10: Optimal shape of the 90 ◦ elbow

5. Main results

Initial shapes and velocity distributions are presented in Figs. 3, 5, 7 and 9, and optimized shapes
are shown in Figs. 4, 6, 8 and 10. In each case, moving the free boundary allows a reduction

Adjoint system method in shape optimization of some typical fluid flow patterns 875
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Table 1: Performances of the optimization apprch
Case Iterations Simulation time Reduction of

dissipated energy
Reduction of

pressure losses
180 ◦ elbow 300 40 min 30.7 % 33.3 %
Dyadic tree 550 1 h 01 53.3 % 40.4 %

Obstacle 200 9 mn 14 10.8 % 15.4 %
90 ◦ elbow 80 2 mn 30 27 % 24 %

of the velocity distribution due to an increase in the width of the channel (for the elbows and the
dyadic tree) or to a decrease of the width of the obstacle. Thus, the reduction of the velocity
and the increase of the section lead to a reduction of the velocity gradient and, consequently, to a
reduction of the performance index. All the optimal shapes obtained in this study are in very good
agreement with the literature works (Tonomura et al., 2010; Dapogny et al., 2017).

The performances of the optimization approach for each case study are presented in Table 1.
Depending on the case, a significant reduction of the dissipated energy is observed, between 10.8
and 53.3 %. Since the energy dissipated by the fluid and the pressure drops are related, a decrease
of pressure losses is also observed in similar proportions, i.e. between 15.4 and 40.4 %. The
dyadic tree case is the most costly in terms of computation time. Indeed, the geometry in that case
undergoes huge changes, and therefore, one has to finely remesh many times. In this case, the flow
seems to privilege one of the two branches. The small one cannot be remove because the outlet is
a fixed boundary and the geometic algorithm cannot modify the topology of the domain.

From a numerical point of view, the case ”flow around an obstacle” is the most difficult to imple-
ment. Indeed, the initial Lagrange multiplier must be properly chosen in order to avoid the removal
of the obstacle which would result in wrong simulations due to invalid meshes. To overcome this
problem, the initial Lagrange multiplier λ0 is set to a value higher than the absolute value of shape
gradient G.

6. Conclusion

In this work, a shape optimization approach has been developed and implemented within Open-
FOAM software. Four case studies representing typical fluid flow patterns in fluid dynamics were
considered. The objective was to determine the shape that minimizes the energy dissipated by
viscous friction while meeting the volume constraint and satisfying the momentum equations. A
significant reduction of pressure losses was observed in each case study which will result in im-
portant energy savings. The coming works will focus on shape optimization of a mass or heat
exchangers and the mixing in a stirred tank.
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