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In the paper (Beilinson 1986), Beilinson defined the “Eisenstein symbol”, a
universal construction of elements in higher K-theory (motivic cohomology) of self
products of elliptic curves. This generalised a construction by Bloch of elements in
K, of an elliptic curve (Bloch 1980). A refinement of Beilinson’s Eisenstein symbol
was given in (Deninger 1989).

The purpose of the present paper is to calculate the boundary of the Eisenstein
symbol at a place of bad reduction of the elliptic curve.

In the case of an elliptic curve over a number field, this gives a criterion for the
“integrality” of Eisenstein symbol elements, and thus generalises a formula found
by (Bloch and Grayson 1986). In the case of the universal elliptic curve, we obtain
the boundary of the Eisenstein symbol at the cusps. [In characteristic zero an
equivalent result was proved in (Beilinson 1986) by an analytic method.]

In our presentation the formula involves Bernoulli polynomials. These arise
essentially on account of their well-known distribution property — cf. 2.7 (i) below.

We now give a precise summary of our main result. Let E/F be an elliptic curve
over a field, and P C E a finite subgroup scheme of E defined over F. For any integer
n21, consider the Eisenstein symbol map, following the definition of (Deninger
1989, Sect. 8):

é’; . Q[P]o—’Hw I(E”a Q(n + 1))sgn .
Here the following notations are used.

= Q[P]°is the Q-vector space of Gal(F/F)-invariant functions f: P(F)—Q satisfy-
ing Zp B(x)=0 (which we identify with divisors on E in the obvious way).
xeP(F)

- Hiy(—,Q(j))=KY_(—) is motivic cohomology — cf. (Beilinson 1985, 2.2),
(Schneider 1988, Sect. 3), (Deninger and Scholl, Sect. 1).

o for a group scheme A, we identify 4" with the kernel of the sum-mapping
< A"*1, 4. This gives an action of the symmetric group %,,, on 4"
§§\-———
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— subscript “sgn” denotes the image under the projector

1

HSS!I= (n+1)! ae.;n+l Sgn(a).a'

Now suppose F admits a non trivial discrete valuation v, and let @ and k& be the
valuation ring and residue field of v, respectively. We shall assume that k is perfect.
Let E o be a minimal regular model of E, and E_, its special fibre at v. We make the
following additional assumptions:

i) Ej, is a Néron N-gon (untwisted), for some N >1.

ii) P extends to a finite flat subgroup scheme P, of the Néron model of E over
0. (For example, one could take P to be the N-torsion points of E, with N asin i.)

Write E for the connected component of the Néron model of E over @, and fix
an isomorphism E,k =G, This induces an orientation on E,, ie., a bijection
between Z/NZ and the set of components of E,. The component corresponding to
ve Z/NZ will be denoted C,. If € Q[P]° and ve Z/NZ then we write d,(v) for the
degree of the restriction of the flat extension of f§ to the component C,.

The boundary map

0" H Y(E", Q(n+ 1))ygn— HW(Elpo Q(1))sgn

arises from the localisation sequence of the pair (Ey, E7). The target space is a
one-dimensional Q-vector space generated by &;=II,(youU...Uy,), Where
Yo=(y ...y ', and for 1 <i<n, y, is a coordinate on the i copy of G, (cf. 1.5
below).

The main result of this paper is:

785 (F)= ';.N(ve 5, 6By (<7VV>>> o,

where C} y is an explicit nonzero constant, B,(X) is the k™ Bernoulli polynomial, and
0=({x) <1 is the representative of xe Q/Z.

The case n=1 was found by Bloch and Grayson by a somewhat different
method. The reader will find applications in their paper (see also 3.6 below), and in
the case n=2 in (Mestre and Schappacher 1990, Sects. 3.4, 3.5) — cf. Sect. 6 below.
In these applications F =Q and the theorem is used to describe the obstruction to
the Eisenstein symbols belonging to the “integral” motivic cohomology
H (B, Q(n+ 1))z, |

The formula of the theorem was discovered by the second author while
studying the work of Beilinson on modular curves (Beilinson 1986). There &p
(which Beilinson denotes &',) is constructed for the universal elliptic curve over the
field of modular functions. Beilinson’s main result concerning the symbf?l
(Theorem 3.1.7 of loc. cit.) is equivalent to 7.4 below, but his proof is analytic, 1n
contrast to our algebraic approach.

Theorem.

Acknowledgement. This paper was completed while both authors enjoyed the hospitality of the
Institute for Advanced Study, Princeton.
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1 The basic formula

We continue to use (and expand upon) the notation of the introduction.

1.1 The Eisenstein symbol. We recall the construction of the Eisenstein symbol
map, following (Deninger 1989, Sect. 8). For an integer n=1, let p;: E"—>E

(1 £i<n) denote the projections, and py=— Y. p; Write U=E— P, and define
i=1
U"= () p'(U).
0<iZn
If we need to emphasize the dependence on P we write Up, etc.
Fori=0,...,n,let B;€ Q[P]° and choose functions f;e O(U)*®Q with divisors
B:. We use the “symbol” notation {—, ..., —} for the cup product

U @ Hly(—, Q) H(—, Q).

Then there is a well-defined map

(1.1.1) 03:Q[P1°®"" - H} (U™, Q(n+ 1)),
given by
Bo®...®B, > IMpno g {P3 fos - Pia} -
Here [Ipn= #;W xe“;(w T is the projector onto the space of P(F)"invariants.
With the special choices
(1.1.2) fi=..=f=ap= Y (0)—(x),

xeP(F)

it is the first step of the construction of the Eisenstein symbol map &5, and other
choices of B,,..., B, do not give rise to new elements of motivic cohomology.
However we will not make this substitution at once, in order to preserve the
symmetry for the subsequent calculation. Note that we are taking the invariants
under translations by P(F), rather than the coinvariants considered in (Deninger
1989), in order to calculate explicitly.

The second step in the construction — only needed when n=2 - is the
decomposition of the target space of 1.1.1 into eigenspaces under the
L™ "-multiplication. This will be discussed in Sect. 4.

12 Varying P.Let P A Q be (a closed immersion of) two finite subgroup schemes of
E defined over F. Then there are commutative diagrams:

QLO1°%™" ' 28, Hry (U, QM+ )2,
(121) Ii! Ires

Q[P]0®n+ 1 _OLHI‘;I- l(U;', Q(n+ 1)):;1

and

Q[Q1°—— H7'(Ug, Qn+1)2,
(1 22) Iil LQ:P)' x res
Q[P]°—— H(UF,Qn+ 1),
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where j, is extension by zero, and the unlabelled horizontal arrows are the maps
B 0y(f®ad™ and B> OHBRaF") respectively.

Now let L>1 be an integer, and write P=[ x L] '(P)CE, U=E—P, etc. Write
n: P— P for the projection. Multiplication by L induces a Galois covering
[xL]:Ov"-U™.
By Galois descent, this gives a homomorphism
[x LI*: H2 (U™, Qn+1)"" = Hrg H(T™, Qn+ )",
and we have two further commutative diagrams:
QLRI ™' 5 Hig (0™, QU+ 1)y,
(123) In“ I[xL]t
QLPI"®™"' 5 Hig (U™, QEn+ 1))y,

and
Q[P1°— HZ (0", Qo+ 1)),
(1.2.4) B ] [x L
Q[P1°— HIy (U™, Q(n+1))in

with the unlabelled maps in 1.2.4 being
prOB®af") and prs OHSRAF").

All of this is straightforward to prove by direct calculation from the formulae in
(Deninger 1989, proof of 8.2).

1.3 Base change. Let F'/F be a finite extension, v’ a discrete valuation of F’, and v
the restriction of v’ to F. Then the following square is commutative:
[
Hy (Efp, Qn+1)— HlW(E ., Q)
IresF'/F ) Ie(u'/v) X resk’ /k
[ R
HJ Y (Efp, Q(n+ 1)) —— HY(E i, Q).
Here resp,p, res,, are the restriction homomorphisms, and e(v'/v) is the
ramification index. (Recall that we are assuming k to be perfect.)

In view of 1.2.1 and 1.3, we may now restrict to the following situation.

1.4 Assumptions.

— Ej is an untwisted Néron N-gon with N2> 3;

— P=pyxZ/NZCE(F) is a level N structure on E;

- P, gives the standard level N structure on (E;)*™***=G,,x Z/NZ.
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1.5 Write Uy=E—P, and U, for the complement of the zero section in E,@.
Consider the Galois covering*:

%= U_ i (Gn—p) X Z/NZ)
l[XN] o
Te=, U0 (Gu=1)

which by Galois descent gives an isomorphism
(1.5.1) [X NT*: H (U7 Q(*) > Ho (Ui Q(*)™".

In the next section we shall prove the following basic formula for the composite of
» with the boundary map in motivic cohomology

0,: H:«(U'IU/F, Q(#) f;n—’HJ? I(U’I:;/ka Q(x— 1)):::1 .
1.6 Proposition.

N e e {do(0) . d,0)
0.OH®B)= £ gt L, <q> iR (=172

The meanings of the symbols are:
- d()=ds(v)= Y. P ) for ve Z/NZ;

Len
-di)= ¥ C”diaz) is the Fourier transform of d;;
veZ/NZ
- @ is the element of H'y(U7;, Q(n)),e, given as follows: let y=¢~" be the inverse
of the natural coordinate on G,, and let y,;=p¥(y), for the n+1 projections
Pos---s Pn: G —>G,,. Let &, ., be the symmetric group permuting the coordinates
Vos+--s Yy Then

[ x N]*®%.

¢:=Hsgn{y1a --'ayq31_yq+1’ sl_yn} .

l..7 Remark. Note in passing that for the special functions f, i=1,...,n with
divisors div f;=a asin 1.1.2, we have that d(v)= N24,,_, — N, so that here we find for
{+1 that d())=N>

We will see in Sect. 4 that the proposition actually implies the theorem.

2 The calculation

21 We begin with some geometry on the arithmetic surface E 10- For the moment,
we nee.d only assume that E , is an untwisted Néron N-gon with N > 3, and that P
1s a finite subscheme of E w{'nose flat extension P, is contained in the smooth part

of E;,. We normalise the orientation of the special fibre E;= () C, and the
. . . veZ(NZ .
COordinate ¢, on C, such that ¢,=0, oo are the points of intersection of C, with

v-1,C, 4 ; respectively. (There is no ambiguity as N =3.)

\~

*If char(k) divides N then [ x N] is the composite of a Galois covering and a power of the
i obenius mapping. As the Frobenius induces an automorphism on motivic cohomology, [ x N]*
S 2n isomorphism in this case also
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Let fe 0%(U)®Q, and let a(v) be the order of f along the v'* component C, of
E,. Choose once and for all a uniformiser = of the valuation v, and let
g =n""Mfe F(E)*. Since ord. () =1, the function g is regular outside of P and
the C, with u = v; so its restriction to C, is an element of k(C,)® Q which we also
denote g™. Let D4 be the flat extension of div f to E,q, and d(v)=deg(DyNC,) (cf.
introduction).

2.2 Proposition. (i) divg®=(D,ynC,)—b(v—1)-(0)+b(¥)-(c0), where b(v)
=a(v+1)—a(v);
(i) d(v)=>b(v—1)—b(v).
Proof. (ii) follows from (i) as deg(divg®)=0. The only remaining non-trivial
assertions are the claimed multiplicities at t,=0, co. To verify these, represent the
completed local ring at 0 as R=0[[u,v]]/(uv—n), where u=0, v=0 are local
equations for C,, C,_ , respectively. Then the image of f in the field of quotients of
R is of the form
f=(unit) x u* "~V = (uynit) x 7*Mp P~

= (unit) x 20~ Vb=

Therefore the order of g™ at t,=01is —b(v—1), and the order of g~V at¢,_ ;=
is b(v—1).
2.3 Now we continue under the assumptions of 1.4. Then g™ e 0*(G,,—py)®Q,

and we write gy

G(t)= zeI;IN g™((t)=(const) LRV
= (const)yNM(1 — yNyI®

where y=1/t.

2.4 We apply the above with f=f;, 0 <i <n, with the obvious additional subscripts.
To calculate the boundary of @3 we need the following compatibility of the cup-
product and the boundary map [see (Loday 1976, 2.3) and (Grayson 1976)].

Let X/O be smooth, and 0: H'z (X, Q(j + 1)) H' (X}, Q())) the
boundary map of the localisation sequence. For { € H (X, Q())),
write &g, &, for itsimages in H' (X z, Q())), H' (X}, Q(j)). Then for

every ¢,
tomup)=¢,
(the sign depending only on (i,j)).

In particular, up to sign and torsion, the boundary maps in Milnor and Quillen
K-theory agree. This gives (up to sign) the following formula for the restriction of
3{pdfo, .--» Pf,} to the component C, x...xC, :

d P
Z:O a, vr) {38,0)()'0)’ ) g:vr)(yr)a cees gf.v")(y n)}

Here and elsewhere vy = — }":j v;. Applying the projector IT 5 — defined in 1.1.1 - W¢
obtain =1

N7 T 5 af){GEoh .. G . G}

ve(Z/NZ)* r=0
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where v=(v,, ...,v,). Applying the inverse of the isomorphism 1.5.1 we write this
as the following element of H7,(U%), Q(n)):

N 2 ) DR =0 T A =00}

We can expand this in terms of a sum over the symmetric group
%o 1=Symm{0,1,...,n}:

2 sgn(a)
ve(ZINZy" 4=0 aeFns 1 (n—4q)!q!
X dgg+1)(Vog+ 1) - dan(Van) {Vo1s oo Vap 1= Va@w1p -+ 1 ~Van)
and applying the projector II,,, we obtain the following expression.
Q41 NTFE e S5 ol b
X doq+1)(Vig+1) -+ donlVa) Py -

2.5 This last expression will be more palpable once it is rewritten in terms of
Fourier transforms. Recall that we are taking ¢(0)= Y ("o(v). If p(v)=p(v+a)
Z/NZ

veZ/.
—1(v), then we have ¢(0)=({*—1)p(). In particular, by 2.2:
Q= -1b{0)=—{ " —1)%440).
Furthermore d{(1)=b541)=0. Therefore fixing g, 0 < g<n, we have the following
identities, valid for any 6%, ,:

1 do(0) ... 4, 1
B 0B Bl e (02

Lenn

= Z aao(Vo)bal(Vl) ver baq(vq) : du(q+ 1) (v(q+ l)) cee dan(vn) .

ve(Z/NZ)™
Consequently, expression 2.4.1 becomes (up to sign)

U SRS LI ATy T 1}

So(n—g)lq! T1+Gpy ((—1)7F2

This proves Proposition 1.6.

N~ 2 avo(vao)bo'l(vul) cee baq(va'q)

2.6 Fourier transforms of Bernoulli polynomials. Recall the definition of the
Bernoulli polynomials B,: "
te*

= LBt
Thus, for example,
B(X)=1, B,(X)=X-}, B,(X)=X’-X+¢,
B,(X)=X?—3X2+3X, B (X)=X*—2X>+X2—%.

Define, for {epy, B, M= ¥ B, (<%>) {". Then it follows from the
definition of the B, that vezinz

5 B i__t_n_l(cetm)v_._t__
Zo O = L " ey
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Substitute u=¢"" and define

B.):=N'""B —k( d)“ :
() = e M) = "L i

u=1

From this it is elementary to deduce the following proposition the first part of
which is a convenient reformulation of the distribution property of the Bernoulli
polynomials.

2.7 Proposition. (i) For every integer L>1,
Xz Bn=1B,0).
2=

(ii) For all k=j=2, there exist rational numbers a; , independent of N such that
ak,k=(— l)k_ l/k! and

4 k
(E—_i)—" =j§2 a;, kB,(C) .
For instance, one has
1 1 1
(C_C1)2 =—§Bz(C), (C—_§ﬁ3—=zﬁz(0+ 633(5),
1 1 1
o~ ~ 5 B0 §B0- 5,80,

3 The case n=1 over a number field

We are now already in a position to verify the theorem in the case n=1 (Bloch and
Grayson 1986). In fact'we will prove a more general result. We first describe the
situation in terms of K-theory to make apparent the relation with loc. cit.

Let E be an elliptic curve over a number field F. Consider the localisation

sequence :
0— HZ(E, Q(2)— H2(F(E), Q(2))L§QE| F(O)*
K,(E)®Q KL(F(E)®Q

Here |E| is the set of closed points of E, and the sequence is exact on the left as K, of
a number field is torsion. The boundary map J is the “tame symbol”.
Let f;,g;e F(E)* be a finite collection of rational functions on E such that

5 (/8] eker .
J

Then ¥ {f},g;} defines an element of H%(E, Q(2)=K,(E;)®Q.

Novjv let v be a finite place of F, with residue field k, at which E has split
multiplicative reduction with special fibre a Néron N-gon. We intend to calculate
its image under the boundary map

0:Ky(E)®@Q—K(E)®Q.
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First note: .
KY{(ER®Q=HY(E,, Q(1)=Q.

In fact, since k is finite, the localisation sequence gives a short exact sequence
0— KY(ER)®Q— K (EF*™)®Q— K (Ei™®)®Q

Q-t, — Q[Z/NZ]
veZ/NZ
with 6(t,)=(v)—(v—1). Then the restriction

K (EF~@Q— K (E)®Q=HY(Ey Q) =kG,)*®Q 1,
induces an isomorphism on the image of K'(E,)®Q.
For the calculation we only need the following hypothesis on f;, f;:

3.1 The closure of the support of the divisors of f;, f] is contained in the smooth part
of Ej.

Then, since k is finite, the reduction modulo v of this support is contained in
By X Z/NZ for some M; so by passing to a ramified extension F'/F and using 1.3
we may, and do, assume M = N. The first part of the calculation of Sect. 2 then
gives (up to sign):

1\ = i * C 1 C 1 7
a<2 {f:l’f;}) - N3 4:2 [xN] [(C— 1)2 P+ - 1)3 (Dl]zaf(oai(a

{emnn

where d{v), d{v) are the degrees of the restriction to C, of the closures of the
divisors of i f, Using the examples following 2.7 and the relation

1—
-3 .5 v =3 {2l L= Lo

(cf. 5.2 below), we obtain a formula involving only B, and 1. (It is no accident that

B, drops out in this way — see Sect. 4 below.) Using B, << —Wv>) =—B; << ]—r]—>>
and the fact that [ x N]*®1 = N®!, this gives:

3.2 Proposition. For functions f, f; satisfying hypothesis 3.1 one has:

)1 g (3)

In the spe01a1 case where all f have the standard divisor this proposition
simplifies in view of 1.7 and due to the fact that Zd {u1)=0.

33 Corollary. Let Y {f; g} eker 7, with div f; supported in the smooth part of E,,
j
and divg=y" (0)—(x). Then
xeP

ozine) =ty 3 vamn((3))-et
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3.4 We should remark that if v is a place of F at which the reduction of E is not split
multiplicative, then K’y (E;)®Q=0. Thus the restriction to the case where E , is an
untwisted Néron polygon does not miss any interesting cases.

3.5 Now let ® momentarily denote the (global) ring of integers of F. We have the
exact sequence

. o=[[o, ,
(torsion)— K ,(E ¢)~ K o(E;p) ——H2 [ [ K (Epy ).

The fact noted in 3.4, that the target of d, is torsion unless v is a place of split
multiplicative reduction for E is in accordance with relative versions of Beilinson’s
conjectures — cf. (Deligne 1985, Ramakrishnan 1989, 4.7). In fact, we have

dimoK(E, )®Q=ord L(E,s)
s=0

where the L-function of E/F is written L(E/F,s)=[] LE,s)”'. But even if the

v
reduction at v is split multiplicative, the tame symbol may nonetheless be trivial on
the elements of K,(E,z) we considered here. In fact, if Ej; is a Néron polygon with
one or two sides, then for rational functions f}, f; with reduced divisors supported

in Ejreo®, we always have 6(2 {f f,’}) =0 because B;(1 —x)= —B;(x).
j

3.6 Remark. When the divisors of f;, f; are supported in torsion points,
Proposition 3.2 implies the formula of (Bloch and Grayson 1986, p. 88); cf. (Mestre
and Schappacher 1990, 1.5.1). But there are also examples of elements
LA{f fi}ekerI when the support of the divisors of f}, f; contains points of

irjlﬁnite order. The first such example, on a curve with complex multiplication, was
found by R. Ross (1990 Rutgers Thesis). Recently Jan Nekovaf, modifying
successfully an earlier attempt by the first author, wrote down a one-parameter
family of elliptic curves on which non-trivial such elements can be constructed.
Some curves in this family have places v with non-trivial K)(E; )®Q. They
provide concrete applications of the general statement 3.2. But we do not go into
this here.

4 The weight decomposition

4.1 The remaining step in the construction of the Eisenstein symbol is the “weight
decomposition” of H'(U%yr Q(*)f, under the “L™'”-multiplication. Recall

(Deninger 1989, Sect. 8) that if L;’i‘: and P=[x L] 'P as in 1.2 above, the
endomorphism & is defined by the commutativity of the diagram:

H(U", QW) & Ho(O™, Q) —» HW(T", Q)

(4.11) \ [ior
‘ H (U™, Q)5

where j* is induced by the inclusion
THUSN 8

On the image of H y(E", Q(*)),g, (Which is invariant under P"), & coincides with
[ xL]*"!, and is simply multiplication by L™".
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4.2 Theorem (Beilinson 1986, Deninger 1989). H*, (U™, Q(*))sgn decomposes into
eigenspaces on which & acts as multiplication by L™}, 0<i<n—1, and the
inclusion U™ o E" induces an isomorphism of H? (E" Q(*))sgn With the
L™ "-eigenspace of H%(U", Q(*))m.

The definition of the Eisenstein symbol is now as follows: let a= Y. (0)—(x).
xeP

Then &X(B) is the projection of @3(B®a®") into the L™" eigenspace, viewed as an
element of H”} }(E", Q(n+ 1)) under the isomorphism of Theorem 4.2.
Let us give a slightly different proof of Theorem 4.2. Recall that

U"={(xy,...,x,)e E"|for all 0<i<n, x;¢ P},
where xo= —x; —...—X,. We define, for 0<gq=<n,
Y ={(xy, ..., x,)€ E"|at least q of the x;’s are in P};
¥7={(xy, ..., x,) € E"|exactly q of the x;’s are in P}.
Then U™ = ¥}, E"— U™ =Y and
4.2.1) Yr5U® Y x{0,...,n} x P.
Moreover we have a decomposition E" = ]_[ f/" of E" into locally closed subsets

which are invariant under the action of 3;+ 1 P This group acts transitively on
the set of components of Y" with isotropy subgroup (%, .-, x %) - P"~% Notice
that the subgroup &, acts tr1v1a11y on the component

{1, X)EE Xy .y X g1 € P, X g=...=X,=0}

from which it follows that if g=2 then
HeW(¥7, Q(+)ign =0.
Then by the long exact sequences of motivic cohomology, we deduce that
HEW(E", Q(#))sgn = HZW(E", Q)i = HoW( V3O 1T, Q(¥))ipn -
Moreover, by 4.2.1,
HoW(Y, Q). , S HAU Y, Q)

We therefore have a long exact sequence:
(422)  H AUV, Qe — )~ HEW(E", Q).

= HW(U", Q(*)sgn,.. .~ Ho (U™, Q> —))5p, =

sgn,

By4.2.1 the localisation sequence is compatible with the family of endomorphlsms
Which are % on the middle two terms and L 2% on the outside ones. By
simultaneous induction it follows that:

SgNp + 1

(4.2.3) The boundary maps § are zero.

(4.24) The eigenvalues of & on H'(U™ , Q). are L™" " for 0<i<n—1,and

the corresponding eigenspaces are 1somorphlc to H3y (E" ™, Q(* — ))sgn,,_,. -

43 One would like a similar statement with E replaced by G,, and P by py. The
tXact sequence analogous to 4.2.2 still holds. For us the only case of interest is
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e =x=n. Then J vanishes, since the space

HZ(Grjo Q)5

is one-dimensional, spanned by the symbol {y,,...,y,}. Hence it will certainly
inject into H7%(k(G}), Q(1))egn=KY(k(yy, ..., y))®Q. Therefore the long exact
sequence splits into short exact sequences, and by a similar induction argument we
see that H%((G,—py)", Q). has dimension n, spanned by &7,..., @5 (In
particular, there is a non-trivial relation between &3, ..., @} —cf. Sect. 5.) However
there is no canonical decomposition as it is easy to see that the analogue of £ acts
by the scalar L™", for every L=1.

4.4 In order to decompose @} according to the weights of £, we must therefore
calculate & explicitly. Write Q, for the composite

Qp=[x L]*> &£ : H3(U", Q%) H:W(T", Q(»)).
By 4.2 we have

@an) =] T -1 (-1 |- oxpma.

n
where O 4; denotes the iterated composite 4, ... o 4,. Write PY'=L"/P. We can
i=1
rewrite the above expression as

(44.2) [n[—]l(L’"—L"“")“[xL"“]*‘1

9 (erf—n—L_"'i[XL]*)]o@;(/3®a®")-

Note that we may even extend the range of i to, say, i=n, making the operator
explicitly kill off one more eigenspace which we already know by 4.2 to be zero. We
will do this in the computation because it will painlessly suppress the
@%-component in 1.6. (If we did not do it, this component would have to be shown
to cancel out because of relation 5.2 — cf. the alternative proof we gave for
Proposition 3.2 which of course represents the simplest case.)

45 Let us analyse formula 4.4.1 with a view to computing 6" &5 via 1.6. As
indicated we modify 4.4.1 by letting i run from 1 to n. This also replaces
[xI[*1* ' by [ x [']* ' in 4.4.2.

4.5.1 Expand
O (er-'—u—L_”-i[XL]*)= Y (_1)“! O AI,E=Z(—'1)|IIAU
i=1 I¢{1,...,n} i=1 I
where |I| denotes the cardinality of I, and for each I {1, ...,n} and i€ {1, ...,n}, W¢

define
- Qpi-1 if i¢l
LiT\L " [ xL]* if iel.

For fixed I, we shall now compute
4.5.2) [XI'N]* 1od"c A, OUBR®").
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By 1.2 we find that
.Qp[i— 110 @';)[i— u(ﬂ®a®")= @;m(jlﬂ®j! d®")

and
[ x L]* o Opu- n(f®2®") = Opi(n* @ 7*a®").
Thus, writing
jroif i¢l
n* if iel,

11=_91 Aris A= {

1.6 allows us — neglecting signs — to transform 4.5.2 into

n+1 : Tni
(453) W‘W Z ( ) 1#rrezuuw (7’] 1)q+2 X(J}.Iﬂ i.m)(")HL

Here the first factor of L in the denominator comes from 1.3. In fact, in order to
apply 1.6 relative to the group of L' N-torsion we have to extend the base field to an
extension with ramification index L.

The following lemma is straightforward. (Notice however that we are using the
notation j! and n* in two different meanings: on functions Jy these operators refer
to the groups py,pm.y; on divisors the notation is relative to pyxZ/NZ,
By X Z/LNZ. In each case, j is inclusion and = the natural projection.)

454 Lemma. For any ye Q[P]°, we have
Jjw = n*g), > Jﬂ*)’ =Lj Jy .

This transforms 4.5.3 into

s £, (), 3 @aoxpre y

45.5) I 12

where I'={1,...,n} —I. - Now apply 2.7 and get

1 n
(4.5.6) L(T";Vr?ﬁ ) ( )qb; z (a mHOx z G RO [ 1774
But observe that

¥ (_1)II|QLn+2—i—j=iﬂl (I_Ln+2—i—j)

I1¢{1,...
if 2<j<n+1

(=L if j=n+2

u:; © i
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Thus taking the sum over all I {1, ...,n} in 4.5.6 and inserting this into 4.4.1, all
powers of L duly cancel, and we obtain:

n+1

7 D=L N L

] (dpd;B, . ) () [ x N]*@;.

Since [ x N]*®7= N"®}, the theorem now follows from 1.7 by a trivial computa-
tion. The constant comes out to be C} y= + N"(n+1)/(n+2)! in the case 1.4.

5 A linear relation

As observed in 4.3 above, there is a non-trivial relation between the elements &} for
0<g<n. We include it here even though the proof of the theorem we chose to
present does not rely on it, cf. the remark at the end of 4.4 above.

The relation is derived from the following identity in Milnor K-theory.

5.1 Lemma. In Milnor K-theory tensored with Z[1/2], we have

{l—xlxz...x,,, x,(1—x,) x,,,_l(i—xm)}
X Y eeny =0.
1—x, 1—x 1—Xp-1

Proof. By induction: assume true for m, and replace x,, by x,,X,,+,. Then we get:

0= 1=x1X5 o Xmr 1 X3(1—%5) Xm—2(1 =Xm—1) Xm—1(1 = XpuXpm+1)
1—x, T —x; 77 =Xy, 1—Xp_1

_ 1—%x1%5 . Xmey X3(1—X5) Xm—2(1 = Xm—1) 1= XX+ 1
1—x, Pl—x; 77 A=xp_, T 1—Xx,
1=X1%5 e Xy 1 X1(1—X5) Xm—2(1 = Xm—1) Xp—1(1—Xp)
+ b 9 s b
1—x, 1—x, 1—X,-» 1—x,_,

Now take the product with

—me —Xm+ 1) 1—mem+1
ZTm T mAl) g Tmemtd
1—x, 1—x,

to obtain the desired formula.
Apply this now with m=n and y;=x;. We get

{}’0(1"}’1) yi(1—y2) Vil = yi41) yn—1(1_yn)} -0
1—yo 1=y, 777 A=y 777 A=y,

Expand this using bilinearity. If the (k+ 1)* choice is y; or (1 —y,) ™!, then for the
resulting term to be non-zero the k™ choice must be y,_; or (1 —y,_,)~ ', and we
obtain:

2 yo yl yp—l 1_ 1_ }=0
pgo{l—yo’l—yl""’l—y,-l’ Yortre im0
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Now apply I1,,. Using the permutation (012 ... p) the result can be written as

Vi Vs }
0= -1 A e 1=Vt
Pgo( )p{1_y1 1—y,, yp+1 y 2n

n ) 4
= Z Z (_1)q Z < {1—Yh-"ayip'“a.Vi.,’-"’1—yp+l""’1_yn}sgn'

p=04=0 0Li;<...<ig=p

Here the k' entry is y, for k=i, ...,i, and 1 —y, for the remaining (n— g) values of
k. We conclude:

5.2 Proposition.

6 The number field case

Let F be a number field, @ its ring of integers, and let v denote finite places of F. The
subspace H’(E]r, Q(*)) of “integral” elements of H(E]r, Q(*)) is defined to be the
image of

H(Efp, Q%) HoY(Efr, Q(+),
where E;';»(E 10" is a desingularisation of the n-fold power of a global regular
minimal model of E. (See 6.6 below.) By the long exact sequence for the pair Ejg, EJy
this space of integral elements H”; '(Efr, Q(n+1)); equals the kernel of the
boundary map
H'¢ (El, QUn+ 1) [T H 3(Efe, Qn+ 1)),

allv

where subscript (v) denotes cohomology with support in the fibre at v.

6.1 Now let v be a place of F satisfying the assumptions 1.4. Write ¢ the projector
onto the subspace on which the group p% - &, - P" acts as follows: every p, acts by
—1,%, acts via the sign-character sgn,, and P" acts trivially. We then have a
commutative diagram:

H (El, Q(n+1)) () — Hg 2(Elp, Qn + 1)) (2)
a) 1
HY (Eln Qn+1) —  HYW(E5 Q)

where the isomorphism is between one-dimensional Q-vector spaces. For this
1somorphism see [Scholl 1990], proof of 3.1.0(iii); the proof given there applies
equally well in the present situation.

6.2 In general, given any finite place v of F, there exists a finite extension F'/F such
that, above v, E - has either good reduction or situation 6.1 applies. And in the
80od reduction case one has that H"J,(E;'kv, Q(n))=0: see (Soulé 1984,
Theorem 3 (ii)).

6.3 Lemma. Let F'/F be a finite extension. Then
coresg.p Hy(Elp, Q(*))z=H ((EJp, Q(¥))z .
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This is proved by a slight variation of (Beilinson 1985, 2.4.2), cf. (Schneider 1988,
p.13).

6.4 Finally,ifvis a place where E has either additive and potentially multiplicative
or non split multiplicative reduction, then the target space H'j,,(E;’kv, Q(n)) is zero if
and only if n is odd. This is seen from the Galois action on the generator ¢, U...Ut,
of the corresponding motivic cohomology over a suitable extension field.

We conclude:

6.5 Proposition. H"; '(E]y, Q(n+ 1))z is the kernel of the boundary maps
Hr {(Ejp, QUn+ 1) =11 HiulEf,, Q)),

the product being over all (finite) places of F where E has split multiplicative
reduction, if n is odd; and over all (finite) places of F where E has potentially
multiplicative reduction, if n is even.

Our theorem then allows to calculate explicitly the integrality obstruction for
elements of H” '(E}z,Q(n+ 1)). This justifies in particular the computations of this
obstruction performed in (Mestre and Schappacher 1990).

6.6 Some words regarding the desingularisation E\;'; are in order. [Note that in
Sect. 2.2 of (Mestre and Schappacher 1990), E7, is incorrectly defined as the
normalisation. ]

If E has semistable reduction, then the singularities of (E,,)" are products of
ordinary double points, and can be explicitly resolved (Deligne 1968, Lemme 5.4),
(Scholl 1990, Sect. 2). In general, the existence of a desingularisation seems open.

If one does not want to assume the existence of El, one may choose F” as in 6.2
and take the left hand side of 6.3 as the definition of HZ,(Efr, Q(*))z.

7 The modular case

7.0 In this section we show how our theorem gives a different proof of one of the
main results of (Beilinson 1986) — Theorem 7.4 below. [In (Deninger and Scholl),
this paper is summarised in a language closer to ours.]

7.1 Let N be an integer = 3, and let M, be the modular curve of level N, and Fy its
function field. We consider E/Fy, the universal elliptic curve with level N structure
a:E[N]5(Z/NZ)*. Taking P=(Z/NZ)? (which we identify with the N-torsion
subgroup of E via a) we obtain the Eisenstein symbol map, which we write

&%:QUZ/NZ)* 1~ H (", Qn+1)).

7.2 Write My’ for the cusps of M. Then as is well known, by regarding the cusps as
giving level N structures on the standard Néron N-gon, one has an identification of
the set of closed points:

IMF1>GL2Z/ND) (0 2

where 1€ GL,(Z/NZ) corresponds to the level N structure
G, xZ/NZ>o>pyx Z/NZ>(Z/NZ)*

(¥ b)—(a,b)
defined over Q((y).
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7.3 The main theorem enables us to calculate the effect of the boundary map

0: Hig '(E", Q(n+ 1)) = Hig G X MR, Q(1))sga > QLIMRI]

on the image of the Eisenstein symbol. Notice that the first arrow depends on the
choice of orientation of the special fibre of the Néron model of E, so that as written
the composite map is not canonical. To make it canonical we replace the target by
the space V™", where

vi= {f: GLz(Z/NZ)*Qlf(g (0 1)) ~flg)= if(—g)}.

Then our theorem shows at once that the composite 0 - & is a nonzero multiple of
the GL,(Z/NZ)-equivariant map wy: Q[(Z/NZ)*]°— V()" given by the formula:

(13.) @D@=_5% ¢ 0B,., (< %>)

Observe that this formula makes sense for any N>2.

7.4 Theorem (Beilinson 1986, Sect. 3). The boundary map
0:Hy Y(E", Q(n+1))ypuo VO

is an isomorphism on the image of the Eisenstein symbol.

This is an immediate consequence of (7.3.1) and the properties of the
“horospherical isomorphism™ [see the paragraph after 3.1.6 in (Beilinson 1986)].
Since we were unable to find a suitable reference for these properties, we give here a
direct proof. It is in two steps.

1.5 Step I. For every N =2 and every n=1 the map wY is surjective.

*
on . is contained in the image. The subspace of ¥* ® C composed of such

0
functions has for a basis the set of functions

s a b . 0 if c#0
¥\c¢ d xd) if ¢=0
where y:(Z/NZ)*—C* runs over Dirichlet characters with y(—1)= +1.
Define

ClearlS one is free to tensor with C. We first show that any function supported

BlR)= T ) e,

ye(Z/NZ)*
Then
Ny(d —1,2miwx/N f_‘_> )
T " Bs((3)) i emo
Yrle 4)7 Vo if c+0.

W}'iting the values of the Bernoulli polynomial in terms of Dirichlet L-series and
using the character orthogonality relations, the last expression becomes

- B W) Lhirp, —1—m)
) (n+2)No(N)x(d) DIZ%. (DM)™ Lp(DM)
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M
modulo DM associated to y, and (yp) denotes the Gauss sum

Z XD(x)_ 1 eZnix/DM .
xe(Z/DMZ)*

Rewriting 7.5.1 in terms of the primitive character y, modulo M, we finally obtain

vy _ —(1+2No(N) P )
A TM M) ,;<7W) Ul =L

As y(—1)=(—1)", the L-value is nonzero, as are the remaining factors. We
therefore have found a nonzero multiple of f, in the image of wj.

Now as a representation of GL,(Z/NZ), V* is generated by the functions f,.
This shows the surjectivity of w}.

It follows that for every n=1 the map

(@% oy ):QUZ/NZY1° >V oV
is surjective. Therefore the theorem will be a consequence of the next assertion.
7.6 Step I1. If N=3 and n=1 then
dim Im(&y) + dim Im(&y* ) <dimV* +dimV ~.

To prove this we consider (for the moment arbitrary) functions ¢ : Z>—Q, and
make the convention that ¢(x)=0 whenever x € Q* —Z2. For a squarefree integer
D=p,...p,21 define

(4p9)(x) =E%) (= *®E™"¢(x/E)

. N .
Here M is the conductor of y, for each DI—- we have written y, for the character

where x(E) is the number of prime divisors of E. Now,
(7.6.1) Adp=4,0...04,.

The operators 4, have the properties:
(i) 4p is injective for every D>1;
(i) If (D,D’)=1 then ImA,NnImA4, =ImA,,.
The first one of these follows from the elementary identity

(7.6.2) o(x) =EIIZ):"°E “"dpd)(x/E).
To prove (ii), suppose that 4,¢=A4,.¢". Then setting
y=73 E""¢'(x/E)
E|D>
and using 7.6.2 one sees that A,y =¢’ and also A, yp=¢.

7.7 Now if D|N then 4, induces an injective map
N 2710
AD,N:Q[(Z/BZ) ] ~QLZ/NZ)*]°

and from 1.2 and 7.6.1
Syodp y=0 provided D>1.
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We have &y(¢d(—x))=(—1)"Ex(@(x)). Moreover, let 47, y denote the composite of
Ap, y With the projection onto the subspace of ¢ € Q[(Z/NZ)*]° satisfying ¢(— x)
=(—1)"¢(x). Then dim Im 4}, y depends only on N, D and the parity of n; and

dimIm4} y+dimIm 43} =(N/D)*—1
for D> 1. The usual inclusion-exclusion argument then yields

dim Im(&5) + dim Im (&5 1)

w5 5.0 )

g

= 4 GL,(Z/NZ) / (; I) =dimV* +dimV .
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A sign confusion crept into the calculations leading to Proposition 3.2 of the above
article: the normalisation of py,...,p, used in Sect. 1 to define the Eisenstein
symbol does not lead to the usual Steinberg symbol in the case of K ;. Thus the first
displayed formula following 3.1 (p. 311) should read

o) = 2 N B S S S ,
I(Z-11% /) =57 2, XM [(C_”z @+ T @];&,«1&,«).

This has the effect of replacing the term d(v— ) in the formula of Proposition 3.2
by d{v+ p). The correct statement of 3.2 is therefore:

3.2 Proposition. For functions f, f] satisfying hypothesis 3.1 one has:

5();{frﬁ})=i3;, X Zd,{u)d;{v+u)B3<<;r>)-¢{.

uveZ/NZ j

Further results are not affected.
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