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A comparison of Paley—Wiener theorems
for real reductive Lie groups

By Erik P. van den Ban at Utrecht and Sofiane Souaifi at Strasbourg

Abstract. In this paper we make a detailed comparison between the Paley—Wiener the-
orems of J. Arthur and P. Delorme for a real reductive Lie group G. We prove that these
theorems are equivalent from an a priori point of view. We also give an alternative formulation
of the theorems in terms of the Hecke algebra of bi- K-finite distributions supported on K, a
maximal compact subgroup of G. Our techniques involve derivatives of holomorphic families
of continuous representations and Harish-Chandra modules.

Introduction

In this paper we make a detailed comparison between the Paley—Wiener theorem of
J. Arthur [1], and the one recently established by P. Delorme [6].

Let G be a real reductive Lie group of the Harish-Chandra class and let K be a maximal
compact subgroup. Let C2°(G, K) denote the space of smooth compactly supported functions
on G which behave finitely under both left and right translation by K. The Paley—Wiener
theorem of each of the above mentioned authors describes the image of C>°(G, K) under
Fourier transformation, in terms of a so called Paley—Wiener space. In this paper we will show
that the two Paley—Wiener spaces, denoted PW4(G, K) and PWP (G, K), respectively, are
equal, without using the proof or the validity of any of the associated Paley—Wiener theorems.
It thus follows that the two theorems are equivalent from an a priori point of view. Before
we proceed with discussing the contents of our paper let us briefly recall that Arthur’s proof
of the Paley—Wiener theorem in [1] relied on a result of W. Casselman which has remained
unpublished. In [3], the first named author and H. Schlichtkrull established a Paley—Wiener
theorem for reductive symmetric spaces which implied Arthur’s theorem in the special case of
the group. In particular, the proof in [3] used an appropriate substitute for Casselman’s result,
derived in [2, §16].

Delorme’s recent proof of a Paley—Wiener theorem for reductive groups in [6] is com-
pletely independent of the proofs just mentioned.

In order to be able to be more specific about the contents of this paper, we shall first give
a more detailed description of the two Paley—Wiener theorems mentioned above.

Let ¢ = £ @ p be a Cartan decomposition associated with the maximal compact subgroup
K. Here and in the following we use the convention to denote Lie groups by Roman capitals,
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and their Lie algebras by the corresponding lower case German letters. Let a be a maximal
abelian subspace of p, and let A = expa be the associated vectorial closed subgroup of G.
We denote by & (A) the (finite) set of cuspidal parabolic subgroups of G containing A. Each
parabolic subgroup P € & (A) has a Langlands decomposition of the form P = MpAp Np,
with Ap C A. Let M }’; gs denote the set of (equivalence classes of) discrete series repre-
sentations of Mp. For (S H) € M’\d and A € ap, we denote by 7z ), = mpg ; the
representation of G induced from the representation £ ® (A + pp) ® 1 of P. The associ-
ated module of smooth vectors for 7¢ ; has a realization on the space C*°(K:£) consisting of
smooth functions ¥ : K — J¢, transforming according to the rule

Yv(mk) =&m) f(k), forallk e K,me KN Mp.

Accordingly, each function f € C2°(G) has an operator valued Fourier transform
F(PED) = mea(f) = /G f(x) g 1 (x) dx € End(C*(K:§)).

Moreover, the endomorphism f (P, £, 1) depends holomorphically on the variable A € ajp .
If f is bi-K-finite, then f (P, £, L) belongs to the space S(P:§&) of bi-K-finite elements of
End(C*°(K:£)). Moreover, the holomorphic maps A +> f (P,&,A) are non-zero for only
finitely many of the pairs (P, £). It follows that f (P) may be viewed as an element of the
algebraic direct sum

(0.1) P 0@he) @ S(P:§).

Se1\4P ds

pre

We agree to define the pre-Paley-Wiener space PW, (G, K) as the space of elements
(p(P.&) | £ € Mp ) in (0.1) for which there exists a constant R > 0 and foreveryn > 0 a
constant C;,, > 0 such that

©.2) 10(P.E, )] < Ca(1 + |A]) " eRIREA

forall &, A.

We can now describe the Paley—Wiener space involved in Arthur’s theorem in [1]. Let Py
be a fixed minimal parabolic subgroup in & (A). Its Langlands decomposition is of the form
Py = M ANy, where M is the centralizer of A in K. The Arthur Paley—Wiener space

0.3) PW4(G, K)

pre

is defined as the space of ¢ € PW), (G K) satisfying all finite linear relations of the form

(0.4) > (P i Aviui) ¥i) = 0.,
i
with & € M”, ¢; € S(Po:&i)gy k- Ai € ag and with u; € S(a*) acting as differential
operators in the A-variable (see Section 2.1 for notation), as soon as these relations are satisfied
by all families of functions (A + mp, g 2(x) | § € M), for x € G. These are the so-called
Arthur—Campoli relations. In [1], Arthur defines a similar Paley—Wiener space involving all

minimal parabolic subgroups from #(A4). In [3] this space is shown to be isomorphic to the
one defined in (0.3).
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Next, let us describe the Paley—Wiener space introduced by Delorme [6]. The defini-
tion of this Paley—Wiener space involves the operation of taking successive derivatives of
a family 7, of representations, depending holomorphically on a parameter A € a}, for

some P € $(A). Such an operation is encoded by a sequence n = (11,...,7n) in ape,
listing the directions in which the derivatives should be taken successively. The associated
(m)

family 7, is again a holomorphic family of representations. The operation of derivation
also applies to a holomorphic family A — ¢, of continuous endomorphisms of 7} and then
gives a holomorphic family oM of endomorphisms of ni”) . Let D be the set of all 4-tuples
(P&, A,n) with P € P(A),Ee M }/," s & € ap and 7 a finite sequence of linear functionals

from a} as above. Given a datum § = (P, &, A,n) we define 75 := n},’?;’ 3~ Moreover, given

¢ € PWEE(G, K) we define 5 in a similar fashion. Finally, given a sequence § = (§1,...,8n)
of data from D, we write s := 75, @ --- D 75, and @5 := @5, D - D @5, -

Delorme’s Paley—Wiener space is defined as the space PWP(G,K) of functions
¢ € Bpep) PWH (G, K) such that

(a) for each finite sequence § € DV the function ¢s preserves all invariant subspaces of 7g;

(b) for any two finite sequences §; € DV and §, € DN2, and any two sequences of closed
invariant subspaces U; C V; for 75, (j = 1,2), the induced maps ¢s, € End(V;/Uj)
are intertwined by all G-equivariant operators T : V1 /U; — Vo / Us.

There is a natural map PW? (G, K) — PWF;,rg(G, K), given by
(0.5) (p(P.§) | P € P(A).§ € Mpy) > (p(Po.§) | § € M™).

In this paper we show that the map (0.5) is a linear isomorphism from PWP (G, K) onto
PW4(G, K), see Theorem 5.11.

To understand better the conditions involving the derivatives in the definition of the
Paley—Wiener spaces, we start, in Section 2, with the study of holomorphic families and their
derivatives. Instead of focusing on first order derivatives, we replace a holomorphic family
by the associated holomorphic section in a suitable jet bundle. This idea also occurs in W.
Casselman’s paper [5, §9]. We reformulate it slightly, by using a suitable trivialization of the
jet bundle. Our construction starts with fixing a finite dimensional module £ for the ring Qg
of germs of holomorphic functions (of 1) at zero. It then gives, for 7) a holomorphic family
of representations in a fixed complete space V', a new holomorphic family JriE) in the space
E ® V. The differentiation procedure of Delorme turns out to be a special case of this pro-
cedure, with £ a suitable module of dimension 2. In the same Section 2 we study how the
functor ) +> niE) behaves with respect to analytic families of intertwining operators and
with respect to induction.

In Section 3 we give an equivalent definition of Arthur’s Paley—Wiener space by invok-
ing the functors ) +> niE), instead of the derivations given by elements of S(a™) in the
Arthur—Campoli relations. These relations may then be reformulated as linear relations on
differentiated families of representations.

In Section 4 we simplify the definition of PWP? (G, K). First of all, due to the intertwining
relations in the definition, the space can be defined in terms of just the minimal parabolic
subgroup Py. Next, the intertwining conditions (b) turn out to be a consequence of the invariant

subspace conditions (a).



102 van den Ban and Souaifi, Paley—Wiener theorems

In the final Section 5, we bring into play the Hecke algebra H (G, K) consisting of all bi-
K -finite distributions on G supported by K. The importance of this algebra for representation
theory is based on the fact that the category of Harish-Chandra modules is isomorphic to the
category of finitely generated admissible modules for this algebra.

A key lemma in this section is the following. For (s, V') a Harish-Chandra module, let
End(r)* denote the space of K x K-finite endomorphisms ¢ of V' with the property that for
every positive integer n the Cartesian power ¢ " preserves all invariant subspaces of V>, The
mentioned key lemma asserts that

End()* = image(H(G, K)) C End(V).

It follows from this lemma that the Paley—Wiener space PWP? (G, K) allows the following
description in terms of the Hecke algebra. For every finite dimensional @p-module E, and all
finite sets 2 C M and A C a?&, we define the representation 7g = A to be the direct sum of

the representations ”;f)g 5> for (§,1) € E x A. Moreover, for ¢ € PWI;:;(G, K), we define

the endomorphism ¢ = A of mg = A by taking a similar direct sum. Then pwP (G, K) maps

isomorphically onto the space of ¢ € PWI;,rg(G, K) such that for all £, E, A as above,

(0.6) ¢E,z,A € e,z A (H(G, K)).

On the other hand, it follows from its definition that Arthur’s Paley—Wiener space
PW4(G, K) is equal to the space of ¢ € PWI;S(G, K) such that for all £, E, A as above,
@E, =z, is annihilated by the annihilator of mg g A (H(G, K)) in the contragredient module.
Since this condition is equivalent to (0.6), it thus follows that the map (0.5) is a linear isomor-
phism onto PW4(G, K) (Theorem 5.11).

Returning to the original formulation of Arthur’s Paley—Wiener theorem, we finally wish
to mention that the condition (0.4) may be replaced by the condition that for all &, u;, A; as in
(0.4), there exists a h € H(G, K) such that for all 7,

(p(gl ’ A'l' a ui) = 7[P0,‘;‘,-,/1,~;u,~ (h)

This characterization is given in Section 5.5 where it is used to derive, from Arthur’s theorem,
the Paley—Wiener theorem for bi- K -invariant functions, due to S. Helgason [8] and R. Gangolli

[7].

Acknowledgement. We thank Pierre Baumann for a helpful discussion, which led to
a simpler proof of Lemma 5.3. The second named author was partially supported by a grant
of The Netherlands Organization for Scientific Research, NWO, under project number
613.000.213.

1. Notation and preliminaries

Throughout this paper, G will be a real reductive Lie group in the Harish-Chandra class
and K a maximal compact subgroup. Let U(g) be the universal enveloping algebra of the
complexification g¢ of g. We denote by X — XV the anti-automorphism of U(g) which on g
is given by X — —X.
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In this paper, locally convex spaces will always be assumed to be Hausdorff and defined
over C.

For any continuous representation (z, V') of K (in a quasi-complete locally convex space)
and any class y in the unitary dual K™ of K, the K-isotypic component of (z, V') of type y is
denoted by V. The associated K-equivariant projection onto V), is denoted by Py, .

For every finite subset ¢ of K", we put

Vs =V, and Py:=EPP,.

yey yed

For any continuous representation (7, V') of G, with V' a quasi-complete locally convex
space, let V°° and Vi denote the vector subspaces of smooth and K-finite elements of V,
respectively. The first one gives rise to a subrepresentation of 7 and the second one to its
underlying (g, K)-module (7, Vk).

We say that a (continuous) G-representation or a (g, K)-module is admissible if all its
K-isotypic components are finite dimensional. A Harish-Chandra module is an admissible
(g, K)-module which is finitely generated as a U(g)-module.

The space C*°(G) of complex valued smooth functions on G is equipped with the left
and right regular actions of G; the subspace CZ°(G) of compactly supported functions is in-
variant for these actions. The actions are continuous for the usual locally convex topologies
on these spaces and may be dualized by taking contragredients. Let &'(G) denote the space
of compactly supported distributions on G, i.e., the topological linear dual of C*°(G). Fix a
(bi-invariant) Haar measure dx on G. Then the linear map

CX(G) = €'(G). [ fdx

is an injective intertwining operator for both G-action. Accordingly, we will use this map to
view C£°(G) as a submodule of &(G). For any continuous representation (77, V') and any
f € C(G), let w(f) denote the endomorphism of V' defined by

w(fv:= / f)r(x)vdx, vev.
G
Then for all v € V° and § € (V°°)*, the following equality holds:

§@(fHv) = (f dx,§(@(-)v));

the bracket on the right-hand side of the equation indicates the natural pairing between &'(G)
and C*°(G). Let (7;, V;),i = 1,2, be two (g, K)-modules. The space Hom(V7, V>) of (linear)
homomorphisms from Vj to V5 is naturally endowed with a (g x g, K x K)-module structure.
Indeed, for any 7" € Hom(V1, V2),

(X1, X2)T = m2(X3)oT —T om(Xy), Xi1,X2e€q,
(k1,k2)T = ma(kz) o T o my (ki) ki,ka € K.

Accordingly, the subspace Homq k) (V1, V2) of (g, K)-homomorphisms consists of the ele-
ments of Hom(V7, V») which are invariant under the diagonal action.
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Lemma 1.1. Let (7, V') be an admissible representation of G and let 01 and v be finite
subsets of K. Then the linear map

C°(G) - Hom(Vy,, Vy,), [+ Py, n(f)Py,
uniquely extends to a continuous linear map from &'(G) to Hom(Vy,, Vy,).

Proof.  Uniqueness of the extension follows by density of C2°(G)dx in &'(G). Let
vEVy and§ € V;z. Then by finite dimensionality of Hom(Vy,, Vy,) it suffices to show that
the linear map

£:CF(G) > C, [ E@(fv)

extends continuously to &’(G). Define the function m € C*°(G) by m(x) = &(w(x)v). Then
L(f) = (fdx,m), for f € C>X(G). Thus, u — (u, m) defines a continuous linear extension
of £ to &'(G). i

We consider the convolution product * on CZ°(G) given by

frglo) = /G FOgrx) dy.

for f,g € C°(G) and x € G. It defines an algebra structure on C2°(G). The subspace
C°(G, K) of left and right K-finite elements in C°(G) is closed under convolution, hence
a subalgebra of C2°(G). The convolution product has a unique extension to a separately con-
tinuous bilinear map &'(G) x &(G) — &'(G), denoted (u,v) — u * v. This turns &'(G)
into an algebra. It is readily seen that the subspace &'(G, K) of left and right K -finite elements
in &'(G) is closed under convolution, hence a subalgebra. Likewise, the subspace & (G) of
distributions with support in K is a subalgebra, and so is the intersection

(1.1) H(G, K) := €} (G) N €'(G. K).

The latter is also called the Hecke algebra of the pair (G, K) and is sometimes denoted by H
for simplicity. From Lemma 1.1, we obtain the continuous linear map

(1.2) €'(G,K) = End(Vk)kxk, u > m(u)

which intertwines the (g x g, K x K)-actions. Here the space on the right is equipped with the
weakest topology for which the K x K-equivariant projections of finite rank are continuous.
By application of Fubini’s theorem we see that 7 is a morphism on the convolution algebra
C2°(G, K), which is a dense subalgebra of &'(G, K).

By separate continuity of * and continuity of (1.2), it now follows that the map (1.2) is
a homomorphism of algebras. Let dk denote the normalized Haar measure of K. Then each
¢ € C(K) defines a distribution ¢ d k in &% (G), given by

(dk. f) = /K o) F(k) dk.

For a given representation y € K", we define the distribution o, € H by

oy =dim(y)y,v dk,
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where y,v denotes the character of the contragredient ¥ of y. Moreover, for ¥ C K" a finite
subset, we define the element oy € H by

oy = Z Qy.

ye

The functions «y, viewed as elements of H, will later be seen to define an approximation of
the identity in H. Let 91,9, C K" be finite subsets. We agree to write &'(G, K)y,, for the
space of distributions ¢ € &'(G, K) satisfying

01191 *(p*ot,}z = Q.

Then &'(G, K)y, 5, consists of the distributions in &'(G, K) of left K-type in #; and of right
K-type in 9,/ = {y¥ | y € ¥»}. Similarly, we write

CX(G,K)y,9, = C>(G,K)NE(G,K)y,»,

and
Hy, 9, :=HN &'(G, K)g,5,-

If U, V is a pair of admissible (g, K)-modules, we agree to write
Hom(U, V)g,9, ={A € Hom(U, V) | Py, APy, = A}
so that, for all admissible G-representations (i, V') and (7, U),
Hom(U, V)g,9, =~ Hom(Uy,, Vs, ),

naturally. Viewing Hom(U, V)gxx >~ Vk ® (U*)k as a (g X g, K x K)-module in a natural
way, we see that
Hom(U, V)g,9, = Hom(U, V)191®192v.

In particular, it is readily seen that
7(€'(G, K)9,9,) C End(V)y, 9, = End(Vk),9,-

Here we note that End(Vx)gxx C End(V'), naturally.

Proposition 1.2. For any admissible representation (7, V') of G,
n(CX(G,K)) = n(€'(G, K)) = n(H).

Proof. We denote the three given subspaces of End(Vx)xxx by Eso, Eg and Efg
respectively. Let B be the K-equivariant bilinear form on End(Vk)gx g given by

B(A, B) = tr(A o B).

By admissibility of 7 it follows that B defines a non-degenerate pairing, which is perfect when
restricted to End(Vg)g s, for & any finite subset of K”. Therefore, it suffices to show that
the B-orthocomplements Eé‘o E é;, and HL are equal. Thus, let 7 € End(Vx)xxx. Then it
suffices to show that the following assertions are equivalent:



106 van den Ban and Souaifi, Paley—Wiener theorems

(1) tr(Tw(x)) =0, forall x € G;

(i) tr(Tw(f)) =0, forall f € CX(G, K);
(iii) tr(T7(f)) =0, forall f € &'(G, K);
@v) tr(Tw(f)) =0, forall f € H.

Obviously, (i) implies (ii). By density of C2°(G, K)yy in &'(G, K)yy, for every finite
subset ¥ C K*, if follows that (ii) implies (iii). Moreover, (iii) implies (iv). We will finish the
proof by showing that (iv) implies (i). Assume (iv). For x € G, we define M(x) := tr(T 7 (x)).
By admissibility and K x K-finiteness of 7 it follows that M is an analytic function on G.
From (iv) it follows that ( f, M) = 0 for any f € H. Fix a finite subset # C K" such that
M e CX(G,K)gy. Then M = ay * M * ay. Letu € U(g), and set

fi=ay * (Lybe) x ay € H,
where §, is the Dirac measure at the unit element ¢ of G. Then
0= (/M) = (Lube, M) = (LzM)(e).

By analyticity this implies that M vanishes on the identity component G of G. By K -stability
of HI, we deduce that M vanishes on KGg. Since G is of the Harish-Chandra class, this means
that M = 0on G. O

Corollary 1.3. Let (7, V') be an admissible representation of G and assume that 91 and
¥, are finite subsets of K. Then

n(CX(G.K)y,9,) = n(6'(G, K)g,9,) = n(Hyp,9,) = n(H) N End(Vk)s, s,

Proof. This follows from Proposition 1.2 by using K-equivariant projections. |

2. Holomorphic families of representations and their derivatives

Let v be a finite dimensional real linear space. For any open subset €2 of its complexifi-
cation vc, we denote by @ (2) the space of holomorphic C-valued functions on €2, endowed
with the topology of uniform convergence on compact subsets.

For ;1 € vc, we denote by O, the algebra of germs at p of holomorphic functions
defined on a neighborhood of p. For any 2 as above, u € Q and f € O(R2), the germ of f at
w is denoted by v, (f) € Oy.

Let = P (vc) denote the algebra of polynomial functions vc — C. Then the map
p +— vo(p) is an embedding of algebras,  — y. Accordingly, we shall view & as a
subalgebra of Q.

The ring Oy is local; its unique maximal ideal M consists of the elements vanishing at
0. An ideal 4 <1 O is said to be cofinite if the quotient Q¢/dJ is finite dimensional as a vector
space over C. For k € N, let #, denote the space of polynomial functions vc — C of degree
at most k. Then

2.1 Op = P ® MFHL,

Therefore, the ideal M* 1! is cofinite in Oy.
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Lemma 2.1. Let d be an ideal in Oy. Then the following assertions are equivalent:
(a) The ideal d is cofinite.
(b) There exists ak € N such that M1 c 4.

Proof. As MK+ s cofinite, (b) implies (a). Conversely, assume (a).

The space V' = ¢/dJ is a finite dimensional vector space, and an (9g-module for left
multiplication. The associated algebra homomorphism Qg — End(V') is denoted by A. As Qg
is a commutative algebra and V is finite dimensional, there exists a positive integer p such that
the module V' decomposes as a finite direct sum of generalized weight spaces

V= [ ker(A(f) = x(f)idy)?

€00

with y € @0 := Hom(Oyp, C). Since Oy is a local ring with maximal ideal M, the set @0
of characters consists of the single element ¢ : g — g(0). It follows that V' = V/,,, so that
(f — f(0)? € J forall f € Q. In particular, f? € J for all f € M. As an ideal, M is
generated by n elements. Hence, MXt! C d, fork > np — 1. |

2.1. The derivation process. For each vector X € v we denote by dy the first order
differential operator given by dy¢(a) = %(p(a + zX)|;=0 for a € vc and ¢ a holomorphic
function defined on a neighborhood of @ in vc. The map X +— dy has a unique extension
to an algebra isomorphism u +— 9, from the symmetric algebra S(v) of vc onto the algebra
of constant coefficient (holomorphic) differential operators on vc. We will follow Harish-
Chandra’s convention to write

(2.2) pla;u) := dyp(a),

for ¢ a holomorphic function defined on a neighborhood of a.
We define the pairing (-, - ) between Q¢ and S(v) by

2.3) O xS(w) = C, (p,u) = ¢(0;u).

For a given cofinite ideal 4 <1 O, let Sy (v) denote the annihilator of 4 in S(v) relative to this
pairing. For k € N, let S (v) be the linear subspace of S(v) consisting of the elements of
order at most k.

Lemma 2.2. Letk € N. Then

(@) Sk(v) = Syk+1(v);
(b) the pairing (2.3) induces a perfect pairing ((90/Mk+1) X Sk (v) — C.

Proof. The pairing (-, -), defined in (2.3), vanishes on M¥ 1 x Sy (v). Thus, we have
Sk (0) C S pr+1(0).

From the decomposition Og = M¥*1 @ P4, and non-degeneracy of the pairing, it fol-
lows that S yk+1(v) < P;. In particular, the dimension of S «+1(v) does not exceed the
dimension of #, which in turn equals the dimension of Si (v). Assertion (a) now follows.

It also follows that the induced embedding Si (v) = S yk+1(v) — P =~ (O MEF1)*
is an isomorphism onto. By finite dimensionality, this implies assertion (b). ]
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Lemma 2.3. Let d be a cofinite ideal of Oy. Then the pairing (2.3) induces a linear
isomorphism Sy (v) >~ (Og/d)*.

Proof. ByLemma 2.1 there exists ak € N such that MK *1 C 4. This inclusion induces
an embedding of (Qg/d)* into (Qg/ M¥+1)* In view of Lemma 2.2, it follows that the pairing
induces an embedding (O¢/d)* < S(v). Its image is contained in the annihilator Sy(v), by
definition of the latter. On the other hand, the pairing induces an inclusion Sy(v) — @7 and
elements of Sy (v) vanish on d, so that Sy(v) <> (Qg/d)*. The result follows. |

For . € vc we denote by T}, the translation in v¢ given by v — v + u. We note that
the pull-back map TJ : ¢ = ¢ o T, induces a ring isomorphism from @, onto Q.

Let 4 <1 O be a cofinite ideal and let 2 be an open subset of vc. Then for every
f € O(2) and each u € Q2 we define

(2.4) Jaf (W) = pry(yo(T; f)) € Oo/d,

where pry denotes the projection of Qg onto Q¢ /.
In the following lemma, which is a straightforward consequence of the definitions, (-, -)
denotes the pairing induced by (2.3), see Lemma 2.3.

Lemma 2.4. Let f € O(R2). Then forall u € L,

(Jof(w).u) = f(uiu), ueSy(v).

Corollary 2.5. The map [ +— Jy f defines a continuous algebra homomorphism from
O(R2) 10 O(2,00/4).

Proof. Letu € S(v). For every f € O(R), the function d,, f = f(-;u) belongs to
O (L2). Moreover, the map d,, is a continuous linear endomorphism of @ (€2). In view of Lemma
2.4, it follows that for each & € (Qg/I)* the map f +— & o [Jg(f)] is a continuous linear
endomorphism of O (£2). By finite dimensionality of O/, it follows that J4 is continuous.

The assertion that Jy is an algebra homomorphism follows from combining the observa-
tions that Tlf , Y0, and pry are algebra homomorphisms. m|

Example 2.6. Let § € v.. Denote by ef the holomorphic function on v¢ given by
ef(n) =W, e,

In terms of the canonical identification of the symmetric algebra S(v) with the algebra J (v¢.)
of polynomial functions on v, we have duef = u(£)et, foru € S(v). Hence, if 4 is a cofinite
ideal in Oy, then for all © € vc and u € Sy(v),

() (Jgef(w),u) = u(€)ef ),
(i) Jgef (1) = e¥W pryoyp(ef).

Definition 2.7. Let E be a finite dimensional @g-module. For every f € O(R2) and all
p € Q, we define f€) () € End(E) by

FE) (e = )/O(T,ff)-e, ecE.
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Example 2.8. If £ = O¢/J for some cofinite ideal d of Oy, then, for any f € O(R),

If = fBuwa+49), pe.

Let A be an algebra and £ an A-module. We denote by anng(FE) the annihilator of
E in A, i.e., the kernel of the natural algebra homomorphism A — End(E). If E is finite
dimensional, anng (E) is a cofinite ideal of A.

Lemma 2.9. Let Q C v be open, and let E be a finite dimensional QOg-module. Then
forevery f € O(R2) and all 1 € ,
@ B e = Jame, ) /(1) - forall e € E;
®) (T NH)E) =T f®.

Proof. These formulas follow by straightforward computation. |

Lemma 2.10. Let E be a finite dimensional Og-module and let n € End(E)*. Then
there exists an element u = uy € S(v) such that

no fE)=d,f.
for every open Q C v and all f € O(R2).

Proof. Tt suffices to prove this for n = e* ® e, with e* € E* and e € E. Then, for
feO(RQ)and A € Q,

(2.5) no fEQ) = e*(yo(Ty ) - e).

Let J be the (cofinite) annihilator of e in ©g. Then the linear functional L : ¢ + e*(¢ - €) on
O factors through a linear map 9y/d — C. Hence, in view of Lemma 2.3, there exists an
element u € Sy(v) such that L(¢) = 9,¢(0) for all ¢ € Q. It follows that the expression on
the right-hand side of (2.5) equals 9y, f(1). |

‘We shall also need a kind of converse to the above lemma.

Lemma 2.11. Let F C S(v) be a finite subset. Then there exists a finite dimensional
Oo-module E, and linear functionals n,, € End(E)*, for u € F, such that

Mo f (E) = du f

for everyu € F, every open Q C vc and all f € O(R2).
Proof. By taking direct sums of finite dimensional (9g-modules we may reduce to the
case that F consists of a single element u € S(v). Let k be the order of u. Then ¢ +— ¢(0; u)
defines a linear functional e* on Og/J, for 4 = MK We put £ = O¢/J and let e denote

the image of 1 € Qg in E. Let n = e* ® e be the linear functional on End(E) defined by
T +> e*(Te). Then forall f € O(R2) and all A € Q we have

no fEA) = n(o(Ty 1) = e*(o(T5 f) - e) = du(yo(T /NO) = du f(A). D

We retain the assumption that €2 is an open subset of vc.
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Corollary 2.12. Let E be a finite dimensional Og-module. Then f +— fE) is a con-
tinuous algebra homomorphism from O (2) to O (2, End(E)).

Proof. The map is an algebra homomorphism by Lemma 2.9 (a) and Corollary 2.5. The
continuity is an immediate consequence of Lemma 2.10. m|

We agree to use the following notation for the map of Corollary 2.12,
(2.6) JE s rE9(Q) > 9(,End(E)).

The following property is an immediate consequence of the definitions; here we keep in mind
that End(E) @ End(F) — End(E & F), naturally.

Property 2.13. Let E, F be two finite dimensional ()g-modules. Then for every

/€0 ),
f(EGBF) — f(E) EBf(F).

To prepare for deriving more properties of the map J ), we formulate a few results on
finite dimensional Qy-modules.

Lemma 2.14. Let E be a finite dimensional Og-module. Then E is cyclic if and only if
there exists a cofinite ideal J of O such that E >~ O¢/d.

Proof.  Straightforward. |

Corollary 2.15. Let E be a finite dimensional Oo-module. Then there exist finitely many
cofinite ideals d1, . . . , 4, of Og such that E is a quotient of the direct sum Oo/d1D---DOo/dn

of Oo-modules. In particular, there exist k, N € N such that E is a quotient of the Og-module
(Oo/ MY for some k, N € N.

Proof. The first assertion results from the previous lemma. The second follows from
Lemma 2.1. o

Besides the decomposition (2.1), we have the following decomposition of & = P (v¢),
fork € N,
P =Pr ® (MNP,

Hence, the embedding # < ()¢ induces, for each k € N, an isomorphism of algebras
(2.7) g P/(MNPYRFL S 9g/ M,

It follows that & /(M N J’)f‘“ is a local ring, with unique maximal ideal equal to
(M NP/ (MNP L Thus, if I C P is an ideal with (M N P)¥T1 c 4, then d C M.

Lemma 2.16. Let J be an ideal of P. Then the following assertions are equivalent:
(a) There exists a k € N such that (M N Pkt  §.
(b) There exists an ideal J <1 Q¢ of finite codimension, such thatd = J N P.

If any of these conditions is fulfilled, then the ideal J in (b) is unique and the embedding
of P into O¢ induces an isomorphism of algebras P /Jd — Og/d.
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Proof. Assume (a). The image 4’ of J in P /(M N P)k+1 is an ideal. Its image 1 (4')
is an ideal of Qo/M¥ 1. Let 4 be the preimage of (5 (4) in Og. Then the following diagram
commutes:

PIM NP s 9/ MEHT
| |
P /3 i ©o/d.

Here i is induced by the inclusion map J < . The kernel of p equals J’ and the kernel
of g equals (JV ). As t is an isomorphism of algebras, it follows that i is an isomorphism of
algebras, and (b) is immediate.

Conversely, assume (b). Let d; <1 Q¢ be ideals such that J = J NP, forj =1,2. We
will complete the proof by showing that (a) holds and that d1 = {5.

Since J; and J5 are cofinite, there exists a constant k € N such that M**1 C J;, for
both j = 1, 2. Therefore,

(MNPYFL c (M NPy cd

and (a) follows. Moreover, for each j = 1,2 we have the following commutative diagram:

PlMNOPYHT s 9 ) MEH!
| lo
P/ El ©0/d;.

From the assumption on d; it follows that the map i; is injective. Moreover, since ( and g;
are surjective, it follows that i; is an isomorphism of algebras, for j = 1, 2. This implies that
ti (ker p) = ker(q;). Since J; equals the preimage of ker(q;) in Og, for j = 1,2, it follows
that 1 = J5. m]

Let FMg,, denote the category of finite dimensional Op-modules and FM » the category
of finite dimensional J?-modules £ for which there exists a k € N such that

(M NPT C annp(E).

If E, F belong to FM» then the FM p-morphisms are defined to be the $?-module homomor-
phisms E — F. We observe that their kernels and images belong to the category FM o as well.
If E is a finite dimensional Qg-module, then its annihilator  is cofinite. Since & — Oy, the
space E is a finite dimensional $-module as well and its annihilator J := ann 2(E)in P is
given by J = 4 N #. Furthermore, by Lemma 2.1 there exists a k € N such that

(M NPT C annp(E).
We conclude that there is a well-defined forgetful functor ¥ : FMg, — FMp.

Lemma 2.17. The forgetful functor ¥ : FMg, — FMgp is an isomorphism of cate-
gories.
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Proof. Let E be a non-trivial J-module from the category FMgp and let
¢ : P — End(FE) be the associated algebra homomorphism. As the ideal J = ker ¢ satis-
fies condition (a) of Lemma 2.1 it follows that there exists a (unique) cofinite ideal 4 <1 Qg
such that 4 N » = J. Via the isomorphism /4 ~ Oy/d we equip E with a compatible
structure of @g-module.

A compatible Qgp-module structure on E corresponds to an algebra homomorphism
¥ : Q9 — End(FE) which restricts to ¢ on . For such a ¢ we have kerp = Ny
hence kery = J. In view of the isomorphism J/ J >~ O /4, it follows that v is uniquely
determined by ¢. We conclude that £ has a unique compatible structure of 9g-module.

Let now F be a second #-module from the category FMp. If f : E — F is a linear
map, then it readily follows from the above that f is a $-module morphism if and only if f isa
morphism for the compatible structures of )g-modules. This implies that # is an isomorphism
of categories. |

Corollary 2.18. For every pair E, F of finite dimensional Og-modules,
Homg,(E, F) = Homgp (E, F).

Our next objective is to consider tensor products in the categories FMp and FM, .

Let n € N* and consider the n-fold Cartesian product vg, of vc. Projection onto
the j-th coordinate is denoted by pr;. Pull-back by pr; defines an embedding of algebras
pr}k :p > poprj, P — P(vg). The multi-linear map

n
(p1.--- pn) = [ ] P (o))
j=

induces an isomorphism of algebras $®" — P (v ), via which we shall identify the elements
of these spaces. Accordingly,

(P1® - ® pn)(ftrs - pin) = pr(p1) -+~ pn(in),
for p; € # and u; € vc. The maximal ideal M pen in & (v(.) consisting of the polynomials
vanishing at 0 is now given by M pen = Y 7_; Mp ,.;, where
i
Mppi =P & QP SMNP)RP B & P

Lemma2.19. Let Eq, ..., E, be finite dimensional P -modules from the category FM p.
Then E1 ® -+ ® Ep is a ®"-module from the category FM p@n.

Proof. There exists a k € N such that (M N P)* 1 annihilates each of the modules E;,

for I <i < n. Itis now readily checked that

(Mf@n)n(k—i_l) C ann5)®n (E] R R En) O

We consider the map
on Vg = 0C,  (Wieeo i) = f1 o
Pull-back by o, induces an algebra homomorphism

(2.8) af P — PO
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Lemma 2.20. The homomorphism o, maps the maximal ideal M N P of P into the
maximal ideal M pen of P®".

Proof. The ideal M N J is generated by the first order polynomials ¢ € v.. Now

(2.9) a;;(g)=Zl®~-®1®é®1®~-®1,

i=1
and the result follows. O

Corollary 2.21. Let n € N*. Via the homomorphism (2.8), every finite dimensional
P 8" _module from the category FM pen becomes a P-module from the category FM p.

Proof.  Straightforward. m|

Remark 2.22. If E is a finite dimensional &#-module, we define
mg P — End(F)

bymg(p)e :=p-e,forp e P ande € E.

If Eq,..., E, are finite dimensional modules from the category FM g, then by combining
Lemma 2.19 and Corollary 2.21 we may equip the tensor product £; ® --- ® E, with the
structure of a module from the same category FM ». The module structure is given by the rule

*
ME,@-QE, = (Mg, ®---Q@mE,)oq,.

In view of (2.9) this module structure is completely determined by the rule

n
2.10) mEg g0k, ) =Y idg, ® - ®idg,_, @ mg, (§) ®idg,,, ® -+ ®idg,

i=1

for & € vg, C P.

Accordingly, if Eq,..., E, are finite dimensional (Jp-modules, then in particular they
are ?-modules from the category FM ». We equip the module £ ® --- ® E, from FMp with
the unique compatible structure of g-module.

Lemma 2.23. Let Eq, ..., E, be finite dimensional Og-modules. Then, as Qg-modules:

E1®@ - QFE, ~E1Q(E2Q--® Ey).

Proof. In view of Remark 2.22, it suffices to establish the identity as an identity of
#-modules. Thus, it suffices to show that

mEl ®"'®En = mEl ®(E2®"'®En)'
Since v, generates &, it suffices to check this identity on any element & € vg.. This is easily

done by using the identity (2.10). ]

We return to the setting of an open subset 2 C vc and resume our study of the map
JE) s FE) 9(Q) - O(Q,End(E)), introduced in (2.6), for E a finite dimensional
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(p-module. In the following we shall use the natural identification

O(Q,End(E)) ~ O(Q) @ End(E).

Lemma 2.24. The restriction to P of the map JE) is given by
JB)|p = (idp @mE) o .

In particular, this restriction maps & into P ® End(E).
Proof. Let p € #. For any u € vc, we have Tlfp € #,and forany e € E,

pB(we = (Tj;p)-e = mp(T; pe.
Hence,
(evu ® idgaacey) © I Blp = mp o T | 2.
Viewing ev;, ® idp as a P-valued function on & ® J, we may identify the map 7, with
(evy, ®idp) o ey on L. Using the relation

mEg o (evy ®idp) = (evy ®idgua(k)) © (idp ® mE),

we obtain the assertion of the lemma. O

Proposition 2.25. Let E| and E; be two finite dimensional Og-modules. Then, for
every [ € O(RQ),
(J(El) ® idEnd(Ez))f(EZ) — f(E1®E2).

Proof. By density of the subspace & in O (£2) and continuity of the maps J (E1®£2) and
(J (E1) ®idgna(E,)) 0/ (E2) see Corollary 2.12, it suffices to establish the validity of the identity

on a fixed element p € 2. By definition of J£1) we have evgy o JEVg = mg, (q) for each
q € #. Using Lemma 2.24 we obtain

(J Y & idpua(g,) pE2(0) = (mE, ® idpna(e,)) pH?
= (mg, ® idpua(E,)) © (idp ®mE,) (a3 p)
= (mg, ® mg,) o a5 (p)
= mE,e8,(p) = pE1®E2(0).

The result now follows by translation invariance; see Lemma 2.9 (b). O

Proposition 2.26. Let E1, ..., E, be finite dimensional Og-modules. Then, for every
f €0,
(JED oo JEDY(f) = fE1@BE)

In the formulation of this proposition we have slightly abused notation, by using the
abbreviation J (£ for JE0) @ idgag(g, ) ® - ® idpad(E,)-

Proof. In view of Lemma 2.23, the result follows by repeated application of Proposition
2.25. i
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Let A € vc. By J; we denote the subset of g consisting of all elements ¢ € M
satisfying
(2.11) 0)rp € M.

By the Leibniz rule, 4, is an ideal of ©¢ containing M?.

Lemma 2.27.  Assume A # 0. Then J,, is an ideal in Og of codimension 2. If § € v(. is
such that E(A) # 0, then Qg = C1 @ CE D d,.

Proof. Consider the linear map L : Qg — C? defined by L(¢) = (¢(0), 3,¢(0)). Then
4, equals the kernel of L, hence is of codimension at most 2. On the other hand, L is readily
seen to be injective on C1 @ C§, and the result follows. |

Letd,....d, be acollection of ideals from & containing (M N P)*+1 for some k € N.
Then the algebra homomorphism o : # — $®" induces an algebra homomorphism

@ P> (P/I) @& (P/In)
by composition with the natural projection from $®” onto the quotient algebra on the right.

Lemma 2.28. Let A € v \ {0}, and let d <1 P be an ideal with (M N P+ c J for
some k € N. Then the kernel of
P - PP/ NP)

is equal to {p € 4 | 3, p € d}. In particular, this kernel contains (M N P)k+2.

Proof. The last assertion follows from the first one by application of the Leibniz rule.
We turn to the proof of the first assertion.

We fix £ € v such that £(A) = 1. By Lemma 2.27 we have > = (C1©CE§) @ (P Nd;)
as a linear space. Let w : # — C1 @ C£ denote the associated projection operator. Then it is
readily checked that

n(p) = p0) + 3, p(0)§. peP.
This implies that for all p € & we have

(idp @m) ooy (p) =p @1+ 0;,pQE.

It follows that &5 (p) = 0 if and only if p € Jand d;p € J. m]

Lemma 2.29. LetAq,..., A, € vc \{0}. If n > 1, the kernel of
&;Ze?%(?/ﬂxl NP)Q---@(P/dx, NP)
equals the kernel of
a P — (P/kerd,_y) ® (P/d;, NP),

where &, _, denotes the composition on the left of the algebra homomorphism o, _, with the

projection P (P, NP) R R(P/y,_, NP).
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Proof. The map a,;_, induces an embedding (denoted by the same symbol)
Up_y:P/kera, | — (P/I), NP)Q - Q(P/dy, , NP).

Moreover, the following diagram commutes:

3k
n

i

P

(P/Ip, NP) Q- @ (P/ds, N P)

=k

azJ/ &;_1®id?/(JAnﬁ<9’)
(P/ker@’_) ® (£/d;, N P)

Thus, ker @y = kera. O

Lemma 2.30. Let Ay,..., A, € ve \ {0}. Then the kernel of
Oy : P = (P/I), NP)Q - Q (P /Iy, NP)
consists of the elements p of M N P satisfying p(-:Aj, ---Aj,) € M, forall1 <1 < n,

1 < j1 <--- < j; <n. In particular, this kernel contains (M N P)"+1,

Proof. The final statement follows from the first by repeated application of the Leibniz
rule. The first statement follows by induction on n, by application of Lemmas 2.28 and 2.29.
i

Proposition 2.31.  (a) Let Eq, ..., E, be finite dimensional Oy-modules. There exist
N.k € N such that E; ® --- ® Ey, is a quotient of the Og-module CN & O/ MK+1
(action on the second tensor component).

(b) Let d be a cofinite ideal of Oy. There exist Ay,...,An € v such that the algebra
homomorphism

5{: P = (P, NP)R- R (P, NP)
satisfies ker &, C J. In particular, the Og-module O/ is a subquotient of

(Oo/d3,) ®---®(Oo/dn,).

Proof. Assertion (a) follows from Corollary 2.15 and (2.7). For the second assertion, we
note that by Lemma 2.17, there exists a number & € N such that (M NPT c 4N P c M.
Fix a basis {X1...., Xy} of v. Putn := kN and

Ajyi =X forO0<j<N-—landl <i <k.
By Lemma 2.30, the ideal ker ¢;; is equal to
{peMnNP|p(ihj-—Aj)eM 1<]<n1=j <---<jj<n}.

Hence, if p € kera;, then
pO:;XPy =0, |Bl<k.

This implies that p € (M NPT Thus, kera,; C J. In particular, it follows that the
#-module /(4 N P) is a subquotient of (P /Iy, N P) @ --- ® (P/Jd,, N P). The final
assertion now follows by application of Lemmas 2.16 and 2.17. |
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2.2. Holomorphic families of continuous representations. We retain our assumption
that €2 is an open subset of the finite dimensional complex linear space vc.

If X is a locally compact Hausdorff space, and V' a locally convex (Hausdorff) space, then
by C(X, V) we denote the space of V' -valued continuous functions on X, equipped with the
topology of uniform convergence on compact subsets. If V' is quasi-complete, then C(X, V) is
quasi-complete as well.

Let V be a quasi-complete locally convex space. The subspace @ (2, V) of V-valued
holomorphic functions on €2 is closed in C(£2, V') hence quasi-complete of its own right. For
our further considerations, it is important to note that the algebraic tensor product £ (vc) ® V
is dense in O (2, V), see Lemma A.1.

If V, W are locally convex spaces, we write Hom(V, W) for the space of continuous
complex linear maps V' — W. This space, equipped with the strong operator topology, is
locally convex again. Moreover, if V' is barrelled and W quasi-complete, then Hom(V, W) is
quasi-complete as well, see the paragraph before Lemma A.4. As usual, we write End(V') for
Hom(V, V). Let U be a third locally convex space. Then the composition map

B :Hom(U, V) x Hom(V, W) — Hom(U, W), (A,B)+ Bo A

is bilinear and separately continuous. Moreover, if V' is barrelled, then by the principle of
uniform boundedness, 8 is continuous relative to (i.e., when restricted to) sets of the form
Hom(U, V') x C, with C C Hom(V, W) compact; see Lemma A.4. Now assume that U, V' and
W are quasi-complete locally convex spaces. If U and V' are barrelled, then it follows from
the material in the appendix, see Lemma A.6, that the natural pointwise composition defines a
bilinear map

B« 1 O(2,Hom(U, V)) x O(2,Hom(V, W)) — O(2, Hom(U, W)).
Definition 2.32. A holomorphic family of continuous representations of G over €2 is a
pair (7, V') such that the following conditions are fulfilled:
(a) V is a Fréchet space.
(b) 7 is a continuous map from G to O (€2, End(}V)) satisfying:

(1) 7(g182) = 7(g1)7(g2), for g1, g2 € G,
w(eg) = 1y, where 1, () = idy forall u € Q;

(2) forevery k € K, the End(V)-valued function 77 (k) is constant on £2.

A holomorphic family of smooth representations of G over 2 is a family (7, V') as above
such that in addition

(2.12) (g, M) > (@M, GxQL-—>V

is smooth for every v € V.

Remark 2.33. Given g € G and A € Q we agree to write my(g) := mw(g)(A). The
condition that V is Fréchet ensures that the principle of uniform boundedness is valid. By
application of this principle it follows that the map

GxQxV =V, (g.A1v)~m(gv



118 van den Ban and Souaifi, Paley—Wiener theorems

is continuous and holomorphic in A. More generally we could have given the definition of
a holomorphic family of continuous representations under the weaker assumption that V' be
quasi-complete and barrelled. All results of the present section and the next are in fact valid
under this weaker assumption. However, in Section 2.4 the assumption that V is Fréchet will
really be needed.

Definition 2.34. Let (7, V) and (p, V,) be two holomorphic families of continuous
representations of G over 2. A holomorphic family of intertwining operators, 7', between
(7, Vz) and (p, V,) is an element of O (€2, Hom(V5, V))) satisfying

Tn(g) =p@T, ge€G.

Definition 2.35. The category HFg is defined as follows.
(a) The objects are the holomorphic families of continuous representations of G over €2.

(b) The morphisms are the holomorphic families of intertwining operators between two ob-
jects.

For any (7, V;) € HFg, the identity morphism is the holomorphic family 1, of intertwining

operators defined by
() :==idy,, AeQ.

The composition 7’ o T of two (composable) morphisms is given by pointwise composition:
(T'oT), = T/{ o T). Itis again a holomorphic family of intertwining operators, by virtue of
Lemma A.6.

If V and W are locally convex spaces, and E a finite dimensional complex linear space,
then the map (A1, A2) — A1 ® A, induces a linear isomorphism

End(F) ® Hom(V,W) ~ Hom(E  V,E @ W),

which we shall use for identifying these spaces. Accordingly, if V' and W are quasi-complete,

and V barrelled, then
JE T 78

defines a continuous linear map
O(Q,Hom(V,W)) - O(Q,Hom(E Q V,E Q@ W))
(see Remark A.7).

Definition 2.36. Let E be a finite dimensional @g-module.

(a) For (7, V) € HFg, we define 7€) to be the continuous map
7B = gE o g tg n(g)(E), G— 0O(Q,End(E®V)).
(b) For any morphism 7" : (, Vz) — (p, V,) of HF g, we define

TE .= JEN(T) € O(Q.Hom(E ® Vi, E ® V,,)).
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Proposition 2.37. Let E be a finite dimensional Og-module. Then JE) defines a func-
tor from HF g to itself.

Proof. Let (, V) € HFg. We will first show that (7£), E ® V) € HFg. Let B denote
the composition map in End(V). It is a bilinear map, which preserves holomorphy on £ by
Lemma A.6. Moreover, by Corollary A.12 we have, for all g1, g> € G,

7E)(g192) = m(g182) ) = (n(g1)7(g2))E
= 7(g1) B (g2)E) = 7B (g1)n B (g7).

Also, 7E) (eg) = 1,(,E) = 1,w&. For k € K, the End(}')-valued function 7 (k) is a con-
stant on €2, and therefore, so is the End(E ® V)-valued function 7 (&) (k) = 7(k)E). Hence
(1) and (2) of Definition 2.32 (b) are fulfilled. It remains to show that, for any morphism
T : (n,Vz) — (p,V,) of HFg, TE) is a morphism of HFg from (E)E ® Vy) to
©0E) E® V)). For this it suffices to show that, for g € G,

T(E)H(E)(g) — p(E)(g)T(E).
This follows from Corollary A.12, see also the first part of the present proof. |

The category HF g has a null object, (0, {0}), and one can define a biproduct in HFg as
follows. Let (r, V), (p, V,) € HFG. Set, forany g € G, A € Q and (v, w) € Vz & V),

(r @ p)a(g) (v, w) := (mr(g)v, pa(g)w).

Then (7 @ p, Vz @ V),) defines an object of HF. We define the full subcategory HFZ of HF
by stipulating that the objects are the holomorphic families of smooth representations over €2
(the set of morphisms between objects in HFZ coincides with the set of morphisms between
the objects viewed as objects for the bigger category HFg. Likewise, the full subcategory
HF?;O’aldm of HFY consists of the objects (i, V) of HFgY with Vg admissible.

If (7, V) € HFg, then the identity morphism 1, is constant as an End(}V')-valued func-
tion on €2. This enables us to define a particular subcategory.

Definition 2.38. The subcategory “HF of HF g is defined as follows.
(a) The objects are the objects of HFg.

(b) If (7, V') and (p, W) are objects of HFg, then the associated collection of “HFg-mor-
phisms consists of all HFg-morphisms 7" in O (€2, Hom(V, W')) which are constant as a
function on 2.

In a similar fashion, we define the subcategories °HFg of HFZ and °HF°G°’adm of HF%o’adm.

Note that °HFCZ;°’Mlm is a full subcategory of “HF¢’, which in turn is a full subcategory of
°HFg.

Remark 2.39. For every E € FMg,, the functor J (E) . HF; — HFg leaves all
subcategories HFYY, HF%O’adm, °HFg, °HF%° and °HF°G°’aGlm invariant.
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Lemma 2.40. Let : E — E' be a morphism in FMg,, and let (7, V) be a holomor-
phic family of representations. Then ¥ ® 1, intertwines the families 7 E) and 7 E.

Proof. 1f f € O(R2), then from the definitions it readily follows that

vo fBw=fEwoy, peq.

From this and the identification End(£) ® End(V;) >~ End(E ® Vy), it follows that for all
ge€Gthemap v ® 1 : EQ® Vy — E’' ® V, intertwines nl(LE)(g) = 7(g)E)(w) with

E’ ’
i (8) = 7(8)E) (). o
The above lemma justifies the following definition.

Definition 2.41. Given any (7, V) € obj(HFg ), we define the functor X, from FMg,
to °HFg as follows.

(a) For an object E € FMg,, the associated object of “HFg is given by
Xo(E):= 7B E ® Vy).
(b) For a morphism ¢ : E — E’ of FMg,, the associated morphism of “HFg is given by
Xa(@) =9 &l : (@B E@ Vi) > (x ) E' & V).

Remark 2.42. It is readily checked that X is a functor. Indeed, X, respects composi-
tion of morphisms, and X (idg) = idggy, = 1k&.

As FMg, is an abelian category, we have the usual notion of finite direct sums and exact
sequences in FMg,,.

The category Vect of complex vector spaces is abelian. If 7 : (7, V) — (p, W) is a
morphism in °HFg, then there exists a unique linear map Ty : V — W such that T(A) = T
for all A € Q. By abuse of notation we will write T for Ty. We thus have a forgetful functor
°HFg — Vect.

The category “HFg is not abelian. Nevertheless, we may use the forgetful functor to
define exact sequences.

Definition 2.43. A sequence ((7wg, Vi), Tk), p < k < g, in the category °“HFg, where
P.q € Z, p < g, will be called exact if its image under the forgetful functor "HFg — Vect is
exact, i.e., the image of Tj_ equals the kernel of T} forall p < k < gq.

Lemma 2.44. Let (7, Vy) € obj(HFg). Then the functor X : FMg, — °HFg has the
following properties.

(a) It sends every short exact sequence 0 — E — E' — E” — 0 to a similar short exact
sequence in °HFg.

(b) It sends every exact sequence of the form 0 — E — E’ in FMg, to an exact sequence of
similar form in °HF g.
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(c) It sends every exact sequence of the form E' — E” — 0 in FMy,, to an exact sequence
ry q Oo q
of similar form in °HFg.

(d) It sends a direct sum of the form E = E1 @ E» in FMg, to a similar direct sum in "HFg.

Proof. Let FDVect denote the (abelian) category of finite dimensional complex linear
spaces. Then we have a forgetful functor ¥ from FMg, to FDVect. A sequence in FMg, is
exact if and only if its image under ¥ is exact in FDVect. According to the definition above,
the forgetful functor ¥’ : °HFg — Vect has a similar property. Given U € Vect we define the
functor Xy : FDVect — Vect by Xy (E) = E ® U for an object E of FDVect. A morphism
f tE — E"in FMg, is mapped to Xy (f) = f ®idy : EQU — E' ® U. Itis readily
seen that the functor Xy is exact, and has the obvious properties analogous to (a)—(d). Since
FloXs,=X F/(x,v) © F, assertions (a), (b) and (c) of the lemma follow. For assertion (d)
it remains to be shown that each natural embedding i; : E; — E, for j = 1,2, is mapped
to an embedding X (i;) from X (E;) onto a closed subspace of X (E). Let p; : E — E;
be the natural projection. Then by exactness of the sequence 0 - E; — E — E; — 0 it
follows from the established assertion (a) that 0 — X;(E1) & Xz (E) > Xz (E2) — 0is
exact. This implies that X (i1) has closed image in X, (E). Likewise, X (i2) is seen to have
close image. m|

Remark 2.45. In view of Remark 2.39, Lemma 2.44 has an obvious generalization to
objects from HFg and from HF%o’adm.

Proposition 2.46. (@) Let Eq,...,Ey € FMg, and set E := E1 ® --- @ Ey. Then
there exist N,k € N such that, for any object (m,Vy) in HFg (resp. HF?, HFOGO’adm ),
the family ()| E ® Vi) is a quotient of

(iden @ @/MTD N & 0/ M @ V)

in the category °HFg (resp. °HFE, oHFoGO,adm )
(b) Let E € FMg,. Then there exist A1, ..., A, € v such that, for any object (7w, Vy) in
HFg (resp. HFE . HFC(;O’adm)’ the family (' E)| E ® Vi) is a subquotient of
(@08 SO 1)) (9, &+ & (O0/31,) @ V)
in the category °HFg (resp. HF®, *HFZ™").

Proof. This follows from Proposition 2.31 combined with Lemma 2.44. m|

2.3. Holomorphic families of admissible (g, K)-modules. For the purpose of this
paper, it is convenient to introduce the following notion of holomorphic families of admissible
(g, K)-modules. Recall that 2 is an open subset of the finite dimensional complex linear space

vC.

Definition 2.47. A holomorphic family of admissible (g, K)-modules over €2 is a triple
(1, 2, V) satisfying the following conditions.

(a) V is a complex vector space.
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(b) 71 is a map from U(g) x 2 to End(V') such that
(1) foreach A € 2, the map 71 (-, A) is a Lie algebra homomorphism;

(2) for each u € U(g) and every v € V, the vector subspace of V' generated by the
w1(u, A)v, A € Q, is finite dimensional and the map A — 71 (u, A)v is holomorphic
from €2 into this subspace.

(¢) m» is a Lie group homomorphism from K to GL(V') such that
(1) for each v € V, the vector subspace of V' generated by the w5 (k)v, k € K, is finite
dimensional;
(2) forallveV,A e Q,uelU(g),k €« Kand X € ¢,

(A, Av = 72 (k)71 (u, M),

%[”Z(exp EX)]li=0 = m1 (X, Mv.

(d) Forevery § € K™, the K-isotypic component 1, 5 of 2 of type § is finite dimensional.

Remark 2.48. Let (71,72, V) be as in the above definition. Given A € Q we agree
to write 51, for the map 71(-,A) : U(g) — End(V). Then (my), w2, V) is an admissible
(g, K)-module.

We also need the following notion of holomorphic family of intertwining operators.

Definition 2.49. Let (71,72, V) and (p1, p2, W) be two holomorphic families of ad-
missible (g, K)-modules over 2. A holomorphic family of intertwining operators between
(71,2, V) and (p1, p2, W) is a function 7" : 2 — Hom(V, W) satisfying the following con-
ditions.

(@ TA)m(u,A) = p1(u,A)T(A), forall A € Q and u € U(g).

(b) T(A)ma(k) = p2(k)T(X),forall A € Q and k € K.

(¢) For any finite dimensional subspace V of V, there exists a finite dimensional subspace W
of W such that T(A)(V) C W for all A € €, and the associated function A = T'()|
belongs to O (2, Hom(V, W)).

Let HF?;‘“K) denote the corresponding category of holomorphic families of admissible

(g, K)-modules.
Let (7, V') be an object in the category HF%O’adm. Then for each A € Q, u € U(g) and
v € V we may define

m(u)(A)v = Lyv (g = w(g)(A)v)|g=e-
We put 71 (4, A) = 7w (u)(A) |y, and ma (k) = w(k)|y,.

Lemma 2.50. Let (n,V) € HF%O’adm and let w1, o be defined as above. Then

(m, V)k = (w1, m2, Vk)

is a holomorphic family in HFS™ . Moreover, (\)x : (7w, V) + (7, V)k defines a functor

(g.K)
00, adm adm
HFg "™ — HF{m .
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Proof. It follows from the smoothness of the map (2.12), the continuity of the map
Lyv : C®(G) — C*(G) and the holomorphy with respect to A, that ¢ : A — w(u)(A)v
defines a holomorphic function @ — V. Let now v € Vg and let 9, C K denote the
set of K-types appearing in the 7 (K)-span of v. Moreover, let ¢}; be the set of K-types
which appear in the Ad(K)-span of u. Finally, let ¢} be the union of the sets of K-types of
81 ® 82, for §; € ¥;, j = 1,2. Then ¢ has its image contained in the finite dimensional
subspace Vy C Vg. It follows that ¢ is holomorphic as a function 2 — Vj. This shows
that (71, o, Vi) satisfies condition (2) of Definition 2.47 (b). The other conditions of that
definition are pointwise in A, and therefore consequences of the standard theory of assigning
the (g, K)-module of K-finite vectors to an admissible smooth Fréchet representation, see for
instance [10, Lemma 3.3.5]. The latter assignment is a functor from the category of admissible
smooth Fréchet representations to the category of Harish-Chandra modules. This implies that
(7, V) + (7, V)g has functorial properties which are pointwise in A. This in turn is readily
seen to imply that (- ) is a functor as stated. i

We will now discuss the functor J &) on the level of holomorphic families of admissible
(g, K)-modules.

Definition 2.51. Let E € FMg,. For any (71,72, V) € HF§ng) the triple

(J(E)T[l,J(E)n’z,J(E)V),

also denoted (nl(E) , J'L'éE), y(E )), is defined as follows.
@ JEV: =E®V.
(b) JE) 7 is the map from U(g) x Q to End(E ® V') given by
JE i, Ne ®@v = (m1(u, )v)E) Ve,
foru e U(g),A € Q,e€ E,andv € V.
©) J By = idg @m2.

We now have functors J (€) on HFC’GO’aOlm and HF"(‘ng). They are linked as follows.

Lemma 2.52.  (a) For any E € FMy,, the assignment J (E) defines a functor from

HF?ng) to itself.

(b) The following diagram commutes:

00,adm Ik
HEg

J(E)l lJ(E)

Proof. Assertion (a) follows by similar arguments as in the proof of Proposition 2.37.
00,adm

For (b), assume that (7r, V) is a family in HF ;™. Put (7, V)g = (71, 72, Vk), then

JE (e, v)k) = (1P, 258, (v ),
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On the other hand, J &) (, V) = (&), V(E)) and
(JE @) g = (@B (7 By, (v E)

Now V) = E ® V is equipped with the K-action on the second component, so that
(VENg = E® Vg = (Vk)E). Moreover,

2P (k) = 1g @ ma(k) = 1g @ (k. My, = 7B k. D|egvy = (1) (k).
It remains to establish the identity
(2.13) 7B = (2B,

Since both are representations of U(g) in £ x Vg, it suffices to check the identity on a fixed
element X € g. Fixe € E and v € V. We first observe that

d (E)
(P (X)v = (X, o) ® = | ZaexpX) ()| .
In view of the natural identification End(E) ® V' >~ Hom(E, E ® V'), we note that
(E) d &)
(T ENnX, v = E[n (exptX)(-)v][s=0

d
= S e ()0) ]|,
The identity (2.13) now follows by application of the lemma below. |

Lemma 2.53. Let V be a quasi-complete locally convex space, and let ¢ : R x Q2 — V
be a C'-map which is holomorphic in the second variable. Then

d 9 (E)
(2.14) —[et. HE] = [a—‘f(z, -)] .

Proof. Let S be the space of C!-maps R x @ — V, equipped with the usual quasi-
complete topology. Let S be the subspace consisting of functions in .S which are holomorphic
in the second variable. Then Sy is closed in S, hence quasi-complete. The identity (2.14) at
(z, A) can be viewed as an identity of continuous linear functionals on Sy. Hence, it suffices
to check the identity on the dense subspace C'(R) ® O(Q2) ® V. This amounts to checking
whether

d d
(E) — (E)
<dt®I®I)O(I®J RN=U®J ®I)O(dt®l®l>'

The latter is obvious. O

2.4. Parabolic induction. Let ¢ = ¥ & p be a Cartan decomposition associated with
the maximal compact subgroup K and let 6 be the associated involution of G. Let a C p be
a maximal abelian subspace, and let A = expa. Let (A) denote the collection of parabolic
subgroups of G containing A. Let £(A) denote the collection of #-stable Levi components of
parabolic subgroups from & (A).
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Let v be a finite dimensional real linear space, and €2 an open subset of its complexifi-
cation. For L € £(A) we denote by HFy, the category defined as in Definition 2.32, with the
group L in place of G.

The parabolic induction functor from HF7® to HFg is defined as follows. Let
(€. Ve) € HF}° be a holomorphic family of smooth representations of L defined over . De-
note by 7p ¢, the right regular representation of G on C*°(G: P: £, ), where

Co(G: P1&y) = {y € C®(G.Vy) | Y(nmg) = £,(m)Y (). (g.m.n) € G x L x Np}.
Let
(2.15)
C®(K:§):={y € C®(K,Vg) | y(mk) = E(m)y(k), (k.m) € K x (K N L)}.

Restriction of functions to K induces a continuous linear isomorphism between these spaces.
Let mp g, denote the representation of G on C*°(K:§), obtained from 7p ¢, by transfer of
structure, and set, for g € G, A € v¢,

wpear(g) = mpe, (8).

Then it is readily seen that (7p ¢, C*°(K:§)) belongs to HFY. Here, the information that Ve
is a Fréchet space is needed to conclude that C°°(K: £) is Fréchet, in particular barrelled.

Let Wy, W, and W3 be quasi-complete locally convex spaces, and let & be a continuous
linear map from W, to W3. Then the map

Ly:pr—aogp, Hom(Wp, W) — Hom(Wy, Ws3)
is continuous linear. It readily follows that the map
idoQ) ® Lo : O, Hom(Wy, W2)) — O(Q, Hom(W;, W3))
given by f + Ly o f is continuous linear. The notation for this map is explained by the fact

that it may be viewed as the unique continuous linear extension of idgq) ® Ly.

Lemma 2.54. Let Ly be as above and let E be a finite dimensional Qg-module. Then
we have the identity

TE) o (idoq) ® Le) = (i[do(g) ® idgnae) ® La) o JE)
of maps

O (2, Hom(Wy, W3)) — O(2,End(E) ® Hom(Wy, W3)).

Proof. By continuity of the expressions on both sides of the identity it suffices to prove
the identity on the dense subspace O (2) ® Hom(Wp, W,) of O (2, Hom(W;, W,)). But then
the identity becomes obvious, in view of Remark A.7, last line. |

The following result may be phrased as ‘derivation commutes with induction’.

Proposition 2.55. Let E be a finite dimensional Og-module, P a parabolic subgroup
with Levi component L, and (§, V) € HF3°. Then

JT;,]? = ﬂP’E(E).
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Proof. Letg € Gandk € K. Puta(k) :=evg : C®(K:§) — V. Let
Lo - End(C*°(K:§)) — Hom(C*°(K:§), Ve)

be defined as in the previous lemma. Accordingly,

. ~ . P . ~ E
(2.16)  (idoe) ®idg ® La(k))(ﬂé?(g)) = ((ido(@) & Law) (pe(2)) ™.

Write ¢ = np(g)x(g) uniquely via the decomposition G = NpAp(Mp N expp)K, where
n € Np, p(g) € Ap(M Nexpp) and k(g) € K. We then have the following identity:

(ido@) ® Lo@)(mps(g)) = E(p(kg)) © Lar(kg))-

Hence, it follows from (2.16) that

(ido@) ® idr & La)(The(8) = ((p(kg)) 0 Lageey)
= (B (p(kg)) o Lawke))
= (ido(@) ® idE ® La@)(Tp e (g))

and the statement follows. O

3. The Arthur—Campoli relations

Given a parabolic subgroup P € #(A) we denote its Langlands decomposition by
P = MpApNp.

Let (&, V¢) be a smooth, irreducible and admissible Fréchet representation of Mp. Given
A € ap we denote by § ® A the smooth representation of Lp := Mp Ap in Vg defined by

&£ ® A(ma) = ak+p’)§(m).

As usual, here pp € a}, is defined by pp = % tr(ad(-)|np ). The associated induced represen-
tation Tp ¢y of G in C*°(G: P:£ ® 1) is defined as in Section 2.4, with v = a*, Q = ag.
and £; = & ® A. The family of these representations may be viewed as a holomorphic family
7p.£@(-) of smooth representations of G over = ag. on the fixed space C*°(K: £), defined
in (2.15). As in the mentioned section, we agree to write Tp g 3 = pgga. If P is a minimal
parabolic subgroup, the representations mp ¢ just defined are called representations of the
smooth minimal principal series of G.

Let now P € #(A) be arbitrary again. Then Mp is a group of the Harish-Chandra
class, with maximal compact subgroup Kp := Mp N K. Two continuous admissible Mp-
representations of finite length in a quasi-complete locally convex space are said to be infinites-
imally equivalent if their Harish-Chandra modules are equivalent as (mip, Kp)-modules. For
each equivalence class w of irreducible unitary representations of Mp, we fix a smooth admis-
sible Fréchet representation & = £, which is infinitesimally equivalent to a representation of
class w, and which is topologically equivalent to a closed subrepresentation of a representation
of the smooth minimal principal series of M p. Indeed, this is possible by the subrepresentation
theorem for the group Mp. The set of all these chosen representations &, is denoted by M.
Thus, w +— &, defines a bijection from the set of equivalence classes of irreducible unitary
representations of Mp onto M.
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Remark 3.1. In view of the theory of the Casselman—Wallach globalization functor, see
[11, Section 11], the representation &, is a smooth Fréchet globalization of moderate growth of
the Harish-Chandra module of any representative of w. This characterization makes the choice
of M} more natural, but will not be needed in the present paper.

We denote by M}, . the subset of M consisting of the representations £,, with w a
discrete series representation. In particular, if P € P (A) is minimal, then Mp equals the
centralizer M of a in K, and Mj; = M". For each (£, V) € Mp, , we put

$(P.§) :==End(C®(K:§))kxk-

and we define the algebraic direct sum of linear spaces

(3.1) S(P):= E s.¢).

EGMIC’\,ds

3.1. The Arthur-Campoli relations. Fix a minimal parabolic subgroup Py in #(A)
and let Po = M AN be its Langlands decomposition. In [1, Chapter III, §4], Arthur defines a
Paley—Wiener space involving all minimal parabolic subgroups containing A. This definition is
given in terms of Paley—Wiener growth conditions on the one hand, and the so-called Arthur—
Campoli conditions on the other. In [3, Theorem 3.6] it is shown that the Arthur Paley—Wiener
space is isomorphic to one defined in terms of the single minimal parabolic subgroup Py. We
shall now describe the Arthur-Campoli relations in the context of the operator valued Fourier
transform f — f(Py). .

For f € C°(G.K) and § € M", the Fourier transform f(Po.§) € O(ag.) ® S(Po.§)
is defined by

(3.2) F (P, E,2) :=/Gf(x)nP0,g,A(x) dx, A€ ak.

Then f + f(Py) maps C(G, K) into O(ag.) ® S(Po).

We define X to be the set of 4-tuples (£,v,A,u) with £ € M", ¥ € S(Po, &)k x>
A € ag and u € S(a*). An Arthur—Campoli sequence in X is defined to be a finite family
(&, ¥i, Ai,u;) in X such that

Z(]TP()aEi’)'i;ui (X), lpl) = O’ X € G
i

By integration over x it follows that this condition is equivalent to the condition that

(3.3) Y (f(Po.&i, Aizwi), ¥i) =0, f € C(G, K).

1

Definition 3.2. A function ¢ € O(ag) ® S(Po) is said to satisfy the Arthur-Campoli

relations if
Z((P’;‘i,ki;ui ’ Wz) = 0

1

for any Arthur—Campoli sequence (&;, ¥, A;,u;) in X.
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3.2. Reformulation of the Arthur—-Campoli relations. In the following, O denotes
the ring of germs at 0 of holomorphic functions defined on a neighborhood of 0 in ag..

Let E be a finite dimensional @g-module and let E C M and A C a(’“c be finite sets.
We define the representation g = A of G by

_ (E)
(3.4) reea= D Tpora
(E,M)eEXA
Note that this representation is admissible and of finite length. Its underlying space is given by
VE A = @ E ® C®(K:E€).
(E,1)€EXA

For each element ¢ € O(ag.) ® S(Po) we define the K x K-finite endomorphism ¢g g A of
VE .=, by taking the similar direct sum

E
(3.5) veen= P P 0.
(E,A)eExXA
We note that mg 5 A (CS°(G, K)) is a subset of the space End(VEg, =, 4) and agree to write
e, 2. A(CX(G, K)) for its annihilator in the space
End(VE,E,A);(xK'

Proposition 3.3. Let ¢ € O(ag) ® S(Po). Then the following conditions are equiva-

lent:
(a) ¢ satisfies the Arthur—Campoli relations.

(b) For every finite dimensional Og-module E, every pair of finite sets 8 C M, A C az{:
and all ¥ € g 5.4 (CX(G, K))*t,

(pE,E.A¥) =0.

We prove the result through a number of lemmas. In the following results a complica-
tion is caused by the circumstance that End(VE g A)kxk is not the direct sum of the spaces
End(VEg £,4)kxk ., but rather that of the spaces Hom(VEg g, 1., VE £.4,) kxk, for §1,62 € E
and A1,A> € A. For (§,1) € E x A, let

iE,A : End(VE,E,A)KxK — End(VE,E,A)KxK
denote the associated embedding, and let
pre s  End(VE g A)kxk — End(VE ¢ )k xk

denote the associated projection map.

Lemma 34. Let E, 2, A be as above. Then for each ¥ € End(Vg g, A)Ex x there
exists a finite sequence (§;, Vi, Ai, u;) in X such that for all ¢ € O(ag) ® $(Po),

(3.6) (920 Y) =) (08 2y Vi)

1
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Proof. Put
S(Po.B.N):= P S(Po.%).

(E,A)eExA

We observe that End(VE 2, A) k¢ May be viewed as the direct sum of the K x K-submodule
End(E)* ® $(Po, 8, Ak, g and a unique K x K-submodule End(E)* ® 7 (consisting of
the ‘cross terms’). Since every element of End(E)* ® T annihilates ¢ z A, we may assume
that ¥ € End(E)* ® $(Po. E, A)x, k- By linearity, we may then reduce to the situation that
E = {£} and A = {A}. Again by linearity we may assume that W is of the form n ® v, with
n € End(E)* and ¢ € §(Po. &)y g Let u € S(a*) be associated with 7 as in Lemma 2.10.
Then for all ¢ € O(ag) ® $(Po),

(pEa. V) = ( ;‘i) n®Y) = (@eau V)

This finishes the proof. ]

Lemma 3.5. Let (&, v, Ai, u;) be a finite sequence in %. Then there exists a finite di-
mensional Og-module E, finite sets 8 C M, A C ag. and an element ¥ of End(VE 2, A) % x g
such that for all ¢ € O(ag) ® S(Po),

(3.7) > {Pe s Vi) = (0E.2.A. ).

1

Proof. Let E and n; € End(E)* be associated to the finite sequence u; as in Lemma
2.11. Then ¥; = n; ® V¥; belongs to End(E)* ® S(Po. &)k x = End(VE g 2,) k- Let B
be the finite set of all §; and let A be the finite set of all A;. Let prg, ;. be defined as above. We
define ¥ € End(VE =, A) x5 g DY

W= pri (i ®Yi).
i
Then for all ¢ € O(ag) ® §(Po) we have

E
Z<‘/’§i,ki;uw‘ﬂi) = Z(Qﬂé,ii, ni ® Vi)

1 1

= Z(Prg,-,x,- PE,EANi Vi) = (PE,E A V). o
i

Proof of Proposition 3.3. Let ¢ be as stated and assume (a). Let £, E, A and ¥ be
as asserted in (b). In particular, W € End(VE,E,A)};X[{. Let (&;,vi,A;,u;) be a sequence

in X, associated to W as in Lemma 3.4. Then using the relation (3.6) with ¢ = f(Py) for
f € CX(G, K), wesee that (§;, ¥;, A;, u;) is an Arthur—Campoli sequence (see (3.3)). Hence,

(pE.2.A- W) =Y (& ay;- Vi) = 0.

1

We have proved (b).
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Conversely, assume (b) and let (&, ¥, A;, u;) be an Arthur—Campoli sequence in X. Let
E B, AA W be associated with this sequence as in Lemma 3.5. Then it follows from (3.7) with
¢ = f(Pg) for f € C°(G, K) that ¥ belongs to g g, A (CZ° (G, K))L. This implies that

Z@Si,ki;um%) = (pE,E.A. V) =0.

1

Hence (a). O

4. Delorme’s intertwining conditions

4.1. Successive derivatives. Let v be a finite dimensional vector space over R, let
€ C v be an open subset and let V' be a quasi-complete locally convex space. Follow-
ing Delorme [6], we define, for ® € O(2,End(V)) and 1 € vg., the holomorphic function

M : Q — End(V @& V) by

d
D) (v1,v2) = (@M1 + (P + 20)v2) 220, P()v2).
z

forall A € Q and v1,v, € V. Still following [6], we agree to define, for any finite sequence
n = (n1.....nn) in v, the iterated derivative

DM = (- (@MW) Iv=1) (M)

of ® along 7. Then ®™ is a holomorphic function on  with values in End(V ™), where V ("
denotes the direct sum of 2%V copies of V. Now assume that V' is Fréchet (or more generally,
barrelled). If & is a holomorphic family of continuous representations of G in V' over the
parameter set v then it follows by application of the methods of [6] that for each A € 2,

ni")(x) =7x)PQ), xeaq,

defines a continuous representation of G in V.

4.2. The intertwining conditions. Let O be the set of 4-tuples § = (P, &, A, n), with

P e P(A), &€ Mp ., A € ap and 7 afinite sequence in aj . Given § € D, we define the
representation 75 of G in Vg 1= C*(K: £)M by

Ty = n;,rgj

For P € P(A) we define the space p := O(ap) ® S(P), with §(P) defined as in (3.1).

Furthermore, we put

4.1 F = @ Fp.

PeP(A)

Given g € ¥ and § = (P, £, 1, 1) € D, we define g5 € End(C®(K: &)™) in a similar
fashion as g, by

05 1= gL ().
Finally, given a sequence § = (41, ...,dy) of data from D, we define

mp =5y @ O sy Vig = Vg @O Vo 5= 95 B D gy



van den Ban and Souaifi, Paley—Wiener theorems 131

Definition 4.1. We say that a function ¢ € ¥ satisfies Delorme’s intertwining condi-
tions (see [6, Definition 3 (4.4)]) if

(a) forevery N € Z, and each § € DY the function gg preserves all invariant subspaces of
s
(b) forall Ny, Ny, € Z4,all §; € DN and §, € DN2, and any two sequences of closed in-

variant subspaces U; C Vj for s, , the induced maps ¢s, € End(V;/Uj) are intertwined
by all intertwining operators 7 : V1 /Uy — V2 /Us.

The space of functions ¢ € ¥ satisfying (a) and (b) is denoted by F (D).

4.3. A simplification of the intertwining conditions. In this section we will show that
condition (b) of Definition 4.1 is in fact a consequence of condition (a) of the same definition.

Lemma 4.2. Let ¢ € ¥. Then ¢ € F (D) if and only if ¢ satisfies condition (a) of
Definition 4.1.

Proof. Assume that ¢ satisfies condition (a) of the mentioned definition. Then we must
show that ¢ satisfies condition (b) as well. Let §;, s; Uj,V; beasin (b), for j = 1,2. Let
T : V1/Uy — V3 /U, be an intertwining operator. Let p; : V; — V;/U; denote the canonical
projection, for j = 1,2, and let p := p; @ p». Since T is equivariant, its graph W is an
invariant subspace of V;/U; @ V»/U,. Hence, p~ 1 (W) is an invariant subspace of V; & V5.
Since ¢ satisfies (a), it follows that p~! (W) is a @5, © @s,-invariant subspace of V1 & V. This
in turn is easily seen to imply that 7 o g5, = ¢s, o T. ]

4.4. Reduction to a single minimal parabolic subgroup. In this section, we will show
that the space ¥ (D) of functions satisfying Delorme’s intertwining conditions is naturally
isomorphic to a space of functions defined in terms of just the minimal parabolic subgroup Py.
We denote by Dp, the set of 4-tuples (P, £, A, n) in O for which P = Py.

Definition 4.3. We say that a function ¢ € ¥ satisfies Delorme’s intertwining condi-
tions associated with Pg if conditions (a) and (b) of Definition 4.1 are valid with everywhere
D replaced by Dp,.

The space of functions ¢ € ¥ satisfying all such intertwining conditions is denoted by
F(Dp,).

The following analogue of Lemma 4.2 is now valid, with essentially the same proof.

Lemma 4.4. Let ¢ € ¥. Then ¢ € ¥ (Dp,) if and only if ¢ satisfies condition (a) of
Definition 4.1 for every N € Z 4 and all § € (i)pO)N.

We consider the component
Fpy := O(ag) ® $(Po)

of the direct sum ¥ defined in (4.1), and denote the natural projection ¥ — ¥p, by pr.
Moreover, we define
37P0(°©P0) = 371’0 N ?(QP())
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Proposition 4.5. The natural projection pr : ¥ — ¥p, restricts to a linear isomor-
phism from ¥ (D) onto Fp,(Dp,).

Proof. If ¢ € ¥ and if § is a finite sequence in Dp,, then ¢s = (pp,)s. Hence
¢ € F(Dp,) if and only if pr(¢) € F(Dp,).
From Dp, C D it follows that F (D) C F(Dg). Therefore, pr maps F (D) into
Fp, N F(Dp,) = Fp,(Dp,). The proof will be completed by showing that the restricted
projection prgy := pr|z(p) : F (D) — Fp,(Dp,) is a linear isomorphism. We will do this by
defining a map
T:Fp,—> F

which will turn out to induce a two-sided inverse for prg.

Each parabolic subgroup P € J#(A) has a Langlands decomposition P = Mp Ap Np.
Here Mp is a real reductive group of the Harish-Chandra class, with Cartan decomposition
Mp = (Mp N K)exp(mp Np). Moreover, *a := mp N a is maximal abelian in mp N p, and
the centralizer of *a in Kp := Mp N K equals M = Zg(a). We select a minimal parabolic
subgroup
of Mp. In addition, we fix a minimal parabolic subgroup Q of G containing A such that
*Q = Q N Mp, and we fix an element w € Nk (a) such that Py = w! Qw. Incase P = Py,
we agree to make the special choice Q = Py and w = e.

Then by the subrepresentation theorem applied to the group Mp, for each £ € M 1{,\’ ds
we may fix a representation 0 € M” and an element yu € *ag such that £ is equivalent to

a subrepresentation of the parabolically induced (smooth) representation mfg” oL of Mp. In
addition, we fix an M p-equivariant embedding

: M
Je i (. Ve) — (ﬂ*Q’;’M,C‘”(K N Mp:0)).
Through induction by stages, this embedding induces an embedding
4.2) J§  C®(K:£) > C®(K:0)

which intertwines 7p g 3 with 79 5 41, forall A € a} . Here *ag and a} are viewed as
subspaces of ag. via the direct sum decomposition a = *a @ ap. Thus, (4.2) is a morphism in
the category “HF g, see Definition 2.38. In the special case P = Py, we agreed that Q = Py
and w = e. In this case, we have u = 0, and as o must be equivalent to &, it follows that
o = w -0 = &. Itis now readily verified that jg, is the identity map of C°°(K: §).

Left translation by w induces a topological linear isomorphism

L(w):C®(K:0) > C®(K:wo)

which intertwines the induced representation g 4,43 With Tp) 1o,w(u+a), forall A € afp .
Here wo denotes the representation of M in V,, given by wo (m) = o(w™!'mw). We denote
by (w-0, Viy.o) the unique element of M " which is equivalent to (wo, V). Fix an equivalence
tw : Vo — V.o and denote the induced map C*°(K: wo) — C®°(K:w - o) by Ty,. Then
writing £,, = Ty, o L(w), we obtain a continuous linear injection

(4.3) Lo jip : CP(K:§) > CP(K:w-0)
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which intertwines the representation 7p ¢ 3 With 7p) y.0,w(u+a), for all A € ape. In the
special case P = Po, where Q = Po,w = e, u = 0 and 0 = §, we may take f, = idy, and
then &£, and hence (4.3) become the identity map of C*°(K:§).

We are now ready to define the map 7. Let P,§, A be as above, and let ¢ € Fp,(Do).
Then the invariant subspace im(&£y, o j sGP) of the representation 7 p, .,w(u+4) 1S preserved
by ©py,w-0,w(u+1) In view of condition (a) of Definition 4.1. Thus, we may define

T(@)pga CF(K:§) - CF(K:§)

to be the unique linear map such that the following diagram commutes:

xw"jc
(4.4) C®(K:§) — L C®(K:w-0)
T(‘/’)P,E./\l l(pPo,w-o,w(quA)

C®(K:§) ———— C¥(K:w - 0).
wc’]ép

Since ppy,w-o € O(ag) ® End(C®(K:w - 0))kxk, it is readily seen that 7(¢)p ¢ defines a
holomorphic function on a¥,, with values in $(P,£). Accordingly, T defines a linear map
F Py — F.
We will now finish the proof by showing that
(i) T maps Fp,(Dp,) into F (D),

(ii) T restricts to a linear isomorphism tgp : Fp,(Dp,) — F (D) which is a two-sided
inverse for prg.

We will first establish (i). Let ¢ € Fp, (Do), andlet N € Z and § € DN . We claim
that it suffices to show that there exists a § € i)fp\g and a linear embedding j : Vs — Vi
intertwining g with g, such that

(4.5) psr 0 =J o).

Indeed assume the claim to hold, and let W C Vs be an invariant subspace. Then j(W) is
an invariant subspace of Vg,. Moreover, since ¢ € Fp,(Do), it follows that ¢z leaves j(W)
invariant. As j is injective, it now follows from (4.5) that t(¢)g leaves W invariant. Thus, the
validity of the claim would imply that the above condition (i) holds.

We turn to the proof of the claim. It clearly suffices to prove the claim in case N = 1,
so that § € D. Thus, § is a 4-tuple of the form (P, &, Ao, n) with notation as in the beginning
of Section 4.2. In particular, 7 is a finite sequence in aj . Let Q, 0, i1, w be associated with
the data P, £ as in the first part of this proof, where the definition of t was given. Then the
injective linear map (4.3) intertwines wp g 3 With 7p, 1.0,w(u+4) forall A € a;‘,C.

It follows that the map

j i C®(K: )M > C®(K:w - o)™
induced by (4.3) intertwines g with 7g/, where ' = (Py, w - 0, w(Ag + ), wn). Moreover,
the commutativity of the diagram (4.4) implies that

; m  _ (wn) ;
J ° T(gD)PaEaA' - (pPO,wU,w(M—i_A') ° ']’

or, abbreviated, j o 7(¢)s = @g o j. This establishes the claim.



134 van den Ban and Souaifi, Paley—Wiener theorems

We now consider the induced map g : Fp,(Do) — F (D), obtained by restriction of
7, and will finish the proof by establishing (ii).

Let ¢ € ¥p,(Dp,). Moreover, let Q, 0, i, w be associated to P = Py as above. By the
special choices we made for this particular parabolic subgroup, the diagram (4.4) becomes

Co®(K:£) —9 5 C®(K:§)

T((ﬂ)PO.S.Al Jf/’Po,s,A

C®(K:§) —— CO(K:£).

It follows that pr o 7(¢) = ¢, and we see that Tg is a right inverse to prg.

We will finish the proof by showing that tg is also a left inverse. Let ¥ € ¥ (D), and
let P € P(A)and & € Mf/’\,ds‘ Let Q,0, i, w be as above. As  satisfies condition (b) of
Definition 4.1, it follows that the following diagram commutes, for all A € a}",c,

wojG

Lwojep
C®(K:§) ——————— C®(K:w-0)
WP.E.)l JWPO.w‘U.w(u—&-A)
CO(K:§) ————(— CP(K:iw-0).
wO/gp
By comparison with (4.4) we see that Yp¢ = t(¥p,)pge. Hence, T o pr(yy) = ¢, for
Y € F (D). Therefore, tp is a left inverse to prg. |

4.5. Reformulation in our setting. We shall now compare Delorme’s derivation pro-
cess with the process defined in the present paper. In the following we shall identify V' & V
with C? ® V via the map (vy,v2) — (1,0) ® vy + (0, 1) ® v,. This identification induces
an identification End(V @ V) ~ End(C?) ® End(V). Let now n € ac and let 2 be an open
subset of ag.. For ¢ € O(£2) we define DMy e O(Q) ® End(C2) by

p(A) e(d:in)
0 o) )

Let V' be a quasi-complete locally convex space. Then for ® € @ (2) ® End(V), Delorme’s
derivative ™ is given by

D(”)(p()t) — (

oM = (pW g idgna(v)) P

Here we note that
(4.6) v =c2eV,

so that End(V (M) = End(C?2) ® End(V). It follows that Delorme’s differentiation map (- )
from O ($2, End(V)) to O(2, End(V ™)) is the unique continuous linear extension of the map
D™ @ idgga(y).

Now assume that 7 # 0 and let J; be the cofinite ideal of @9 = Op(a.) defined in
(2.11). Then d; has codimension 2 by Lemma 2.27. More precisely, let X € ac be such that
n(X) = 1. Then the map (z1, z2) = z1 + 22X + 4, defines a linear isomorphism « from C?2

onto the @yp-module
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Now assume that V' is barrelled. Then in view of (4.6) the isomorphism « induces an isomor-
phism from @ (2, End(V ™)) onto O(Q, End(E, ® V)), denoted k.

Lemma 4.6. With notation as above, the following diagram commutes:
O(2,End(V))
(-)(n)J/ J

O(Q,End(V ")) ———— O(RQ.End(E; ® V).

Proof. By the same calculation as in the proof of Lemma 2.28, it follows that the multi-
plication action m(¢) of an element ¢ € Og on E; with respect to the basis {1, X } is given by

the matrix
@(0)  @(0;n)
M = .
(¢) ( 0 (p(()))

Let & be the isomorphism End(C?) — End(E;) induced by «. Then it follows that for all
@ €0(Q)and A € Q,

TED Q) = m(yo(Thp)) = R(M(yo(Tpe))) = R(DPp(1)).

This immediately implies the commutativity of the diagram in case V' = C. From this we
see that the diagram commutes with the spaces O (2, End(W)) replaced by the subspaces
O(Q) ® End(W), for W equal to V, V™ or E, ® V. By density of the mentioned spaces
and continuity of the maps involved, the result follows. |

Given a finite sequence 7 = (11, ..., nx) of elements in ag,, we define the Og-module
Ep:=Ep @ - ®Epy.

Corollary 4.7.  For every finite sequence n as above, and all § € M and A € ac,

m . _(Ep
T pon = TPy i

Proof.  For n of length one this follows from the above lemma. For arbitrary sequences
it follows from the recurrent nature of the definition of 7 and Proposition 2.26. ]

Definition 4.8. Let I/ be a Harish-Chandra module. We denote by End(V)* the space of
endomorphisms ¢ € End(V)gx g such that for every n € N the product map ¢*”* € End(V *")
leaves all (g, K)-invariant subspaces of V' *" invariant. If (7, V) is an admissible representa-
tion of G of finite length, we define End(x)* := End((Vy)x)*.

For E a finite dimensional Op-module (where Qg = O¢(ag.)), and for E C M” and
A C a(*c finite subsets, we recall the definition of the representation 7 z A by (3.4). More-
over, given ¢ € Fp, = (9((1(*&) ® S (Po), we recall the definition of g g A in (3.5).

Lemma 4.9. Let E, E’ be finite dimensional Og-modules such that E is a subquotient
of E'. Let E C B' C M" and A C N’ C af, be finite subsets. Then for all ¢ € Fp,,

vE 5 a € End(ng za)" = ¢E.z.A € End(ng,z,a)".
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Proof. The result follows from the crucial observation that the representation 7g g A
is a subquotient of 7g’ =/ A/ and the map ¢/ =/ A induces the map ¢ = A. Obviously, it
suffices to prove this observation for 2 = E’ and A = A’. In this case, we put, for A € ag,,

Ty = @ ”PO,S,)L-
E€kB
Then 7 is a holomorphic family of admissible smooth representations of G over ag, so that
the functor X : E 7E) has the exactness properties of Lemma 2.44. Hence, niE) is a
subquotient of niE ), and ¢ g, is induced by ¢/ 5 3, forall A € A. The result now follows

by taking the direct sum over A € A. |

Proposition 4.10. Let ¢ € Fp,. Then the following conditions are equivalent:

(@) ¢ € Fp,(Dp,).
(b) For every finite dimensional Oy-module E and every pair of finite sets & C M” and
A C a(*:, the endomorphism ¢ = A belongs to End(nE,E,A)#,

Proof. First assume (b). Let § = (81,...,8n) be a sequence of data in Dp,. Then for
(a) it suffices to show that
4.7 s € End(Viy)¥,

in view of Lemma 4.4. We note that, with §; = (Po.§;,A;.1;),

N (En)

Ty = T po g
Jj=1

Let E be the direct sum of the modules Ey;. Put E := {§1,...,Ey}and A := {A1,..., AN}

Foreach 1 < j < N and A € ag,, let (7)), = Tpy.&;,A- Then 7t; is a holomorphic family of

admissible smooth representations of G over ag., so that Lemma 2.44 applies to the functors

X 1 E JT;E). It follows that
< 7B (E)

bis and = o'E |
8 ="ja; ¥s; = Ppog;.0, Vs

in a natural fashion (here p < 7 indicates that p is a subrepresentation of s). This in turn
implies that
ns X wEE.A, and @5 = Qg E Al
Hence (4.7) follows.
Conversely, assume (a). Let £, E, A be as stated in (b). First we consider the case that
E is of the form Ey, with 1 a finite sequence in ag.. Then

_ (m)
T[EW’E’A - @ T[P()a$7k
£€B, €A

and it follows from (a) that g, = A belongs to End(rg, =, A)¥. In view of Lemma 2.44, this
implies that ¢ 5 A belongs to End(ng =, A)# for E a direct sum of copies of Ej. Finally, let
E be arbitrary. Then by Proposition 2.31 the module E is a subquotient of E,;V for a suitable
finite sequence 1 and a suitable N € N. This implies, again by Lemma 2.44, that mg 5 A is a

subquotient of TEN & A and that g = A is induced by PEN B, A" From this and Lemma 4.9 it
follows that g g = A belongs to End(nE,g,A)#. Hence (b). O
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5. Conditions in terms of the Hecke algebra

Let k be a field and A a k-algebra with an approximate identity (c;); . This means that
(a) J is a partially ordered set;
(b) forall ji, j2in J with ji < j» we have o, o, = aj,0j; = @jy;
(c) forevery a € Athereexistsa j € J suchthatoja = aa; = a.

The Hecke algebra H(G, K) is an example of such an algebra (see [9, Chapter I, §6]).
Indeed, let (¥);en be an increasing sequence of finite subsets of K, whose union is K”.
Then

oj = Z dim(6) ysv, Jj €N,
sev;
defines an approximate identity in H(G, K).

We denote the opposite algebra of A by A°PP. It is readily seen that the elements «; ® o
form an approximate identity for the algebra A ® A°PP, so that this algebra is approximately
unital.

For j € J, let A; be the set of a € A with oja = aa; = a. Then it is readily seen
that A; is a subalgebra of A. Moreover, (b) implies that A;, C A;, whenever j; < j,, and (c)
implies that A4 is the union of the subalgebras A4;.

5.1. Some general facts on approximately unital A-modules. Let V be a left (or
right) A-module (in particular, V' is a k-linear space). We say that V' is approximately unital if,
for every v € V, there exists a j € J such thatoj - v = v.

For j € J, let

Vi={aj-v|vel}
Then V;, C V;, whenever ji < j>. We note that V' is approximately unital if and only if
UjegV; = V.
Let End(V') denote the algebra of k-linear endomorphisms of V' and let

7:A— End(V)

denote the canonical algebra homomorphism. Then V; is the image of 7 (ct;). We note that V;
is invariant under the action of A;, turning this space into a left A;-module. Let V7 denote the
kernel of («; ). Then since «; is an idempotent, it follows that

(5.1) V=V aV;.

For any A-module V', the submodule V,, := A - V is approximately unital, and it is in
fact the maximal submodule with this property. Note that

Va = J V.
jeJ
We now assume that V' is an approximately unital A-module. The k-linear space
Homy (V, k) has a natural A°PP-module structure. Accordingly, we define

VY = (Homg (V. k))au.

We denote by End(V )¢ the image of the natural linear map V ® V'V — End(V) induced by
vV = (U= v (u)v).
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We will say that an A-module V' is admissible if V; is finite dimensional for every j € J.

Lemma5.1. Let V be an admissible approximately unital A-module. Then, as AR A°PP-

modules,
End(V)o = End(V)ay.

Proof. 1t is readily seen that End(V )¢ is an A ® A°PP-submodule of End(}') which is
approximately unital. This implies that End(V)¢ C End(V)ay.

Conversely, let j € J. We consider the inclusion map ¢; : V; — V and the epimor-
phism p; : V — V; determined by ¢; o p; = m(cj). These maps induce linear maps
S; : End(V) — End(V;) and T; : End(V;) — End(V') given by

Si:frpijofory and T;:g+>1jogop;.
It is readily checked that

Sj o Tj =idgwavy), Tjo Sj(f) =m(aj)o f on(e)) = mpnav) () f.

Hence, T; is an injective linear map End(V;) — End(V') with image End(});. One now
readily checks that the following diagram commutes:

End(V); — 2 End(V)

t,T Ti,—@p}‘

End(V)) +——— V; ® (V))".

Here i; is the inclusion map, and #; is the map uniquely determined by i; o ; = T;. The map
at the bottom is the canonical inclusion.

We now observe that the map at the bottom is a linear isomorphism by admissibility of V.
Moreover, p]’f‘ maps (V;)* into (V*); C V'V, and we infer that End(V); C End(V ). Finally,
by taking the union over all j, we conclude that End(V),, C End(V)o. |

5.2. A double commutant theorem.

Definition 5.2. Let (7, V) be an approximately unital A-module. We define End(r)*
to be the space of ¢ € End(V)o such that for every n € N \ {0} and every A-submodule
W C V" we have o™ (W) C W.

Lemma 5.3. Let (7, V') be an admissible approximately unital A-module. Then
7(A) = End(n)*.

Proof. Since m(A) is an approximately unital A ® A°PP-submodule of End(V), it is
contained in End(V),, = End(V)o. Moreover, if a € A, then for every n € N \ {0} and every
invariant subspace W of V>*"* we have 7 (a)*"(W) C W. Hence, w(A) C End(r)".

We now turn to the converse inclusion. By definition & := End(r)* is a subspace of
End(V)o = End(V)a. Moreover & is A ® A°P-invariant, hence an approximately uni-
tal A ® A°°P-module. Fix ¢ € &. Then it follows that there exists a j € J such that
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(aj ®0j) @ = ¢. By admissibility, the space V; has a finite basis u1, ..., u, over k. Let W be
the A-submodule of V' *" generated by (11, ..., uy). Then by definition of End(rr)¥, the space
W is ¢*"-invariant. This implies the existence of an element a € A such that ¢ (uy) = 7 (a)uy
forall 1 <k < n. Hence ¢ = m(a) on V;. It follows that ¢ = m(aa;) on V;. On the other
hand, both ¢ = (¢; ® ;) -¢ = w(aj) o ¢ o w(e;) and w(aa;) vanish on V7. In view of (5.1)
this implies that ¢ = 7 (acj) on V. Hence ¢ = m(aw;) € m(A) and the proof is complete. O

5.3. Application to Harish-Chandra modules. Every admissible (g, K)-module V
is a module for the Hecke algebra H(G, K) in a natural way, and as such it is admissible
and approximately unital. This assignment of an H(G, K)-module to an admissible (g, K)-
module defines a functor which establishes an isomorphism of categories, from the category
of admissible (g, K)-modules onto the category of admissible approximately unital H(G, K)-
modules (see [9, Chapter I, §6, Theorem 1.117]).

Accordingly, if V is an admissible (g, K)-module, then the associated algebra End(r)*
consists of all K x K-finite endomorphisms ¢ of V' with the property that, for every positive
integer n, the map ¢*" preserves all (g, K)-invariant subspaces of V*". In particular, the
present notation is compatible with the notation introduced earlier in Definition 4.8.

Corollary 5.4. Let (7, V') be an admissible (g, K)-module. Then

7 (H(G, K)) = End(x)*.
Proof. This follows from Lemma 5.3. |

5.4. Proof of the main theorem. For P € #(A) we define PW‘;C(G, K) to be the
subspace of ¥p (see (4.1)), consisting of all functions ¢ € Fp such that there exist an R > 0
and for all n € N a constant C,, > 0 such that the estimate (0.2) holds for all £ € M 1/9\, 4 and
all A € a}‘,c. Furthermore, we define

PWP(G, K) = EB PWE(G, K).
PeP(A)

Then PWP(G, K) is a subspace of . We recall that Py € $(A) is a fixed minimal parabolic
subgroup of G.

Definition 5.5.  (a) The Delorme Paley—Wiener space PWP (G, K) is defined to be
the intersection PWP™(G, K) N ¥ (D).

(b) The restricted Delorme Paley—Wiener space PWI.’?0 (G, K) is defined to be the intersection
PW5 (G, K) N Fp,(Dp,).

Theorem 5.6. The natural projection pr : ¥ — Fp, restricts to an isomorphism of
PWP (G, K) onto PWD (G, K).

Proof. 1t is clear that pr maps PWP™(G, K) into PW];,rg(G, K). Combining this with
Proposition 4.5, we see that pr ¢ maps PWP (G, K) injectively into PW]‘,IJ)0 (G, K).

Let T : ¥p, — ¥ be defined as in the proof of Proposition 4.5. Then it is readily
checked that T maps PWI;,rg(G, K) into PWP™(G, K). This implies that T maps PWPP0 (G, K)
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into PWP (G, K). As pro o tp = id on PWIID)O (G, K), it follows that prg maps the space
PWP (G, K) surjectively onto PWf.?0 (G, K). |

Definition 5.7. We define PW (G, K) to be the space of functions ¢ € PWIIJfg(G, K),
such that for every finite dimensional Qg-module E, and every pair of finite sets £ C M ",
A C ag, we have

¢E,2.A € 7E,2,A(H(G, K)).

Theorem 5.8. The space PWp (G, K) equals PWH (G, K).

Proof. Both spaces are subspaces of PWpre(G K). Let ¢ be an element of the latter
space. Then ¢ € PWD (G, K) is equivalent to ¢ € Fp,(Dp,), which in turn is equivalent to
condition (b) of Proposmon 4.10. In view of Corollary 5.4, the latter condition is equivalent to
¢ € PWH (G, K). o

Definition 5.9. We define the Arthur Paley—Wiener space PW4(G, K) to be the space of
functions ¢ € PWI;S(G, K) such that ¢ satisfies the Arthur—Campoli relations (see Definition
3.2).

Theorem 5.10. The space PWH (G, K) equals PWA (G, K).

Proof. Both are subspaces of PWP;;’(G, K). Let ¢ be a function in the latter space. Then

by Proposition 3.3 the assertion ¢ € PW4(G, K) is equivalent to the assertion that for every
finite dimensional D9-module, and every pair of finite subsets 2 C M, A C ag, we have

L
(5.2) 9E.a.A € (15,20 (CX(G, K))T)

As every function from PW‘;,re(G, K) has values in
0

P End(C™(K:£))ss

EeMn
for some finite subset # C K”, it follows by admissibility that (5.2) is equivalent to

¢E,E A € 7E,2,A(C°(G, K)).

By Proposition 1.2 this in turn is equivalent to

¢E.z.A € TE,5,A(H(G, K)).

If follows that ¢ € PWA(G, K) < ¢ € PWH (G, K). o
We now come to the main result of our paper.

Theorem 5.11. The map pr : ¢ — @p, defines a linear isomorphism from PWP2 (G, K)
onto PWA(G, K).

Proof. This follows from combining Theorems 5.6, 5.8 and 5.10. |
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5.5. Another useful characterization of the Paley—Wiener space. In this subsection
we will obtain another useful characterization of the Paley—Wiener space PW4(G, K). This
will allow us to derive the Paley—Wiener theorem due to Helgason [8] and Gangolli [7] from
Arthur’s Paley—Wiener theorem.

We define the Fourier transform § : C2°(G, K)gkxkx — O(ag) ® Sp, by

F(eA) = f(Po, £, 1),

see (3.2). From this definition it is immediate that § is a K x K-equivariant linear map.
In terms of this Fourier transform, Arthur’s Paley—Wiener theorem may be stated as fol-
lows (see [1,3]).

Theorem 5.12 (Arthur’s Paley—Wiener theorem). The map & is a K x K-equivariant
linear isomorphism from CZ°(G, K)kxk onto PW4(G, K).

By Theorem 5.10 the Paley—Wiener space PW4 (G, K) equals the space PWH (G, K)
introduced in Definition 5.7. We shall now give another characterization of that space.

We use the notation PW(a) for the (Euclidean) Paley—Wiener space associated with a,
i.e., PW(a) is the image of the classical Fourier transform C°(a) — O@(ag). Then the space
PW‘;S(G, K), introduced in the beginning of Section 5.4, equals PW(a) ® S(Po).

Proposition 5.13. The space PWH (G, K) is equal to the space of all functions
¢ € PW(a) ® S(Po) with the following property.

For each finite number of triples (uj,&;,A;) € S(a*) x M" x af,, 1 < j =< n, there
exists an element h € H(G, K) such that

@&, Ajiuj) = 7wpy g a,m,; (h) foralll < j <n.

Proof. We first assume that ¢ € PWH (G, K). Then ¢ € PW(4) ® S(Pg). Let a
finite number of triples (u;,&;,A;) be given. For each u; there exists a finite dimensional
Op-module E;, and a linear functional n; € End(E;)* such that n; o f E) = (1 jiuj), for
all f € O(ag); see Lemma 2.11. Put E = @E;, and let prj : E — Ej denote the associated
projection maps. There exists an element 2 € H(G, K) such that g gz Ao = 7Eg = A(h).
This implies that g g, A, = TE£; 4, (h). for each j. By application of n; o pr; ®/ to the
latter expression it follows that ¢(§;. A;:uj) = 7py; 4;:u; (1), for all j. This proves that
PW# (G, K) is included in the space described.

To obtain the other inclusion, let ¢ € PW(a) ® § (Pp) satisty the conditions of the space
described. Let E be a finite dimensional Qg-module, and let 2 C M” and A C ag be
finite sets. Fix a basis {nk} of End(E)*. We may number the elements of A by A;. Then for
each j, k there exists a uj € S(a*) such that nkf(E)()L i) = f(/\],uk) for all f € O(ag),
see Lemma 2.10. By the assumption on go, there exists an element # € H(G, K) such that
(&, )&],u ) =Tp, £, uk (h) forall £ € E and all j, k. It follows that

@D ogpes, =0 @1) onpes, (h),

forall k, j and § € E. This implies that g ¢ 3, = g g2, (h) forall j and all § € E. Hence,
¢vE,2,A = 7E,2,A(h), and we conclude that ¢ € PWH (G, K). |
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Corollary 5.14. The space PWH (G, K)11 of K x K-fixed elements in PWH (G, K)
consists of all functions ¢ € PW(a) ® S(Po, 1)11 such that for each finite number of pairs
(ui, Ai) € S(a*) x ag, 1 < j = n, there exists an element h € H(G, K)11 such that

e(Ajsuj) = mpy 1,4, (h)  foralll < j <n.

Proof. Since §(Py)11 = S(Po, 1)11, this follows from the previous result by projection
onto the K x K-type (1, 1). |

Let P; € End(C®°(K: 1)) denote the K-equivariant projection onto the one-dimensional
subspace of C°°(M\ K) consisting of the constant functions. Then we observe that

S(P(), 1)11 =~ End(COO(Ki 1))11 =CPr.

Accordingly, we may view PWH (G, K)1 as a subspace of PW(a) ® C P;.

The inclusion map ¢ : K — G induces a continuous linear map ¢* : C*°(G) — C*°(K)
by pull-back. The transposed of ¢* is an injective continuous linear map ¢« : &'(K) — &'(G).
Accordingly, we shall use this map to view &’(K) as a subspace of &'(G). In particular,
the normalized Haar measure dk will be viewed as the element of HI(G, K) given by
dk(p) = [ (k) dk, for ¢ € C*(G). Clearly, dk € H(G, K)1;.

In the following we will use the notation R (resp. L) for the right (resp. left) regular action
of G on &'(G). The associated representations of U(g) are denoted by the same symbols.

Lemma 5.15. The map u — Rydk induces a linear isomorphism from the space
U(g)X/U(g)X N U(g)f onto H(G, K)11.

Proof. 'We define the linear map « : U(g) ® &'(K) — &'(G) by
a(u®T)=RyT.
Then « factors to a linear isomorphism
a: U(g) ®ue) €'(K) — H(G, K),

see [9, Chapter I, §6]. This map intertwines the K x K-actions (Ad®R) x (1 ® L) and R x L,
hence restricts to an isomorphism

(U(8) ®ue) €' (K) 11 — H(G, K)11

The space of left K-invariants in &'(K) equals Cdk. As dk is also right K-invariant, we see
that
(U(®) ®ue) €'(K)n = U@* ®ue Cdk = U@*/U@F nUr.

The result now follows. O
In the following lemma, W denotes the Weyl group of a in g.

Lemma 5.16. The image of H(G, K)11 under Fourier transform h +— h equals the
subspace P(az‘:)W ® CPyof O(ag) ® S(Po).
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Proof. Denote the image by S. Then S is contained in
(9(a?&) ® S(Py)11 =~ (9((1(?:) ® CP;.

Let h € H(G, K)11. Then it follows that the Fourier transform of 4 is of the form ¢ ® Py,
with ¥ € O(ag). In view of the previous result, 1 = Ry (dk), with u € U(g)X. Hence, for
all A € a(”é,

V(Mg = W) ® P)lpnk = mpy, 1,00 Iy
= 7py 1,2 Iank =y, M)k,
where y denotes the Harish-Chandra algebra homomorphism U(g)X — §(a) which has image
S = P(aZ‘:)W. The result now follows by application of Lemma 5.15. |

Corollary 5.17. The space PWH (G, K) 11 equals PW(a)" ® C P;.

Proof. Letp € PWH (G, K)j;. Let A € ac and w € W. Then by Corollary 5.14 there
exists an element 2 € H(G, K)11 such that (1) = l;(Po, I,1) and p(wA) = };(Po, 1, wl).
As fz(Po, 1,A) = fz(PO, 1, wA) by Lemma 5.16, we see that ¢ is W -invariant. Hence, it follows
that ¢ € PW(a)" @ CP;.

Conversely, assume that ¢ € PW(a)” @ CP;. Write ¢ = ¥ ® Py, then ¥ is a
W -invariant holomorphic function. Let (4;,A;) € S(a*) x ag, 1 < j < n. Then there
exists an element p € P(a*)" such that

V(Ajsuj) = p(Ajsuj) foralll < j <n.

In view of Lemma 5.16 there exists an element 2 € H(G, K)11 such thatﬁ(Po, 1,A) = pRPy.
Hence, .
e(Ajsuj) = h(Po,1,Ajiu;) = mpy 1,2, (h) foralll <j <n.

In view of Corollary 5.14 it follows that ¢ € PWH (G, K)1;. |
We now note that the spherical Fourier transform
F11: CL (G, K) 11 — O(ag)

is given by the formula
FuufMlgm = mpy 121k m-
This implies that for all /' € C°(G, K)11 we have

FuufQ) @ Pr =& f(A).
We can now finally deduce the Paley—Wiener theorem of Helgason [8] and Gangolli [7].
Corollary 5.18. F11(C°(G.K)11) = PW(a)%.
Proof. By K x K-equivariance, it follows from Arthur’s Paley—Wiener theorem that
F11(CZ(G. K1) ® CPy = F(CZ(G. K)nn) = PWAG, K11

The latter space equals PW# (G, K)11, by Theorem 5.10. Now apply Corollary 5.17. o
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A. Some topological results

In this appendix, all locally convex spaces will be assumed to be complex and Hausdorff.
If X is a locally compact Hausdorff space, and V' a quasi-complete locally convex space, then
C(X,V), equipped with the topology of uniform convergence on compact subsets, is quasi-
complete as well. Let 2 be an open subset of a finite dimensional complex linear space vc.
Then O(£2, V), the space of holomorphic functions  — V/, is a closed subspace of C($2, V).
Moreover, the map (f,v) = (z — f(z)v) induces an embedding of the algebraic tensor
product O(2)® V onto a subspace of @ (2, V). Accordingly, we shall view this tensor product
as a subspace. Let P(vc) denote the space of polynomial functions v — C.

Lemma A.1. The algebraic tensor product P (vc) @ V is dense in O(2, V).
In particular, @(2) ® V is a dense subspace of O (L2, V).

Proof. By using partitions of unity, one readily sees that C(2)® V' is dense in C(2, V).
On the other hand, by application of the Stone—Weierstrass theorem, it follows that P(vc) is
dense in C(€2). The lemma now readily follows. m]

Let V1, V> and V3 be quasi-complete locally convex spaces and let 8 : V1 x Vo — V3 be
a bilinear map. If X is a set, then 8 induces a C X -bilinear map

Bs: VE XV = VE (fi. ) e (x = BUAAX), £2(x))).

If X is a locally compact Hausdorff space, we will say that B preserves continuity on X if B
maps C(X, V1)xC(X, V) into C(X, V3). Wenote that S« : C(X, V1)xC(X, V) — C(X, V3)
is C(X)-bilinear. Similarly, if €2 is an open subset of vc, we will say that 8 preserves holo-
morphy on 2 if B« maps O(2, V1) x O(R2, V3) into O(2, V3). Note that the map By is
O (2)-bilinear. If X, Y are topological spaces, and A C X, thenamap f : X — Y is said
to be continuous relative to A if f|4 : A — Y is continuous (with respect to the restriction
topology on A).

Lemma A.2. Assume that B is separately continuous and in addition continuous rela-
tive to every compact subset of Vi x Va. Let X be a locally compact Hausdorff space. Then B
preserves continuity on X. Moreover,

(a) if V1 is barrelled, then B« : C(X, V1) x C(X, Va2) — C(X, V3) is continuous in the first

variable;

(b) if Vy is barrelled, then By : C(X,V1) x C(X,V2) — C(X, V3) is continuous in the
second variable.

Proof. Let K C X be compact, and f1 € C(X, V1), f» € C(X, V2). Put C; := f1(K),
C, := f>(K). Since f is continuous relative to C; x Cp and x — (f1(x), f2(x)) has contin-
uous restriction to K, with values in Cy x Cj, it follows that 84( f1, f2) is continuous relative
to K. Since X is locally compact, we see that S has values in C(X, V3). This establishes the
first assertion.

We now turn to the remaining assertions. By symmetry, it suffices to establish (a). Thus,
assume that Vj is barrelled and let f, € C(X, V>) be fixed. From the first part of the proof
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we know that 1 +— B«(f1, f2) is a linear map from C(X, V1) to C(X, V3). To establish
its continuity, fix a seminorm g3 of V3, and a compact subset K of X. Put C; = f,(K).
Then the family of continuous linear maps B(-, v2) € Hom(V7, V3) is pointwise bounded, for
vy € C,. By barrelledness of V; it follows that the family is equicontinuous. Hence, there
exists a continuous seminorm ¢; on V; such that

g3(B(v1,v2)) < q1(v1), vi € Vi, v € Ca.

Let f1 € C(X, V7). Then substituting f1(x) for vy and f2(x) for v (x € K) in the above
estimate, we find that

sup g3(Bx(f1. f2)(x)) < SUEQI(]{I (x)).

xeK

This establishes the continuity. O

Lemma A.3. Assume that Vi,V, are barrelled, and let  be as in Lemma A.2. If
Q C vc is open, then  preserves holomorphy on Q. Moreover, the map

Byt O(Q, V1) x O(Q, V) — O(R, V3)

is a separately continuous O (2)-bilinear map.

Proof. 1t is readily seen that S« maps the subspace (O(R2) ® V1) x (O(R2) ® V») into
the closed subspace O (€2, V3) of the quasi-complete space C(£2, V3). By continuity of By« in
the first variable (see Lemma A.2), and by density and closedness, it follows that B, maps
02, V1) x O(RQ) ® V5 into (L2, V3). By the same kind of argument applied to the second
variable, the result follows. o

Examples of a different nature are provided by the composition of maps. If V, W are two
locally convex spaces then by Hom(V, W) we denote the space of continuous complex linear
maps V' — W. Unless otherwise specified this space is equipped with the strong operator
topology. If W is quasi-complete, and V' barrelled, then by application of the principle of
uniform boundedness, it follows that Hom(V, W) is quasi-complete (see, e.g., [4, Chapitre III,
27, §4, no. 2, Corollaire 4]). Assume now that V7, V, and V3 are arbitrary locally convex
spaces, not necessarily quasi-complete.

Lemma A.4. The map
(A.1) B : Hom(Vy, V2) x Hom(V3, V3) — Hom(V1,V3), (A,B)+— Bo A

is bilinear and separately continuous. If V5 is barrelled, then B is continuous relative to subsets
of the form Hom(V1, V) x C, with C C Hom(V>, V3) compact.

Proof. As V> is barrelled, every compact subset of Hom(V5, V3) is equicontinuous. The
result now follows from [4, Chapitre 111, 33, § 5, no. 5, Proposition 9]. O

Corollary A.5. Let Vi, Va, V3 be quasi-complete, and assume V» is barrelled. Let  be
as in (A.1). Then B preserves continuity on X, for any locally compact Hausdorff space X .

Proof. This follows from Lemma A.4 combined with Lemma A.2. O
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Lemma A.6. Let V1, V3, V3 be quasi-complete, and assume both V and V> to be bar-
relled. Let B be the composition map given by (A.1) and let 2 C vc be open. Then B preserves
holomorphy on Q.

Proof. Let A € O(2,Hom(V1,V>)) and B € O(2, Hom(V5, V3)). Then by the pre-
vious result it follows that B«(A, B) : u — B(u)A(w) is continuous. By barrelledness of
V1, the function f : (u,v) = A(u)v, Q x Vi — V5 is continuous and holomorphic in .
Similarly, the function g : (v, v2) +— B(v)va, Q2 x Vo — V3 is continuous and holomorphic in
v. It follows that & : (u,v,v1) — g(v, f(u,vy1)) is continuous, and separately holomorphic
in i, v. In particular, for fixed vy, the map (i, v) = h(u, v, v1) is holomorphic in each of the
two variables. If § € V; then (i, v) — Eh(u, v, v1) is continuous and separately holomorphic,
hence holomorphic. It follows that (u, v) = h(u, v, vq) is weakly holomorphic, hence holo-
morphic. We conclude that & — h(u, i, vq) is holomorphic. This implies that the function
(i, v1) = B«(A, B)()vy is continuous on 2 x V7, holomorphic in p and linear in v. This in
turn implies that B« (A4, B) is holomorphic as a function with values in Hom(V7, V3). |

Given an element u of the symmetric algebra S(v) of vc, we will write d,, for the natu-
rally associated constant coefficient (holomorphic) differential operator on v, see Section 2.1.
This operator acts on the space of holomorphic functions @ (£2), for any open subset Q2 C vc.
We agree to write f(-;u) = dy f, for f € O(RQ), see (2.2).

If V is a quasi-complete locally convex space, then d,, ® idy has a unique extension to
a continuous linear endomorphism of @ (€2, V). Indeed, uniqueness is obvious from density of
O(R2) ® V in O(R2, V). Existence follows for instance by application of the Cauchy integral
formula. Let A be a finite dimensional associative algebra. Suppose

M :0O(Q) — O(Q, A)

is a continuous algebra homomorphism which can be represented by an element from S(v)® A4,
i.e., there exist u; € S(v) and a; € A such that

(A.2) Mf =Y 0u[ a.

Then it follows from the above that the map M ® idy has a unique extension to a continuous
linear map O (22, V) — O(Q, A® V). The extension is denoted by M & idy, or more briefly
by M again.

Remark A.7. In the present paper, the following examples are of particular impor-
tance. Let V' be a quasi-complete locally convex space and let 4 be a cofinite ideal in Q.
Then M = Jy is of the form (A.2), see (2.4), and defines an algebra homomorphism
O(R2) = O(R2,00/d). It follows that Jy @ idy : O(Q) @ V — O(2,0¢/d) ® V has a
unique extension to a continuous linear map

Jy ®idy : O(2,V) = O0(Q,00/d @ V),

which will often briefly be denoted by Jy again. Similarly, let £ be a finite dimensional
Oo-module. Then J &) : 9(Q) — O(Q2,End(E)) is an algebra homomorphism of the form
(A.2), see Definition 2.7 and Corollary 2.12. Hence, J (E) ® idy has a unique extension to a
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continuous linear map
JE) Qidy : O(Q, V) — O(Q,End(E) ® V),
which will often briefly be denoted by J () : f 1 f(E),
Lemma A.8. Let Vi,V and V3 be quasi-complete locally convex Hausdorff spaces,
and let B : V1 x Vo — V3 be a bilinear form which preserves holomorphy on the open subset

Q of ve. Let B/ . E1 X Ey — E3 be a bilinear form of finite dimensional spaces. Then the
bilinear form B’ @ B : E1 ® V1 X E» ® Vo — E3 ® V3 preserves holomorphy on Q as well.

Proof. This is an easy consequence of the finite dimensionality of the spaces E;. m|

Let m4 denote the (continuous) bilinear product map

mA:(a,b)r—>ab, AxA— A.

Proposition A.9. Let Vi, Va, V3 be quasi-complete locally convex Hausdorff spaces,
and let B : Vi x Vo — V3 be a bilinear form which preserves holomorphy on Q. Let A be a
finite dimensional associative algebra, and let M : O(R2) — O(R2, A) be as in (A.2). Then,
forall f; € O(RQ,V)), j =1,2,

MB«(f1, f2) = (m* ® B)(Mf1, M f>).

The following lemma prepares for the proof. Given p € €2, let M, be the maximal ideal
of the algebra (9 (£2) consisting of the functions vanishing at .

Lemma A.10. Let M be as in (A.2). There exists a number d € N with the following
property. Let V be a quasi-complete locally convex Hausdorff space. Then for every k > d,
the operator M & idy maps Mﬁ@(Q, V) into ,Mﬁ_d@(Q, ARYV).

Proof. It suffices to show that, for any element # € S(v) of order d, the differentiation
0y, maps Mﬁ(?(SZ, V) into Mﬁ_d(Q(Q, V). Clearly, it suffices to do this foru = X € v and
d = 1. In this case the result follows from the Leibniz rule

(0 ® idy)(¢F) = (du@) F + ¢(du ® idy)(F),
forallp € O(RQ)and F € O(2,V). |

Proof of Proposition A.9. 'We will first prove the identity for f; € O(Q)QV;, j =1, 2.
Letm : O(R2) x O(R2) — O(R2) denote the multiplication map. Then

Bx(f1. f2) = (m @ B)(f1. f2) € O(2) ® V3.

Moreover, since M : O(2) — O(L2, A) is an algebra homomorphism, it follows that

MBs(f1, ) = (M ®idy,) o (m ® B)(f1, f2)
= (m? @ B)«(IM ®idy,] f1,[M ®idy,] f>)
= (m? @ B)«(Mf1. Mf>).
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We will now establish the identity for general f; € O(2,V;). Clearly, it suffices to prove
the identity of holomorphic functions at a fixed point u of 2. Moreover, since the operations
(f1, f2) = B«(f1, f2) and M commute with restriction, we may assume that 2 is a polydisk
centered at u. Let d be as in Lemma A.10. Fix k > d. From the power series expansions of
J1. f2 at the point u it follows that there exist polynomials p; € P(v) ® V; and holomorphic
functions r; € Mﬁ@(ﬂ, V) such that

fj=pj+rj, j=1,2.
From the @ (2)-bilinearity of S it readily follows that

(A.3) B« (f1. f2) = B«(p1, p2) + R,

with R € MKO(Q,V3). From the O(Q)-bilinearity of fx combined with Lemma A.10 it
follows that

(A.4) (mA @ B)(Mf1, Mfo) = (m* ® B)«(Mp1, Mp2) + p,

with p € Mﬁ_d(Q(Q, V3 ® A). Evaluation at the point p gives ev,(R) = R(u) = 0 and
evu(p) = p(u) = 0. Combining this with (A.3), (A.4) and the first part of the proof applied to
(p1, p2) we find

evy MB«(f1, f2) = evy MBx(p1. p2)
= ev, (m* @ B)(Mpy. Mps)
= evM(mA ® B)«(Mf1, Mf2).

This establishes the desired identity at the point p. ]
Corollary A.11. Let V1, Va, V3 and B, Q2 be as in Proposition A.9.
(a) For any cofinite ideal J of Oy,
Jyo e = % @ B)u o (Jy. Jg)
on O(2,V1) x O(R2, V2).
(b) For any finite dimensional Qy-module E,

JE) o B, = (m"E) g B), o (JE) JE)

on O(2,V1) x O(R2, V2).
Proof. In view of Remark A.7, this follows from Proposition A.9. ]

Corollary A.12. Let V1, Va, V3 be quasi-complete locally convex Hausdorff spaces, and
assume that Vy, Vy are barrelled. Let S € O(2,Hom(V1, V2)) and T € O(2, Hom(V53, V3)).
Then the map TS : u — T (u)S(w) belongs to O(2, Hom(V7, V3)). Moreover, the following
holds.

(a) For any cofinite ideal d of Oy,

Jg(TS) = Jg(T)Jg(S).
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(b) For any finite dimensional Oy-module E,
(TS)(E) — 7E)gE)

The expression on the right-hand side of (a) should be read as the natural pointwise
product of the functions

JgS € O(R,00/d ® Hom(V1,V3)) and JyT € O(2,0¢/d ® Hom(V>, V3)).
For (b) we note that S (B) is holomorphic on €2 with values in
End(F) ® Hom(V1, V3) ~ Hom(E ® V1, E ® V5).

Likewise, T'E) is a Hom(E ® V», E ® V3)-valued holomorphic function on €2. Accordingly,
the expression on the right-hand side of (b) should be read as the pointwise composition.

Proof.  This follows from the previous corollary combined with Lemma A.6. ]
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