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1 Derived functors

Let A, and B be abelian categories and G : A −→ B be an additive functor
between them. In general G does not preserves exact sequences. Suppose that
F is right exact and that the following is a short exact sequence:

0 −→ A −→ B −→ C −→ 0; (1)

then applying G we get the following sequence:

G(A) −→ G(B) −→ G(C) −→ 0. (2)

A classical problem was find the functors that together with G prolong this
sequence in a long exact sequence. More precisely the problem was find a se-
quence of functors LqG(−) for q ∈ N with a natural transformation LqG(−) −→
Lq−1G(−) such that L0G(−) is isomorphic to G(−) and the following sequence
is exact:

−→ LqG(X) −→ Lq−1G(X) −→ . . . −→ L1G(X) −→ G(X) −→ 0. (3)

This imply that we can use LqG(−) to complete the sequence (2) in the following
exact sequence:

−→ LqG(A) −→ LqG(B) −→ LqG(C) −→ Lq−1G(A) −→ . . .

. . . −→ L1G(C) −→ G(A) −→ G(B) −→ G(C) −→ 0.

The solution of this problem was presented by Cartan and Eilenberg in 1956
[1]. In [2] and [3] Dold and Puppe present a concept of derived functor for not
necessarily additive functors. Given a functor F : A −→ B we define the q-th
derived functor of index n of F to be:

LqF (A,n) = Hq(NFK(P [−n])), (4)

where P [−n] is a projective resolution of A shifted of an index n, and are
K : Ch+(C) � sC : N the Dold-Kan equivalences of categories given for any
abelian category C. This new kind of derivation coincides with the additive one
on the subcategory of additive functors in the following sense: let G : A −→ B
an additive functor; for q > n we have LqG(A,n) ∼= Lq−nG(A) and for q < n
LqG(A,n) ∼= G(A).

The modern way to interpret this kind of derivations is the setting of ho-
motopical algebra and Quillen derived functors. Let F : A −→ B be a functor
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between two abelian categories and F : sA −→ sB the functor between the
categories of simplicial objects induced by applying F level wise. If we consider
the standard model structure on sA and sB, the Dold-Puppe derived functors
are the homotopy groups of Quillen derived functor LF .

2 The Eilenberg Maclane space K(A, n)

Eilenberg and Maclan introduced an important class of spaces K(A,n) where
A an abelian group and n a natural number, now normally called the Eilenberg
Maclane space of A of index n. They are characterized, up to weak homotopy
equivalence, by the following property:

πi(K(A,n)) =

{
A i = n,

0 i 6= n.
(5)

They are CW -complexes and, as simplicial set, they can be realized asK(A[−n]):
the Dold-Kan functor K applied to the chain complex with A at index n and
zero everywhere else. They play an important role in homotopy theory; for
example: they represent cohomology theories and cohomology operations, they
appear in Postnikiv tower and Serre spectral sequence, etc. The study of their
invariants is then interesting and related with different subjects.

A goal of homological algebra is describe homological invariants as derived
functor of additive functor. There are several example of this kind of results:
sheaf cohomology and group cohomology can be defined as right derived func-
tors. An interesting case for us is the homology of groups H•(A,N), it is the
left derived functors of the functor of coinvariants. A classical theorem proof
by Hopf and Freudental (Eilenberg and Maclane for the cohomology case) is
that in Z coefficients this functor is isomorphic to the homology of the Eilen-
berg Maclane space of index 1. More precisely H•(A,Z) ∼= H•(K(A, 1),Z). In
general we can see the homology of Eilenberg Maclane space as derived functor
of a non additive functor.

Theorem 2.1 ([3] Satz 4.1). Let R be a commutative ring and N an R-module.
Let T : Ab −→ R −Mod be the functor defined by T (A) = N ⊗ R[A], where
R[A] is the ring group, and T ′ : Ab −→ R − Mod be the functor defined by
T ′(A) = N ⊗ Sym[A], where Sym[A] is the symmetric algebra of A; then

1. for all n
LqT (−, n) ∼= Hq(K(−, n), N); (6)

2. for n > 0 and for all A abelian group

LqT
′(A,n) ∼= Hq(K(A,n), N). (7)

Proof. The first part of the theorem, in Z coefficient, follow from the simplicial
model for K(A,n) recalled before:

LqT (A,n) = Hq(NZ[K(A[−n])]) ∼= Hq(K(A,n),Z). (8)

The construction are all functorial, the case of general coefficients comes from
the universal coefficients theorem. The second part is more difficult and based
on Dold and Thom work.
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3 Polynomial functors and cross effect

Cross effects were introduced by Eilenberg and Maclane to study the homology
of K(A,n) and then used to define polynomial functors. Let A and B be two
abelian categories and F : A −→ B be a pointed functor between them, i.e.
F (0) = 0. Notice that this assumption is not restrictive: every functor F
decomposes in F (−) = F (0) ⊕ F ′(−) with F ′(0) = 0. Let A and B be two
objects of A and A ⊕ B their sum; then there is a decomposition F (A ⊕ B) ∼=
F (A)⊕F (B)⊕cr2F (A,B), where cr2F (−,−) is a functor on two variables, it is
unique up to isomorphism. The definition of additive functor can be formulated
as follow.

Definition 3.1. The functor F is said to be additive if cr2F (−,−) is the con-
stant zero functor.

If F is not additive we can ask whenever cr2F (−,−) is, in both the variables.
Let A, B and C be three objects of A then F (A ⊕ B ⊕ C) decomposes in
F (A)⊕F (B)⊕F (C)⊕ cr2F (A,B)⊕ cr2F (A,C)⊕ cr2F (B,C)⊕ cr3F (A,B,C).
It can be easily shown that cr2F (−,−) is additive in both variables if and
only if cr3F (−,−,−) is the constant zero functor. In this case we said that F
is quadratic. This procedure can be iterated, let A1, . . . , An be objects in A;
then F (

⊕n
i=1Ai) decomposes in

⊕
0<j1<...<jr<n+1 crrF (Aj1 , . . . , Ajr ), where

cr1F (−) is set by definition to be F (−).

Definition 3.2. The functor F is said to be polynomial of degree minor than
n if crnF (−, . . . ,−) is the constant zero functor, crrF (−, . . . ,−) is called r-th
cross effect of F .

Proposition 3.3. The cross effect is symmetric, i.e. let σ ∈ Σr be a permuta-
tion then crrF (A1, . . . , Ar) is isomorph to crrF (Aσ(1), . . . , Aσ(r)).

Proposition 3.4 ([4] Corollary 9.12). The cross effect crrF (A1, . . . , Ar) is iden-
tically zero if and only if it is for A1 = A2 = . . . = Ar.

4 The suspension morphism

Let A be an abelian category, and sA the category of simplicial objects in A.
There are two functors: C : sA −→ sA, the cone defined as CA = K(Co(N(A)))
where Co is the usual cone in chain complexes, and S : sA −→ sA, the suspen-
sion defined as SA = K(Su(N(A))) where Su is the usual suspension in chain
complexes. Let K be an object of A, then CK is contractible then exists a mor-
phism s : CKq −→ CKq+1 such that δs+sδ = id, and there is a monomorphism
i : K −→ CK.

Definition 4.1. We define the suspension of K, denoted by SK, to be Coker(i).

Then we have the following diagram:

0 −→ K −→ CK −→ SK −→ 0. (9)

Level wise it defines:

0 −→ Kq −→ CKq −→ SKq −→ 0. (10)
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Let B be an abelian category and F : A −→ B be a functor such that F (0) = 0,
applying F level wise we get the following:

F (K) −→ F (CK) −→ F (SK). (11)

Definition 4.2. Consider the following diagram:

F (K)q −→ F (CK)q −→ F (CK)q+1 −→ F (SK)q+1. (12)

We define the suspension morphism σ : Hq(F (K)) −→ Hq+1(F (SK)) as the
morphism induced by the composition.

Proposition 4.3 ([3] Satz 5.7). The suspension morphism is a natural trans-
formation.

Proposition 4.4 ([3] Bemerkung 5.12). If F is additive then the suspension
morphism is an equivalence of functors.

5 The Bar construction FK and its spectral se-
quence

Let A be an abelian category and M be an object in A. We define the morphisms

αi :

n⊕
j=1

M −→
n−1⊕
j=1

M

for any 0 < i < n as follow

αi(m1, . . . ,mn) = (m1, . . . ,mi +mi+1, . . . ,mn).

They induces natural transformations

αi : crnF (M, . . . ,M) −→ crn−1F (M, . . . ,M),

that level wise extend to natural transformations in the categories of simplicial
objects: αi : crnF (K, . . . ,K) −→ crn−1F (K, . . . ,K) with K in sA. We define
d = dr to be

∑r
i=1(−1)iαi, it is a differential.

Definition 5.1. We define the bar construction to be the double complex FK :=⊕∞
i=1 criF (K, . . . ,K).

Theorem 5.2 ([3] Satz 6.4). We have the following isomorphism Hq+1(F (SK)) ∼=
Hq(FK), where Hq(FK) is the total homology of the double complex. Further-
more the following diagram commutes:

Hq+1(F (SK))

∼=

��

Hq(F (K))

σ

77nnnnnnnnnnn

i∗ ''PPPPPPPPPPPP

Hq(FK),

(13)

where i is the inclusion of F (K) into FK.
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Theorem 5.3 ([3] Korollar 6.7). There is a spectral sequence Er such that the
first page (E1, d1) is:

H(F (K))←− H(cr2F (K,K))←− . . . H(crrF (K, . . . ,K))←− . . . (14)

and which E∞ is the module H(F (SK)).

Proposition 5.4 ([3] Hilfsatz 6.10). Let A and B be an abelian categories and
G : A×l −→ B be a functor in l variables such that it is zero whenever one of
its variables is. Consider G : sA×l −→ sB, define applying G level wise; if Ki

is ni connected and n = n1 + . . .+ nl then Hq(G(K1, . . . ,Kl)) = 0 for q < n.

Proposition 5.5 ([3] Korollar 6.12). Let A and B be an abelian categories,
F : A −→ B be a functor and K be a n connected simplicial object in A. Then
the suspension morphism:

σq : Hq(F (K)) −→ Hq+1(F (SK)), (15)

is an isomorphism for q < 2n and an epimorphism for q = 2n.

6 Stable derived functors

We translate the previous results in the case of derived functor.

Theorem 6.1. The functor Li+knF (−, n) is then polynomial of degree minor
than k + 1 for all i < n.

Definition 6.2. The suspension functor in the case of derived functors is write
as:

σ(n)
q : LqF (−, n) −→ LqF (−, n+ 1). (16)

Theorem 6.3 ([3] 8.3). If F is additive then the suspension morphism is an
isomorphism.

Theorem 6.4 ([3] 8.3). The suspension functor σ
(n)
q is then an isomorphism

for q < 2n and an epimorphism for q = 2n.

Definition 6.5. We call stable derived functor, denoted Lstq L(−) the colimit of

the system induced by σ
(n)
q .

Theorem 6.6 ([3] 8.3). The stable derived functor is an additive functor.

7 The special case Hq(K(A, n), N)

Let T (−) = Z[−] be the group ring algebra. Clearly T (−) ∼= Z ⊕ T ′(−) where
T ′(0) = 0 and can be identified as the augmentation ideal functor.

Proposition 7.1 ([3] 6.27). The cross effect crrT
′(A1 ⊕ . . . ⊕ Ar) is equal to

A1⊗ . . .⊗Ar. Furthermore the morphisms αi that define the differentials in the
bar construction are the following αi(a1⊗. . .⊗ar) = (a1⊗. . .⊗ai+ai+1⊗. . .⊗ar).

In the particular case of the homology of Eilenberg-Maclane spaces we can
reformulate lots of results shown in [4] as special case of properties of derived
functors. For example the results contained in Chapter 20 are the translation
of the results stated above in the Eilenberg-Maclane spaces language.
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