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Abstract. In this paper, we study Murasugi numbers gpKq of p2n ´ 1q–

dimensional (not necessarily spherical) knots K in S2n`1 “ BD2n`2 for n ě 2,

where gpKq is the minimal middle Betti number among those of properly
embedded compact oriented 2n–dimensional submanifolds of D2n`2 homotopy

equivalent to a bouquet of n–spheres bounded by K. We obtain lower and
upper bounds of gpKq by algebraic invariants, i.e. the Witt co-index and the
pure Witt co-index of a Seifert form, for a large class of p2n ´ 1q–dimensional

knots for n ě 3. As a consequence, we completely describe the Murasugi
number by an algebraic invariant of a Seifert form for spherical p2n´1q–knots

for n ě 3. We also show that if n ě 4 is even, then for the algebraic knot

Kf associated with an isolated critical point of a holomorphic function germ

f : pCn`1,0q Ñ pC, 0q, we have µpKf q “ gpKf q if and only if the singularity

of f is simple or almost-simple, provided that Hn´1pKf ;Zq is torsion free,
generalizing a result due to Michel for the case of vanishing Hn´1pKf ;Zq,

where µpKf q, the Milnor number, is the middle Betti number of the Milnor

fiber for f .

1. Introduction

Throughout the paper, we work in the smooth category and a knot (or more
precisely, a p2n´1q–knot) refers to the isotopy class of an pn´2q–connected closed
oriented p2n ´ 1q–dimensional submanifold in S2n`1, n ě 1. Note that K may
not be homeomorphic to the p2n ´ 1q–sphere S2n´1. When K is homeomorphic to
S2n´1, we say that K is spherical ; otherwise, non-spherical.

A typical example of a knot is the algebraic knot Kf associated with a holomor-
phic function germ f : pCn`1,0q Ñ pC, 0q with an isolated critical point at the
origin [19]. Note that the isotopy class of Kf determines and is determined by the
embedded topology of the complex hypersurface f´1p0q in a small neighborhood of
the origin in Cn`1 (see [26]). Recall that such a knot Kf bounds a compact 2n–
dimensional submanifold Ff of S2n`1, called the Milnor fiber, which is homotopy
equivalent to a bouquet of n–spheres, and the middle Betti number bnpFf q is a very
important topological invariant of the singularity, called the Milnor number.

The main objective of this paper is to study the minimal middle Betti number
of a properly embedded compact oriented 2n–dimensional submanifold of D2n`2

bounded by a given knot K Ă S2n`1 “ BD2n`2 homotopy equivalent to a bouquet
of n–spheres. This minimal number is called the Murasugi number of the knot K,
and is denoted by gpKq [18] (see also [21]). When, n “ 1 and K is connected, gpKq

is always even and gpKq{2 is often called the 4–ball genus, slice genus, or Murasugi
genus. Note that the Murasugi number is a cobordism invariant for p2n´1q–knots.

Michel [18] studied the Murasugi numbers of algebraic knots Kf as above for
n ě 3, especially when Kf is spherical. In particular, it is shown that when Kf is
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spherical, gpKf q is equal to the Milnor number of f if and only if the singularity of
f at the origin is simple in the sense of [6].

In this paper, we first study the Murasugi numbers of p2n´1q–knots K for n ě 3
using algebraic invariants of their Seifert forms θK . These invariants are the Witt
co-index βpθKq introduced, for example, in [8], and its variant, called the pure Witt
co-index βppθKq (for details, see §3 of the present paper). We will show that for a
large class of p2n ´ 1q–knots K, called exact knots introduced in [4], we have

βpθKq ď gpKq ď βppθKq

for n ě 3, where θK is the Seifert form of K with respect to an arbitrary exact
Seifert hypersurface for K in the sense of [4] (see Proposition 3.14). As a corollary,
we show that for spherical p2n´1q–knots for n ě 3, the Murasugi number coincides
with the Witt co-index of the Seifert form (see Theorem 3.15). Furthermore, we
also generalize the above-mentioned result of Michel [18] for a more general class of
algebraic knots Kf for n ě 4 even, using the notions of simple and almost-simple
singularities (see Theorem 4.4).

The paper is organized as follows. In §2, we recall several materials related to
p2n ´ 1q–knots and their cobordisms. In §3, we introduce the algebraic invariants,
the Witt co-index and the pure Witt co-index, and study the Murasugi numbers of
p2n ´ 1q–knots. We give lower and upper bounds for the Murasugi numbers (see
Propositions 3.13 and 3.14) and prove Theorem 3.15 about the Murasugi numbers
of spherical knots. In §4, we study the Murasugi numbers of algebraic p2n´1q–knots
Kf for n ě 4 even such that Hn´1pKf q is torsion free, and prove Theorem 4.4.

Throughout the paper, we work in the smooth category. Homology and coho-
mology groups are with integer coefficients unless otherwise stated. For a Z–module
H, we denote by TorsH the torsion submodule of H.

2. Preliminaries

LetK be a p2n´1q–dimensional closed oriented submanifold of S2n`1 with n ě 1.
We will assume that K is pn ´ 2q–connected. (Here, when n “ 1, a submanifold
is p´1q–connected if it is nonempty.) In this case, we say that K (or its isotopy
class) is a knot (or a p2n ´ 1q–knot). Note that K may not be homeomorphic to
S2n´1. If K is homeomorphic to S2n´1, then K is called a spherical knot, otherwise
a non-spherical knot.

For such a p2n ´ 1q–knot K, it is known that there exists a compact oriented
2n–dimensional submanifold F of S2n`1 such that K “ BF . Such an F is called a
Seifert hypersurface of K.

Definition 2.1. Let K be a p2n´1q–knot in S2n`1 and F be a Seifert hypersurface
for K. We define the bilinear form

θK,F : pHnpF q{TorsHnpF qq ˆ pHnpF q{TorsHnpF qq Ñ Z

by θK,F pα, βq “ lkpa`, bq, where a and b are n–cycles representing α and β, respec-
tively, a` is the n–cycle in S2n`1 obtained by pushing a into the positive normal
direction of F , and lk denotes the linking number of n–cycles in S2n`1. The bilinear
form θK,F is called the Seifert form of K (with respect to F ) and its representative
matrix is called a Seifert matrix. We also use the notation θK “ θK,F when there
is no confusion, or when the Seifert hypersurface F is clear from the context.

Definition 2.2. For a p2n ´ 1q–knot K, if there exists a Seifert hypersurface F
which is pn´ 1q–connected, then K is called a simple knot. We can show that such
an F is homotopy equivalent to a bouquet of finitely many n–spheres by using our
assumption that K is pn ´ 2q–connected.
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Definition 2.3. Two p2n´ 1q–knots K0 and K1 in S2n`1 are said to be cobordant
if there exists a properly embedded 2n–dimensional oriented submanifold X, ab-
stractly diffeomorphic to K0ˆr0, 1s, of S2n`1ˆr0, 1s such that XXpS2n`1ˆt0uq “

K0 ˆ t0u, and X X pS2n`1 ˆ t1uq “ ´K !
1 ˆ t1u, where ´K !

1 is the mirror image
of K1 with reversed orientation (see [2, 3]). In this case, X is called a cobordism
between K0 and K1.

Note that if K0 and K1 are isotopic, then they are cobordant. However, the
converse does not hold in general.

It has been proved that every p2n ´ 1q–knot is cobordant to a simple knot by
Levine [15] (see also [4]). Note that Levine proves the assertion for spherical knots;
however, the same argument using embedded surgeries and an engulfing theorem
works equally well for an arbitrary p2n ´ 1q–knot. This implies the following.

Proposition 2.4. Let K be a p2n´1q–knot in S2n`1 “ BD2n`2. Then, there exists
a properly embedded compact oriented 2n–dimensional submanifold G in D2n`2

homotopy equivalent to a bouquet of finitely many n–spheres such that BG “ K.

Proof. Let us identify S2n`1ˆr0, 1s with a collar neighborhood of BD2n`2 inD2n`2.
Then, as K is cobordant to a simple knot K 1, there exists a cobordism X in S2n`1ˆ

r0, 1s between K and K 1. As K 1 is a simple knot, there is a Seifert hypersurface F 1

for K 1 in S2n`1 ˆ t1u such that BF 1 “ K 1 and F 1 is pn ´ 1q–connected, i.e., F 1 is
homotopy equivalent to a bouquet of finitely many n–spheres. Then, G “ X Y F 1

is a desired 2n–dimensional submanifold of D2n`2 with BG “ K. □
Definition 2.5. LetK be a p2n´1q–knot in S2n`1 “ BD2n`2. Then, the minimum
nonnegative integer among bnpGq for all properly embedded compact oriented 2n–
dimensional submanifolds G in D2n`2 homotopy equivalent to a bouquet of finitely
many n–spheres with BG “ K, is called the Murasugi number of K, and is denoted
by gpKq [18] (see also [21]). Here, bnpGq is the n–th Betti number, i.e., the rank of
HnpGq. In other words, G is homotopy equivalent to the bouquet of bnpGq copies
of n–spheres. By Proposition 2.4, gpKq is a well-defined nonnegative integer. (For
n “ 2, see also [25].)

It is easy to see that the Murasugi number is a cobordism invariant:

Lemma 2.6. If two p2n´1q–knots K0 and K1 are cobordant, then we have gpK0q “

gpK1q.

Definition 2.7. Let K be a simple p2n ´ 1q–knot in S2n`1. Then, the minimum
nonnegative integer among bnpF q for all pn´1q–connected Seifert hypersurfaces for
K in S2n`1, is called the Milnor number of K, and is denoted by µpKq.

Lemma 2.8. If K is a simple p2n´ 1q–knot in S2n`1, then we always have gpKq ď

µpKq.

Proof. Let F be an pn´1q-connected Seifert hypersurface for K in S2n`1 “ BD2n`2

such that bnpF q “ µpKq. Then, by pushing the interior of F into the interior of
D2n`2, we get a properly embedded submanifold of D2n`2 with boundary K, and
with n–th Betti number equal to µpKq. Hence the result follows by virtue of the
definition of the Murasugi number. □
Remark 2.9. Let G be a properly embedded compact oriented 2n–dimensional
submanifold in D2n`2 with BG “ K being a p2n ´ 1q–knot in S2n`1. We do not
know if G∖ IntC can be engulfed into the boundary of a p2n ` 2q–disk embedded
in IntD2n`2, as in the proof of [15, Lemma 4] (see also [10, Theorem 2]), where C
is a collar neighborhood of BG in G. If the answer is positive, then the Murasugi
number of K would be equal to the minimum of Milnor numbers among all simple
p2n ´ 1q–knots cobordant to K.
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Let us recall the following definition.

Definition 2.10. Let K be a p2n ´ 1q–knot in S2n`1 with n ě 2. A Seifert
hypersurface F of K is said to be exact if the sequence

0 Ñ HnpKq Ñ HnpF q{TorsHnpF q Ñ HnpF,Kq{TorsHnpF,Kq Ñ Hn´1pKq Ñ 0,

derived from the homology exact sequence for the pair pF,Kq, is well defined and
exact [4]. Note that the homomorphism HnpF,Kq{TorsHnpF,Kq Ñ Hn´1pKq may
not be well defined in general. Here, we impose the condition that this map should
be well defined. A p2n ´ 1q–knot K is said to be exact if it admits an exact Seifert
hypersurface.

It has been known that simple p2n´1q–knots, fibered p2n´1q–knots, and spher-
ical p2n ´ 1q–knots are always exact [4].

In the following, for a finitely generated Z–module H, we denote by γpHq the
minimal number of its generators as Z–module.

Proposition 2.11. Let K be a p2n´1q–knot, n ě 2. Then we always have gpKq ě

γpHn´1pKqq.

Proof. Let G be a compact oriented 2n–dimensional manifold properly embedded
in D2n`2 homotopy equivalent to a bouquet of n–spheres such that BG “ K and
bnpGq “ gpKq. Then we have the following homology exact sequence for the pair
pG,Kq:

HnpG,F q Ñ Hn´1pKq Ñ 0,

where HnpG,F q – HnpGq – ZbnpGq by Poincaré–Lefschetz duality. This implies
that γpHn´1pKqq ď bnpGq “ gpKq. This completes the proof. □

Example 2.12. For n ě 2, we can embed Sn ˆ Dn in S2n`1. We denote the
embedded image by F and set K “ BF , which is a p2n´ 1q–knot. Since the Seifert
hypersurface F is pn´1q–connected, it is a simple knot. Then, since Hn´1pKq – Z,
we have, by Proposition 2.11,

1 ď gpKq ď µpKq ď 1,

which implies that gpKq “ µpKq “ 1.

3. Co-index and pure co-index

Let A be a free Z–module of finite rank and

θ : A ˆ A Ñ Z

a bilinear form, which may not be symmetric or non-degenerate. In the following, we
fix a positive integer n and set S “ θ`p´1qnθT , i.e., Spa, bq “ θpa, bq`p´1qnθpb, aq

for a, b P A. Later, such a bilinear form θ will be a Seifert form θK of a p2n´1q–knot
K.

Definition 3.1. A submodule U Ă A is said to be totally isotropic if θpa, bq “ 0
for all a, b P U . The maximal rank of a totally isotropic submodule for θ is called
the index (or the Witt index ) of θ and is denoted by indpθq. The co-index (or the
Witt co-index ) of θ, denoted by βpθq, is defined as

βpθq “ rankA ´ 2 indpθq.

See [8], for example.

Remark 3.2. Suppose U is a totally isotropic submodule for θ. Then, pU Ă A,
which is the smallest pure submodule of A containing U , is also totally isotropic.
Here, a submodule of A is pure if it is a direct summand of A.
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Definition 3.3. A submodule U Ă A is said to be purely totally isotropic if the
following two conditions are satisfied.

(1) The submodule U is pure.
(2) There exist a base α1, α2, . . . , αk of U and a set of elements α˚

1 , α
˚
2 , . . . , α

˚
k

of A such that θpαi, αjq “ 0 and Spαi, α
˚
j q “ ˘δij for all 1 ď i, j ď k,

where

δij “

#

1, i “ j,

0, i ‰ j.

Note that then α1, α2, . . . , αk, α
˚
1 , α

˚
2 , . . . , α

˚
k constitute a base of a pure submodule

of A.
The maximal rank of a purely totally isotropic submodule for θ is called the pure

index (or the pure Witt index ) of θ and is denoted by indppθq. The pure co-index
(or the pure Witt co-index ) of θ, denoted by βppθq, is defined as

βppθq “ rankA ´ 2 indppθq.

Remark 3.4. In Definition 3.3, the submodule U is totally isotropic. Hence, we
always have

indpθq ě indppθq and βpθq ď βppθq.

Example 3.5. For a positive integer m, let us consider the 2mˆ2m integer matrix
L of the form

L “

ˆ

0 Im
Im 0

˙

,

where Im is the m ˆ m identity matrix. We identify L with an integral bilinear
form on Z2m. Since detL ‰ 0, we see that indpLq “ m (see [8, Definition 2.2]
and the subsequent paragraph). However, since S “ L ` LT “ 2L for n even and
S “ L ´ LT “ 0 for n odd, we see that there exist no pair of elements x, y P Z2m

with Spx, yq “ ˘1. Hence we have indppLq “ 0. Consequently, we have

βpLq “ 0 ă 2m “ βppLq.

Note that there exists a simple p2n ´ 1q–knot K in S2n`1 with Seifert form
isomorphic to L for n ě 3. Since L is unimodular, such a knot K is a simple
fibered knot (see [7]). For n even, we have Hn´1pKq – pZ{2Zq2m, and for n odd,
we have Hn´1pKq – Z2m. Hence, K is non-spherical. Furthermore, by using
Proposition 2.11, we can show that gpKq “ µpKq “ 2m.

Recall that if a spherical p2n´1q–knot K, n ě 3, satisfies βpθKq “ 0 for a Seifert
form θK (see Definition 3.10), then we have gpKq “ 0 [15].

These observations show that, in the case of a general not necessarily spherical
p2n ´ 1q–knot, the co-index of a Seifert form may not be efficient for determining
the Murasugi number.

Lemma 3.6. Let θ be an integral bilinear form on a free Z–module of finite rank.
If S “ θ ` p´1qnθT is unimodular, then we have

indpθq “ indppθq and βpθq “ βppθq.

Proof. Let U Ă A be a totally isotropic submodule A of maximal rank. By Re-
mark 3.2, we may assume that it is pure. Let α1, α2, . . . , αk be a base of U ,
where k “ rankU . Note that θpαi, αjq “ 0 for all 1 ď i, j ď k. Furthermore,
since S is unimodular, we can find a set of elements α˚

1 , α
˚
2 , . . . , α

˚
k of A such that

Spαi, α
˚
j q “ ˘δij for all 1 ď i, j ď k. Therefore, U is purely totally isotropic.

Hence, by definition, we get the desired equalities. □
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Definition 3.7. Two integral bilinear forms are said to be S-equivalent if their
representative matrices are transformed to each other by a finite sequence of con-
gruences and the replacements:

(3.1) A Ø B “

¨

˝

A 0 u
0 0 0
0 1 0

˛

‚, A Ø C “

¨

˝

A 0 0
0 0 1
v 0 0

˛

‚,

where u (or v) is a column (resp. row) vector with integer entries. (See also [16,
§2], [8, §2.5].)

The Seifert form θK,F depends on the choice of the Seifert hypersurface F for K.
However, by [16, Theorem 1], it is known that the S-equivalence class of a Seifert
form is well-defined for a given p2n ´ 1q–knot K, provided that K is spherical.

Remark 3.8. In general, even up to S-equivalence, the Seifert form is not well-
defined. Here is an example.

Let K “ Sn´1 ˆ Sn be the p2n ´ 1q–knot embedded trivially in S2n Ă S2n´1,
n ě 2: i.e., K “ BDn ˆSn Ă Dn ˆSn Ă BpDn ˆDn`1q “ BD2n`1 “ S2n Ă S2n`1.
Then, K bounds two Seifert hypersurfaces F0 “ Dn ˆ Sn and F1 “ Sn´1 ˆ Dn`1,
both of which are embedded in S2n Ă S2n`1. Since F0 is pn´ 1q–connected, K is a
simple p2n´ 1q–knot. Furthermore, since F0 is exact, K is an exact p2n´ 1q–knot.
(Refer also to Example 2.12.) On the other hand, we see easily that F1 is not exact,
since HnpSn´1 ˆ Snq Ñ HnpSn´1 ˆ Dn`1q is not a monomorphism. Furthermore,
HnpF0q – Z, while HnpF1q “ 0. Therefore, the Z–module for which the Seifert
form is defined with respect to F0 and that for F1 have distinct ranks modulo 2.
Therefore, the Seifert forms are not S-equivalent to each other.

This means that the Seifert form is not well-defined in general up to S-equivalence
even for simple or exact p2n ´ 1q–knots.

The following lemma is proved in [8, Proposition 2.14].

Lemma 3.9. Let θ1 and θ2 be integral bilinear forms on free Z–modules of finite
ranks. If they are S-equivalent, then we have βpθ1q “ βpθ2q.

We do not know if βppθ1q “ βppθ2q holds for S-equivalent integral bilinear forms
θ1 and θ2.

Definition 3.10. Let K be a spherical p2n´1q–knot in S2n`1. The co-index βpKq

of K is the Witt co-index βpθK,F q for a Seifert form θK,F of K with respect to a
Seifert hypersurface F . This does not depend on the choice of F and is well-defined
by virtue of [16, Theorem 1] and Lemma 3.9.

Remark 3.11. (1) Let L be an integral square matrix. We say that L is admissible
if detpL ´ tLT q is non-zero as a polynomial in t. Note that L is admissible if and
only if detpL ` tLT q ‰ 0. Two integral square matrices L and L1 are said to be
concordant if βpL‘ p´L1qq ď 0. By [8, Proposition 2.1], if two admissible matrices
L and L1 are concordant, then we have βpLq “ βpL1q.

(2) Let K be a p2n ´ 1q–knot in S2n`1, which may not be spherical. Then, its
Alexander polynomial ∆Kptq can be defined by using the n–th homology group
of the the infinite cyclic covering of S2n`1 ∖ K. In general, it is well-defined as
an element of Qrt, t´1s up to a multiple of rtm for some r P Q ∖ t0u and m P Z
(for details, see [23], for example). See also [8], where a normalized Alexander
polynomial is defined as an element of Qrts.

(3) By the above remark (1), for p2n ´ 1q–knots K and K 1 whose Alexander
polynomials are non-zero, if K and K 1 are concordant, then we have βpKq “ βpK 1q.

On the other hand, for the example K “ Sn´1 ˆSn given in Remark 3.8, we see
that the n–th homology of the infinite cyclic covering of S2n`1∖K is isomorphic to
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Qrt, t´1s, hence ∆Kptq “ 0. Furthermore, we see easily that βpθK,F0
q “ ´1, while

we have βpθK,F1q “ 0. Therefore, even for a given p2n ´ 1q–knot K, if ∆Kptq “ 0,
then the co-index of its Seifert form may not be well-defined.

(4) For n “ 1, it is known that if K and K 1 are 1–knots and if the Alexander
polynomial of one of the two knots is non-zero, then so is that of the other one (see
[13]). We do not know if the same is true for n ě 2 as well.

Remark 3.12. Let L be an integral square matrix. If βpLq ă 0, then we can
show that detpL ` p´1qntLT q “ 0. In particular, if the Alexander polynomial of a
p2n ´ 1q–knot K is nonzero, then βpθKq ě 0.

Proposition 3.13. Let K be a simple p2n ´ 1q–knot in S2n`1 with n ě 3. Then,
we have

βpθKq ď gpKq ď βppθKq,

where θK “ θK,F is the Seifert form of K with respect to an arbitrary pn ´ 1q-
connected Seifert hypersurface F for K.

Proof. The inequality gpKq ď βppθKq follows from an argument using the embed-
ded surgery technique as in [14, 18], since n ě 3.

Let us now show βpKq ď gpKq. Let G be a properly embedded compact oriented
2n–dimensional submanifold in D2n`2 homotopy equivalent to a bouquet of finitely
many n–spheres with BG “ K such that bnpGq “ gpKq. Let F be an pn ´ 1q-
connected Seifert hypersurface for K with respect to which θK “ θK,F is defined.
Note that F X G “ K. Then, by a standard argument, we see that there exists
a compact orientable p2n ` 1q–dimensional submanifold W of D2n`2 such that
BW “ F Y G. We set X “ BW . We see easily that X is a closed orientable
pn ´ 1q-connected 2n–dimensional manifold with bnpXq “ bnpF q ` bnpGq.

Let us consider the homology exact sequence for the pair pW,Xq with integer
coefficients:

Hn`1pXq
j˚

´́ ´́ Ñ́Hn`1pW q Ñ Hn`1pW,Xq

Ñ HnpXq
j˚

´́ ´́ Ñ́HnpW q Ñ HnpW,Xq Ñ Hn´1pXq,

where j : X Ñ W is the inclusion and we have Hn`1pXq “ Hn´1pXq “ 0, since
n ě 2. Hence, we have the exact sequences

0 Ñ Hn`1pW q Ñ Hn`1pW,Xq Ñ Ker j˚ Ñ 0, and

0 Ñ Ker j˚ Ñ HnpXq Ñ HnpW q Ñ HnpW,Xq Ñ 0,

where we have Hn`1pW,Xq – HnpW q and HnpW,Xq – Hn`1pW q by virtue of the
Poincaré–Lefschetz duality. Therefore, we have

rankKer j˚ “ bnpW q ´ bn`1pW q and

bn`1pW q “ bnpW q ´ bnpXq ` rankKer j˚,

which immediately implies

(3.2) rankKer j˚ “ bnpXq{2 “ pbnpF q ` bnpGqq{2.

For the moment, we consider homology with rational coefficients. By the exact
sequence for the pair pX,F q,

Hn`1pX,F ;Qq Ñ HnpF ;Qq
i˚

´́ ´́ Ñ́HnpX;Qq,

we see that i˚ : HnpF ;Qq Ñ HnpX;Qq is injective, where i : F Ñ X is the
inclusion and Hn`1pX,F ;Qq – Hn`1pG, BG;Qq – Hn´1pG;Qq “ 0 by excision
and the Poincaré–Lefschetz duality. Hence, we may regard HnpF ;Qq as a subspace
of HnpX;Qq.
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Now, let us consider the Q-vector spaces

Ker j˚ ` HnpF ;Qq Ă HnpX;Qq,

where j˚ : HnpX;Qq Ñ HnpW ;Qq. Since they are Q–vector spaces, we have

dimpKer j˚ ` HnpF ;Qqq ď dimHnpX;Qq,

where dim denotes the dimension over Q. Hence, we have

dimKer j˚ ` bnpF q ´ dim pKer j˚ X HnpF ;Qqq ď bnpF q ` bnpGq.

By (3.2) we have

dim pKer j˚ X HnpF ;Qqq ě pbnpF q ´ bnpGqq{2.

This implies
rank pKer j˚ X HnpF qq ě pbnpF q ´ bnpGqq{2,

where j˚ : HnpXq Ñ HnpW q. Note that Ker j˚ X HnpF q is a totally isotropic
submodule for θK , which can be seen by the same argument as in the proof of [18,
Lemme 1]. Therefore, we have

indpθKq ě pbnpF q ´ bnpGqq{2,

which implies
βpθKq “ bnpF q ´ 2 indpθKq ď bnpGq “ gpKq.

This completes the proof. □

We do not know if a statement as in Proposition 3.13 is true for general p2n´1q–
knots which may not be simple. However, for exact knots (see Definition 2.10), we
have the following.

Proposition 3.14. Let K be an exact p2n ´ 1q–knot in S2n`1 with n ě 3. Then,
we have

βpθKq ď gpKq ď βppθKq,

where θK “ θK,F is the Seifert form of K with respect to an arbitrary exact Seifert
hypersurface F for K.

Proof. By [4, Proposition 3.8], K is cobordant to a simple p2n ´ 1q–knot K 1 such
that the Seifert form θK1 “ θK1,F 1 of K 1 associated with an pn ´ 1q–connected
Seifert hypersurface F 1 is isomorphic to θK . By Proposition 3.13, we have

βpθK1 q ď gpK 1q ď βppθK1 q.

Now, by by Lemma 2.6, we have gpKq “ gpK 1q. Furthermore, we have βpθK1 q “

βpθKq and βppθK1 q “ βppθKq, since θK1 is isomorphic to θK . Hence, the required
result follows. □

Since, spherical knots are exact (see [4, Lemma 3.3]), combining Proposition 3.14
with Lemma 3.6, we get the following, which is implicitly obtained in [18] in the
case of simple spherical knots.

Theorem 3.15. Let K be a spherical p2n ´ 1q–knot in S2n`1 with n ě 3. Then,
we have

gpKq “ βpθKq,

where θK “ θK,F is the Seifert form of K with respect to an arbitrary Seifert
hypersurface F for K. In particular, we have

gpKq “ βpKq.

When K is a Z–homology 3–sphere, see also [25, Theorem 3.3], where an upper
bound for the Murasugi number is given in terms of the signature of K and the
existence of a certain abstract 4–dimensional manifold bounded by K.
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Remark 3.16. Theorem 3.15 does not hold for n “ 2 in general. For example, let
K be a simple spherical 3–knot such that its Seifert form θK “ θK,F with respect
to a 1–connected Seifert hypersurface F is S-equivalent to a bilinear form τ (in the
sense of [16, §2]) such that τ ` τT is a positive definite unimodular bilinear form
with rank 16. (For example, consider the form corresponding to L1 ‘ L1 for the
matrix L1 constructed in [24, §3].) The existence of such a 3–knot follows from [16,
Theorem 2]. By [8, Proposition 2.14], the co-indices for S-equivalent forms are the
same. On the other hand, if the index of τ is positive, then we see easily that τ `τT

is not definite, which is a contradiction. Therefore, we have indpτq “ 0, and hence
βpθKq “ βpτq “ 16. Suppose that gpKq “ 16. Let G be a properly embedded
compact 1–connected submanifold of D6 bounded by K with b2pGq “ gpKq “ 16.
Then, we can show that GYD4 is a smooth closed 1–connected spin 4–dimensional
manifold with positive definite intersection form of rank 16, where we attach G
and D4 along their sphere boundaries. This contradicts the celebrated theorem of
Donaldson [5]. Hence, we have βpθKq ă gpKq, although K is a simple spherical
3–knot.

Remark 3.17. For a p2n ´ 1q–knot K in S2n`1 let Kp2q denote its 2–fold cyclic
suspension, which is a p2n`1q–knot in S2n`3 (see [12, 22]). Furthermore, we denote
by Kp2, 2q the 2–fold cyclic suspension of Kp2q, which is a p2n` 3q–knot in S2n`5.
It is known that an arbitrary Seifert form θK of K is isomorphic to a Seifert form
θKp2,2q of Kp2, 2q. Hence, we have βpθKq “ βpθKp2,2qq. Therefore, if K is spherical,
then Kp2, 2q is also spherical and if n ě 3, then we have

gpKq “ βpKq “ βpKp2, 2qq “ gpKp2, 2qq

by Theorem 3.15. We do not know if gpKq “ gpKp2, 2qq holds for non-spherical
p2n ´ 1q–knots K in general.

4. Simple and almost-simple singularities

Let f : pCn`1,0q Ñ pC, 0q, n ě 1, be a holomorphic function germ with an
isolated critical point at the origin. For a sufficiently small positive real number
ε ą 0, set Kf “ S2n`1

ε X Vf , where Vf “ f´1p0q is the complex hypersurface in
Cn`1 with an isolated singularity at the origin and S2n`1

ε is the sphere of radius ε
centered at the origin in Cn`1. It is known that Kf is an pn´2q–connected, closed
oriented p2n´ 1q–dimensional submanifold of S2n`1

ε “ S2n`1, that its complement
fibers over the circle S1, and that the isotopy class of Kf in S2n`1 is independent
of the choice of ε as long as it is sufficiently small (see [19]). Note also that the
embedded topology of Vf Ă Cn`1 around the origin determines and is determined
by the (oriented) isotopy class of Kf Ă S2n`1 (see [26]). We call Kf the algebraic
knot associated with f . The closure of a fiber of the fibration S2n`1

ε ∖ Kf Ñ S1

mentioned above is called the Milnor fiber for f and is denoted by Ff . It is a
Seifert hypersurface for Kf and is pn ´ 1q–connected. Furthermore, we can show
that µpKf q “ bnpFf q, the Milnor number of f .

Definition 4.1. The critical point (or the singularity) of f is simple (resp., almost-
simple) if the symmetric bilinear form Qf “ θf ` θTf is definite (resp., not definite,

but semi-definite), where θf “ θKf ,Ff
is the Seifert form for Kf with respect to the

Seifert hypersurface Ff [6].

Michel [18] showed that when Kf is spherical with n ě 3, then gpKf q “ µpKf q

if and only if the singularity of f is simple.

Remark 4.2. Note that for n ě 3, Kf is spherical if and only of S “ θf ` p´1qnθf
is unimodular. On the other hand, in the proof provided in [18], the author argues
that if Qf “ θf ` θTf is indefinite over the integers, then there exists a non-zero
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element x P HnpFf q such that Qf px, xq “ 0. As Qf may not be unimodular when
n is odd, this seems to be nontrivial. In fact, if µpKf q ě 5, then the existence
of such an x follows from Meyer’s Theorem [17] (see also [9, Corollary 5.10], for
example). For µpKf q ď 4, according to the classification of isolated critical points
of small Milnor numbers (see [1] or [6, Table 2]), the singularity is simple, so that
Qf is never indefinite. Hence, the argument in [18] works even for n odd.

Remark 4.3. When n is odd, consider the unimodular matrix

L “

ˆ

1 1
0 ´1

˙

.

There exists a simple p2n´ 1q–knot K with pn´ 1q–connected Seifert hypersurface
such that the associated Seifert matrix is given by L (for example, see [7, 11]).
Then, as L ´LT is unimodular, we see that K is spherical. On the other hand, we
have

Q “ L ` LT “

ˆ

2 1
1 ´1

˙

,

which is indefinite. However, it is an easy exercise to show that there exists no
non-zero x P Z2 with xTQx “ 0.

Therefore, even in the case of a spherical knot Kf , for n odd, we do not know if
there exists an x with Qf px, xq “ 0 in general, for µpKf q ď 4.

Now, we have the following theorem, which generalizes Michel’s result [18] men-
tioned above for n even.

Theorem 4.4. Suppose n ě 4 is even and that Hn´1pKf q is torsion free. Then
gpKf q “ µpKf q if and only if the singularity of f is simple or almost-simple.

Proof. First, suppose that the singularity of f is simple or almost-simple. Then,
the bilinear form Qf “ S “ θf ` θTf is definite or semi-definite: in other words,

|σpFf q| “ |σpSq| “ rankS, where σ denotes the signature of a 2n–dimensional
manifold or that of a symmetric integer matrix. Now, suppose gpKf q ă µpKf q and
there exists a properly embedded compact oriented 2n–dimensional submanifold G
of D2n`2 such that BG “ Kf and bnpGq ă bnpFf q. As Ff Yp´Gq bounds a compact
oriented p2n ` 1q–dimensional submanifold W of D2n`2, we see that

σpFf Y p´Gqq “ σpFf q ´ σpGq “ 0

by the Novikov additivity and hence σpFf q “ σpGq. On the other hand, consider
the homology exact sequences of the pairs pFf ,Kf q and pG,Kf q, respectively:

HnpKf q Ñ HnpFf q Ñ HnpFf ,Kf q Ñ Hn´1pKf q, and

HnpKf q Ñ HnpGq Ñ HnpG,Kf q Ñ Hn´1pKf q.

We see that the image of HnpKf q in HnpFf q (resp., in HnpGq) coincides with the
kernel of the intersection form of Ff (resp., of G) by virtue of the Poincaré duality.
Hence, we have |σpFf q| “ bnpFf q ´ bnpKf q and |σpGq| ď bnpGq ´ bnpKf q. As we
have σpFf q “ σpGq, this implies that bnpFf q ď bnpGq, which is a contradiction.
Hence, we must have gpKf q “ µpKf q.

Conversely, suppose that gpKf q “ µpKf q holds. Let us assume that S “ Qf

is not definite, nor semi-definite. By the above exact sequence, we see that the
intersection form S of Ff is isomorphic to a symmetric bilinear form of the form
S1 ‘ 0ℓ, where S1 is an integral non-degenerate symmetric bilinear form on a pure
free submodule A1 of HnpFf q of rank bnpFf q ´ ℓ, and 0ℓ is the zero form on the
pure free submodule of rank ℓ “ bnpKf q. By our assumption that Hn´1pKf q is
torsion free, we see that S1 : A1 ˆ A1 Ñ Z is unimodular. As S1 is indefinite
and is unimodular, we see that there exists a non-zero element x1 P A1 such that
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S1px1, x1q “ 0. This implies that θf px1, x1q “ 0. Since S1 is unimodular, with the
help of x1, we can find a purely totally isotropic submodule of rank 1 for θf . This
implies that the pure co-index of θf is smaller than or equal to µpKf q´2. Hence, by
Proposition 3.13, we see that gpKf q ď µpKf q ´ 2. This is a contradiction. Hence,
Qf must be definite or semi-definite, and the singularity of f must be simple or
almost-simple [6]. This completes the proof. □

We do not know if Theorem 4.4 holds for n ě 3 odd, or when Hn´1pKf q is not
free.

Example 4.5. Let 2 ď p ă q be co-prime integers and consider the Brieskorn
polynomial

fpz1, z2, . . . , zn`1q “ zp1 ` zq2 ` zpq3 ` z24 ` ¨ ¨ ¨ ` z2n`1,

where n ě 2 is even. When n “ 2, the link Kf is the so-called Brieskorn 3–manifold
Σpp, q, pqq (or Mpp, q, pqq). By [20, Theorem 7.3], Σpp, q, pqq is a circle bundle of
Euler number (or Chern number) ´1 over the closed connected orientable surface
of Euler characteristic

pqpp´1 ` q´1 ` ppqq´1 ´ 1q “ 2 ´ pp ´ 1qpq ´ 1q.

Hence, by a straightforward Meyer–Vietoris exact sequence argument, for exam-
ple, we see that H1pKf q is free of rank pp ´ 1qpq ´ 1q. In particular, it has no
torsion. Hence, for general n ě 2 even, by the periodicity of the link homology of
singularities, we see that Hn´1pKf q is free of rank pp ´ 1qpq ´ 1q ą 0.

According to [6], the singularity of f is never simple, and it is almost-simple if
and only if pp, q, pqq “ p2, 3, 6q. Otherwise, the singularity of f is not almost-simple.
Hence, by our Theorem 4.4 we see that for pp, q, pqq ‰ p2, 3, 6q the Murasugi number
gpKf q is strictly smaller than the Milnor number µpKf q provided n ě 4 is even.
On the other hand, for pp, q, pqq “ p2, 3, 6q, we have gpKf q “ µpKf q. Note that
the singularity of f at the origin for pp, q, pqq “ p2, 3, 6q is almost-simple and that
Hn´1pKf q is torsion free.

When pp, q, pqq ‰ p2, 3, 6q, we do not know if there exists a simple p2n´ 1q–knot
K 1 cobordant to Kf such that µpK 1q ă µpKf q.

Example 4.6. Recall that in [25], the following example for n “ 2 has been given.
For the Brieskorn polynomial

fpz1, z2, z3q “ z21 ` z32 ` z113 ,

Kf is a Z–homology 3–sphere, and the singularity of f is not simple nor almost-
simple. Nevertheless, we have gpKf q “ µpKf q. Such a phenomenon happens
because of the non-existence of a certain compact 4–dimensional manifold with
boundary Kf , which follows from the gauge theory. This example shows that
Theorem 4.4 does not hold for n “ 2.

Acknowledgment

The second author would like to thank the Institut de Recherche Mathématique
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