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Numerical methods for hyperbolic systems

Exercise sheet 3: Linear hyperbolic systems

Exercice 1
We consider the wave equation

Op + Ozu =0, (1)
atu + 8a:p = 07

1. Diagonalize the system and show that the upwind scheme is given by

n+1 n
At Ax ’
. @
n
w; —fw]”_w;q_l—wglzo
At Ax ’

with v =p+u and w=p — u.

We sum and subtract the two equations of (1) to obtain

{ O(p+u)+ 0(p+u) =0, 3)
Oi(p —u) — Ox(p —u) =0,

This computation shows that the eigenvalues of (1) are 1 and —1. The eigenvectors are (1,1)
and (1,—1). Now we define v =p+ u, w =p — u.
When we apply the upwind scheme to advection equation dyu + ad;u = 0 the flux is defined by

_Jou; ifa>0,
Ujt1 if a < 0.

Consequently the upwind scheme for the system (3) is

UnJrl — Tl —
J J 4 =1 _
At Az ’
n+l _ . n no_
Wy Wi Wi Wy 0
At Ax ’

with v =p+u and w =p — u.




2. Prove that the upwind scheme (2) for the initial system (1) can be write on the following
form

P}Hl — Py uj —uiy o piy —2pF +piy —0
THAlt n n 20z n n 2A% n ’ (5)
u; = uf _i_pj+1 — P ui g —2ui + gy _
At 2Azx 2Azx ’

and use the scheme (5) to compute the consistency error.

Firstly we sum the equations and multiply by 0.5, secondly we subtract the equations and
multiply by 0.5. We obtain

ntl _  n n

—wi + (wi + o) — o

pj Py -1
-0
At N ’
+1 (6)
n n
A NN sl Gl D/ e WY
At 2AT ’

Using the definition of v and w we obtain the result.

Now we propose to prove the result of consistency error. We define u(z;,t,) the exact solution.

p(x;, ") — p(x;, t")  w(@jpr, t") —u(zj—1,t")  p(xjpr,t™") — 2p(zj, t") + p(zj_1,t")

At 2Azx - 2Ax =0

u(zj, ") —u(zj, t")  p(zjer, ) — plaj—1,t") Cu(mi, ) — 2u(w, 1) +u(@io, ) 0
At 2Ax 2Ax R
(7)

Using the Taylor expansion as the previous exercise sheet we obtain

A
Oup(;, ") + O(At) + Dyulaj, ") + O(Aa®) = == 0pup(ay, 1), 5
dpu(zj, t") + O(AL) + Opp(zj, ") + O(Az?) — %amu(@, t"),

Since p(x;,t") and u(x;,t") are solution the consistency error is O(Az + At) for the two
equations.

3. Prove that the scheme (4) satisfy the maximum principle for the quantities under a CFL
condition.



We consider the scheme (4)

n+1 n
O v;‘—v;[l 0
At + Ax ©
9
W?H —wp Wiy —wi —0
At Ax -

As previously we write the scheme on a convex combination form.

At At
n+l _ <1 _ ) ot + 71)7?_1 =0,

Vs Az ) 7 Az?
(10)

w

At At
+1 n —
;L _(1_ac)wj+xw?1 0,

For each equation we obtain convex combinations on the CFL condition % < 1.

4. Prove that the scheme (2) is stable for all [ norms (1 < g < 00) using the previous result

and convex functions. The [¢ norm is defined by

Q=

(v, w)llia = | Az Y ll(oz,w)llE |

J

with |[|(vj, wi)llg = o] + fw;|?.




We define o = ﬁ—; < 1, consequently

n+l _ n no_
vit = (1 —a)vf +avi, =0,

wn+1 —

] (1 - a)wi +awi; =0,

We define the convex function f(z) = |x|P, since this function is convex we have
FiTh) < (1= a) f(o]) +af(vjy),

(12)
Flwi™) < (1= a) f(w]) + af(w]),

Now we introduce the [? norm associated with the (9)

1™ w™ D[ = | Ae Y ([ wf NG | = Az o+ )t
J J
Using (12) we obtain

Az ST 4 ol e < Ax ST (1 — @)l 7 4 afol ]2+ (1 - a)[wl]? + afwl, |7
J J

Since the boundary are periodic » ;o7 = > v and >, [vj—1]|? = 3_; [v;|? thus we have

1" W™ [l = Az Y o+ w7 < Az Yy o[+ Jwf ] = |07, W)
i i

For the L° norm it is simple. The norm is defined by |[[(v,w)|leec =

{max(C1, c2), max; |vj| < C1,max;j |w;| < Co}.  Since the the maximum principle is pre-

served the scheme is stable for L°° norm with C7 = max; v? and Cy = max; w?.

Additional question

We introduce the damped wave equation

Op+ O0zu=20
’ 1
{ Opu + Ozp = —ou, (13)
and the upwind scheme associated
ntl _ on no_n no— 2" 4 p?
pj Pj U1~ U1 Pia Pj T Pj—1 -0
TL—iAlt n n 24z 7 n 2A% n 7 (14)
Ui DU Pie TP W T2 R,
At 2Ax 2Ax 77

5. We call "steady states” the solutions of the systems defined by 0,u = 0 and 0,p = —ou.
Prove that (14) preserve exactly the steady states.




We take v = a and p} = —aox; +b. This choice correspond to the discretization of the steady

state.
— ) VL WL
Plugging these definitions in the fluxes we remark that UﬁéTZJ’l = 0 and 2+ 223;“]71 = 0.
We obtain
Pt —p P -2l 0
- )
n-&AXt_ n n _2Anx (15)
Y Yo P TP
At 2Ax ’
Now we remark that
Py — 207 +0)1  ac
: 2A]£IZ‘ : = 2A$($j+1 —2.CC]‘+IEJ‘_1),
noopn
i1 22] Pt _ 220 (Az — Az) =0,
T T
and
Pi1 — P ao
2Az = T 2Az (@41 = 25-0),
no_opn 4
= 22]:3 - _2(sz(2Ax) -
Consequently
+1 7
P —p]
J - J — O,
s (16)
J J _
T —oa = —oa,

n+l _ n n+1l __
andpj =pj,u; = uj.




