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Numerical methods for hyperbolic systems

Exercise sheet 3: Linear hyperbolic systems

Exercice 1
We consider the Maxwell equation

woyB 4+ cO,E = —co™ B, (1)
e+ c0.B=—0F,

with periodic boundary condition on = [0, L] and g > 0, >0, 0 > 0, o* > 0.

1. Prove the following energy inequality and the uniqueness of the solutions.

jt </ el B )+ ulB(t, m)|2d:z:> _ —/QJ|E(t,x)|2 ot ul B(t, 2) 2da )

We multiply the first equation of (1) by B, the second equation by E and after we integrate the
equations.
u/ BO:B + c/ BO,E = —/ o*B?,
Q Q Q

e/EatE+/E8xB:—/aE2,

Q Q Q

1d

—— Bl? BO.E = — *| B|?
2dt/gu||+0/ﬂ \ /Qa||,

1d
EJ? EO,B = — EJ?.
th/ey|+c/a /QJH

Summing the equations of (4), we obtain

)= 5 | @IBP+EP) e [ 0.88) = [ @BF + olEP)

We remark that [, 9,(EB) = [EB]q = 0 because the boundary conditions are periodic. We de-

fine two solutions (Bl, Ey) and (Bg, Es) with (B1(t =0,z), E1(t = 0,2)) = (Ba2(t = 0,2), E2(t =
0,z)) and the term

1d

Ealt) = 5 /Q (U Bi(t,2) — Ba(t,a)|> + €| Ex(t, ) — B(t,2)P)

Since E4(t) <0, E,(t) < g and Fy(t = 0) > 0 we have the uniqueness of the solution.




2. We introduce the plane waves (which are a good approximations of physical waves)
defined by E(t,z) = Eoe?®*=*2) and B(t,z) = Bye'(W=*?) with Ey € R, By € R, k the wave
vector and w the frequency. Give the conditions (called dispersion relation) on w and k such as
the planar waves are solutions of (1) for 0 =0 and o* =0

We plug the definition of E(t,z) and B(t,z) in (1). We obtain

HBOiwei(wt—kx) . Cl{iEoiei(wt_kz) =0, (5)
e Egiwe!Wt=ke) _ o Byielwt—ke) — 0,

which are equivalent to

uBow — ckEg = 0, (6)
eFow — ckBy = 0.

Now use use Fy = dﬁ%. Plugging this relation in the first equation of (6). We obtain

kz—: €
_C2M_

In this part we assume that ¢ = 0 and ¢* = 0. Now we introduce the DG centered scheme
for (1). The mesh Qy, is defined by n + 1 points z; and n cells K;

i = [azi_;,xH;} The volume
2 2
of the cell K; is Ax; = |z, 41T |. We call a generic cell K. To finish the test function are
2 2
defined by v € Vj, = {v/v|g € PP(K)}. The scheme is given by

_ fmn. k
52/ i (“Eﬂ)—cZBz;-/ 61008, +c§j [Bén],*
n+17 ‘ k N
MZ/ G ( X ) ZEM/ $i0utr + Y [Ed,] 3 =0, YO<m<F,

1=0 -

N:»—t Nj—=

Z

(7)
with [Bol, ], = § (Bl (04 2)00 (@0 1) + BLL6i (@, )0h(@,01))
L (Bros0l ™ (@) 1) + BLdi(@,_ )0 (@, 1) ).

3. We consider V}, = P}(K). We propose to use the Lagrange polynomial associated with
the point . 1 and = j+1. Prove that the family is a basis of V},. Write the scheme in a cell K;.
2

1
2




. T—T, 1 T 1T
We we study the family | ——=2, —5— |-

Az
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is equivalent to

€T l‘j+l)\2_xjfl>\l

Al — Ag)— 2 Z_ =0.
(M Q)Ax + Ax
. . . . j+1)\2 x] 1>\1
This relation is true for all z if (A — A2) = and —2—x_~—2— = 0. Consequently A\; = A2 and
TipiA =T 1A ) Tits —Yi-s _ =0
Az ! Ax !

To write the scheme we begin b key = AT T A | d
gin by a remark¢); = X = ¢o(—x5;2) an

¢z'1:i_¢1(7 2) with ¢ = a and dp = 1 —a.

Using this remark we propose to compute the different integral and terms

o Lo ! Ax
| dioi=as [ai6= [ a=5
K; 0 0

The same principle of computation give

| aoi= [ s =5 [ oiei=5
o o A o A
[ = [ o =-S5 [ diosi= [ doe -5

We have also

(Z%(b%)(wﬁ-%) =0, ¢0¢z ($J+%
Spdh(w; 1) =1, dpei(v;_y
’L-‘rl(bl( ) _ 1, z+1 (1_

e ~+1):¢§¢§($-+;):17
$o(w;_1) = ¢1i(x;_1) =0,
i+ <z>’+1¢o< i) =6 G (w5,1) =0,
O o0(r_) =1, o oh(ny1) = ¢y (e, ) = O (x

Now we can compute the scheme. We define E} = (Eg,, ET;) and B} = (Bf;, BY;). The
scheme is given by

N

)
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)
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Erl _ R
EMZ' <1At7’> — CD Bn + CK'Z +Bz+1 + CKZ‘BZ‘ + CKi,—Bi—l = O, YO0 <m< k,
Bn+1 Bn (8)
,uMZ- <ZAt> — Cl)iEgZ + CKZ'7+E?+1 + CKZ'EZ' + CKZ'7_EZ'_1 = 0, YO0 <m< k‘,
with
Az (1 L Az [ -1 -1
_ =24 2 =7
M; 3(51)’ K 2(1 1 )
and




4. In this exercise we propose to study the numerical dispersive relation which define the
numerical wave vector k for V;, = PY(K) = Span(1). Write the scheme for this basis. Now we
define B} = Byel (”““”At*i“fA‘”) and B = Eyel (wnAt-kiAz) with j the complex number. Gives the
relation between w and k such as the discrete plane waves are solutions of (7). Show that the
numerical dispersive relation is k2 = ’é’—; + O(AzP + At?) with p > 2 and ¢ > 2.



The DG scheme for Vj, = P°(K) = Span(1) is

n+1 n n _ pn
eEi _Ei _Bi+1 B;

1—1
=0
At 2Azx ’
1
MBinJr B B;L 1n+1 - B

—1
At T 2Ar Y
Plugging the definition of E* and B}" in (9) we obtain

- cAt
ek (eﬂ”At — 1) =oAL

ikA ikA
By (eJ T el x),

JwAt _ CAt
#Bo (e 1) - 2Ax

. At _
eEy (e]wAt — 1) = _320Am By (sin(kAx)) ,

1By (eijt -1) = —‘;CAA;EO (sin(l?:Aa:)) ,

—jQCAA; By (sin(l;Ax)) ,

1By (eijAt — e*ijAt> = —JQZAtEO (sin(l%Ax)) ,
x

.. [ wAt N jeAt v
= A
eEp <2] sin ( 5 >> el 2 5AL By (sm(kAx)) ,

A ‘w jcA -
uBo <2j sin (u12t)> eI = —JZCA;EO (sin(k‘Am)) ,

Plugging the second equation of (11) in the first equation to obtain

- wAL QAtQ -~
(sin2 (w;At)) el 2t = Zsz sin®(kAz)

This relation is the numerical dispersive relation. Using limited expansion we obtain

kA kA
Ey (ej T —el “t),

s wAt _ s wAt
EE()(GJ 2 —e 772 )

2
(“’2& + O(At3)> (14 O(Ab) = iﬁf (mm + O(Am2)>2

~ 2
wAt\?  AAL2 [ kAx 3 3

To finis we observe that the previous equality is equal to k% = (%)2 + O(A#?) + O(Ax?)

which is equivalent to

(10)

(11)

(12)

(13)




