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Numerical methods for hyperbolic systems

Exercise sheet 4: Nonlinear scalar equations

Exercice 1 We consider the Burgers equation

2
atu+ar<“2>=o, VreR, ¢>0,
U <0 (1)
u(t=0,2) = L ’
’ uRr, x>0,

with ur, S UR

1. Prove that
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ur, F<ur,
u(t,z) =< %, ur <7 <ug, (3)
UR, % > UR,

are weak solutions of (1).

2.  We define the entropy n(u) = % + a“—; (v > 0, p > 2) associated with (1) and the

entropic flux associated with (u) = % + oz“;. Prove that the function (2) is not a weak

entropy solution and the function (3) is a weak entropy solution. Give a condition on uy and
up such as (2) is a weak entropy solution.

Corollary useful: for the equation dyu + 9, f(u) = 0, if f is convexe a shock is entropic if
fup) >0 > f(ur).

Exercice 2
Firstly we consider the equation (1) on the non-conservative form

Ou+udyu =0, VreR, t>0, (4)

We propose to approximate (4) with the finite volumes scheme



§(u

At

At +A7m(u] —uj_y) =0, (5)

. . . . ulr+u”
where the discrete velocity is given by a} = 7, aj = u}_; or af = L=z,
1. Discussing the conservativity of the scheme for the different discrete velocities.

Now we consider a nonlinear scalar equation

Ou+ 0pf(u) =0, VYxeR, ¢>0, (6)
u(t = 0,z) = u’(x),
and the following scheme
n+1 n n=f"
uj — uj + f]+% fj_% — 07 (7)

At Ax

with fj”+% = %(f(u;‘H) + f(u})) + §(u} —uf, ), m=ming ug(z), M = max, uo(z)

and max,,<z<nm \f, (x)| <e.

2. Prove that the scheme satisfy the maximum principle under a CFL condition.

Additional questions

Now we propose to prove that the scheme is entropic which correspond to satisfy
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<0,

with (n(u),&(u)) a couple entropy-entropic flux and f;; , the numerical entropic flux
2

my = ST ) — n)).

3. Prove that

with

6(=) = v (w0 + Rbe(z — u) = RL(F(2) = F(u))) = nuf) — Rbe(n(z) = n(up) + £L(E(2) -
?))7

and

(z) = v (uf + Abel—up +2) = AL WD)~ £(2)) = n(u) — Abe(-n(uf) + n(2)) +

2az (E(uf) = €(2)).

4. Prove that ¢(z) <0, ¢(z) < 0 under the CFL 2622 < 1 and conclude.

Additional exercise We consider a linear hyperbolic system with stiff nonlinear source term.



Oip + Opu = 0,
1 8
B+ adep = (1)~ u), )
with v/a > | (p)|-
1. Formally prove that when e tends to zero, the system (8) tends to dyp + 0, f(p) = 0.
Idea : Try to obtain dyu + 8, f(u) = 0y [(a 7 (p)2)8xp] +o(e?).
2. We propose the splitting scheme (9)-(10)
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Assuming that u? = f(p%) + ¢ (the initial data are close to the equilibrium). Explain why
this scheme is not adapted to treat the system (8) with big time step.

3. Propose a modification of the splitting scheme to obtain a better accuracy for big time

step and justify your modification.



