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e Physical context and objectives

Introduction ® |FC simulations : interaction between the gas modelized by two-temperatures Euler
equations and the radiation modelized by a linear transport equation.

® Grey linear transport equation : f(x,Q,t) > 0 the distribution function associated to the
particles (photons or neutrons) located in x, with a direction Q. We consider the following
equation :

Af(1,%, Q) + Q.V£(1,x,Q) :c/ (F(t,%, Q) — £(t,x,Q))dY .
s2

® Diffusion limit : for t >> 1 and 6 >> 1, the transport equation, tends toward the following
diffusion equation

E(t,x) —div (%VE(t,x)) —o,

with E(t,x) = /

f(t,x,Q)dQ and F(t,x) = / Qf(t,x,Q)dQ.
Q Q

® Computation cost : The CPU cost is important, consequently one needs simplified models.
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e Approximation of transport equation

. ® Simplified hyperbolic models, depend only on spaces variables.
Introduction

® Simplified models :

® P, models : we develop the transport equation on the basis of spherical harmonics.

® S, models : we use a quadrature formula to discretize the collision operator.

® M, models : non-linear P, models where the closure is obtained by minimizing the
entropy.

P; model :

;
O/E+ - divF =0,

1
oF+—VE=——F.
! +38 €2
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629 Approximation of transport equation

. ® Simplified hyperbolic models, depend only on spaces variables.
Introduction

® Simplified models :

® P, models : we develop the transport equation on the basis of spherical harmonics.

® S, models : we use a quadrature formula to discretize the collision operator.

® M, models : non-linear P, models where the closure is obtained by minimizing the
entropy.

P; model :

B,E+%divF:0,
aF+ Lve=_%F
e T T e

® Adapted numerical methods : asymptotic preserving (AP) finite volume schemes capturing
the diffusion limit.

Aims :

Design of cell-centered finite volume schemes for the simplified models capturing the diffusion limit
on unstructured meshes.
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6= Staggered and centered schemes

® Contrary to the Godunov schemes (HLL, Rusanov, upwind) the centered scheme for the
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€=9 Staggered and centered schemes

® Contrary to the Godunov schemes (HLL, Rusanov, upwind) the centered scheme for the
hyperbolic heat equation is AP.

AP schemes in 1D ® The limit diffusion scheme admit spurious modes.
and difficulties in
20 ® The centered scheme is not stable.

® The staggered scheme is also asymptotic preserving :

EnHt _gn Fj_+1—Fv71
J 4 2 I3 —o,

eAx
,_-n+1 _Fn

ity ity +E,'+17E,':_g,__ ,
At eAx €2 Jtg’

® But the staggered scheme does not preserve the maximum principle E+F >0, E—F >0
in the transport regime.
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€29 Staggered and centered schemes

® Contrary to the Godunov schemes (HLL, Rusanov, upwind) the centered scheme for the
hyperbolic heat equation is AP.

AP schemes in 1D ® The limit diffusion scheme admit spurious modes.
and difficulties in
20 ® The centered scheme is not stable.

® The staggered scheme is also asymptotic preserving :

grog Gy hy
:

,_-n+1 _Fn €Ax

ity ity N Ej1—E o
At eAx e ity

® But the staggered scheme does not preserve the maximum principle E+F >0, E—F >0
in the transport regime.

CEA Constraints

® Design of schemes which are equal to the upwind scheme when ¢ = 0 to preserve the
transport properties (maximum principle, entropy etc).

® Design of cell-centered schemes. Indeed the hydrodynamic and diffusion codes are coupled
with the transport problem use cell-centered methods.
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€=9 AP schemes : design and examples

Hyperbolic heat equation :

1
0E+ —dxF =0,
AP schemes in 1D (9

and difficulties in O F+ —0xE=——F,
€ €2
2D

1
= a,Efaxga,E: 0.

® Consistency error of the upwind scheme
o forthe first equation : O (4% +At),

® for the second equation : O (% + Ax +At).

® CFL condition :At(‘— + %) <1

Axe &
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€=9 AP schemes : design and examples

Hyperbolic heat equation :

1
dE+ —dxF =0, 1
s = E—0dy—0xE=0.
AP schemes in 1D 0F+—0xE=——F [
and difficulties in € g2’
2D

® Consistency error of the upwind scheme
® for the first equation : O (&% +At),

® for the second equation : O (% + Ax +At).
iHon - 1
® CFL condition .At(m + E%) <.
Jin-Levermore scheme
Principle of design : we introduce the steady state dxE = — ¢ F in the fluxes.
® We write the relations

EQg) = E(x, 1)+ 0=, 1)9xE(x, 1),
EQge1) = EQg, 1)+ (g1 =, 1)0xEx, 1)
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€=9 AP schemes : design and examples

Hyperbolic heat equation :

WE+ L9 F=0,

AP schemes in 1D el
and difficulties in O F+ —0xE=— SF,
2D € €

1
= a,EfanaxE: 0.

® Consistency error of the upwind scheme
e for the first equation : O (4X +At),

® for the second equation : O (A"TZ + Ax +At).
® CFL condition: At (s + %) < 1.
Jin-Levermore scheme
® Principle of design : we introduce the steady state d,E = — % F in the fluxes.
® We write the relations

{ Elx) = Elx
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€=9 AP schemes : design and examples

Hyperbolic heat equation :

1
dE+ —dxF =0, 1
o —dE-dLldE=o.
AP schemes in 1D OF+—0xE=——F G
and difficulties in € g2’
2D

® Consistency error of the upwind scheme
® for the first equation : O (&% +At),

® for the second equation : O (% + Ax +At).
® CFL condition :Ar(L i E%) <1,

Axe
Jin-Levermore scheme

® Principle of design : we introduce the steady state dxE = — < F in the fluxes.
® We write the relations
E(g)=E(x, 1) = 06=x,1)5F(x 1),
E(ge1) = B, 1) = (g1 =%, 1) Fx, 1)

Plugging the discrete equivalent of these relations in the fluxes.

Fi+E=F 1 +E 1,
Fir1 — Ej =F/.+% _E/'+%'
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AP schemes in 1D
and difficulties in
2D

AP schemes : design and examples

Hyperbolic heat equation :

1
9E+ —9,F =0,
(e}

QF+—0E=——F,
€ €

1
== B,EfaxgaxE: 0.

Consistency error of the upwind scheme
® for the first equation : O (&% +At),

® for the second equation : O (% + Ax +At).
iHon - 1
CFL condition : At <m + E%) <.
Jin-Levermore scheme
Principle of design : we introduce the steady state dxE = — ¢ F in the fluxes.
We write the relations

{ E(x) = E(x,

We obtain N
: oAx
F’+E’7F/+%+E/+%+ 2 F/‘+%’
— oA
Froo =B =F 1 — B + %5 F
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€SP

AP schemes in 1D
and difficulties in
2D

AP schemes : design and examples

Hyperbolic heat equation :

1
atE“'*axF:Ov 1

o — E—0dx—0xE=0.
[e2

OF+ -0 E=——F,
€ €

Consistency error of the upwind scheme
o forthe first equation : O (4% +At),

@ for the second equation : O (% +Ax +At).

CFL condition : At(AXE +2 ) <t
Jin-Levermore scheme

Principle of design : we introduce the steady state dxE = — 2 F in the fluxes.
E() = E(x, 1) = (6 =%, 1)SFx, 1),
o
E(x41) = E(XH%)— (X1 —XH%);F )(/+%)
We obtain
(E/+E,+1 Fi—Fi+1 F,+1
H% FitF E —E;
_ /Jr jt y B /+1
iy =M( )
with M = 2£+5Ax
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=9 AP schemes in 1D

energle atomique « energles alternatives

Introduction

AP schemes in 1D ® The Jin-Levermore scheme is
and difficulties in
2D
EM gD Fn o —FD ER  —2EN+ED
AP schemes for i L 4+m Jaa e Ry 7 Bt -0
h bolic heat Qt 2eAx 2eAx ’ (1)
yperbolic hea FnH1_pn EN . _EN FN . —2FNFN
equation in 2D J DI s N e N Bl N e Ry
At 2eAx 2eAx 2] T
AP schemes for
angular
approximations of with M = 525
the transport
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€SP

AP schemes in 1D
and difficulties in
2D

AP schemes in 1D

® The Jin-Levermore scheme is

Mt _gn Fn ~2E[E[L

J J J+1 IJr1 J
nJAt ” +M 2£Ax -M B ZEAX =0, 1)
I N S S R Sy i Ly 9 F =0

At 2eAx 2eAx

with M = 2£+5Ax

® Consistency error of Jin-Levermore :

® for the first equation : O (Ax? +eAx +At),

) Ax?
® for the second equation : O e +Ax + At

® CFL condition of explicit scheme : At (Axe +2 ) <1.

® CFL condition of semi-implicit scheme : At (k) < 1.
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AP schemes in 1D
and difficulties in
2D

AP schemes in 1D

Gosse-Toscani scheme

® Principle of design : localization of source terms at the interfaces, which induces a stationary

wave in the Riemann problem.

1 _gn N _opNygn
§ g oyt _ME/+1 21
%t 2£Ax 2eAx ’ (2)
an+ ’an /+1 / /+1 ’2F/ *F S gn
s TM Ty — — M 2eAX +M72F/ =0.
with M = 2£+6Ax
;
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€=9 AP schemes in 1D

anere clomiaue - anerces et Gosse-Toscani scheme

® Principle of design : localization of source terms at the interfaces, which induces a stationary

wave in the Riemann problem.
AP schemes in 1D

and difficulties in

2D nt1_gn n__fn N _ppNygn
A Y Y 57 B R b £ e i e R
n+$t n 2eAx 2eAx ?
—F! n _gn n o Fn
A MY L S i R V10 L el
At 2eAx 2eAx
i — 2e
with M = 2e+0Ax ©

® Consistency error of the Gosse-Toscani scheme :
® for the first equation : O (eAx + Ax? + At),
® for the second equation :0 (Ax + At).

® CFL condition of explicit scheme : At (4% ) < 1.

® CFL condition of semi-implicit scheme : At <ﬁ> <.
Axet 85

+MSF =0.
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€SP

AP schemes in 1D
and difficulties in
2D

AP schemes in 1D

Gosse-Toscani scheme

® Principle of design : localization of source terms at the interfaces, which induces a stationary
wave in the Riemann problem.

n+1_gn n
i E/+M/+1 M’*‘ —2E+E] 1 _g

af 2£Ax SEAx ) @
A YL s Yy (X s LM FI—0

At + 2eAx 2eAx 2l — Y

with M = 2£+5Ax

® Consistency error of the Gosse-Toscani scheme :
® for the first equation : O (eAx + Ax? + At),
® for the second equation :0 (Ax + At).

® CFL condition of explicit scheme : At (5) < 1.

Axe )

® CFL condition of semi-implicit scheme : At <ﬁ> <.
+

® Remark : The Jin-Levermore scheme (1) with the discretization of the source term
%(F/ 12+ Fj1/2) is equal to the Gosse-Toscani scheme.
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€SP

AP schemes in 1D
and difficulties in
2D

AP schemes in 1D

Gosse-Toscani scheme

® Principle of design : localization of source terms at the interfaces, which induces a stationary
wave in the Riemann problem.

n+1_gn n
i E/+M/+1 M’“ i 51:0

Y 2£Ax seAx ) @
TR M’*‘ ”1—M/+' 2Fj+':[—1+Man70

At + 2eAx 2eAx 2] T

with M = 2£+5Ax

Consistency error of the Gosse-Toscani scheme :
® for the first equation : O (eAx + Ax? + At),
® for the second equation :0 (Ax + At).

® CFL condition of explicit scheme : At ( <1.

Axe)
® CFL condition of semi-implicit scheme : At <ﬁ> <.
+
® Remark : The Jin-Levermore scheme (1) with the discretization of the source term
%(F/ 12+ Fj1/2) is equal to the Gosse-Toscani scheme.

® Remark : For the two schemes, the numerical viscosity gives the diffusion limit scheme on
coarse grids ( >>1).
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€=9 Analysis of AP schemes : modified equations

enerdle atomiaue « enerais altematives ® To understand the behaviour of the scheme, we use the modified equations method.
® We assume that [|d,a b E|| < Cap and [|0,a b F|| < €Cap.
AP schemes in 1D ® The modified equation associated to the Upwind scheme is
and difficulties in
2D

QE L0~ S0.E =0, ®
OF + L0xE— 35 0F = — GF.
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€=9 Analysis of AP schemes : modified equations

enerdle atomiue - energies aternaiie ® To understand the behaviour of the scheme, we use the modified equations method.
® We assume that [|d,a b E|| < Cap and [|0,a b F|| < €Cap.

® The modified equation associated to the Upwind scheme is
AP schemes in 1D
and difficulties in { 8,E+ %aXF _ %axxE _ 0’

0 1 Ax s} (3)
UF +10,E— ouF=—SF.

® We plug the relation €9, £ + O(g?) = —GF in the first equation of (4), we obtain the diffusion
limit
1 Ax
0E— gaxxE— EBXXE =0.
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€SP

AP schemes in 1D
and difficulties in
2D

Analysis of AP schemes : modified equations

To understand the behaviour of the scheme, we use the modified equations method.
We assume that [|d,a 6 E|| < Cap and |[0,a b F|| < €Cap-
The modified equation associated to the Upwind scheme is

B,Ejr gaXFZ%aXXE:o, @)
UF+10,E—30uF=—SF.

We plug the relation £d, £ + O(¢?) = —GF in the first equation of (4), we obtain the diffusion
limit
On fine grid % << 1, the diffusion limit is

1
0E— —0E =0.
c
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€SP

AP schemes in 1D
and difficulties in
2D

Analysis of AP schemes : modified equations

To understand the behaviour of the scheme, we use the modified equations method.
We assume that ||9,a 45 E|| < Cap and [|0,a 6 F|| < €Cap.-
The modified equation associated to the Upwind scheme is

O E+ 104F — 20uE =0, @)
UF + 10E— X 0uF=—SF.

We plug the relation £, £ + O(€2) = —GF in the first equation of (4), we obtain the diffusion
limit
On coarse grid % >> 1, the diffusion limit is

Ax
0E— Z—EBXXE =0.
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€=9 Analysis of AP schemes : modified equations

enerdle atomiaue - energies afematie ® To understand the behaviour of the scheme, we use the modified equations method.
® We assume that [[0,a b E|| < Cap and [|0,a .o F|| < €Cap.

® The modified equation associated to the Upwind scheme is
AP schemes in 1D

d difficulties i
and difficulties in { 3,51 1aXF A:ax E=0, @)
Ax c 3
B,F+EBXE77288XXF:772F.

® We plug the relation €d, £ + O(g?) = —GF in the first equation of (4), we obtain the diffusion
limit
1 Ax
oE — EaXXE— Ea”E =0.

® The scheme does not capture the diffusion limit.
® The modified equation associated to the Gosse-Toscani scheme is

0E+M13yF —M5*d,E =0, @
OF +MEdE—M3EduF =—MSF.
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€=9 Analysis of AP schemes : modified equations

® To understand the behaviour of the scheme, we use the modified equations method.
® We assume that [[0,a b E|| < Cap and [|0,a .o F|| < €Cap.
® The modified equation associated to the Upwind scheme is

AP schemes in 1D
and difficulties in 0 E+ %BXF — %BXXE =0, 3
2D OF + taE— 320uF = —SF.

® We plug the relation €d, £ + O(g?) = —GF in the first equation of (4), we obtain the diffusion
limit
1 Ax
0 E— EBXXE— 2—88”5 =0.

The scheme does not capture the diffusion limit.
® The modified equation associated to the Gosse-Toscani scheme is

O E+MLIdF—ME0E=0,
OF +ME0E — M5k 05 F = —MSF.

® We plug the relation Med, E + O(e2) = —MGF in the first equation of (4)

M 1-M
0E— —0wE— ——0wE=0
c c
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€=9 Analysis of AP schemes : modified equations

® To understand the behaviour of the scheme, we use the modified equations method.
We assume that [|9,a b E|| < Cap and ||9,a b F|| < €Cap.
® The modified equation associated to the Upwind scheme is

AP schemes in 1D
;gd difficulties in o E+ %3)(:‘: — %axxE =0, @
UF + 10E— 32 0uF =—SF.
® We plug the relation €dy £ + O(g?) = —GF in the first equation of (4), we obtain the diffusion
limit
A

X
—OJwE=0.
e prs

1
0E — —0E—
t o XX 2

® The scheme does not capture the diffusion limit.
® The modified equation associated to the Gosse-Toscani scheme is

O E+ Mo F—ME9uE=0, @
OF +MEdE—MEEdF =—MSF.

® We plug the relation Med, E + O(e?) = —MGF in the first equation of (4)
® On fine grid g—: << 1, M — 1 and the diffusion coefficient is correct.

1
0E— —0xE=0
c
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€=9 Analysis of AP schemes : modified equations

® To understand the behaviour of the scheme, we use the modified equations method.
We assume that [|9,a b E|| < Cap and ||9,a b F|| < €Cap.
® The modified equation associated to the Upwind scheme is

AP schemes in 1D
;gd difficulties in o E+ %3)(:‘: — %axxE =0, @
UF + 10E— 32 0uF =—SF.
® We plug the relation €dy £ + O(g?) = —GF in the first equation of (4), we obtain the diffusion
limit
A

X
—OJwE=0.
e prs

1
0E — —0E—
t o XX 2

® The scheme does not capture the diffusion limit.
® The modified equation associated to the Gosse-Toscani scheme is

O E+ Mo F—ME9uE=0, @
OF +MEdE—MEEdF =—MSF.

® We plug the relation Med, E + O(e?) = —MGF in the first equation of (4)
® On coarse grid %‘ >> 1, M — 0 and the diffusion coefficient is correct.

1
0E— —0wE=0
c
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€=9 Analysis of AP schemes : modified equations

® To understand the behaviour of the scheme, we use the modified equations method.
We assume that [|9,a b E|| < Cap and ||9,a b F|| < €Cap.
® The modified equation associated to the Upwind scheme is

AP schemes in 1D
;gd difficulties in o E+ %3)(:‘: — %axxE =0, @
UF + 10E— 32 0uF =—SF.
® We plug the relation €dy £ + O(g?) = —GF in the first equation of (4), we obtain the diffusion
limit
A

X
—OJwE=0.
e prs

1
0E — —0E—
t o XX 2

® The scheme does not capture the diffusion limit.
® The modified equation associated to the Gosse-Toscani scheme is

O E+ Mo F—ME9uE=0, @
OF +MEdE—MEEdF =—MSF.

® We plug the relation Med, E + O(e?) = —MGF in the first equation of (4)
® On intermediate grid % = 0(1), the diffusion coefficient is correct.

1
0E— —0wE=0
c
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€=9 Analysis of AP schemes : modified equations

enerdle atomiaue - energies afematie ® To understand the behaviour of the scheme, we use the modified equations method.
® We assume that [[0,a b E|| < Cap and [|0,a .o F|| < €Cap.

® The modified equation associated to the Upwind scheme is
AP schemes in 1D

d difficulties i
;g ifficulties in { arE1+ %aXFZ égaXXE:?; @)
X
0F + g0xE— G 0wF =—3F.

® We plug the relation €d, £ + O(g?) = —GF in the first equation of (4), we obtain the diffusion
limit
1 Ax
oE — EaXXE— Ea”E =0.

® The scheme does not capture the diffusion limit.
® The modified equation associated to the Gosse-Toscani scheme is

0E+M13yF —M5*d,E =0, @
OF +MEdE—M3EduF =—MSF.

® We plug the relation Med, E + O(€2) = —MGF in the first equation of (4)

1
0tE— —0wE=0
t GXX

® The scheme captures the diffusion limit (idem for the Jin-Levermore scheme).
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€29 Numerical exemple for AP schemes in 1D

® To validate the AP method, we propose the following test case. The parameters are 6 = 1,
€ =0.001. The initial data is given by £(0,x) = G(x) with G(x) a gaussian and F(0, x) = 0.

AP schemes in 1D o
and difficulties in ha e e
2D a a
In left results for AP scheme, in right results for upwind scheme
\ Schemes | Error L' | Error [ | Realtime [ Usertime |
AP scheme, 50 cells 0.0065 0.0110 0m0.054s 0m0.157s
AP scheme, 500 cells 0.0001 0.00018 0m15.22s 1m1.680s
Upwind scheme, 500 cells 0.445 0.647 0m24.317s 1m36.80s
Upwind scheme, 10000 cells 0.0366 0.059 1485m4.26s 5140m56.11s

® The « asymptotic preserving » scheme is significantly more accurate than the upwind
scheme.
® |n pratice a classical scheme for this type of problem is unusable.
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€=9 Notations for classical finite volume schemes

AP schemes in 1D
and difficulties in
2D

® We introduce the notations for the edge formulation of finite volume methods.

Notations

® /i and nj are the lenght and the normal associated to the edge ank.
® Yiluny =0.

® (Fj,ny) and Ej are the fluxes associated to the edge 9.
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e=9 2D Extension : difficulties

ereraie atormiaue « eneralos atemnales ® Jin-Levermore method : modify the upwind schemes, plugging the steady states into the
fluxes. We use a Taylor expansion :
Introduction
AP schemes in 1D E(xi) = E(xik) + (X/ — Xji, VE(xfk))7
and difficulties in E(xk) ~ E(Xj) + (Xk — Xjx, VE(Xj))-

2D

AP schemes for
hyperbolic heat
equation in 2D

AP schemes for
angular
approximations of
the transport
equation

Numerical results

Conclusion
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e=9 2D Extension : difficulties

ererele alomiaue - encraies alemnaves ® Jin-Levermore method : modify the upwind schemes, plugging the steady states into the
fluxes. We use a Taylor expansion :
Introduction
AP schemes in 1D E(x/') =~ E(xik) - % (x/' — Xjics F(x/k))7
and difficulties in E(xk) =~ E(xi) — 2 (Xk — X, F(Xi)).-

2D

AP schemes for
hyperbolic heat
equation in 2D

AP schemes for
angular
approximations of
the transport
equation

Numerical results

Conclusion
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e 2D Extension : difficulties

® Jin-Levermore method : modify the upwind schemes, plugging the steady states into the

fluxes. We use a Taylor expansion :
AP schemes in 1D ) 3
and difficulties in Discrete equivalent

2D
Ej = By — 2 (FisXj = Xi)s
Ex = Ej — 3 (Fjks Xk — Xji).
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€SP

AP schemes in 1D
and difficulties in
2D

2D Extension : difficulties

® Jin-Levermore method : modify the upwind schemes, plugging the steady states into the
fluxes. We use a Taylor expansion :

Discrete equivalent
Ej =~ B — ¢ (Fie:X; — Xe),
Ex = Ej — 3 (Fjks Xk — Xji).
Plugging the previous relations in the acoustic solver, we obtain :

(Fj, i) + £ = (Fje, njx) + Eje,
(Fi,njk) — Ex = (Fje, nix) — Eji-

Presentation
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e 2D Extension : difficulties

® Jin-Levermore method : modify the upwind schemes, plugging the steady states into the

fluxes. We use a Taylor expansion :
AP schemes in 1D ) 3
and difficulties in Discrete equivalent
2D

Ej =~ B — ¢ (Fie:X; — Xe),
Ex = Ej — 3 (Fjks Xk — Xji).
Plugging the previous relations in the acoustic solver, we obtain :

(Fj,mic) + Ej = (Fje, ) + Eje — ¢ (Fiie, (%5 — X)),
[}
(Fie; k) — Ex = (Fje, i) — Eje + ¢ (Fje, (Xk — X))
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e 2D Extension : difficulties

® Jin-Levermore method : modify the upwind schemes, plugging the steady states into the
fluxes. We use a Taylor expansion :
AP schemes in 1D . .
and difficulties in Discrete equivalent
2D
Ej =~ B — ¢ (Fie:X; — Xe),
Ex = Ej — 3 (Fjks Xk — Xji).

Plugging the previous relations in the acoustic solver, we obtain :

(Fjmix) + Ej = (Fi, i) + B — 2 (Fii, (% = X)),
(Fie; k) — Ex = (Fje, i) — Eje + ¢ (Fje, (Xk — X))
® To solve this system we need a geometrical assumption.

® Assumption : The mesh satisfy the Delaunay condition, therefore :

(Xjk —%;j) = My et (Xjx —Xk) = — g
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AP schemes in 1D
and difficulties in
2D

2D Extension : difficulties

Jin-Levermore method : modify the upwind schemes, plugging the steady states into the
fluxes. We use a Taylor expansion :

Discrete equivalent
Ej ~ Ej — 3 (Fj, X; — X),
Ex = Ej — 3 (Fjks Xk — Xji).

Plugging the previous relations in the acoustic solver, we obtain :

{ (Fj,nj) + Ej = (Fi, i) + Eje — £ (Fii, (% — X)),
(Fie, i) — Ex = (Fje, i) — /k+( (X = X))

To solve this system we need a geometrical assumption.

Assumption : The mesh satisfy the Delaunay condition, therefore :

(Xik = %;) = djcnje et (X —Xk) = —dignje.

Asymptotic limit of Jin-Levermore scheme : Two-Points-Flux scheme

n+1 _ _ En

E/
le |~ Z, =0

x,,xk)
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Ce:] Non convergence of Two-Points-Flux diffusion
scheme

AP schemes in 1D ® Two-Points-Flux scheme does not converge on distorted meshes.
and difficulties in Test case : we take as initial condition the fundamental solution of the heat equation at the
20 time t = 0.001, final time =0.010.

® Convergence results on Cartesian mesh and Random quadrangular mesh.

Cartesian mesh Random mesh
1 T 1 T
Norme L1 Norme L1
Norme L2 Norme L2 -
orE N e E B )
01 ¢
5 B
= 001 | 4=
© ©
E E 0.01 4
3 3
o 0.001 | Bl
o el
o o ..
0.001 -~ e
0.0001 | E
1e-05 L 0.0001 L
10 100 10 1 10 100
Erreur Erreur

® To our knowledge, there were no AP schemes on unstructured meshes before this study.
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=9 Notations for nodal finite volume schemes

energie atomique « energies alternatives

Introducti 3 - q . . .
ree use nodal formulation of finite volume methods introduced in Lagrangian hydrodynamics to
AP schemes in 1D discretize the wave equation and couple this scheme with the Jin-Levermore method.

and difficulties in
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Notations for nodal finite volume schemes

use nodal formulation of finite volume methods introduced in Lagrangian hydrodynamics to
discretize the wave equation and couple this scheme with the Jin-Levermore method.

® We introduce the nodal formulation

Notations
.

Xr—1 — Xx+1
Zj [y = Y, fyny = 0.
F, and En;, are the fluxes associated to the node X;.

oy = ( Y1t Y )

V; is the control volume around the node X, .
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6= Construction of the nodal scheme

energie atomique « energies alternatives

Introduction

AP schemes in 1D
and difficulties in
2D

1
AP schemes for B . _ A . =S
hyperbolic heat [ ;| o:F;(t) + c zr frEnjy =S;.
equation in 2D

1
11 9:E(1)+ 2 Y e (Fromy) =0,
r

AP schemes for .
angular ® Classical nodal solver :
approximations of { Enjr _ E/hj, _ ajr(Fj _ F,),

the transport
equation Y jEn; =0,
7

Numerical results N
with Oy = njr @ Ny
Conclusion
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6= Construction of the nodal scheme

energle atomique « energles alternatives

Introduction

AP schemes in 1D
and difficulties in
2D

1
AP schemes for B . _ A . =S
hyperbolic heat | Q/ | alF/(t) + Py Er I/rEn/r s/-
equation in 2D

]
11 9:E(1)+ 2 Y e (Fromy) =0,
r

AP schemes for .
angular ® (Classical nodal solver :

approximations of En, — En;, = a F —F
the transport r ST I’( 1 ’)1
equation Y jEn; =0,
i
Numerical results N
with oy = nj @ ny,.
Conclusion

©® Modified nodal solver : plugging VE = — % F in the fluxes

En; — Ejn; = 0 (F; — F,),

Y 00 | Fr = Y b Eine + ) 1y
] 7 7
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6= Construction of the nodal scheme

energle atomique « energles alternatives

Introduction

AP schemes in 1D 1
and difficutiee In | ;| 9:E;(t) + z Z’/‘r(Frv“/‘r) =0,
2D G

1
12| 9F(t)+ 2 Y ;iEn; =S,
r

AP schemes for
hyperbolic heat
equation in 2D

AP schemes for ® (Classical nodal solver :
angular ~
{ En; — Enj = ;- (F; —F/),

approximations of
the transport Z’/'fE"/'r =0,
7

equation

Numerical results with aj, =N @n;.

Conclusion

® Modified nodal solver : plugging VE = — g F in the fluxes

Enj, — Ejnj; = 0 (F; —F;) — ¢ B Fr,

~ () N ~
Z’/’rajr"r gzljrﬁjr F, :ZIerjnjr +leraerja
i J J J

with E,-, =n; ® (X, —X;).
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Construction of the nodal scheme

q
| Q| 0:E(t) + : Y i (Frni) =0,
r

1
[ [ Fi(6)+ 2 Y lEnj =5,
r

Classical nodal solver :
En; — Ejny; = 0 (F; — F;),
Y jEn;; =0,
J

with &j, =N ®Nj.
Modified nodal solver : plugging VE = — % F in the fluxes
En; — Ejny = 0 (F; —F;) — £ B Fr,
~ O ~ N
(Z Ijru'jr + g lerl?)jr Fr = Z/erjnjr +Z/jr(xerj1
J i i )

with B = e @ (x, —x;).

Source term discretization : (1) S; = 78% [ Q[ FL (2 S = 7:»:% Y, EI,F,
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=9 Properties of the nodal schemes

enerdle aformiaue +eneraies ateratves
® In 1D, the scheme with the source term (1) is equal to the Jin-Levermore scheme,
® the scheme with the source term (2) is equal to the Gosse-Toscani scheme.

Introduction

AP schemes in 1D
and difficulties in
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Conclusion
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=9 Properties of the nodal schemes

energle atomique « energles alternatives

reduetion ® In 1D, the scheme with the source term (1) is equal to the Jin-Levermore scheme,

e : ® the scheme with the source term (2) is equal to the Gosse-Toscani scheme.
schemes in 1D

;Ed diffieutties in ® The scheme with the discretization (2) of the source term is equal to

AP schemes for
hyperbolic heat

n+1

equation in 2D E = Ej 1
Q| L— 2+ -V I(MF, n,)=0
AP schemes for 11 At € Z,’ lr(MFr,my) =0,
angular ntl_E 4 1
approximations of | S VY En, = G (1, — -+
the transport 191 NI Z{:I,,-En,,- € (;/”a”(ld M,)) -
equation
Numerical results with
Conclusion Enj, —AE]'I'I]',- = af’Mf(Ff - Ff)) =
(1% ) Fr = Xl Ejmye + L 40 .

—1
~ 9 ~ ~
M, = (Z ’jrajr + g Z&rﬁ/r) (Z /jra/r> .
/ / 7
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=9 Properties of the nodal schemes

energle atomique « energles alternatives

® In 1D, the scheme with the source term (1) is equal to the Jin-Levermore scheme,
Introduction

e : ® the scheme with the source term (2) is equal to the Gosse-Toscani scheme.
schemes in 1D

;Bd diffieutties in ® The scheme with the discretization (2) of the source term is equal to

AP schemes for
hyperbolic heat

n+1

equation in 2D E; - Ej 1

Q| L—+ =Y l{(MF.n;) =0
AP schemes for 11 At sz,’jr( Fromi) =0,
angular Nt _E 4 1
approximations of | S Er = (= n+1
11 o L T = — 3 (L, () )
equation
Numerical results with R

En;, — Ejnj; = o M, (F; — F,)
Conclusion \jr -jjr yjr Vir\ ¥y r)s
{ (%) 105 ) Fr = X h Eime + X 10 .

—1
~ (9 N ~
M, = (Z Ol + c Zb‘rﬁ/r) (Z /jr(x/r> .
/ / 7

® The matrix M, generalize the coefficient M introduced in the 1D schemes
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€=9 Properties of the nodal schemes

® |n 1D, the scheme with the source term (1) is equal to the Jin-Levermore scheme,
® the scheme with the source term (2) is equal to the Gosse-Toscani scheme.
® The scheme with the discretization (2) of the source term is equal to

AP schemes for
hyperbolic heat
equation in 2D E’H'1

|Q/| N, + Z//r M;F,,n;) =0,
n+1 F

| Q/ | hU A N, G = ZI]rEn]r == (Zl/r(x/r(/d - )) Ei

with N
En; — Eny = 0 M, (F;—F,),
(X ) Fr = X b Ejmye + X 40 .

—1
~ 9 N ~
Mr - (Z/[ra[r + E lerB/I) <lefu’jl) .
] / 7

® The matrix M, generalize the coefficient M introduced in the 1D schemes
® We implicit the source term to obtain a scheme with a CFL condition independent of €.
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When € tends to zero the limit scheme is :

Introduction
AP schemes in 1D
and difficulties in | Qi | atEi(t) - Zlir(Fr,nir) =0,
2D r

CAF, =) liEmj, A =—) ln; (X, —Xj).
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e Diffusion limit

energie atomique « energies alternatives

When € tends to zero the limit scheme is :

Introduction
AP schemes in 1D
schemes | Q; | arE,-(t) —ler(anil) =0,

and difficulties in

. WL ¥y @ (x, —x)
CAF, =) I Eng, A =—) Iin® (X, —X;).

AP schemes for rr i Ir=n 7 I J

hyperbolic heat

equation in 2D

AP schemes for
angular H e(t) ”fZ(g): Z I Qi I (E/(t) - E(X]‘, t))z‘
approximations of 7
the transport .
equation

190) B o= [ £ Vo] ()~ VE0)%
Numerical results ! 0 r

Conclusion

If the matrix A° satisfies AS > oV, with o a constant then the semi-discrete diffusion scheme is
convergent for all time T > 0 with the estimation :

I E() 20y + I 1) l 20,4509 < C(T) -
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e=9 Diffusion limit

energle atomique « energles alternatives

When € tends to zero the limit scheme is :

Introduction
AP schemes in 1D
schemes | Q | D,E,-(t) —ler(anil) =0,

and difficulties in
2D r

CAF, =) liEmj, A =—) ln; (X, —Xj).
AP schemes for o ;” ad ’ ;” & ( ’ I)
hyperbolic heat

equation in 2D

AP schemes for
angular H e(t) ”iZ(Q): Z I Qi I (E/(t) - E(xia t))z‘
approximations of 7
the transport .
equation

190) B o= [ £ Vo] ()~ VE0)%
Numerical results ! 0 r

Conclusion

If the matrix A° satisfies AS > oV, with o a constant then the semi-discrete diffusion scheme is
convergent for all time T > 0 with the estimation :

I E() 20y + I 1) l 20,4509 < C(T) -

® The nodal AP scheme with the discretization (2) of the source term is stable in norm L2.
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=9 Friedrichs systems with stiff source terms

ererale atomice - enerales atematives
® We introduce the Friedrichs system with stiff source term
Introduction
AP schemes in 1D 1 1 o
and difficulties in Jiu+ —Adu+ —Bd,u=——Ru,ucR”’
2D € € €2

AP schemes for
hyperbolic heat
equation in 2D

® A, B, R are symmetric matrices and R is positive.

AP schemes for
angular
approximations of
the transport
equation

Numerical results

Conclusion
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Friedrichs systems with stiff source terms

® We introduce the Friedrichs system with stiff source term
1 1 c n
ou+ —Adu+ —Bd,u= ——RuueR
€ € €

® A, B, R are symmetric matrices and R is positive.

Lemma

We note E; the eigenvectors of R with Ker R = vect(E; ...E,). There are two particular vectors
associated to the eigenvalues A, 1, Api2. We assume that

AE; = YiEp1, Vi € {1..p},
BE; = 8[Ep+2! Vie {1 ..p} s

therefore ((u,E1),..., (u,Ep)) tends to v € RP when € tends to zero with

1
K105V — —— K20,V =0,

atv - 7\«,‘25

1
)\,,'1 o

and Kj, K, symmetric positive matrices.
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cen P, and S, models

® S, models : (discrete ordinate methods) which approximate the scattering operator with a
quadrature formula.
® Properties of S, models : A, B diagonal matrices, dimKer R = 1, R symmetric positive for
the variable u; = /w;f(Q;).
::;‘::ff“es for ® ; the quadrature weight, Q; the quadrature speed and f the solution of the transport
approximations of equaﬁon'

the transport
equation
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P, and S, models

S, models : (discrete ordinate methods) which approximate the scattering operator with a
quadrature formula.

Properties of S, models : A, B diagonal matrices, dimKer R = 1, R symmetric positive for
the variable u; = /w;f(Q;).

w; the quadrature weight, Q; the quadrature speed and f the solution of the transport
equation.

P, models : projection of the transport equation on the spherical harmonics basis.
Properties of P, models : symmetrizable system, R is defined by Ry =0 and R; = 1

(i #0).

Presentation 23 /36



en P, and S, models

® S, models : (discrete ordinate methods) which approximate the scattering operator with a
quadrature formula.

® Properties of S, models : A, B diagonal matrices, dimKer R = 1, R symmetric positive for
the variable u; = /w;f(Q;).

::gi‘::ff“es for ® ; the quadrature weight, Q; the quadrature speed and f the solution of the transport
approximations of equaﬁon'
the transport
equation ® P, models : projection of the transport equation on the spherical harmonics basis.
® Properties of P, models : symmetrizable system, R is defined by Ry; =0 and R; = 1
(i#0).
Proposition
The P, and S, models satisfy the previous assumption of structure. J
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Decomposition of Friedrichs systems

Then we write a P, or S, model in the eigenvectors basis of R, we obtain
v+ A+ 1Bav=—Spv ®)
el DT em ™ g2
with D a diagonal matrix defined by Dyy = 0 et D;; = 1 (i # 0). If the assumption of structure is
satisfied, then
/ 1 U "
A =P x+A,B =P, +8B,

with Ag; =0, Ajp =0, By, =0, B/ =0.

® The matrices P; x, Py, are the matrices associated to the Py system.
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Decomposition of Friedrichs systems

Proposition

Then we write a P, or S, model in the eigenvectors basis of R, we obtain
1 1 o
B,v-&-EA aXv+gBayv=—8—2Dv (5)
with D a diagonal matrix defined by Dyy = 0 et D;; = 1 (i # 0). If the assumption of structure is
satisfied, then
/ " U U
A=Py+A,B =P y+8B,

with Ag; =0, Aly =0, By, =0, B/, = 0.

® The matrices Py 4, Py are the matrices associated to the Py system.
® Conclusion : The P, and S, models can be split between a P; system and a system which
does not play a role in the diffusion regime.

® Numerical method (micro-macro decomposition ?) : Split the system, discretize the P;
system with an AP scheme and the other system with a classical scheme.
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6= Final algorithm

® Decomposition algorithm for the system

energle atomique « energles alternatives

1 1 [
Introduction Jdu+ —Ad,u+ —Ad,u=—— Ru. 6
U+ AU+ — Axdy 2 (6)
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€29 Final algorithm

® Decomposition algorithm for the system

1 1 G
) —Aqd —Adyu=—— Ru. 6
U S Adyut —Azdpu 2 (6)

® First step : We write the system (6) in the eigenvectors basis of R to obtain

1 1 o
0V + —A,0xV+ —Ayd,v = —— Du, 7
r+£ 1X+£ 7197 &2 (7)

AP schemes for / /

angular with v = Q'u, A, = Q'A;Qet A, = Q'AQ.
approximations of

the transport

equation
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€29 Final algorithm

® Decomposition algorithm for the system

1 1 G
8,u+€A18Xu+ gAgayu:fg—zFfu. (6)
® First step : We write the system (6) in the eigenvectors basis of R to obtain
1 1 o
oV + EA18XV+ gAzay": 78—2Du, (7)
AP schemes for / /
angular with v = Q'u, A, = Q'A;Qet A, = Q'AQ.
approximations of ® Second step : We split the diagonalized system (7). We obtain
the transport
equation 1 1 " " c
A+ = (v +Pyd,v) + (Alowv+ 4, ayv) ~—Sov. ®)
.
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€29 Final algorithm

® Decomposition algorithm for the system

1 1 G
) —Aqd —Adyu=—— Ru. 6
U S Adyut —Azdpu 2 (6)

® First step : We write the system (6) in the eigenvectors basis of R to obtain

1 1 c
v+ 5A18Xv+ gAzay": 78—2Du, (7)

AP schemes for / /
angular with v = Q'u, A, = Q'A;Qet A, = Q'AQ.
approximations of ® Second step : We split the diagonalized system (7). We obtain
the transport
equation 1 1 ” 17 c

A+ = (v +Pyd,v) + (A1 AVt A ayv) ~—Sov. ®)

® Third step : The system (9) is discretized with an AP scheme

/

1 c
0V + : (P1 x0xV + Py ,0,V) = —8—2D v, (9)

with D defined by Dy, = Dy =1 €t D)5y 1 135-
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Final algorithm

® Decomposition algorithm for the system

1 1 G
diu+ —A;dyu+ —Adyu=—— Ru. 6
U+ AU+ — Axdy 2 (6)
First step : We write the system (6) in the eigenvectors basis of R to obtain
1 1 o
oV + EA18XV+ EAzayV: 78—2Du, (7)
with v = Q'u, A, = Q'AQ et A, = Q'AQ.
Second step : We split the diagonalized system (7). We obtain
1 1 " " G
A+ < (PP + = (A +Adv) == Dv. (@)
Third step : The system (9) is discretized with an AP scheme
1 c
0V + : (P1 x0xV + Py ,0,V) = —8—2D v, (9)
with D defined by Dy, = Dy = 1€t D)5y 1 1a5-
Fourth step : The system (10) is discretized with a classical scheme (Upwind,
Rusanov)
1 1" " c
vt o (A1 BXV+A28yv) =50, (10)
with D" defined by D}, = Dy, = Dy =0 etDj =1i>4.
.
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Numerical results

Examples of unstructured meshes

Two classical examples of unstructured meshes.

Random mesh Kershaw mesh
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€=9 Numerical results for the Py system

® |n transport regime (€ = O(1) and 6 = O(1)), at first order the scheme converges.

® Diffusion regime : The initial data is given by the fundamental solution of the heat equation
at the time t = 0.001. Final time #; = 0.010.

Numerical results Kershaw 60-120 cells

Mesh/ € e=10° [ ¢=10% [ e=10°% [ e=10"
Cartesian 60-120 cells 1.8 2 2. 2.
Cartesian 80-160 cells 1.75 1.97 2 2
Cartesian 120-240 cells 1.7 1.95 2 2

Random quad. 60-120 cells 1.83 2. 2 2
Random quad. 80-160 cells 1.96 2.2 2.2 2.2
Random quad. 120-240 cells 1.73 1.92 2 2
2 2.1 21 2.1

Kershaw 80-160 cells 1.87 1.97 2 2
Kershaw 120-240 cells 1.83 1.97 2 2
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Numerical results

Numerical results for the Py system

at the time t = 0.001. Final time #; = 0.010.

® |n transport regime (€ = O(1) and 6 = O(1)), at first order the scheme converges.
® Diffusion regime : The initial data is given by the fundamental solution of the heat equation

Mesh/ € e=10° [ ¢=10% [ e=10°% [ e=10"
Cartesian 60-120 cells 1.8 2 2. 2.
Cartesian 80-160 cells 1.75 1.97 2 2
Cartesian 120-240 cells 1.7 1.95 2 2

Random quad. 60-120 cells 1.83 2. 2 2

Random quad. 80-160 cells 1.96 2.2 2.2 2.2

Random quad. 120-240 cells 1.73 1.92 2 2
Kershaw 60-120 cells 2 2.1 21 2.1
Kershaw 80-160 cells 1.87 1.97 2 2
Kershaw 120-240 cells 1.83 1.97 2 2

The scheme converges on triangular meshes with an order between 1 and 2.

The error between the diffusion solution and the solution of the P; model is homogeneous to

O(e).

For % = O(1) the order decreases. Indeed we compare the numerical solution of P;
system and the exact diffusion solution.
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=9 AP schemes Vs non-AP schemes

atomiaue - enerales attemdt ® We solve the Py model with previous test case and € = 0.001. The results for the hyperbolic
schemes are computed on Kershaw mesh.

Diffusion solution non-AP scheme

2 8 2 5
7 4
6 3

15 5 g s f
: ]
2 1 1

1 ; 2
0 3

R — 05
05
0 o
0 05 1 15 2 o 05 1 15 2
Numerical results
Edge AP scheme Nodal AP scheme

2 8 2 7
7 6
6 5

15 5 15 4
: 3

1 2 1 2
1 1
o o

Presentation 29/ 36



€SP

Numerical results

Numerical results for Friedrichs systems

® Diffusion regime : previous test case.
® The order of convergence is computed with two meshes (14400 and 57600 cells) :

Mesh/ € e=10"° [ e=10"* Mesh/ & e=10"° [ g=10"*
Cartesian 1.8 1.95 Cartesian 1.80 1.95
Random. quad. 1.85 2 Random. quad. 1.85 2
Trig. reg. 1.9 2 Trig. reg. 1.9 2
Random. trig. 1.35 1.35 Random. trig. 1.35 1.35
Kershaw 1.85 1.95 Kershaw 1.85 1.95
TAB.: Order for the P; numerical solution TAB.: Order for the S, numerical solution
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Numerical results

Numerical results for Friedrichs systems

® Diffusion regime : previous test case.

® The order of convergence is computed with two meshes (14400 and 57600 cells) :

Mesh/ & e=10" [ e=10" Mesh/ & e=10° [ ¢=10"
Cartesian 1.8 1.95 Cartesian 1.80 1.95
Random. quad. 1.85 2 Random. quad. 1.85 2
Trig. reg. 1.9 2 Trig. reg. 1.9 2
Random. trig. 1.35 1.35 Random. trig. 1.35 1.35
Kershaw 1.85 1.95 Kershaw 1.85 1.95

® Transport test case : fundamental solution

TAB.: Order for the P; numerical solution

Fundamental solution of P;

0 05 1 15 2

TAB.: Order for the S, numerical solution

Fundamental solution of S,
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M; model

The non-linear two moments M; model, obtained by maximizing the photon entropy, is :

1
9E+-VF=0
(o2

AF+ _V(P)=—3F.

E is the energy, F the radiative flux and

P 31—l (@)~ 1) [ E B2

the radiative pressure.

(11)
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M; model

The non-linear two moments M; model, obtained by maximizing the photon entropy, is :

1
E+-V.F=0
WF+ vR)=—ZF (11)
t +g ( )—*8*2 )
E is the energy, F the radiative flux and

P 31—l (@)~ 1) [ E B2

3+ 4
the radiative pressure. We define f=|F| /E and }(f) = —————.
p FI/Eandu(t) = o s

® the diffusion limit, € — 0 : 3;E — div( 55 VE) = 0, First Tools : AP scheme

® the entropy property : 9;S+ 1 div(Q) > 0, Second Tools : Reformulation
® the maximum principle : £ > 0, | f |< 1, like a dynamic gas system

with
By —1f

_EM-up)
R

,Q=usS.
(B+[up)
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(}Ei] M; model

The non-linear two moments M; model, obtained by maximizing the photon entropy, is :

QE+ VE=0
) V(P ° o
F+-V(P)=——F
F+ c (P) 2
E is the energy, F the radiative flux and
~ 1 fof
P (1 —x(0)id-+ (320 1) )E € B
the radiative pressure. We define f =| F | /E and (f) = 3+ 4F
P ’ B M= s v se

Numerical results The M; model satisfies
® the diffusion limit, e — 0 : ;£ — diiv( 5= VE) = 0, First Tools : AP scheme

® the entropy property : 9;S + %div(Q) > 0, Second Tools : Reformulation
® the maximum principle : E > 0, | f|< 1, like a dynamic gas system

with
_ES—Jup) o (8x—Df
T GerlupE YT 2 e
Idea : we formulate the M; model like a dynamic gas system :
® to use Lagrange+remap nodal scheme and obtain a consistent limit diffusion scheme,
® to use the entropy to preserve the maximum principle.

,Q=usS.
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New formulation

1
aqp+ gdiv(pu) =0 mass conservation
1 1 [ .
opv+ —div(pu®v) + qu =-= pv  momentum conservation
Jdipe+ —div(pue+qu) =0 total conservation energy
ops+ gdiv(pus) >0 Entropy inequality
F = pv the radiative flux E = pe the radiative energy S = ps.
11— 3x—1 f
o g=—2Fu="%4____
9= BYT T e
® The M, is independent of the density.
Numerical results ® F=uE+qu ﬁ’ =u®F+qly
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Numerical results

Numerical method

New formulation

1
aqp+ gdiv(pu) =0 mass conservation
1 1 [ .
opv+ —div(pu®v) + qu =-= pv  momentum conservation
Jdipe+ —div(pue+qu) =0 total conservation energy
ops+ gdiv(pus) >0 Entropy inequality
F = pv the radiative flux E = pe the radiative energy S = ps.
11— 3x—1 f
=—2Fu="%__

9= BYT T e

The M, is independent of the density.

F=uE+qu P=uF+qly

Numerical discretization

We use the Lagrange+remap nodal GLACE scheme coupled with the Jin-Levermore
method.

We use a second order advection scheme for the remap part (when € is small).
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New formulation

1
aqp+ gdiv(pu) =0 mass conservation
1 1 [ .
opv+ —div(pu®v) + qu =-= pv  momentum conservation
Jdipe+ —div(pue+qu) =0 total conservation energy
ops+ gdiv(pus) >0 Entropy inequality
F = pv the radiative flux E = pe the radiative energy S = ps.
11— 3x—1 f
o g=—2Fu="%4____
9= BYT T e
® The M, is independent of the density.
Numerical results ® F=uE+qu ,ﬁ’ =u®F+qly

Numerical discretization

® We use the Lagrange+remap nodal GLACE scheme coupled with the Jin-Levermore
method.

® We use a second order advection scheme for the remap part (when € is small).

Properties

® The scheme is entropic and preserve the maximum principle.
® The scheme is AP with a second order positive limit scheme.

® \We can define a semi-implicit variant with a CFL condition independant of €.
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® Conclusion

® We have designed and studied AP schemes for hyperbolic heat equation valid on
unstructured meshes ([1] — [2]).

® Using the previous decomposition we have obtained AP schemes for S, and P,
models ([3]).

® Using the proximity between the M; model and the Euler equations, we have
proposed an AP, entropic and positive scheme for M; model (non-linear radiative
transfer model) based on a Lagrange+remap method ([4]).
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€=9 Ongoing works and future works

® Ongoing works

® Design of asymptotic preserving and positive scheme for S, models based on edge
finite volume scheme. We propose to couple a "even-odd" formulation with a
nonlinear diffusion scheme (LMP scheme).

® Extension of the nodal scheme for Euler and Shallow water equations with gravity
and friction using a Lagrange+remap approach.

® Future works

Conclusion ® Theoretical study of the AP schemes for the P; model and the Euler equations (with
C. Buet, B. Després).
® Extension of the nodal scheme on unstructured conical meshes.

® Design of asymptotic preserving schemes for multi-groups models.
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