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Mathematic and physical context

(3/:

E. Franck WB and AP schemes \ y




Stiff hyperbolic systems

B Stiff hyperbolic system with source terms:

1 1 1
9:U+ ~0,F(U) + ~8,G(U) = ~5(U) — ZR(U), U € R"
€ € g &€
with € €]0,1] et o > 0.

B Subset of solutions given by the balance between the source terms and the convective
part:

O Diffusion solutions for ¢ — 0 and S(U) = 0:
8V —div (K(VV,0)) =0, V € KerR.
[ Steady-state for c =0 ete — 0 :

8 F(U) + 8, G(U) = S(U).

B Applications: biology, neutron transport, fluid mechanics, plasma physics, Radiative
hydrodynamic (hydrodynamic + linear transport of photon).
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Notion of WB and AP schemes

B Acoustic equation with damping and gravity:

1
Otp+ —0xu =0,

1 o
Oru+ —Oxp=—-g— 7u,
13 g &

1
s Op— By (;(axp + g)) —o.

B Steady-state: u =0, dxp = —g. B Consistency of Godunov-type

B Godunov-type schemes give an error schemes: O(g + At).
homogeneous to O(Ax). € 1

. o

B For nearly uniform flows, spurious ® CFL condition: At( Axc + 87) <L

velocities larger that physical velocity. .
o B Consistency of AP schemes:

B |mportant deviation of the steady-state. 0 (Ax + At).

B WB scheme: discretize the steady-state B CFL condition: degenerate on
exactly of with high accuracy. parabolic CFL at the limit.

B Ref: S. Jin, A steady-state capturing B Ref: S. Jin, D. Levermore Numerical

method for hyperbolic method with
geometrical source terms.

schemes for hyperbolic conservation
laws with stiff relaxation.

B To construct WB and AP schemes: incorporate the source in the fluxes to capture the

balance between source and convective terms.

E. Franck
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Exemple of AP and WB Godunov schemes

B Jin-Levermore (or Gosse-Toscani) scheme. Plug the balance law
OxEp = —Zu+ O(e?) in the fluxes. We write

P() = P(xjy 1) + (3 =%, 1)0xp(x;, 1)
o
POg) = POx,1) = (g —x, 1) Zulx, 1)
Coupling the previous relation (and the same for x;j;1) with the fluxes

; L= gbx,
ui+ pj = j+%+pj+1+ 5o J+1.
+0Ax 1

Ujit1 — Pj+1 = Uj+% J+1 Hz'

B To finish, we take the following source term %(qu +u._1).
2 2

Gosse-Toscani scheme:

B Consistency error of the Gosse-Toscani scheme: O (Ax + At).

B Explicit CFL: At A]).@) < 1, Semi-implicit CFL : At (m) <1 (7/ \
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Numerical example

B Validation test for the AP scheme: the data are p(0, x) = G(x) with G(x) a
Gaussian u(0,x) =0 and ¢ = 1, ¢ = 0.001.

Ap scheme Godunov scheme

50 —6— 500
500 1000
Solution

0
Solution

Bt
B0

Scheme LT error CPU time
Godunov, 10000 cells 0.0366 1485m4.26s
Godunov, 500 cells 0.445 0m24.317s
AP, 500 cells 0.0001 0m15.22s
AP, 50 cells 0.0065 0m0.054s
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Schémas " Asymptotic preserving” 2D

B (Classical extension in 2D of the Jin-Levermore scheme : modify the upwind fluxes
(1D fluxes write in the normal direction) plugging the steady-state in the fluxes.

B /i and nj the normal and length associated with the edge 0.

Asymptotic limit of the hyperbolic scheme:

n

| Q| Oepi(t) — Z e ———~ d(xJ,

Xk)

B ||PY — Pp|| — 0 only on strong geometrical conditions.

B Additional difficulty in 2D: The basic extension of AP schemes do not converge on

2D general meshes Ve. /\
°/3a
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Example of unstructured meshes

Random mesh Collela
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AP scheme for the P; model
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==
Nodal scheme : linear case

B Linear case: P; model

Op + %div(u) =0, 1
— Otp — div (pr) =0.
o

dru+ 1Vp=—%u.

Notations

Nodal finite volume methods for P; model + ’ Cell p
AP and WB method.

v

Nodal schemes:

The fluxes are localized at the nodes of the
mesh (for the classical scheme this is at the
edge).

B Nodal geometrical quantities C;, = Vx,|;].

u ZjCJFZZer’ZO' h
2/,
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2D AP schemes

Nodal AP schemes

1
| | Oepj(t) + - > (u,Ci) =0,
r

1
|9 | dewj(t) + 2> pe;y = S;.

B (lassical nodal fluxes:
{ PSjr — pjCjr = ajr(uj —uy),

Z_/ pcjr = 0!
o~ Ci®C
with aj, = e
B New fluxes obtained plugging steady-state Vp = —%u in the fluxes:

~ g =~
pc;r — pCjr = @jr(uj —ur) — —fjur,
~ g -~ .
Zaf"i_gZBjr ur :ijCj,-l-Zaj,uj.

with B; = Cjr @ (%, — x;).

B Source term: (1) S; = —% [ Q; [ujou (2) S; = % ngjrur, Z,B}, = Iyl
Using the second source term and rewriting the scheme we obtain an local semi
implicit scheme with a CFL independent of ¢. /\
13/
34
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Assumptions for the convergence proof

Geometrical assumptions

" (o (X, ST ) u) = Bh(u,u),
" (0 (555 0>

B (u, (Zj Cir ® (xr — Xj)) u) > ah?(u,u).

B First and second assumptions: true on all non degenerated meshes.

B | ast assumption: we have obtained sufficient but not necessary conditions on the
meshes to satisfy this assumption.

|

Example for triangles: all the angles must be larger that 12 degrees.

Assumption on regularity and initial data

B u(t=0,x)=—-=Vp(t=0,x)
B Regularity for exact data: V(t,x) € H*(Q)
B Regularity for initial data of the scheme: V,(t = 0,x) € L?(Q)

\l 14/34

éﬁ? ........ E. Franck WB and AP schemes 4



R R R R RRRRRERRRERERREES=—=——————
Uniform convergence in space

E Naive convergence estimate : ||P; — P%||aive < Ce=bhe

B |dea: use triangular inequalities and AP diagram (Jin-Levermore-Golse).

1P = Pell2 < min(|[P; = P||naive, [|P; — PRIl 4 [|PR — PPl +|P= — P°l))

Pf: c—=0 PO B |ntermediary estimations :
' O[PS — PPl < Gae?,
O [[Pp = POl < Cyh?,
h=0 h=0 O[PS — PY|| < Cee®,
O d<c e>a
Pe PO
e—0

B We obtain:
[|Pf — P%||;2 < Cmin(e™Ph%, &2 + h? 4 ¢°))

_ac_ . 5 . =
B Comparing € and €¢preshold = hatb we obtain the final estimation:

e _ pe <
[|Ph — PS[l2 < ha+b

E. Franck
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Diffusion scheme

Limit diffusion scheme (P?)

| Q; | 8epj(t) = Y _(ur, Cjr) =0,
r
D ajuy = Gjrur,

gAru, = ijCj,, A = —ZCJ, ® (xr — xj).
J J

pe =0 po B Problem: estimate ||Pf — P?|.
. B |n practice, we have obtained
o |IP; — PRIl < C¥.
h—0 -
Pe po

Condition H:

The discrete Hessian of P can be bounded or the error estimate ||Pf — P?|| can be
obtained independently of the discrete Hessian.

(° /34
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Diffusion scheme

Limit diffusion scheme (P?)

| Q; | 8epj(t) = Y _(ur, Cjr) =0,
r
D ajuy = Gjrur,

gAru, = ijCj,, A = —ZCJ, ® (xr — xj).
J J

pe vy =0 DAs 5Ho> po B Problem: estimate ||P; — P2||.
& h B In practice, we have obtained
R IIP; — PRIl < C&.
h—0 _o B Introduction of an intermediary
. diffusion scheme DA7.
o o *” B DAS: P§ scheme with 0;F; = 0.
e—=0 n

In the previous estimation we replace
Pg by DAj.

Condition H:

The discrete Hessian of P can be bounded or the error estimate ||Pf — P?|| can be
obtained independently of the discrete Hessian.

1 16/3
E. Franck WB and AP schemes \ 4‘




R R R R RRRRRERERRERERRREEEE==S=————————
Final results
Space result:
We assume that the assumptions are verified. There exist C(T) > 0 such that:

1
IVE = VEll2o, 1) < CF(h.€) [l po ey < Ch2 || po [|Haq)

with f(h, &) = min <\/§,6max (1. \/§> +h+(h+s)+s>

B Casec < h V- Vi< G min(\/%, 1) < Gh

W Casee> b [VE— Vil < Gimin(y/2, (/%)

1 1
B Introducing €¢hresh = h2 we prove that the worst case is [[VE — V|| < Gohe.

Space-time result:
Wa assume that the assumptions are verified. There exist C > 0 such that:

IVE(ta) = VE(ta)li2(e) < € (F(h.) + AL) || Po [|se(ay

Remark: The condition H is not satisfied. The diffusion scheme used is DA:. (17 \
WB and AP schemes \ /34‘
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Intermediary results |

Estimation of ||V — V;|| :

We assume that assumptions are verified. There exist C > 0 such that:

h
IVE = VEllLoo (0, 7):12(0)) < C\/;

B Principle of proof:
U Control the stability of the discrete quantities u, and u; by €

O We define the error E(t) = [[VE — V§||;2 and we estimate El(t) using Young and
Cauchy-Schwartz inequalities, stability estimates and integration in time.

Estimation of ||DA; — PY| :

Wa assume that the assumptions are verified. There exist C; > 0 such that:

IVE = VOl12(0) < GL(T)(h + ), 0<t<T.

B Principle of proof:
L Control the stability of the discrete quantities V,E and E;.
O Consistance study of Div and Grad discrete operators.

0 L2 estimate using consistency error and Gronwall lemma. /\
18
/34
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Intermediary results Il

Estimate ||P; — DA,

We assume that the assumptions are verified. There exist Co(T) > 0 such that:

IV — Vill 2@y < Go(T)e max (1, Vsh*l) +Ch  0<t<T.

Estimate ||P° — PY|| :

We assume that the assumptions are verified. There exist C3(T) > 0 such that:

[IVE = V0| 12(q) < G3(T)e, 0<t<T.

B Principe of proof:
O Write PO = P + R (resp DAS = P{ + R) with R a residue.
U Find a bound with ¢ of the residue.

0 L2 estimate of the difference between the two models and between the two
schemes.

A—— (/s
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Analysis of AP schemes: modified equations

B To understand the behavior of the scheme, we use the modified equations method.

B The modified equation associated with ™ The modified equation associated to

the Upwind scheme is the Gosse-Toscani scheme is
6tP+lax’-’_ %8Xxp:0v atP+Mlaxu_ M%BXXPZO’
6tu+g6xP—T;8XXU:—;L2U. atU+Mg8xP—MT;aMU=—M5%u_
B Plugging €0xp + 0(52) — _ouinthe ® Plugging Ma(?f(p-i- 0(e?) = —Mou in
first equation, we obtain the diffusion the first equation, we obtain the
limit diffusion limit
1 A M 1-M
Otp — —Oxxp — laxxp =0. Otp — —Oxxp — Oxp =0
o 2e o
B Conclusion: the regime is captured . CO“C|U5i_°“1 the regime is capture only
only on fine grids. on all grids.

Construction of the AP scheme in 2D

B We must modify the viscosity to a consistent diffusion scheme with the good
coefficient on coarse grids.

B We must also discretize correctly the source term and the gradient of pressure to
obtain a consistent diffusion scheme on fine grids (WB schemes).

| 20/3
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AP scheme vs classical scheme

B Test case: heat fundamental solution. Results for different hyperbolic scheme with
€ = 0.001 on Kershaw mesh.

Diffusion solution Non AP scheme

2 [ 2 5
7 4
6 3

15 s — s f
.
> :

, .

1 f »
o 3

o5 S 05

o 0 05 1 15 2 °

)] 05 1 15 2
Standard AP scheme Nodal AP scheme

2 8 2 7
7 6
6 5

15 5 15 4
: 3

; 2 , 2
1 1
o o

05
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Uniform convergence

B ¢ dependent periodic solution for the P; model.

B p(t,x) = (at) + 2’ (£)) cos(x) cos(my)

B u(t,x) = (—Za(t) sin(rx) cos(my),

B Convergence study for ¢ = hY on random mesh.

L2 Error

0.0001

1e-05

1e-06
10

1000

L2 Error

0.0001

1e-05

1e-06

_ %a(t) sin(my) COS(”X))

T
gamma=1/2 ---%---
-

L ht2 —<— |
M

L *,

10 100 1000

B Numerical results show that the error is homogenous to O(he + h?).

B Theoretical estimate that we can hope: O((ha)% + h).

B Non optimal estimation in the intermediary regime.

E. Franck
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Uniform convergence

B ¢ dependent periodic solution for the P; model.
B p(t,x) = (at) + 2’ (£)) cos(x) cos(my)

B u(t,x) = (—Zaft)sin(mx) cos(my), —Ea(t)sin(my) cos(mx))

B Convergence study for ¢ = hY on random mesh.

L2 Error
L2 Error

0.0001 0.0001

1e-05 | 1e-05

1e-06 L 1e-06 L
10 100 1000 10 100 1000
B Numerical results show that the error is homogenous to O(he + h?).

B Theoretical estimate that we can hope: O((ha)% + h).

B Non optimal estimation in the intermediary regime.

(/.
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Extension to the Euler model
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R R R R R RS
Euler equation with external forces

B Euler equation with gravity and friction:
1
Otp + — div(pu) =0,
“1 1 1 o
Opu + — div(pu @ u) + ——Vp = ——(pVé + —5pu),
1 . . 1
depe + — div(pue) + div(pu) = = (p(V,u) + 7 p(u, w)).

B with ¢ the gravity potential, o the friction coefficient.

Subset of solutions :
B Hydrostatic Steady-state (o =1, 8 = 0):

{ u=0,

B High friction limit (e =0, 8 = 1), no gravity: u=0
B Diffusion limit (a =1, 8 =1):
Otp + div(pu) = 0,
Otpe + div(pue) + pdivu =0,
1 1
u=—— <V¢+ 7Vp> .
o P

f‘E\
")
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Design of AP nodal scheme |

Modify the Lagrange+remap classical scheme with the Jin-Levermore method

B (Classical Lagrange+remap scheme (LP scheme):

|| 0y + 25 (Zm ujrpj + 2R "jrpk(r)) =0
|95 | 9epju; + 2 (S, wiloU); + r_ wir(pW)k) + 32, PC;r) =0
| Q| Ocpjej + E% (Zm ujr(pe); + >or_ uir(pe)k(r) + 22, (PCr, u,)) =0

with Lagrangian fluxes

Gjr = piCjr + ;8 (uj — ur)
D piGagur =Y piCir + D pjcidjeu;
j j j

B Advection fluxes: uj = (Cjr,u,), Ry = (r/uj; > 0), R— = (r/uj, <0) et
) /uj, >0 Yirf

Pk(r) = zj/ujr>ouj, :

>/
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Design of AP nodal scheme I

Jin Levermore method:

Plug the relation Vp + O(e?) = —pV¢ — Zpu in the Lagrangian fluxes

B The modified scheme is given by

951 9eps + 2 (S, wires + Sr wionn) =0

10 Guaps + = (S, wiouy + S (o + 5,05

= 2 (S oVl + 5 5, pofyur)

191 0upy + 2 (S wirlpe); + T wielpelic) + 2, (G, ur)
= — 2 (S.Brro)u) + 5 T, prlur, Byun)

with the new Lagrangian fluxes
~ A g A
pC;, = piCjr + pj &) (u; —ur) — B (pV ) — ;Bprﬁjrur

(Z pjcitjr + gﬁpr > B,y) ur =Y piCir + Y picideu; — (O Bir)(pV )
j j j j j

B and (pV¢), a discretization of pV¢ at the interface. /\
26 /34
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Properties

Limit diffusion scheme:

If the local matrices are invertible then the LR-AP scheme tends to the following scheme

| Qj [ 9epj + (X, (Cjrour)pj + 3r_ (Cr, "r)Pkm) =0
| Qj | 0epj + (2og, (Cir ur)(pe)j + 3 (Cirour)(pe)k(r) + P 22, (Cjr. Ur)) =0
apr (Z,— Bjr) ur =3 pCir — (E,— Bjr) (pV )

A\ -1
B The nodal gradient formula V,p = (ZJ Bj,) (32, piCjr) is a consistent and
convergent approximation of the gradient on unstructured meshes (Consistency
study+Gronwall’s lemma).
B For p = Kp, numerically the schemes converge at the first scheme.
If we use a second order advection scheme for the remap part. The full scheme

converges with the second order.

B QOpen question: Verify this for a non isothermal pressure law as perfect gas law.

‘ 27/34
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Well balanced property
Well balanced property

B We define the discrete gradient V,p = —(Zj Bj,)_l Zj p;Cjr and p, an average of p;
around X,.

B |f the initial data are given by the discrete steady-state V,p = —(pV),, p" = o,

J
n+1 n n+l _ _n
utt = and e =¢f,

B Remark: The spatial error for a steady-state is only governed by the error between
discrete steady-state and the continuous steady-state

| A

High order reconstruction of steady-state

B Aim: Conserve the stability property of the first order scheme, but discretize the
steady-state with a high order accuracy or exactly.

B Method: design high order discrete steady-state

B The discrete steady-state is given (3_; Bjr)1 > piCir = —pr(3; Bir) 1 > 9iCir-
B |f p, is an arithmetic average around a node r, this discrete steady-state is a second
order approximation of the continuous one.

‘28/3
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High order discretization of the steady-state

To begin we consider the steady-state Vp = —pV¢
we integrate on the dual cell Q¥ (volume V;) to obtain

1 1
v, <v, A vP(x>> -V, (v, / : p(x)wx)) .
We introduce 3 polynomials 5,(x) (order q), p,(x) and &,(x) (q-+1 order) with
L=t [ pw=aie [ 5w

and | € 5(r) (5(r) a subset of cell around the node r).

Now we incorporate this high-order reconstruction in the scheme. For this we need to
have a pressure gradient which corresponds to the viscosity of the scheme.

We obtain a g-order steady-state:

-1
- (Z 31}) > piCir = —(pV)[©
7 7

Vpr

with

X7 .

=
(bVa)© = o (( /n : VP(")) + < /ﬂ : p(x)v¢(x>>> + (Z B,-,) ;pjcﬁ
29
J34
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Numerical result : large opacity

B Test case: sod problem with 0 >0, e =1 and V¢ = 0.
" s=1
AP scheme, p non-AP scheme, p

[ExRE=.
ZRER65588
[N

AP scheme, ¢ non-AP scheme, ¢

e e
o S
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Numerical result : large opacity

B Test case: sod problem with 0 >0, e =1 and V¢ = 0.
B 5 =10°
AP scheme, p non-AP scheme, p

[ExRE=.
ZRER65588
[N

non-AP scheme, ¢

[N
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Result for steady-state

B 1D Steady-state: p(t, x) = 3 + 2sin(2mx), u(t,x) =0
B p(t,x) =34 3sin(2rx) — %cos(47rx) and ¢(x) = —sin(2rx). Random 1D Grid.

LR LR-AP(2) LR-AP O(3) LR-AP O(4)
Cells
Error q Error q Error q Error q
20 0.8335 - 0.0102 - 0.0079 - 0.0067 -
40 0.4010 | 1.05 | 0.0027 | 1.91 | 8.4E-4 | 3.23 | 1.5E-4 | 548
80 0.2065 | 0.96 | 7.0E-4 | 1.95 | 7.7E-5 | 3.45 | 4.1E-6 | 5.19
160 0.1014 | 1.02 | 1.7E-4 | 2.04 | 7.0E-6 | 3.46 | 1.0E-7 | 5.36

B 2D Steady-state: p(t,x) = e %8, u(t,x) =0, p(t,x) = e *& ans ¢ = (x, g).

LR LR-AP O(2) LR-AP O(3)
Cells
Error q Error q Error q
Cartesian 16 x 16 0.04132 1.07 | 0.00147 2.34 | 5.47E-6 3.8
Mesh 32 x 32 0.02013 1.04 | 3.28E-4 2.16 | 3.67E-7 3.9

64 x 64 0.00993 1.02 | 7.65E-5 2.1 2.38E-8 3.95
128 x 128 | 0.00493 1.01 | 1.90E-5 2.1 1.52E-9 3.96

Random 16 x 16 0.05465 0.86 | 0.00155 2.7 8.25E-6 3.47
Cartesian 32 x 32 0.02940 0.89 3.4E-4 2.18 | 7.55E-7 3.45
Mesh 64 x 64 0.01488 0.98 | 7.98E-5 2.09 8.5E-8 3.15

128 x 128 | 0.00742 1.00 | 2.06E-5 195 | 2.37E-8 1.84

31
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Result for steady-state

B 1D Steady-state: p(t, x) = 3 + 2sin(2mx), u(t,x) =0
B p(t,x) =34 3sin(2rx) — %cos(47rx) and ¢(x) = —sin(2rx). Random 1D Grid.

LR LR-AP(2) LR-AP O(3) LR-AP O(4)
Cells
Error q Error q Error q Error q
20 0.8335 - 0.0102 - 0.0079 - 0.0067 -
40 0.4010 | 1.05 | 0.0027 | 1.91 | 8.4E-4 | 3.23 | 1.5E-4 | 548
80 0.2065 | 0.96 | 7.0E-4 | 1.95 | 7.7E-5 | 3.45 | 4.1E-6 | 5.19
160 0.1014 | 1.02 | 1.7E-4 | 2.04 | 7.0E-6 | 3.46 | 1.0E-7 | 5.36

B 2D Steady-state: p(t,x) = e %8, u(t,x) =0, p(t,x) = e *& ans ¢ = (x, g).

LR LR-AP O(2) LR-AP O(3)
Cells
Error q Error q Error q
Collela 16 x 16 0.08902 0.45 | 0.00197 2.44 | 2.97E-5 1.9
Mesh 32 x 32 0.05725 0.63 5.9E-4 1.74 | 5.43E-6 2.45

64 x 64 0.03232 0.82 1.6E-4 1.88 | 5.93E-7 3.19
128 x 128 | 0.01711 0.92 4.5E-5 1.86 | 4.68E-8 3.66
Kershaw 16 x 16 0.08376 0.83 | 3.38E-4 236 | 6.13E-6 3.84
Mesh 32 x 32 0.04253 0.98 | 7.29E-5 224 | 3.97E-7 3.95

64 x 64 0.02060 1.05 | 7.87E-5 2.13 | 2.03E-8 43
128 x 128 | 0.00988 1.06 | 4.34E-6 1.9 1.77E-9 3.52
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Conclusion and perspectives

B Conclusion

O

O

P; model: First AP scheme on unstructured meshes (now other schemes have
been developed).

P1 model: Uniform proof of convergence on unstructured meshes in 1D and 2D
for the implicit scheme.

An extension for general Friedrich's systems have been also studied (algebraic
micro-macro decomposition)

Euler model with external force: AP schemes for the high friction regime.
Euler model with external force: new high-order reconstruction of the hydrostatic
steady-state.

Problem for all the schemes : spurious mods in few cases (example: Cartesian
mesh + Dirac Initial data).

B Possible perspectives

a

P; model: Theoretical study of the explicit and semi-implicit scheme (CFL
independent of €).

[ Euler model: Entropy study for the AP-WB scheme.

U Euler model: Validate on analytic case the convergence of the diffusion scheme for

nonlinear pressure law.
Find a generic procedure to stabilize the nodal schemes (B. Després and E.

Labourasse for the Lagrangian Euler equations).
32/
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Stage CEA DAM

B Project: "implicit scheme and preconditioning for radiative transfer’ models” with
Xavier Blanc, Emmanuel Labourasse + Master student ?

Transport equation (photonics neutronic):

O The distribution function f(t,x, Q) with Q the direction, c the light speed satisfy
Otf +c-Vf =co (/ fdQ—f)
S2

0 The kinetic equations are approximated by linear hyperbolic P, systems:

0tU + cAx0xU + cA,0,U + cA,07U = —coRU

B |mportant regimes: free transport regime (o — 0) : exact transport of the solution
and diffusion regime (o — 00).

B Problems for explicit scheme: Very large and stiff hyperbolic systems. Stiff hyperbolic
CFL for explicit schemes, Stiff parabolic CFL condition for the AP schemes.
B Problems for implicit scheme: the large hyperbolic system (bad structure) and the

large ratio between wave velocities ({AminC, -..., AmaxC} with Apin & —1, Amax =~ 1).

B Aim: Test a physic-based preconditioning + GMRES for the P; model. Extend this
preconditioning to the P, models and the transport regime. r-\
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Thanks

Thank you

E. Franck

WB and AP schemes
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